2. Life Insurance
2.1 Survival Distribution And Life Tables

Introduction
e X, Age-at-death
e T'(z), time-until-death

e Life Table

— Engineers use life tables to study the reliability of complex mechanical and
electronic systems.

— Biostatistician use life tables to compare the effectiveness of alternative
treatments of serious disease.

— Demographers use life tables as tools in population projections.

— In this text, life tables are used to build models for insurance systems
designed to assist individuals facing uncertainty about the time of
their death.



Probability for the Age-at-Death

1. The Survival Function

s(r)=1—Fx(zx)=1—-Pr(X <z)=Pr(X >z), £ >0.

s(x) has traditionally been used as a starting point for further development
in Actuarial science and demography. In statistics and probability, the d.f.
usually plays this role.

Pr(z < X <2z2)=Fx(z) — Fx(x) = s(x) — s(2).



Time-until-Death for a Person Age x

The conditional probability that a newborn will die between the ages x and
z, given survival to age z, is

e The symbol (x) is used to denote a life-age-x

e The future lifetime of (x), X — x is denote by T'(x).

The symbols of Actuarial science
o . =Pr[T(x) <T], t>0, p,=1—4q,=Pr[T(x)>1t],t>0.
e .po=s(x),x>0.

e ¢, = Pr[(z) will die within 1 year], p, = Pr[(z) will attain age z + 1] 3



e () will die between ages x +t and = + t + u.

tude = Prit <T(x) <t+u] = 14uGe — 192 = Pz — t+uPa-

If u =1, the prefix is delete in 4,q, and denotes as 4q..

°
__ x+tPo s(x + 1)
tlx — — N

xP0 S(x)

s(x +1
=1+
s()
°

s(x+1t) —s(z+t+u)
tluldx S(m)
_ [3(:13—|—t)] [3(:13—|—t) —s(z+t+u)
s(x) s(x +t)
= tPz " ufz+t




Curtate-future-life time K (x) A discrete random variable associated with
the future lifetime is the number of future years completed by (x) prior to death.

PriK(z) =k] = Prlk<K(z)<k+1]=Prlk<T(z)<k+1]
=  kPx — k+1Px = kPxlx+k

=  k|9x

k
FK(;U)(?/) — Z h|9x = k+19x;
h=0

y > 0 and k is the greatest integer in y



Force of Mortality

Fx(x+ Azr) — Fx(z)  fx(x)Ax
1—Fx(a}) _1—Fx(ZIZ‘)

Prz < X <ax+4+Az|X >z)=

Definition of force of mortality

fx(z)  —s(@)
1 — Fx(x) s(x)

we)=

In reliability theory, u(x) is called failure rate or hazard rate or, hazard
rate function.



Force of mortality can be used to specify the distribution of X.

nPx — exp[— /On ,LL(CE + S)dS].

o = exp|— / " i(s)ds).
Fx(x)=1—-s(z) =1—exp|— /OfL‘ u(s)ds]
Fiy() = fx(s) = exp|— / " u(s)dslp(@) = apop().

Frz)(t) and fr;)(t) denote, respectively, the d.f. and p.d.f. of T'(z), the
future lifetime of (x). Then we have

d d

t — —tQy = — ]_—
fT(ac)( ) dttq dt [

s(g;+t)]

S




Probabilmi”f)*rmfﬁé(‘)m;;‘l:unctions for Age-at-Death, X

: Survival Force of

d.f. Function p.d.f. Mortality

Fy(x) s(x) fx(x) p(x)
For Requirements For Requirements
x <0 - Fy(x) =0 s(x) =1 x <0 fyi(x)=20 pix) =0
x =0 F,(0) =0 s(0) =1 x = 0 undefined undefined
x=0 nondecreasing nonincreasing x>0 fyx)=0 wix) = 0
lim Fy(») =1 s() =0 lim Is fxx)dt =1 I m(x)dx =
Functions
in Terms of Relationships
Fy(x) Fx(x) 1 = Fy(x) Fy(x) Fx()/[1 = Fx(x)]
s(x) 1 — s(x) s(x) —s'(x) —s'(x)/ s(x)
fx(x) fé fx(u)d” Je fx(u)d” fx(x) fx(x) /% fx(“)d”
(x) 1 — expl—Jo u(t) dt] exp[—J; w(t) df] p(x)expl—Jo w(t) df]  p(x)




Example_fl refer to the complement of the event A within the sample space
and Pr(A) # 0, the following expression and identity in probability theory:

Pr(AU B) = Pr(A) + Pr(A) Pr(B|A).

