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Abstract In this paper, two new functions are introduced to depict the Jamison weighted sum of
random variables instead using the common methods, their properties and relationships are system-
atically discussed. We also analysed the implication of the conditions in previous papers. Then we
apply these consequences to B-valued random variables, and greatly improve the original results of the
strong convergence of the general Jamison weighted sum. Furthermore, our discussions are useful to
the corresponding questions of real-valued random variables.
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1 Introduction

There has been much research work (for example, [1, 2] and [3]) about the almost sure conver-
gence of the general Jamison weighted sum of real-valued independent random variables and
negatively associated random variables, while the articles discussing the same problem in Ba-
nach space are very few. Recently, Liu Jingjun and Gan Shixin have done some significant work
in this field (see [4]), but as compared with real-valued random variables, there still remains
much to be desired. The purpose of this article is to make some progress in this situation. And
the concepts in this article are the same as in [4].

In this paper, we let {Q, F, P} be a complete probability space and B be a real separable
Banach space with norm || ||. The Banach space B is called type p (1 < p < 2) if there exists
a ¢ = ¢p > 0 such that

n
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where the independent B-valued random variables X7, ..., X,, have mean zero and F || X; ||P<

o0, 1=1,..,n.
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Also in this paper, ¢ denotes a finite positive constant which may be different at different
places; {X,,} < X means sup, P(|| X,, ||> z) < ¢P(X > x), where z > 0 and X is some
real-valued random variable.

Let {ax,k € N} and {by, k € N'} be sequences of real numbers, in which aj # 0,0 < by T co.
{Xn,n € N} is a sequence of B -valued random variables. We will discuss the conditions

satisfying

n
nlirr;o i;aiXi =0 a.s.

As compared with [4], there are several differences in our article:

1 We remove the requirement that {ax,k € N} is a sequence of positive numbers.

2 We remove the requirement that {by/|ag|, k € N'} is strictly increasing.

3 We haven’t any additional requirement about the convergence order of Ziin 1/o4,
where oy, = by /|ax|,p > 0.

First we introduce several notations:

b
ak:ﬁ for ke N, and N(z)=#{k:ap <z} for x>0,

where #A denotes the element number of set A, and we suppose N(z) < oo, Vo > 0.

Denote x¢ = inf{z : N(x) > 0}. Clearly, from N(1) < oo, we know that there are only finite
elements in {k : o, < 1}. Hence zp = inf{ay} > 0.

Now we define two other functions:

L(z) = ’ %dt = /Ow ]\;(Qt) dt, and R,(z)= /OO f;iitl) dt,

for x > x¢ and p > 0. The function N(z) is familiar, we can see it in many references (for

Zo

example see [4]), but L(z) and R,(«) are unfamiliar, here we need to introduce their background.

The following condition was used many times in [4]:

max o} Z % = O(n), (1.1)

=n k

where p > 0 and oy, = by /|ag|. Clearly, the necessary condition of (1.1) is
— 1
> & <o (1.2)
ay
k=1
First, we have the following

Lemma 1.1  Condition (1.2) implies that
R,(z) < oo, Yo > xp, (1.3)

where p is the same as that in (1.2).

Proof First we have

OO>ZJZZ Z 22 (n) np(n )
k n=2kn—1<ar<n

k=1

2
B

n=2
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p [P N(y)dy _27PN(1) = pﬁ%p() —27PN(1).

Because N(1) < oo, we have R,(1) < co. Noting that R,(z) is a non-increasing function

R,(x) < oo, for all z > 1. Trivially, for 0 < zp < 1
1
N(y) N(1)
L yPr dy < s < 0,

which implies R,(x) < oo, for all z € (0,1)
This lemma explains the background of R,(x) very well. Moreover, we have

Suppose X is a non-negative real-valued random wvariable such that, for some

Lemma 1.2
p >0,
EXPR,(X) < 0. (1.4)
Then we have
EX"R,(X) < oo, Vr>p, (1.5)
and
EN(X) < 0. (1.6)

Proof For x > xg, we have
. - [T N o [Ty TPN(y) s [T N(y) »

Hence (1.4) implies (1.5) for any r > p. Also
* Ny)
Ro(w)= [ Sy = New) [

() < 00,Vx > 1z, and if X is a non-negative real-valued random

* dy 1N(x)

- - ’

yp+1 p xP

o (1.4) implies (1.6).
For L(x), obviously L

variable, we have the following lemma

Suppose X is a non-negative real-valued random variable. Then the next two

EXL(X) < o0, (1.7)
(1.8)

e X
/ EN(7>dt < 00,
1

a.e. t.

