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Abstract

In this paper, we propose a shrinkage framework for jointly estimating multiple covari-
ance matrices by shrinking the sample covariance matrices towards the pooled sample
covariance matrix. This framework allows us to borrow information across different
groups. We derive the optimal shrinkage parameters under the Stein and quadratic
loss functions, and prove that our derived estimators are asymptotically optimal when
the sample size or the number of groups tends to infinity. Simulation studies demon-
strate that our proposed shrinkage method performs favorably compared to the existing
methods.

Keywords Covariance matrices - Joint estimation - Optimal estimator - Quadratic
loss function - Shrinkage parameter - Stein loss function

1 Introduction

Estimation of the covariance matrices plays an important role in various areas such
as principal component analysis, graphical models and outlier detection. In many
applications the data may be comprised of several distinct groups. One such example
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is gene expression data where researchers collect gene expression profiles for different
cancer tissue samples. To analyze the co-expression network for each of the cancer
samples, one needs to estimate several covariance matrices simultaneously. If the
number of observations in each group is small, the estimates of the covariance matrices
based on data from each individual group are not reliable. On the other hand, if
we estimate the covariance matrices by the pooled sample covariance matrix, the
differences among the tissues will be ignored leading to biased estimators when the
covariance matrices are not all the same.

Various methods have been proposed to estimate the covariance matrices jointly. In
general, certain decompositions were used to deal with positive semi-definite covari-
ance matrices. For example, Boik (2002, 2003) used the spectral decomposition while
Manly and Rayner (1987) and Barnard et al. (2000) used the variance-correlation
decomposition. However, the estimates of the orthogonal and correlation matrices
appeared in the spectral and variance-correlation decomposition often involve com-
putationally challenging constrained optimization problems. Another constraint-free
decomposition is the Cholesky decomposition. Pourahmadi et al. (2007) developed
the maximum likelihood estimates with a pre-specified common structure. Daniels
(2006), Hoff (2009) and Gaskins and Daniels (2016) proposed Bayesian priors on the
Cholesky decomposed terms where the Markov chain Monte Carlo algorithm may
become computationally intractable when the number of groups or the dimension of
the covariance matrix is large. Recently, Guo et al. (2011), Danaher et al. (2014), Le
and Hastie (2016) and Cai et al. (2016) proposed penalized likelihood methods that
induce a sparsity structure in the precision matrices across groups. Price et al. (2015)
suggested to add a ridge penalty and a ridge fusion penalty to the log-likelihood
which yields another regularization for multiple precision matrices. Friedman (1989)
and Ramey et al. (2016) proposed a regularized discriminant analysis, in which they
replaced the unknown covariance matrices by a linear combination of sample covari-
ances, the identity matrix, and the pooled sample covariance matrix.

In this paper, rather than decomposing and imposing structure assumption on
the covariance matrices, we consider a shrinkage approach to jointly estimate the
multiple covariance matrices. Unlike estimators under pre-specified structures where
the imposed structures are usually hard to verify in practice, our new method can
systematically borrow information across groups through a shrinkage framework.

Specifically, let Xg; = (X145 ..., X pgl-)T be independent and identically distributed
(i.i.d.) random vectors from the multivariate normal distribution N (pts, Xg), where
i=1,....,N,g=1,...,G, R are the mean vectors, and X, are the p x p covariance

matrices. We propose the following shrinkage estimators:
- S -
2g=01—+(1_0l)2p001, 0<ac=<l, (D
n

where n = N — 1, Spool = Yoy S¢/(nG), Sy = YL (Xgi — Xo)(Xgi — X)7,
Yg is the sample mean of the gth group, and « is a shrinkage parameter. When o = 1,
we estimate the covariance matrices by the sample covariance matrices. When o = 0,
we estimate all the covariance matrices by the pooled sample covariance matrix. The
optimal shrinkage parameter is defined such that the average risk of the estimators is
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minimized under a specific loss function. We note that when 0 < o < 1, an optimal
combination between the sample covariance matrices and the pooled covariance matrix
will use all the information among the G groups rather than using only the information
within the gth group, and hence reduces the total variation of the sample covariance
matrices.

Since the first proposal by Stein (1956) for the estimation of means, the shrink-
age methods have been extensively studied and extended to estimate other parameters
including the variances (Tong and Wang 2007; Tong et al. 2012). Ledoit and Wolf
(2004), Schifer and Strimmer (2005) and Ledoit and Wolf (2012) have developed
shrinkage estimators for a single high-dimensional covariance matrix. In this paper,
we consider the shrinkage estimation of multiple covariance matrices from a decision-
theoretic point of view that has not been studied before. It is well known that the
conventional quadratic discriminant analysis (QDA) classifier computes the sample
covariance matrices for each group. If the training set is not large, QDA may perform
poorly due to a large variation of sample covariance matrices. To improve the perfor-
mance, regularization was suggested for a proper compromise between the bias and
variance of the classifier (Friedman 1989; Ramey et al. 2016; Le and Hastie 2016).
Our proposed shrinkage estimators in this paper provide an explicit analytical solution
for the optimal regularization in QDA.