Rewrite this identity in actuarial notation for the events A = [T'(x) < t] and
B=t<T(x)<1],0<t<]1.

Solution: Pr(A U B) becomes Pr[T(z) < 1] = g Pr(A) is ;q,, and Pr[B|A]
IS 1_+Q.1+, hence
o = tqz T tPx1—tqx+t-



Life Tables

Ration of Life Table Functions to the Survival Function

s(x +1t)

L s(x+1)
tdx — 1 S(ZI})

s(v)

:>qgc:1_

A group of [y = 100,000 newborns. Let £(x) denote the group’'s number of
survivors to age x. We index these lives by 5 = 1,2,...,[y and observe that

where [; is an indicator for the survival of life j. Hence

lo

l. = E[L(x)] = Z = lps(x).

g=1
10



nD, denotes the number of deaths between ages x and = + n from among
the initial [y lives.

From above equations, we also have

1 dl, 1 ds(x)
l, dx s(x) dx plw) an ple)de

Since
lopi(z) = lozpop(x) = lofx ()
We note further that

L, = I exp|— / () dy),

r+n
l:c—|—n — l:c eXp[_/ H(y)dy]v

r+n
ly = lg4n = / ly,u(y)dy

11



Life Table Example

Life Table for the Total Population: United States, 1979-81

e The1979-81 U.S. Life Table was not construct by observing 100,000 newborns
until the last survival died.

e Instead, it was base on estimates of probabilities of death, given survival to
various ages, derived from the experience of entire U.S. population in the
years around 1980 census.

e In using the random survivorship group concept with this table, we must
make the assumption that the probabilities derived from the table will be
appropriate for the lifetimes of those who belong to the survivorship group.

e Most studies of human mortality for insurance purpose use the representation
s(x) = l;/lp. Since 100,000s(x) is displayed only for integer value of =,
there is a need to interpolate in evaluating s(x) for noninteger values.

12


http://www.math.hkbu.edu.hk/~hpeng/stat3820/Life_Table.pdf

Example On the basis of The 1979-81 U.S. Life Table, evaluate the probability
that (20) will

a. Live to 100
b. Die before 70
c. Die in the tenth decade of Life.

Soltion:

s(100) _ 100 __ 1,150
a. S@o) — 112000 = g7l = 0.0118.

b S(T0)=s(20) _ | _ Iz _

68,248 _
Dl g = 0.3017

97,741

8(90)—8(100) _ l90_l100 _ 14,154—1,150 _
5(20) —  lyg 97,741 = 0.1330.

13
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Graph of [, p(x)
Fepey = /Q X
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The function [,u(x) is proportional to the p.d.f of the age-at-death of a
newborn. Since [, u(x) is the expected density of death at age x, under the

random survivorship group idea, the graph of [,u(x) is called the curve of
deaths.

There is a local minimum of [, u(x) at about age 10. The mode of the
distribution of deaths — the age at which the maximum of the curve of
death occurs — is around age 80.

The function [, is proportional to the survival function s(x). It can also be
interpreted as the expected number living at age x out of an initial group of
size lo.

Local extreme points of [.u(x) correspond to points inflection of [, since

d d d d?
da:l i) dx < )

dx?
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2.2 Life Insurance

Introduction In this section we develop models for life insurances designed to
reduce the financial impact of the random event of untimely death.

Due to the long-term nature of the insurance, the amount of investment
earnings, up to the time of payment, provides a significant element of uncertainty.

e The unknown rate of earning over.

e The unknown length of, the investment period.

In this chapter a deterministic model is used for the unknown investment
earnings. Our model will be built in terms of function 7', the insured’s future-
lifetime random variable.

18



Insurances Payable at the Moment of Death

e b;, a benefit function
e v, a discount function
e 2, = by, the present-value function.

e T"="T(x), The elapsed time from policy issue to the death of the issued is
the insured’s future-lifetime random variable.

e / = bpup, the present value, at policy issue, of the benefit payment which
Is @ random variable.

The first step in our analysis of a life insurance will be to define b; and v;. The
next step is to determine some characteristics of the probability distribution of
Z that are consequences of an assumed distribution for T', and we work through

these steps for several conventional insurances.
19



Level Benefit Insurance

n-year term life insurance A payment only if the insured dies within the n-year
term of an insurance commencing at issue.