Lemma 1.3
conditions are equivalent to each other

and each of them implies that EN(X/t) < oo

Proof Obviously,
/ EN()dt = / (/ N<>dP(X < :c))dt
1 t 1 0 t
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- /OOO (/jON(%)dt)dP(X <)

- /Ooox</0$ ]\;(Qy)dy>dP(X < z)(let y = 2/t)
= EXL(X).

So we see that (1.7) and (1.8) are equivalent to each other, and each of them implies EN (X/t) <

oo a.e. t.

2 More Remarks on Condition (1.1)

In order to further our discussion and make comparison with [4], we will make more remarks on
Condition (1.1). For this reason, we denote d,, = max;<p<n ai. Clearly d, is non-decreasing,

and (1.1) is equivalent to
(o)
1
dr — =0 2.1
2> L =0m) (21)

k=n k

where p > 0. It is easy to see that (2.1) implies

oo

1
and

>y dip = O(n). (2.3)
k=n k

(2.2) indicates that Vk > 1, {oy} is not a finite accumulative point, and o — 0o as k — oo.
Hence N(x) is a right continuous ascending step function, and we can construct a continuous
function N(z) that satisfies

~ { N(z) if zis a jumping point of N(z) ,

N(z) =
(@) Linear if z lies between two jumping points of N(z).

And Eat L(z) = f;; 1\/;(2t)dt, and E;A(EC) = [z gﬂfl)dt, for x > xp and p > 0. glearly, N(z)
and L(x) are strictly increasing, R,(x) is strictly decreasing, and N(z) < N(z),L(z) <
L(z), Ry() < Rp(x).

Now we prove several lemmas.

Lemma 2.1  Suppose there exists some p > 0 such that Ry(zo) < co. Then gp(x) = xpE,(x),

x > x9 must be a strictly increasing function of x.

Proof By noting that N (z) is continuous, we have

’

(2 = e By () + a0 L) / "W 1R

- é(pxp /:o Nt )dt— ) (pxpN j tplﬂdt—ﬁ(x))

1 ~ ~
= ;(N(as) — N(z)) =0.
So gp(x) is strictly increasing when = > xo.
Next we estimate the order of N(d,,).
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Lemma 2.2 If (1.1) holds, then
n < N(d,) <cn, (2.4)

where ¢ > 1.

Proof Because d,, = maxi<g<p 0k, we have {1,2,...,n} C {k: ax < d,}. So N(d,) = #{k :
ar < d,} > n. On the other hand, for s > 0, denoting
Ap(s) ={ag:ar < s,k >n}, Bp(s) ={ap:ar <s,1<k<n},

then by (2.1), there must exist ¢y > 0 such that

oo

1 1

con>dh)y 5 >db > = > #A(d).
P k€A, (dy) K

Hence

N(d,) = #A,(d,) + #B,(d,) < con+n = (co + 1)n=cn,

where ¢ > 1.

Using Lemmas 2.1 and 2.2, we have:

Lemma 2.3  Suppose X is a non-negative real-valued random variable. If (1.1) holds, then

(1.6) is equivalent to
EXPR,(X) < EXPR,(X) < c. (2.5)

Proof By Lemma 1.2, we need to prove only that under Condition (1.1), the condition (1.6)
implies (2.5).

From (2.1), we know that (2.3) and (2.4) hold. We notice that d;, j > 1 must be the
jumping points of N(x), and N (x) is a strictly increasing function. Vn € N, we have

By(dn) = / N

n

et 11
yp+1 Z/ yp+1 pkz;lN dk“)[dp d; }

k+1

1 1 ~
= - E N (dy, 1)[ - } (by definition of N (t))
pk — * dp di_H
1 1
< k — = 2.6
CZ {d” d£+1] k;ﬂ & (2.6)

Noting that g,(z) = 2P R, (z) is a strictly increasing function, we have

EXPR,(X) < EXPR,(X) < d’R(dy) + Z EXPR,(X)I(dy < X < dypy1)

< dPR(ch) + Y b Ry(dns1) Pdy < X < dpy1)

n=1

< dR(d) + ¢ (n+1)P(dy < X < dyy1)
n=1

+cZPd <X <dpy1)db Z

n=1 k=n-+
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So by the condition (2.3), we have

EXPR,(X) < EXPR,(X) < d{R(d1) + ¢ _nP(dy < X < dps1)

n=1

= d*R(dy) + ¢ f: P(X > dp) < d°R(dy) + ¢ i P(N(X) > N(dyn))

m=1 m=1
< d{R(di)+ ¢ Y P(N(X)>m)=dR(dy) + cEN(X) < 0.
m=1

3 Preliminary Work

In this section, we prove several valuable lemmas. As compared with [2], our method is much

concise.