The remainder of the paper is organized as follows. In Sect. 2, we derive the opti-
mal shrinkage estimators for the covariance matrices under the Stein and quadratic
loss functions, respectively. We also propose estimators for the optimal shrinkage
parameters and investigate their asymptotic properties. We then conduct simulations
in Sect. 3 to evaluate the finite sample performance of the proposed estimators and
compare them with some existing methods. We conclude the paper in Sect. 4 with
some discussions. Technical proofs are given in Sect. 5.

2 Joint estimation of the covariance matrices

As defined in Sect. 1, our proposed shrinkage estimators of the covariance matrices
are

~ Se ~
Eg = 017 +d - Of)zpool

N CNCIIE PV SV oy
—{;"‘T};( gi — g)( gi — g)
1

_I_

G N
— _ _
—— 2.2 Xy = X)Xy — X',
k#g j=1
where « controls the level of shrinkage. In particular, the estimators only employ
the observations within each group when o = 1, and all estimates are shrunken to

the pooled sample covariance matrix when o = 0. If « € [0, 1), the gth shrinkage
estimator borrows information from other groups.
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To find the optimal shrinkage parameter, we consider to minimize the average risk
of the covariance matrix estimators under the Stein loss function

Li(Z, ) =tuw(ZX ") —logdet(Ex ") — p,
and the quadratic loss function
LyE,X)=w(Zx"" - 1)?,

where [ is the identity matrix, det(-) and tr(-) denote the determinant and trace of a
covariance matrix, respectively. Note that these two loss functions are commonly used
in the covariance matrix estimation Haff (1980, 1991); Yang and Berger (1994).

For ease of notation, let A = [A;;] € RP*P be a p x p matrix, where A;; are
the components of A. The Frobenius norm is defined as |A| = {tr(AAT)}/? =
r, A2 )!/2. For any random matrix A and positive integer k, E||A|* < oo

is equlvalent to E|A,J |* < oo foranyi,j e {l,..., p}. Throughout this paper, for
any symmetric matrix A, A > 0 means that A is a positive definite matrix. In addition,
we let ¥ = {X,..., X} be a set of covariance matrices corresponding to the G
groups, and > = {21, e, fg} be an estimate of X.

2.1 Optimal estimator under the Stein loss function

Under the loss function L1, the average risk is

G
1 ~
e Y " EL(Z,. Z)

g=1

G G
1 o~ 1 -
52 Etr(Z‘gEgl)—Ez E{logdet(Z‘gEgl)}—

g=1

(X w5

g=1 g=1

Ri(@, %, %)

G
——ZElogdet[{aS /n+ (=) Spea} Tt - (= a)p.
g=1

Let R/ (@, %, %) and R (e, 5. %) be the first and second derivatives of
Ri(a, Z‘ E ) with respect to a. Let o] be the optimal shrinkage parameter such that
Ri(a, ¥, X) achieves the minimum value for @ € [0, 1]. We have the following two
theorems.

Theorem 1 For any fixed G, p and n > p + 1, R|(«, s, X)) is a strictly convex
function of « on [0, 1] that satisfies

@ Springer



A shrinkage approach to joint estimation... 343

(@) Rj(a, 2, X)la=o < 0, where the equality holds if and only if £y = --- = Xg,
and
(b) Ri(a, ¥, X)|g=1 > 0.

Theorem 2 For any fixed G and p, as n — 0o, we have

(a) Ri(a, f X)) tends to a constant function of @« when X = - -- = X, and
(b) af — 1 when X, are not all the same.

The proofs of Theorems 1 and 2 are given in Sects. 5.1 and 5.2, respectively.
Theorem 1 states that there exists a unique optimal shrinkage parameter af < 1,
which implies that the conventional sample covariance matrices are not admissible
under the Stein loss function. In addition, if X, are all the same, we have oz]" =0
and hence the optimal shrinkage estimators for the covariance matrices are exactly
the pooled sample covariance matrix. Theorem 2 implies that if the sample size is
sufficiently large, it is no longer necessary to borrow information across other classes
for unequal covariance matrices.

In practice, the optimal shrinkage parameter o] is unknown since it depends on
some unknown parameters. The following theorems provide an estimator of ¢ and
also derive its asymptotic properties. The proofs of Theorems 3 to 5 are given in Sects.
5.3 to0 5.5, respectively.

Theorem 3 For any fixed G, p andn > p + 1, let

—~, —~ 1 G 1 G
Ri@2,5)=p- tr[(E ng/n){5 S —p-1s;! ]
1

1< - -
= te[ (Se/n = Spoar) (aSe/n + (1 = @) Spont} '
g=1

_prip+1)
nG

Then

(a) I?l (a, f, X)) is an unbiased estimator of R; (a, f, X)), and is strictly increasing
with respect to « on the interval [0, 1].

(b) Ifﬁi (o, 3. X|g=0 < O, there exists a unique a that satisfies ﬁi (a, %, =0
and we denote the solution as af. Otherwise, we let &} = 0.

Theorem 4 For any fixed G and p, as n — oo, we have o} 2% 1 when Yo are not

a.s.
all the same, where —> denotes the almost sure convergence.