If a unit is payable at the moment of the death (z), then

1, t<n ; vl T <n
— ! _ — > — ! _
by {O, t>n, vht20, 2 {0, T > n,

Where the force of interest is assumed to be constant.

Actuarial present value The expectation of the present-value random variable

Z in insurance. ( The expected loss was called the pure premium. This word is
commonly used in property-liability insurance.)

20



Expected value of 7

fl}mm =E|Z] = E|zr] = /0 ze fr(t)dt = /0 VYot (t)dt.

Rule of Moments
E[Z)] = / (o) spapia (£)dt = / =t g1 (1)
0 0

Hence |
E|Z7]|@§;, = E[Z]Qj6,
and ) )
Var(Z) =2A! (AL_)?

xn| x:m|

where QA;% Is the actuarial present value for an n-year term insurance for a

unit amount calculated at force of interest 24.

21



Whole life insurance provides for a payment following the death of the insured
at any time in the future. If the payment is to be a unit amount at the moment
of death (), then

by=1, wv,=v,Z=0v,t>0T>0.

The actuarial present value is

A, =E[Z] = / V' pa e (t)dt.
0

For a life selected at x and now age x + h, the expression would be

A[x]—l—h = / Uttp[x]+hﬂx(h + t)dt.
0

Whole life insurance is the limiting case of n-year term insurance as n — .

22



Example 1. The p.d.f of the future lifetime T', for (x) is assumed to be

[ 1/80, 0<t<80
fr(t) = { 0, elsewhere.

At a force of interest 0, calculate Z, the present value random variable for a
whole life insurance of unit amount issued to (x):

a. T'he actuarial present value
b. The variance

c. The 90th percentile , £%.

23



Relat:onshlp of Z to T for Whole Life Insurance

24



Example 2. For the assumption in Example 1, determine

a. Z'sd.f.

b. Z's p.d.f

Example 3. Assume that each 100 independent lives

o |sagex
e |s subject to a constant force of mortality, 1 = 0.04, and

e |s insured for a death benefit amount of 10 units, payable at the moment of
death.

The benefit payments are to be withdrawn from an investment fund earning
0 = 0.06. Calculate the minimum amount at ¢ = 0 so that the probability is
approximately 0.95 the sufficient funds will be on hand to withdraw the benefit

payment at the death of each individual.
25



Solution:
by =10, v, =08, Z = 1001, t > 0,7 >0
100

S:ZZj
1

where Z; is the present value at ¢ = 0 for the payment to be made at the death
of the life numbered ;.

_ > 1 04
E[Z] = 104, = 10/ e Ote ™M udt = 2002 4,
_ .04
E[Z%] = 10% 24, = 100 0.0 = 25.

0.04 + 2(0.06)
and Var(Z) = 9. Hence

E[S] = 100(4) = 400, Var(S) = 100(9) = 900.

Analytically, the required minimum amount is a number, h, such that

B .y
S—E[S] _h 00]:().95

Pr(S < h)=Pr <

Var(S) 30

26



Using normal approximation, we obtain h_?f)oo = 1.645 = h = 449.35.

Observations:

e The 49.35 difference between this initial fund of 449.35 and the expectation
of the present value of all payments, 400, is the risk loading.

e This example used the individual risk model and a normal approximation to
the probability distribution §.

e A graph of the amount in the fund during the first 2 years for a payout
pattern when one death occurs at each time 1/8, 7/8, 9/8,13/8 and 15/8,
and two deaths occur at time 10/8 is shown in Figure 1. Between the
benefit payments, represented by the discontinuities, are exponential arcs
representing the growth of the fund at o = 0.06.

e There are infinitely many payout patterns, each with its own graph. Both the
number of claims and times of those claims affect the fund. For example, had
the seven claims all occurred within the first instant, instead of the payout
pattern of the Figure, the fund would have dropped immediately to 379. 35
and grown to 427.72 by the end of the second year.



Graph of an Outcome for the Fund
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Endowment Insurance

An n-year pure endowment provides for a payment at the end of the n years
if and only if the insured survives at least n years from the time of policy issue.

0, t<n 0 T <n
— Y — — mn > — Y —_
b { 1, t>n, vp=v5t 20, 2 {U”, T > n,

Al E[Z] = v"E[Y] = v" s

T
and
Var(Z) = v*"Var(Y) = v*" ,pe n(e = “AL. 7| (A;. n|)

where Z = v™Y, Y is the indicator of the event of survival to age x +n. Y
has the value 1 if the insured survives to age x+n and has the value 0 otherwise.