Lemma 3.1 If X is a non-negative real-valued random variable such that EN(X) < oo, then
dohey P(X > ay) < o0

Proof We have

ZPX>ak Z/ dP(X < z) Z/ I(z > op)dP(X < z)

/ ZI ap <z)dP(X < x) / N(z)dP(X < x)
0
— EN( X) < o0.

Lemma 3.2 If X is a non-negative real-valued random variable such that E(XPR,(X)) < oo,
for some 0 < p <2, then

— 1
Z FEXPI(X < ) < 00
k— A

Proof First, from Lemma 1.2, we know
EN(X) <pEXPR,(X) < o0.

Because {ay} is not necessarily monotone, we re-align as, ag, ..., Qp 88 Qp1 < Qg < - <

Qnn, if @; = a; when ¢ < j, then assume «; precedes ;. It is clear that N(ay, k) > k, and

using the inequality

t
EXPI(X <t) < p/ P P(X > x)da,
0

we have, for all n € NV,

n

1
> SEXPI(X <ap) < pz / 2P P(X > 2)dx
P lak O‘k

:pZ/ up_1P<— > ak)du:pz:/ up—lP(_ > an,k)du
k=170 v k=170 “
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<pz / uP~ 1P< ( ) >N(ank)>du (since N(z) is non-decreasing)

o ({9 s o (EA(E) )
:p/o;up_llfN<%>du:pE/Olup_1N<§>du
:p/o (/O up_1N<§)du)dP(X<x)

_ p/ooo xp</:o ‘Zfl) dt>dP(X < 2) = pE(X"R,(X)) < oc.

The right hands of the above inequality is independent of n, so

> a—zEXpI(X < ay) = lim > a—ZEX”I(X < ag) < 0.
k=1 k=1

Lemma 3.3 If X is a non-negative real-valued random variable such that EXL(X) < oo,

then
=1
> a— I(X > o) < EXL(X) < 0.
k=1

Proof Omitted.
Remark 3.1 The method of the proof is similiar to that of Lemma 3.2.

Lemma 3.4  Suppose that X is a B-valued random variable, and
P(IX|| > 1) < eP(Xo > 1), ¥t >0,
where Xy is a non-negative real-valued random variable. Then VYq > 0,t > 0, we have
EIXIII(IX]| < 8) < ct"P(Xo > £) + cEX(Xo < 1),
EX|I([|X] > t) < cEXgI(Xo > t).

Proof Omitted.

4 Main Results

In this section, we suppose that X is a non-negative real-valued random variable, and B is a
Banach space.
On the basis of the results in the above sections, we can improve Theorems 2.1-2.3 in [4]

substantially.

Theorem 4.1  Suppose that {ag, k € N'} and {by,k € N'} are sequences of real numbers such
that ar, # 0 and 0 < by, T co. Let {X,,n € N'} be a sequence of B-valued random variables with
{X,} < X. If X satisfies

EXR(X) < o0, (4.1)

then

n

1
lim — Zaka =0 as. (4.2)

n— o0
" g=1



188 Su C. and Tong T. J.
Proof First, from Lemma 1.2, we know that (4.1) implies
EN(X) < 0. (4.3)
Define
Vo= Xol([| Xn < o), Zn = XnI(|| Xn [|> an),
where a, = b, /|a,|,n € N. Noting that {X,,} < X, so by (4.3) and Lemma 3.1, we have

Y P Zu|#0) =) P(Xo=22) <Y Pl X |2 an) <Y P(X > ) < .
n=1 n=1 n=1 n=1
By the Borel-Cantelli lemma we get
P(|| Z, ||# 0,i.0.) = 0.
Then

oo a
n
—Zn
bn

o
3 | Zn ||

< < 0

= P o a.s

Hence, by the Kronecher lemma we have
1 n
b Zaka —0 as. n— oo (4.4)
k=1
On the other hand, from Lemma 3.4 and {X,,} < X, we know

E|Y = E||Xn |l I( Xn |I< an) < anP(X > a,) + EXT(X < ay).