According to Theorem 4, if we plug & into (1), then for any fixed G and p, we
have

—~ . P a.s.
Zolo=ar = oy Sg/n + (1 —a)) Zpool — Xy as n — 00,

for g = 1,..., G. Therefore, the optimal shrinkage estimators of the covariance
matrices under the Stein loss remain to be consistent.
. . . . e iid.
To investigate the asymptotic properties of o} as G — oo, we assume that Xy ~
U, where U is a probability measure supported on H := {A ., : A > 0}.
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Theorem 5 For any fixed n and p with n > p + 3, assuming that E||S; ||7 < 09,
EISTH7 < oo, EIZ17 < o0 and E|Z7'7 < oo, we have R)(a, £, ) —

i?\’l (a, 2, X)) 2500 uniformly for o € [0,1] as G — oo. In addition, we have
af —of 25 0as G — oo.

According to Theorem 5, under some mild conditions, we can borrow information
across groups to get a consistent estimator of the optimal shrinkage parameter.

2.2 Optimal estimator under the quadratic loss function

Under the loss function L, the average risk is

G
Ry, 2, %) = ZELz(Eg,zg) = o%a) + 20ay + a3,
g 1

where

G
al = Z Etl'{(Sg/I’l - z:p()ol)zjg_l}z/G’

g=1

G

ap = ZEtr{(Sg/n - 2‘\pool)z‘g_l(E‘\poolzg_l - I)}/G,
g=1
G

=Y Eu(Spaz; 1) /G. @)

g=1

According to Sect. 5.6, a; and a> can be rewritten as

1 & a2 G=DXP*+p)
ar=—=)Y (T, -+
! G; { 8 g} nG?
nG3ZZ [tr{(Z‘ o 1)2} {tr(Z’g/Z‘g_l)r] 3)
g=1g'#¢
and
ay = —ar + (G — D)(p* + p)/n, )

where ¥ = Z?:l XY,/G. Let a; be the optimal shrinkage parameter such that

Ry(c, ) , X)) achieves the minimum value for « € [0, 1]. We have the following
two theorems.
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Theorem 6 For any fixed G, p and n > p + 1, Ry(«, s, X)) is a strictly convex
function of o on [0, 1] with the unique minimum point at oz; = —ax/ay € [0,1). In
the special case, when X, are all the same, we have o = 0.

Theorem 7 For any fixed G and p, as n — 0o, we have

(@) Ry(a, 5, X)) tends to a constant function of « when X = - -- = X, and
(b) a’2" — 1 when X, are not all the same.

The proofs of Theorems 6 and 7 are given in Sects. 5.7 and 5.8, respectively.
According to Theorem 6, the optimal shrinkage parameter e is less than 1, which
implies that the conventional sample covariance matrices are not admissible under
the quadratic loss function. In the special case when X, are all the same, the opti-
mal shrinkage estimators for the covariance matrices are given as the pooled sample
covariance matrix. Theorem 7 indicates that if the sample size is sufficiently large, it is
no longer necessary to borrow information across other classes for unequal covariance

matrices.
To estimate the optimal shrinkage parameter o5, we need an estimator of

1 2
= - Ztr{(zg — z)zg—l} . (5)
g=1
The following theorem is to find an estimator of b.
Theorem 8 Assume that n > p + 3, for any fixed constant matrix Xy, we have
2
E[tr(l S o r{tr(EoSg_l)2 T {tr(Z‘oSg_l)}z}] — tr{(Z‘g — zo)zg—l} ,
(6)

where r = n — p — 1. Consequently,
(- ros;')’ - r{tr(Z’oSg_l)2 + {tr(Z‘oSg_l)}z}

is an unbiased estimator oftr{ (X — Z‘O)Eg_l }2.

The proof of Theorem 8 is given in Sect. 5.9. According to this theorem, by using
Z‘pool to estimate X and noting that b > 0, we can define an estimator of b in (5) as

G
~ 1 ~ _ ~ _ BN 12
b = max {o, =2 (7 = 7 SpoarsyH? = r{ur(Spoarsy H? + {ir(Spoans; D)} | }
g=1
Then we can estimate a; and a, respectively, by
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)

~ (G-1DXpr4p 2 < B 2
b+ + 353 Z Z {tr(Sg,Sg h2 4 {tr(Sg/Sg 1)} },

a= nG?
g=1g'#g
. . (G=DP*+
@ = —a) + M. 7

nG

It is easy to see that —a» < @. Therefore, the optimal shrinkage estimators can be
given by @ = max{0, —a»/a;} and &5 < 1.

Theorem 9 For any fixed G and p, as n — oo, we have @ 2% 1 when X, are not
all the same.

The proofs of Theorem 9 is given in Sects. 5.10. According to this theorem, if we plug
a; into (1), then for any fixed G and p, we have

Telaay = @3 Sg/n+ (1 = @3) Zpool —> T as n — oo,

for g =1, ..., G. In other words, the optimal shrinkage estimators of the covariance
matrices under the quadratic loss remain to be consistent.
. . . . ~, j.i.d.
To investigate the asymptotic properties of &5 as G — oo, we assume that X, "
U, where U is a probability measure supported on H := {A,,, : A > 0}.