29



N-year endowment insurance provides for an amount to be payable either
following the death of the insured or upon the survival of the insured to the end
of the n-year term, whichever occurs first. If the insurance is for a unit amount

and the death benefit is payable at the moment of death, then

v, t<n Z:{’UT, T<n

p— > j—
bt 1,t = O, (o { ’Un, + > n,

The actuarial present value is denoted by Ax:ﬁ| and

and

v, T > n,

30



Deferred Insurance

M-year deferred insurance provides for a benefit following the death of the
insured only if the insured dies at least m years following policy issue.

I, t>m " v, T >m
p— ! p— > p— !
bt {O, tSm, (0 ’U,t_o, A {07 TS’H,,

The actuarial present value is

m

31



Example 4. Consider a 5-year deferred whole life insurance payable at the
moment of the death of (x). The individual is subject to a constant force of
mortality © = 0.04. For the distribution of the present value of the benefit
payment, at 0 = 0.10:

e Calculate the expectation
e Calculate the variance
e Display the distribution function

e Calculate the median £9,°.
Observations:

1. The largest value of Z with nonzero probability density in this example is
e~ 0105) = 0.6065, corresponding to T' = 5.

2. The distribution of Z in this example is highly skewed to the right. While
its total mass is in the interval [0,0.6065] and its mean is 0.1419, its median
is only 0.0573. This skewness in the direction of large positive values is
characteristic of many claim distributions in all field of insurance.

32



Relationship of Z to T for Deferred Whole Life Insurance

Z
A

33
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2.3. Life Annuities

Introduction

Life Annuity: a series of payments made continuously or at equal interval
(such as months, quarters, years) while a given life survives.

e |t may be temporary, that is, limited to a given term of years. Or it may be
payable for the whole of life.

e The payment intervals may commence immediately or, alternatively, the
annuity may be deferred.

e Payment may be due at the beginning of the payment intervals(annuities-
due) or at the end of such interval (annuities-immediate).

35



Life annuities play a major role in life insurance operations

e Life insurances are usually purchased by a life annuity of premiums rather
than by a single premium.

e The amount payable at the time of claim may be converted through a
settlement option into some form of life annuity for the beneficiary.

e Some type of life insurance carry this concept even further and instead of
featuring a lump sum payable on death, provide stated forms of income
benefits. Thus for example, there may be monthly income payable to a
surviving spouse or to a retired insured.

Annuities are even more central in pension systems

In fact, a retirement plan can be regards as a system for purchasing deferred
life annuities (payable during retirement) by some form of temporary annuity of
contributions during active service.

36



Life annuities also have a role in disability and worker’s compensation
insurances

e In the case of disability insurance, termination of the annuity benefit by
reason of recovery of the disabled insured may need to be considered.

e For surviving spouse benefits under workers’ compensation, remarriage may
terminate the annuity.

— In this chapter, we express the present value of benefits to be received by the
annuitant as a function of 7', the annuitant’s future lifetime random variable.

— As in the preceding chapter on life insurance, unless otherwise stated we
assume a constant effective annual rate of interest ¢

37



Continous Life Annuities

e Annuities payable continuously at the rate of 1 per year, this is as a practical
matter closely approximates annuities payable on a monthly basis.

e Whole life annuity provides for payments until death.
The present value of paymentis Y = ar for all T' > 0 where 1" is the future
lifetime of (x).

Fy(y) = Pr(Y <y)=Pr(ay <y)=Pr(l —v" <dy)
= Pr(v' >1-0y)=Pr [T < _1Og((15 — 0y)
= Fp (—log((ls — (5y)) for 0 <y < %
Fy(y) = d%FT (—log((1S - 5y)> _ fr([= lolg(_ld; YN/ for 0 <y < %

38



The actuarial present value for a continous whole life annuity

0 0 0

The current payment technique for determining an actuarial present
value for an annuity gives

APV = / v' Pr[payments are being made at time ¢]x [Payment rate time t|dt.
0

Backward recursion formula

1 00 00
Ay = / Uttpxdt+/ Uttpa:dt — C_Lx:ﬂ + pr/ Usspx—l—lds — C_7’:19:T| T UP2z0g+1
0 1 0

39



A relationship, familiar from compound interest theory

1 = daz +v' =1 = dag + v =1 = da, + A,

Variance of &T|

- UT) _ Var") 24, - (A

V&I'(C_LT|) — Var ( 5 = T 52

Example 1. Under the assumptions of a constant force of mortality, i, and of
a constant force of interest, 0, evaluate

a. az = Elag|]

c. The probability that ar will exceed a,.