Hence, by Lemmas 3.1 and 3.2 we have

Z_:la—nE | Yo |I< Z;P(X > Oén)‘f'Z:la—nEXI(X < ap) < oo.
So
=1
Z — IYn < o a.s.
n=1 An

By the Kronecker lemma again
1 n
b_z lag| | Vi [0 as.,
" k=1
and using the C,-inequality, we can get

1 < R
’b_zakyk Sb—Z|ak|||Yk -
" k=1

" k=1
So
1 n
W Z arYry — 0  as., n — 00. (4.5)
" k=1
Then from (4.4) and (4.5), we obtain
1 n
b—Zaka — 0 a.s., n — 00.
" k=1

Remark 4.1 Comparing with Theorem 2.1 in [4], we require neither ax > 0 nor ay, = by /|ax|
to be strictly increasing, and Conditions (1) and (2) in Theorem 2.1 [4] implies (4.1), so our

conditions are much weaker than those in Theorem 2.1 [4]. In addition, (4.1) is very concise.



Almost Sure Convergence of the General Jamison Weighted Sum 189

Theorem 4.2  Suppose that {ax,k € N'}, {bx,k € N'} are the same as in Theorem 4.1. Let
B be a p-smooth Banach space for some 1 < p <2, and {X,,,n € N} be a sequence of B-valued
integrable random variables with {X,} < X. If X satisfies

E(XPR,(X)) < o0, (4.6)
EXL(X) < oo, (4.7)
then

lim —Zak Xi — BE(Xk|Fr-1)) =0  a.s.,

n— 00 b

where Fo = {$,Q}, Fr, = o{X1,.... Xi}, k> 1.

Proof First we define {Y,,}, {Z,} as in Theorem 4.1. To prove the result, we need to prove

only that
1§
lim_ W ;ak(Yk — E(Yi|Feo1)) =0 as., (4.8)
1 n
nh—>nc1<) b kz::lak(Zk — E(Zy|Fr-1))=0 as. (4.9)

Noting that {>.7", 5 (Y = E(Y;|Fi1)), Fm,m > 1} is a martingale, we need to prove only
Zfol 7 {J; converges a.s. in order to prove (4.8), where U; := Y; — E(Y;|F;_1),¢ > 1. And by the
B-valued martingale convergence theorem [5] we need to prove only that {> ;. , 72Uk, m > 1}
is LP-bounded.

Using the property of a p—smooth Banach space, we have

1 1
U < E— || U ||P< ¢p2P E— || Y ||P
Z ‘ _Z ap 10 P 62 3 By 1

US|
<Y B | Xi |7 1] Xk 1< )
k=1 F

1
<c Z*ZE X (17 (1] X (< )

S .
Z (X > o) +cY 5 EXPI(X < a).
- Y%
k= k=1
Hence, using the same method as in Theorern 4.1, we can get

m P\ *
ag P
sup | F —U, < 00.
Now we prove (4.9). Let Vi, = Zy — E(Zg|Fr—1), Yk > 1. Then
E Vi [[SE| Zy || +E || E(Z|Fr—1 S 2B || Z ||, Yk > 1.
So by Lemma 3.3 and (4.7),
oo
ak
E —V
(%5

=1k

o
)sz E||vku<22 E|Z |

k=1
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<9 il/ (1| Xy || £)dt f:l/ P(X > t)dt
= P a k P a =

1
< —EXI(X > <EXL(X) < 0.
_cZak (X > ) < EXL(X) < 00
This implies
a.s.

Hikak

Hence, by the Kronecher lemma again, (4.9) holds.

Remark 4.2 This is the same as Theorem 4.1, here we remove the requirement that a; > 0
and ay = by /|ag| is strictly increasing. Conditions (1) and (3) in Theorem 2.2 [4] imply (4.6),
and Condition (2) in Theorem 2.2 [4] is equivalent to (4.7) by Lemma 1.3.