Theorem 10 For any fixed n and p with n > p + 3, assuming that E||S1|*> < oo,
EIS7'1? < 0o, E|Z1)1? < o0, and E||Z7|1?> < 0o, we have @F — af =% 0 as
G — 0.

The proof of Theorem 10 is given in Sect. 5.11. Based on this theorem, under some
mild conditions, we can borrow information across groups to get a consistent estimator
of the optimal shrinkage parameter.

3 Numerical studies

In this section, we conduct simulations to assess the performance of the proposed
shrinkage estimators. As the shrinkage parameter plays an important role in the shrink-
age method, we first provide some insight into the limiting behaviors of &} and &} as
the number of groups increases.

In the first simulation, we consider equal covariance matrices. We first generate
a random matrix W; ~ Wishart(df, W), where df = 2(p + 1) is the degrees of
freedom, Wy = diag(l/df, ..., 1/df) is a diagonal matrix, and p is the dimension
of Wy. We then let Ry = {diag(W )}_1/2 Wi{diag(W; )}_1/2 be the correlation matrix.
Finally, we generate a diagonal matrix D such that D; = diag(o1,11,...,01,pp)

id. . .
where 012 i RS Scale-inv-x2(v, %) with the degrees of freedom v = 5 and the

scaling parameter 2 = l,and set ¥ = --- = ¥ = DR D;. In the second
simulation, we consider unequal covariance matrices where X'y, . .., X are generated
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to be different. Specifically, we first generate the correlation matrices Ry, ..., Rg
independently with the diagonal matrices Dy, ..., Dg following the same algorithm
asin the first study. We thenlet ¥y = DR, D, forg =1, ..., G.Ineach scenario, we
consider p = 100 and N = 120. Then for each group, we generate the data {X g,-}fV: 1
iid. from N, (0, Xy).

Figure 1 displays the average values of the shrinkage parameter estimates, together
with the upper and lower (mean41.96xstandard error) bounds, for different numbers
of groups under the Stein and quadratic loss functions. With the results based on 500
simulations, we have the main findings as follows.

(D Under the Stein loss function (see the first row of Fig. 1), when the covariance
matrices are all equal, @] tends to 0 as the number of groups tends to large. This
phenomenon is consistent with the results in Theorems 1 and 5. As described in
Theorem 1, if X are all equal, the optimal shrinkage parameter is a] = 0. Then
according to Theorem 5, under some mild conditions, we have 52]" — O(T =0as
G — oo. This leads to Zx\f — 0 as G — 00. On the other hand, if the covariance
matrices are not all equal, the optimal shrinkage parameter will be larger than 0.
Consequently, @} will become more stable and is close to o when the number of
groups is large.

(IT) Under the quadratic loss function (see the second row of Fig. 1), the optimal
shrinkage parameter estimator, &3, behave similarly as @}. According to Theorem
6,if X, are all equal, the optimal shrinkage parameter a’z“ = 0; otherwise, we have
a; € (0, 1). Also by Theorem 10, we have 6?’2* — a5 as G — oo. This leads to
675‘ — 0 as G — o0. On the other hand, if the covariance matrices are not all
equal, & will converge to o5 > 0.

Next, to visualize the risk functions for more insights, we also plot the average
values of R (a, f X)) and Ry («, f 27) along with different values of p, G and N.
Specifically in Fig. 2, the simulated curves of the risk functions are displayed with
p =G =>5and N =8, 100 or 1000. It is evident that R (o, £, X) and Ry (at, £, )
are strictly convex functions, which are the same as described in Theorems 1 and
6, respectively. In addition, from the top two panels of Fig. 2 with equal covariance
matrices, both R («, > , X)) and Ry («, > , X) converge to a constant function of o
when N is large, which coincides with part (a) in Theorems 2 and 7, respectively.
Whereas from the bottom two panels of Fig. 2 with unequal covariance matrices, the
optimal shrinkage parameters, «} and o, both converge to 1 when N is large, which
also coincides with part (b) in Theorems 2 and 7, respectively.

In what follows, we conduct simulations to evaluate the numerical performance
of our new estimators and compare them with some existing methods. Specifically,
we consider two linear shrinkage methods proposed by Ledoit and Wolf (2004) and
Schifer and Strimmer (2005), one nonlinear shrinkage method proposed by Ledoit
and Wolf (2012), one joint estimation method based on the Cholesky decomposition
(Pourahmadi et al. 2007), the method of estimating the covariance matrices all by
the conventional pooled sample covariance matrix. Here, for the two linear and the
one nonlinear shrinkage methods we perform shrinkage on each group individually.
For convenience, we denote these five estimators as fls, fstrim, fnls, fchol and fpool,
respectively. For the dimension and the sample size, we consider three scenarios: (i) p is
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equal covariance matrices unequal covariance matrices