40



N-year temporary life annuity of 1 per year, payable continuously while (x)
survives during the next n year, is

aﬁ|, TZTL

The actuarial present value of an n-year temporary life annuity

C_La;:m — E[Y] — / C_Lﬂtpx:u(x + t)dt T dﬁ| nPx — / Uttpxdt-
0 0

41



N- year deferred whole life annuity

v"dT—_n| :C_ZT| —&m, TZTL

Var(Y) = /OO 1;2”(am|)2tpx,u(a: + t)dt - (n|C_Lx)2

42



N-year certain and life annuity This is a whole life annuity with a guarantee
of payments for the first n years.

o

Gt E[Y] = / Q| tP (T + t)dt + / az)tPo (@ + t)dt
0 n

o0

= Q0 + / dﬂtpx,u(x +t)dt = Q| + / v ipedt.

Y is the sum of a constant ap| and the random variable for the n-year deferred
annuity. Hence

C_Lx:ﬁ| — C_Lﬁ| + n|dac — afﬁ| + nE:cC_La:—I—n — C_Lm T (C_Lx - afa::ﬁ|)

Further more, since Var(Y —ag) = Var(Y'), the variance for the n-year certain
and life annuity is the same as that of the n-year deferred annuity given above4.3



. d —
An Expression of —~a,

d_ * (0 [T
o4 = /0 v ((%:'tpaj) dt—/o v pelp(x) — plx +t)]dt

= pu(x)ay — Ay = p(2)a, — (1 — 6ay)
= [u(z) +dla, — 1.

Example 2. Assuming that probabilities come from an aggregate table, obtain
formulas for p p

ox

Solution:
a. %%:m = () + 6lazm — (1 — nEy).

o -
b. %ma:c — _Unnpw
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Summary of Continuous Life Annuities (Annuity of 1 per Annum

Payable Continuously)

Annuity
Name

Present-Value

Random Variable Y

Actuarial Present
Value E[Y] Equal to

Whole Life Annuity

n-Year Temporary
Life Annuity

n-Year Deferred
Whole Life Annuity

n-Year Certain and
Life Annuity

T=0

a, :J v'yp, dt

Q

‘ix:ﬂ = f[) Ut tpx dt

nldx — J Uf tpx dt

ﬁﬁ=ﬁm+f viop, dt

Additional relations are
e 1=%84d,+ A,
*1=8d,,+ A

* iy = a4, — d.p

a

$ S =2 = ["a iy

"

x+t

/

x+n

dt.
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TyplcaIDlstrlbutlon Functions for the Present-Value Random Variables, Y
(a) Whole life annuity (b) n-year temporary life annuity

+1 +1

e {

0 :
1
d
(c) n-year deferred life annuity (d) n-year certain and life annuity
T1 : T1
7 : e ;
0 ; 0 J l
10 ﬁ 1
— —a; ﬁn — 46
5 : 5



Discrete Life Annuities

Whole life annuity-due: This annuity pays a unit amount at the beginning of
each year that the annuitant (x) survives. The present value random variable is
denoted by

where the random variable K is the curtate-future lifetime of (x).
The actuarial present value of the annuity:

o0
ir = EIY]=Eliggy) =) dgeyspeters
k=0
o o
= 1+ Z Uk+1k+1px = Z V¥ LD
k=0 k=0

The last term of the equation above is the current payment form of the actuarial
present value for a whole life-annuity-due where the ip, term is the probability
of a payment of size 1 being made at time k.