Corollary 4.1  Suppose that {an,n > 1}, {b,,n > 1} are the same as in Theorem 4.1. Let B
be a p-smooth Banach space for some 1 < p < 2, and {X,,, Fn,n > 1} be a martingale difference
sequence with {X,} < X. If X satisfies E(XPR,(X)) < 00, and EXL(X) < oo, then

Theorem 4.3  Suppose that {an,n > 1}, {b,,n > 1} are the same as in Theorem 4.1. Let
B be of type p for some 1 < p < 2, and {X,,n > 1} be a sequence of B-valued indepen-
dent random variables with EX,, = 0,n > 1 and {X,,} < X. If X satisfies E(XPR,(X)) <
00, and EXL(X) < oo, then

lim — Zaka =0 a.s.

n—oo

Proof Omitted.
Remark 4.3 The method of the proof is similar to that of Theorem 4.2.

Corollary 4.2  Suppose that {an,n > 1}, {b,,n > 1} are the same as in Theorem 4.1. Let
B be of type p for some 1 < p < 2, and {X,,n > 1} be a sequence of B-valued independent
random variables with {X,} < X. If X satisfies

E(XPR,(X)) < o0,
then there exists ¢, € B, n=1,2,..., such that
bJIZaka —cp—0 a.s.
k=1
Proof Define Y,, and Z,, as being the same as in the proof of Theorem 4.1. First it is easy to
know that
b' Y ap(Yi — EYi) -0 as.
k=1

On the other hand, E(X?R,(X)) < oo implies EN(X) < co by Lemma 1.2. So by Lemma 3.1
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we can get
n
b;lzaka — 0 a.s.
k=1
Then by letting ¢,, = %n > or_y axEYy, we have
n
b;lzakafanO a.s.

k=1
The proof is finished.

Remark 4.4 Howell, Taylor and Woyczynshi [6] (1981) proved that, under the conditions
a; > 0fori>1, EN(X) < oo and

o0 (o] N
/ #P=1P(X > t) / (yl) dydt < oo,
0 ¢ yPr

there exists ¢, € B, n=1,2, ..., such that

b;lzaka —c¢, —0 a.s.
k=1
Seeing that we have removed the conditions EN(X) < oo and a; > 0 for i > 1, together with

a trivial fact that

[e'e} _ [e'e} N y [e'e} _
/O tP=1P(X >t)/t yp(H)dydt/o tP71P(X > t)R,(t)dt > EXPR,(X),

so we say that Corollary 4.2 improves their result.

Finally, as a supplement to Theorem 4.2, we will offer a result based on
EXL(X) = oc. (4.10)

Theorem 4.4  Let {an,n € N} and {b,,n € N} be sequences of positive numbers with
0<bg T oo and

Zak = O(by), n — . (4.11)
k=1

Let B be of type p for some 1 < p <2, and {X,,,n € N} be a sequence of B-valued independent
random variables with EX,, =0 and {X,} < X. If X satisfies

EXL(X) = 0o, E(XPR,(X))< o0, EX < oo, (4.12)
then (4.2) holds.
Proof Using the same method as in Theorem 4.2, we can know that (4.4) and (4.5) hold, so it

suffices to show that

1 n
. > aEYy =0 as. (4.13)
" k=1
Since EXy =0,k € N, it suffices to show that
1 n
™ Z arEZ, — 0 as. (4.14)
" k=1

Noting that ay is non-negative, and
| EZk || =[| EXpI(]] Xk = ) |
SE | Xe | (] Xk [[Z ar) < cEXT(X > o),
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hence, it suffices to show that
1 n
— Z arEXI(X > ar) -0 as. (4.15)
bn n=1
By (4.11), there exists ¢g such that 0 < ¢y < 00, so that

> ax < cobn, (4.16)
k=1

for all n € A, From Lemma 1.2, we know that (4.6) implies
EN(X) < oc.
So it is easy to know that ajp — co. Ve > 0, there exists § > 0 such that
EXI(X > f) < %
where ¢ is the same as in (4.16). Since oy — 00, there exists ng € N such that

min ay, > 3, sup EXI(X > ap) < <.

k>ng k>no Co
Hence, Vn > ng, we have
1 < 1 « €
— arEXIT(X > ap) < (— ak)— < € 4.17
bn k:%):—i-l ( ) bn kz=:1 Y ( )
on the other hand, clearly we have
1 &
™ Z arEXI(X > a) — 0, n— .
" k=1

So (4.14) holds.
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