0
0.860 0.8‘65 0.8"70 0.8‘75

0.8‘55

0 90
0.8‘50

\ \ \ \ \ \ \ \ \
2 5 20 50 100 500

\ \ \ \ \
2000 2 5 20 50 100

\ \ \
500 2000

equal covariance matrices unequal covariance matrices

0?4 096 098 0 0‘12
0.9‘50 0.9‘55 0.9‘60 0.965 0.?70

0.92
0.945

\ \ \ \ \ \ \ \ \ \ \ \
2 5 20 50 100 500 2000 2 5 20 50 100

G G

T T I
500 2000

Fig. 1 Plots of the average values of @] (top panels) and @} (bottom panels), together with the upper and
lower bounds under the settings of equal and unequal covariance matrices, where G ranges from 2 to 2000

much smaller than N with three combinations as (p = 2, N = 20), (p =2, N = 50)
and (p = 2, N = 100); (ii) p is half of N with three combinations as (p = 20, N =
40), (p = 50, N = 100) and (p = 100, N = 200); (iii) p is close to N with three
combinations as (p = 50, N = 70), (p = 100, N = 120) and (p = 300, N = 320).
In addition, we consider five numbers of groups as G = 2, 5, 20, 100 and 500. As in
Ledoit and Wolf (2004), we consider the percentage relative improvement in average
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Ri(a, 3, %) Ro(at, 3, )

T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

o o

Fig.2 Plots of the average values of Ry («, s, X) and Ry («, sz ) under the settings of equal (top panels)
and unequal (bottom panels) covariance matrices, where « ranges from 0 to 1

loss (PRIAL) over the sample covariance matrices in our comparison. Specifically,
for the loss function across G groups defined by L (X, ¥) = Zgzl L(X,, X)/G,
where L(-, -) is a specified risk function such as L (-, -) or L (-, -), the PRIAL is given
as

AL(Z, X)

PRIAL(Z, ) = 41 — — 222
(2 Zam) { AL(Zgm, 2)

} x 100%,
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where Som = {S1 /n, ..., Sg/n}, ALZ, %) = Zk | Lgﬁ)/M is the average of

L after M simulation repetltlons For simplicity, we denote PRIAL(Z‘ Esam) as
PRIAL(Z‘). Therefore, the PRIAL of Z‘sam is 0%, meaning no improvement, by con-
trast, a positive PRIAL indicates that the evaluated estimator performs better than the
sample covariance matrices. We set M = 500 throughout the simulations.

Figures 3 and 4 show the PRIALS for each of the three scenarios under the Stein
and quadratlc loss functions, respectively. First of all, we note that PRIAL(Z‘pool) and
PRIAL( Z‘Chol) are always far below 0, and hence do not present their simulation results
in the figures (for details, see Tables 1 and 2 in online Appendix). From Fig. 3, it is
evident that the new estimator outperforms the other five estimators in most settings.
In particular, when p is relatively small and N is large, the new estimator is nearly
as good as the sample covariance matrices in Esam. Based on Theorem 2, when the
sample size is large, there is no need to borrow information across other groups. When
p = N /2, we note that the new estimator does borrow information across groups so
that the loss can be reduced substantially across all different values of G. In the setting
that p is close to N, the new proposed estimator can still consistently outperforms the
other five estimators when G > 5. This is mainly because that the sample covariance
matrices are not stable when p is close to N, and hence borrowing information across
a large number of groups can reduce loss substantially.

Figure 4 shows the PRIALSs relative to fsam under the quadratic loss function.
Overall, the new method presents a favorable performance when compared with the
existing approaches. In particular, when p = N/2, the new estimator, fnew, is the
only one that provides a better performance than the sample covariance matrices. In
addition, when the dimension is large but close to the sample size (e.g., p = 300, N =
320), our new estimator outperforms the other five estimators except for the sample
covariance matrices. However, as the number of groups is large, the new estimator
still has the best performance. One reason for this is that when getting an estimator
of b in (5), we need to replace the unknown parameter x by fpool. Therefore, as the
dimension of covariance matrices goes to high, it is necessary to borrow information
from a large number of groups. As we can see, when the number of groups goes to
large, our optimal shrinkage estimator consistently has the best performance among
the six estimators including 215, Esmm, ans, Z‘Chol, Z‘pool and Z‘sam

4 Conclusion

In this paper, we develop a shrinkage framework for jointly estimating multiple
covariance matrices across groups. We derive the optimal shrinkage parameters under
the Stein and quadratic loss functions. We also propose estimators for the optimal
shrinkage parameters, and study their asymptotic behaviors under different scenarios.
Simulation results demonstrate that, when the number of groups is large, our proposed
optimal shrinkage estimators perform better than the existing methods including the
estimators of the covariance matrices based on the individual estimation as well as
other existing joint estimators. In addition, unlike the structure specified estimators
in which the imposed structure assumption is often hard to verify, our new method
can automatically borrow information across groups through a shrinkage framework
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p=20, N=20 p=2, N=50 p=2, N=100

-50

) ) \ , N
o - ¥
v ¥
2 5 20 100 s002 5 2 100 500 2 5 20 100 500
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o /,/4—/—‘——‘ //,/4—' /“
RS- T 4 - *44>,_.§—-—74 ----- 4mmmimm Ll P & 4 -4 4
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. 27 T2eoooos 2 ’
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2-.. .
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2 5 20 100 5002 5 2 100 500 2 5 20 100 500

p=50, N=70 p=100, N=120 p=300, N=320

@

40

27 : o e 2 ’
o
K
T T T T T T T T T T T T T T T
2 5 20 100 500 2 5 20 100 500 2 5 20 100 500
G G G

Fig.3 Plots of PRIALSs under the Stein loss function. Lines with “1” to “4” are the PRIALSs of Shews fls,
fstrim: and fnls’ respectively, where G ranges from 2 to 500. Rows from top to bottom correspond to three
scenarios: (i) p is much smaller than N; (ii) p is half of N; (iii) p is close to N. The horizontal black lines
present PRIAL = 0

without any structure assumption. Our additional simulations in the online Appendix
also demonstrate that the structure specified estimators may perform poorly when the
imposed structure is incorrect.