47



We can also obtian in succession

1—UK+1] 1— A,

. E
¢ [ d d

and

and the variance formula is

Var(aK—H|) = Var ( d 72 72

1— ?JK_H) B Var(vBT1) 24, — (A,)?
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N-year temporary life annuity-due of 1 per year is

lts actuarial present value is

n—1 n—1
af:cm — E[Y] — Z dk—_|_1|kprac—|—k: -+ dmnpx — Z Ukkpx-
k=0 k=0

Since Y = (1 — Z)/d, where

7 _ vEFl 0< K <n
I K>n

is the present -value random variable for a unit of endowment insurance, payable
at the end of the year or at maturity, we have

d B d

:>1 — d@xﬁ| —|— Aw:ﬁ|' 49

Q| =



To calculate the variance, we can use

Var(Z QA:U:W T (A:I;:ﬁ )2
Var(Y) = dg ) _ 'd2 L

N-year deferred whole life annuity-due of 1 payable at the beginning of
each year while (x) survives from age = + n onward, the present-value random

variable is
v _ { 0, 0< K <n

n|a’K—|—1—n|7 K 2>n

Its actuarial present value and variance are

oo

E[Y] — n|dm — nEmdac—l—n = Ay — dw:m — Z Ukkpa:-

k=n

Var(Y) — _UZ npzc(a:c—l—n — 2aa:—|—n) —+ n|2ax — (n|a)2°

50



N-year certain and life annuity-due

lts actuarial present value is

00
k=n k=n

The procedures used above for annuities-due can be adapted for annuities
immediate where payments are made at the ends of the payment period.
For instance, for a whole life annuity-immediate, the present-value random
variable is Y = aR|- Then

1 — (1+14)A,

Qg E kpchg:+kak| o kPx = ;

k=1
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1 A ST S S i T s e

g:imma‘ry”of Discrete Life Annuities [Annuity of 1 Per Annum Payable at
the Beginning of Each Year (Annuity-Due) or at the End of Each Year
(Annuity-Immediate)]

Present-Value Actuarial Present Value
Annuity Name Random Variable Y E[Y] Equal to
Whole Life Annuity
* Due g K=0 iy = 2 v p,
k=0
» Immediate ag  K=0 a, = > vk,p,
k=1
n-Year Temporary
Life Annuity
e 0=K<n . nl
¢ Due {d+ K=n ax:m_zv kPx
nl k=0
a 0=K<n "
b Immediate {uf K=n ax:m - Z v kpx
n = k=1
n-Year Deferred
Whole Life Annuity
0 0=K<n IR,
* Due g — 5'1;, K=n aflx = ;::n U Py
) 0 0=K<n <
* Immediate ag — ap K=n Az = k;ﬂ:ﬂ U" Py
n-Year Certain and
Whole Life Annuity
iy 0=K<n . -
* Due - K=n ax:m—am-f—év kP
a; 0=K<n s
+ Immediate {al K=n A =an+ 2 vhp,
Ki - k=n+1
Additional relations are
*1=d iix + Ax * Ax:ﬂ = Uy A=)
.Ax:Uﬁx—ax n]ax_ux_dx:m
e1=4d L'Z'x:;| + Ax:ﬁl . ax_j = [2';| +d, — L'Z'X:;|
cdgm =14 a5, . 43
. - . SX:;| = E
* Axﬂ SV a4, 7 Al n=x
n—1 l
= > (1 +iy*=*
k=0 lx+n




2.4. Benefit Premiums

Introduction

In practice individual life is usually purchased by a life annuity of contract
premiums—the insurance contract specifies the premium to be paid.

Contract premiums provides for

e benefit
e expense of initiating and maintaining the insurance,

e and margins for profit and for offsetting possible unfavorable experience.

Determination of the insurance premium requires the adoption of a premium
principle. Example 1 illustrates the application of three such premium principles.
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Example 1. An insurer is planning to issue a policy to a life age 0 whose
curtate-future-lifetime, K is governed by the p.f.

kg0 =02, k=0,1,2,3,4.

The policy will pay 1 unit at the end of the year of death in exchange for
the payment of a premium P at the beginning of each year, provided the life
survives. Find the annual premium, P, as determined by:

a. Principle I: P will be the least annual premium such that the insurer has
probability of a positive financial loss of at most 0.25.

b. Principle |l: P will be the annual premium such that the insurer, using a
utility of wealth function u(x) = x will be indifferent between accepting and
not accepting the risk.

c. Principle Ill: P will be the annual premium such that the insurer, using
a utility of wealth function u(z) = —e Y!% will be indifferent between
accepting and not accepting the risk.