In this paper, we have focused on a balanced sample size and a common shrinkage
intensity for all groups. In practice, however, the sample size and the shrinkage intensity
may vary across groups. For example, when the sample covariance matrix in the
gth group has a higher estimation risk, a smaller shrinkage intensity o, ought to
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Fig.4 Plots of PRIALs under the quadratic loss function. Lines with “1” to “4” are the PRIALSs of fnew,
f]s, fsmm, and ntSa respectively, where G ranges from 2 to 500. Rows from top to bottom correspond to
three scenarios: (i) p is much smaller than N; (ii) p is half of N; (iii) p is close to N. The horizontal black
line presents PRIAL = 0

be preferred. One possible direction may use Bayesian shrinkage and impose some
priors for ag, g = 1, ..., G. Consequently, the shrinkage intensities can be estimated
via the posterior distribution. In addition, deriving the boundaries for the estimated
shrinkage intensities may be an interesting future work. The derivation may involve
the individual probability distribution under a finite sample size. Specifically, the
probability distributions of the shrinkage intensities are determined by the sample
size, the number of groups and the scalar functions of the true (yet unobservable)
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covariance matrices, X', ..., X, which are intractable under a finite sample size and
groups. Future research is warranted.

5 Proofs

To prove Theorems 1 to 10, we first show some results on matrix calculation, together
with some key lemmas. For any p x p matrix A, when the eigenvalues of A are all
reals, we denote them as

Ai(A) = -+ = Ap(A).

It is well known that if A is a symmetric matrix, then all its eigenvalues are reals, and
further more, we have A ,(A) > Oforany A > 0. By the Weilandt—Hoffman inequality
(see (1.67) in Tao (2012), page 55),

14
IAp(A+ B) = Ap(A)> < Y 1hi(A+ B) — Li(A) < 1B ®)
i=1
holds for any symmetric matrices A and B.
Lemma 1 Forany p x p matrices A and B, we have
ltr(A)| < VP IIAlL IAB|* < I|AI*|BII*.

Proof By the Cauchy—Schwarz inequality,

p
lr(A)] < > laii] <

i=1

P
Py ak < JplAl
i=1

and
P P P 5 P P P
14BIP =" aB} = > (Y auby) = D (D 4k Y 57
i,j=1 ij=1 k=l ij=1 k=l =1
P p P
=Y DALY BL = 141718
i=1 k=1 j=1i=1
The proof of Lemma 1 is complete. O

Lemma2 Let A > 0and B > 0, then
w{(A=B)(B~' —Aa7h) =0, ©)
where the equality holds if and only if A = B.
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Proof Since A > 0 and B > 0, we have tr((A — B) (B~ — A™1)) = (A —
B)B"'(A—B) A H =tr(A"V2(A-B)B~ ' (A— B)A /%) > 0.

Lemma 3 Assume that o A + B > 0 for any o € [0, 1] and define
f (o) = logdet (aA + B).

Then for any a € [0, 1], we have f"(a) < 0 and

fl(@) = t{A(@A+ B)7'}. (10)
Proof Let(y, ..., ¢, be the eigenvalues of AB~!. Then I + B~1/2AB~!/? has eigen-
values {1 +¢1,...,1+ ¢p}. Since I + B~12AB~1/2 > 0, we have 1 + ¢; > 0 for

i=1,...,p.Letalso
14
(o) = logdet { (@A + B)B™'} = logdet (I + «AB™") = Zlog (14 ag).

Then we have

P
/ . _ gi
f(a)_g(a)_;1+ag
=tw(B~Y2AB7V2(I + aB~V?AB7?)) = r(A(A+B) ),
p
f@) =g"() = §<1+“¢z>2 <0. (11)
The proof of Lemma (3) is complete. O

Lemma4 Forany A, B,C > 0and 0 < o < 1, we have

1 1

(A=B){aA+ (1 —a)B}~
= AfaA+ (1 —w)B}™!

—(A-OfaA+ (1 —a)C}”

(€ - B)faA+ (1 -a)C) . (12)

Proof For o = 1, (12) is clear. When « # 1, by noting that

(A= B){laA+ (1 —a)B}~!