For all three parts assume the insurer will use an annual effective interest rate
of 1 = 0.06. 54



Present Value of Financial
Loss When Premium
Is by Principle

Outcome  Probability General exp(0.1L)
k x(9o Formula I II 111 I11
0 0.2 v' — Pdj 0.48544 0.64067 0.63712 1.06579
1 0.2 v? — Py 0 0.30169 0.29477 1.02992
2 0.2 v? — Py —0.45796 —0.01811  —0.02819 0.99718
3 0.2 vt — Py —0.89000 —0.31981  —0.33287 0.96726
- 0.2 v’ — P dg —1.29758 —0.60443  —0.62031 0.93985
Premium 0.45796 0.30272 0.30628
Expected Value —-0.43202 0.00000  —0.12020 1.00000
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e Percentile premiums Although the principle is attractive on surface, it is
easy to show that it can lead to quite unsatisfactory premiums.

e Equivalence principle It has many application. If we define the insurer’s
loss, L, as the random variable of the present value of benefit to be paid
by insurer less the annuity of premiums to be paid by the insured. The
requirement of this principle is that

E[L] = 0.
Benefit premiums
E|present value of benefits] = E|[present value of benefit premiums]

Single benefit premium When the equivalence principle is used to determine
a single premium at policy issue for a life insurance or a life annuity, the
premium is equal to the actuarial present value of the benefit payments.

e Exponential premiums These premiums are nonproportional in the sense
that the premium for the policy with a benefit level of 10 is more than 10
times the premium for a policy with a benefit level of 1. This is consistent

for a risk averse utility function.
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Fully Continuous Premiums

e The equivalence principle.

e Fully continuous level annual benefit premium for a unit whole life insurance
payable immediately on the death of (z).

e For any continuously paid premium, P, consider
l(t) = ’Ut — P&ﬂ,

the present value of the loss to the issuer if death occurs at time ¢.

- 1(0) = 1.

- I(t) - —P/§ as t — oo.

— if [(tg) = 0, death before t; results in a positive loss, whereas death after
to produces a negative loss.
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Consider the loss random variable

By the equivalence principle, the premium is denoted by P(A,) and is such
that
E[L] = 0.

Then

_ _ _ A,

The variance of L can be used as a measure of the variability of losses on an
individual whole life insurance due to the random nature of time-until-death.

Pﬂ—vﬁ]

J

= \@rPT< %) ?] Var(v )(1+§>2

4 ( )2 2A<5_ax(f <,

Var(L) = E[L?] = Var(v! — P@T|) = Var [vT —




SRR AT

Fully Continuous Benefit Premiums

Loss Components

Premium Formula

P = Elb vl
Plan by PY Where Y Is E{Y]
Whole life . A,
insurance 1o’ anq PA,) = i
n-Year term 107 in, T<n _ 414
insurance an, T>n P(Ayy) = '
n-Year 10T iz, T=n o A3
endowment 1v" iy, T>n P(A.q) = —
insurance A
h-Payment* 1oT ag, T<h o A
whole life 1v7 iy, T>h WPA) = =
insurance “xfl
h-Payment,* n-year 1of im, T=h o A
endowment 107 ap, h<T=n WA = —
insurance 1v" ag, T>n 4
n-Year pure 0 an, T=<n =1 Al
endowment 1v" iy, T>n P(A ) = i,
n-Year ' deferred 0 i, T=n L Ay e
whole life g V" in, T>mn P(ya,) = ————
annuity Bl

*The insurances described in the fourth and fifth rows provide for a premium paying period that is shorter than the
pericd over which death benefits are paid.
tThe annuity product described above provides no death benefits and has a level premium with premiums payable
for n years. A different, perhaps more realistic, design for an n-year level premium-deferred annuity is given in

Example 6.8.2.
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Example 2. Calculate P(A,) and Var(L) with the assumptions that the force
of mortality is a constant ¢ = 0.04 and the force of interest 4 = 0.06.

Solution: These assumptions yields a, = 10, A, = 0.4, and 24, = 0.25.
Then we obtain

P(Ax) —

_ A,
Uy

d
an 0.25 — 0.16

Var(L) = e~ 0
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e Under the constant force of mortality assumption,

P(Ax) — lu(l(ulu_:_(f))__l = K

which does not depend on the force of interest interest or the age at issue.

e For a variety of fully continuous life insurances, the formulas for annual
premiums can be determined by

E [bTUT]

bT’UT—pY:Z—PY and E[bTUT—PY] =0 =— P = E[Y]

e For an n-year deferred whole life annuity of 1 per year payable continuously.
In this case byvr = 0,7 < n and bprvp = am|v”,T > n Then

Elbrvr] = npr[&m|vn|T >n| = 0", Pelgpan = szﬁﬁaaﬁn.
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Example 3. Express the variance of the Loss L, associated with an n-year
endowment insurance, in terms of actuarial present values.