- [(1 —oA - i oA+ (1~ oz)B}]{ozA +(1—a)B)!
=(l-o)"AfeA+ (1 —)B} ' =1 —a)7'I,

and, similarly, (A — O){eA + (1 —a)C} ' = (1 —a) "A{@A + (1 —a)C}! —
(1 —a)~'1, we have

(A=B)laA+(1—a)B) ' —(A—-O){eA+ (1 —a)C} !
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;A{aA +(1—-a)B}) ' = ;A{aA + (1 —a)c)!
l—« l—«

ﬁA{aA +(1-—a)B} HaA+ (1 —a)CHaA + (1 —a)C} !

—%A{aA +(1—a)B HeA+ (1 —a)BH{aA+ (1 —a)C} !

= AfaA+ (1 —)B} 1 (C = B){wA + (1 —a)C} .

Lemma5 Forany A > 0 and B > 0, we have

wp fiaa+(—wm) | <yl 10+ 4l 57D a3

0<a<

Proof By the minimax formula for eigenvalues (see Theorem 1.3.2 in Tao (2012),
page 49)

l{ed + (1 —a)B) ™| = tr[{aA T - a)B}_Z]
=tw(A"PwATlwAT12)

<p”rn”ax VAT 2w AT I waAT 2y
v

r UTA_1/2W2A_1/2U
<p max vT A7y max
lvl= v]=1 v A-ly
vTA—1/2WA—1WA—1/2v
max
lvl=1 vl A=12W2A-1/2y

<p max vT A7 max vT W?v max v A"l

lvll= lvll=1 lvll=1
= p{)‘l(A_l)}Z/M({a] “a _a)A—l/ZBA—l/Z}—Z)
= P{M(A_l)}z{a +(1— a)k,,(A_l/zBA‘l/z)}_z’ (14)

where W = W(a, A,B) = {al + (1 — «)A12BA~12)"1 > 0, v =
(i, ...,v)" € R?, |v| = (v% + -+ v%)_l/z. By using the similar method as
that in (14), we can get that A,(A~"2BA™1/2) = miny,j=; v A"V/2BA™1/2y >
miny|=1 vl By miny|=1 vIA=ly = )»p(B))»p(Ail). Hence

sup. A+ 1 —a)BY | < /Pri(A7Y) sup fa+ (1 —a)r,(B)a, (A1) !

0<a< 0<a<l

= JPri(A” )max[l ;_}

Jp(B)ip(AD)
< ph (A )1+ m @ (7]
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< JPIAT A+ AL BT D,

where we have used A (A) < ||A|| for any A > 0 since (8). The proof is complete. O

5.1 Proof of Theorem 1

Now forany g € {1, ..., G}, applying Lemma 3 with A = S, /n — pool, B = Z‘pool,
we have that for o € [O 1],
[logdet [{aSg/n + (1 — @) Zpoot} 2 ]]a
= [log det {aSg/n + (1 - a)fpool}];
= N |
= tr[(Sg/n - Epool){asg/n +(1 - a)xpool} ]a

and
R ” ~
[log det [{arSy/n + (1 — a)zpwl}zg—l]]a — [logdet {aSg/n + (1 — @) Epoot} ]
Hence
G
" = 1 3 -11"
Ri(a, 2, %) = e Z E[logdet aSe/n+ (1 - a)Epool}Eg ]]a > 0,
g=1

which implies that R («, ) , X) is a strictly convex function on [0, 1], and

g=1 g=1
_ égtrE[(Sg/n — fpool){aSg/n + (1 - a)fpool}_l].
Specially,
- 18 1 &
Ri(ct. 5, D)lao = p—tr{(EZEg)(EZEg_I)}, (15)
g=1 g=1
and
G L &
R TETES S 1ED SR]
P g=1

@ Springer

< 0.



A shrinkage approach to joint estimation... 357

SUCOIEAICH S|

g= g:]

—

Foranyg,g € {1,..., G},byLemmaZ,Wehavetr[(Z‘g—Eg/)(E;l—Z'g_l)] >0,
which implies tr(zgzg—,l + Xy X" = 2p. Thus

ol

holds for any X, > 0. This togfather with (15) implies R{ (a, f, 3)|a=0 < 0. And
according to Lemma 2, R (e, X', £)|q—0 = 0 if and only if ¥| = --- = X¢. This
implies that for any fixed G, p andn > p+ 1, if X, are all the same, we have ai‘ =0.

Forany g € {1,..., G}, since Sg ~ W,(Z,,n), we have ES; = nX,, S;! ~
Wyl n), and ES;! = 271 /(n — p —1). Hence, for any g, ¢’ € {1,..., G}
with g # g/, wehave tr{E(SyS;") — g X'} = | ESHES;) - Ty 2, =
(p+Du(Z, Py 2% /(n = p—1) > 0 This, together with (16) and (17),
implies (b).

Q=

iig)( izg‘l) > p (17)

g=1 g=1

Ql~

5.2 Proof of Theorem 2

As shown in Theorem 1, R/ll (a, by , %) > 0 for any fixed n. This indicates that
R’l/(a, ﬁ‘, Y)>0asn — oo.Forany g = 1,..., G, when n — oo, we have

Ri@ 5. 2l = ve] (4 SAEDS )
8

g=1 =1
_tr{(liz )(liz—l)}
G o & G o 8
p+1 _
= GCi—p—1) tr(EgEg,l) -0

Note also that when ¥, = X, forany g = g/,

Ql —

Ri(, . ¥)lgo = p —tr{(éizg)( igg—l)} —0,

g=1 g=1

thus we have R/1 (a, fj, YY) = 0 as n — oo. Further by the Mean Value Theorem
for Derivatives, for any o1 # oy, we have R;(«q, ﬁ’, X)) — Ri(aa, ﬁ’, X)) = (a1 —
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)R (§, X, ) withay < & < ay. This shows that R (a1, ¥, ¥) = Ri(a2, ¥, %)
asn — oo.