Example 4. Find the 25th percentile premium for an insured age 55 for the
following plans of insurances:

a. 20-year endowment
b. 20-year term

c. 10-year term.

Assume a fully continuous basis with a force of interest, 0 = 0.06 and mortality
following the illustrative life Table.
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Schematic Diagrams of /(t) and the p.d.f."s of T(x) and L

1

fL(u) \
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Example 5. This example builds on Example 4.except that T'(55) has a De
Movivre distribution with p.d.f

Pssitss(t) = 1/45,0 < t < 45.

For the three loss variables, display the d.f. of L and determine the parameter
P as the smallest non-negative number such that Pr(L > 0) < 0.25.
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DlstrlbutlonFunctlons of L Developed in Example 6.2.4

(a) d.f. of L, 20-year endowment
insurance P = 0.06244

Fr(u)

U ——

-+— +—— U
1

—Pﬁz—m Uzo—lj_a—zm

(b) d.f. of L, 20-year term
insurance P = 0.06244

'VPL(M)
T1 _mmee——
e —_ 0.7778 __
| 0.75
}
|
i
E . — u
~ Pag 010~ Pi 1

(c) d.f. of 10-year term
insurance P = 0.06244

Fr(u)
________ 1'—1———/5_77-78

'0.7500

(d) d.f.of 10-year term
insurance P=0
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Fully Discrete Premiums

e P, the level annual benefit premium for a unit whole life insurance.

e the absence of (A,) means that the insurance is payable at the end of policy
year of death.

e [he loss of this insurance is

LIUK+1—Pa;dK—_|_1|, k20,1,2,....

The equivalence principle requires that E[L] = 0, or

E[v* ™ = PElig)] =0

hich yield A,
which yields p Az
Ay

ZA — (A 2

and Var(L) = z— (Az)

(day)?
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Fully Discrete Annual Benefit Premiums

Loss Components

Premium Formula

— E[bK+1vK+1]
Plan DyqUk<q P Y Where Y Is E[Y]

Whole life ol ) . p = A,
insurance lv igm, K=0,1,2,. g

n-Year term 1 vkl dgp K=0,1,...,n =1 : Al
Insurance 0 i, K=nn+1, Pig = P

n-Year 1 vkt g, K=0,1,...,n—1 A,z
endowment 1v" i, K=mnn+1, P.a=
Insurance @

h-Payment 1 vkt g, K=0,1,...,h — 1 A,
whole life 1 vt g, K=h h+1,... W=
insurance, @Al

h-Paymen?{Xlﬂ 1v g, K=0,1,...,h — 1

__rl-year Ubf'&(‘«m luv dp, K=h, ..., n—1 p Axq
endowmen lv g, K=nn+1, ... W .5
insurance Ax:7.)

n-Year pure 0 ix, K=01,...,n—1 . A
endowment 1v" dn, K=n,n+1, P = i

n-Year deferred 0 g5, K=0,1,...,n—1 ) Ax-%] ...
whole life V" an, K=n,n + 1 P(.d.,)
annuity D
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Example 6. If g, = ¢(0.96)*1,k =0,1,2,... where ¢ = 0.04/0.96 and
i = 0.06, calculate P, and Var(L).

Continuing to use the equivalence principle, we can determine formulas for
annual benefit premiums for a variety fully discrete life insurances.

E[bK+1’UK+1]

Elb —PY]|=0 = P =
[ K+1UVK+1 ] E[Y]

where P is a general symbol for an annual premium paid at the beginning of
each policy year during the premium paying period while insured survives and
Y is a discrete annuity random variable as defined in Section 3.

Example 7. Express the variance of the Loss L, associated with an n-year
endowment insurance, in terms of actuarial present values.
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Example 8. Consider a 10,000 fully discrete whole life insurance. Let =
denote an annual premium for this policy and L(7) denote the loss-at issue
random variable for one such policy on the basis of the lllustrative Life Table,

6% interest and issue age 35

a. Determine the premium, 7., such that the distribution of L(7,) has mean 0.
Calculate the variance of L(m,).

b. Approximate the smallest non-negative premium, m;, such that the probability
is less than 0.5 that the loss L(7) is positive. Find the variance of L(my).

c. Determine the premium, 7., such that the probability of a positive total loss
on 100 such independent policies is 0.05 by the normal approximation.
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