If X, are not all the same, then by using SLLN and the dominated convergence
theorem, we have that, forany 1 <o <1,

e

_1/2 —1/2
G i (Sg/n — )X }
R 1 { ( 1 g pool 1
Ra/(a’ 2’ 2) _ 5 poo poo )
2.2 {1+ c (57 Sem — Epo )|

1/2
S5/~ Spoo Fpt?) |

N e
poo

> E

=G5 e —

g=1i=1 2+2{)» ( pool (Sg/n — 2p001)2p001 )}
9 <f—1/2( ZJ)f—l/2>}

S o 2
e 2+2{Ai(2 (2, - DT 1/2)}

Hence, (b) follows by the fact that R} («, Y, %) > 0and R/ (a, 5, =1 — 0.

5.3 Proof of Theorem 3

To get an estimator of «f G need to find an estimator of R} («, s, XY)). From the
proof of Theorem 1, R/ («, > ) is given as

We estimate X, and X' Ty Se/nand (n—p— 1)S; !, respectively. Then, an estimator
of R} (e, 5. X) is given as

o7 S 1 G Sg 1 G ,
Ri(a, ¥, X)=p —tr[(a Z 7)I5 Z(n —-p—DS, }]
g=1 g=1
1< o 1
"G ;“[ Se/n = Spoa){Se/n + (1 = ) Spoat} '] = %.
(19)

We note that

E{R|(«, 2, %)) — Rj(a, £, X)
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Hence, ﬁi (a, > , X)) is an unbiased estimator.
From the proof of Theorem 1, for any « € [0, 1], we have

G
~ ~ 1 "
Rl 5, %)= Z[logdet {aSe/n+ (1 —a)zpool}] -0,
g=1

which implies that R} (@, ¥, ¥) is strictly increasing on [0, 1].
In addition, we note that

G G
R 2. 9 = L (135 (5 20 )] - 2 -
g=1 g=1

The last 1nequa11tyls basedon (17). Here, R’ (a, 2 2))|w=01s not guaranteed tobe neg-
ative. If R’ (a, ZJ ) |a=0 < 0, then there ex1sts aumquea satisfies R’ (a, ZJ 2)=0
and we denote the solution as ozl Otherwise, we set ozl =0.

5.4 Proof of Theorem 4

By SLLN, for any g = 1,..., G with fixed G and p, we have S, /n 45 X, as
n — oo, thus

and then

Ri(a, %, D)ozt = p;:ltr{(éng)(éiS—l)} B p(z;; D as
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By applying (11) and the strong law of large number (SLLN), and noting that X;(-) is
a continuous function forany i = 1, ..., p, we get that

2
“12 —1/2
{)‘ ( pool (Sg/n - POOI)Epool )}
a—1/2 s a2\ 12
{1 +aki (Epoo{ (Sg/n - EPOOI)EPOO{ )}
_ o 2
Pa(Z (= -2

. I 2
=it 1+ an (57 (5, - 2) T

R/(a, Z, 2)=li2p:
G =1i=1

where ¥ = Z?:l X¢/G, and the equality holds if and only if ¥, = X,/ for any

g # g'. Hence af 2% 1 when X ¢ are not all the same.

5.5 Proof of Theorem 5

By (18) and (19), we have

5
—~ ~ ~ 1
sup |R)(@ 5, ) - R, £, 5 < ZLED 5~
0<a<l nG i1

where p(p + 1)/(nG) — 0 as G — o0, and
G G

n=ol (G G2

g=1 g=1

1< 1<

=[G =) (G2

g=

n—p— 1)5;‘]] —tr(EElEEfl)),

=)} -

h=g Z sup. [ (Se/n = Zoor) eSe/n + (1 = ) Tpun) ']
10(6

g=1

. tr[(sg/n —EX)|aSy/n+ (1~ Ex) ).

G
_ 1 _ _ -1
si= s | ;tr[(Sg/n Ex){aSy/n+ (1 —ED )]

’

— Eul(Si/n = ES){asi/n+ (1~ ED) "]

Js = sup )trE[(Sl/n pool){otSl/n + (- a)Z‘pool} 1]
ael0,1]

—wE[(Si/n - ES)asi/n+ 1 - oES) |
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For fixed n and p, as G — oo, we need to prove that, J; 2% 0fori = 1,...,5.
Since ES; = E{E(S,|%,)} = nEXj and (n — p — DES;' = (n — p —
l)E{E(Sg_llxg)} = EZ‘l_l > 0, by the SLLN, we have

G G
o~ 1 Sg a.s. 1 —1 a.s. —1
Tpool = 5217 =5 EX, EZ:I(n—p—l)Sg LR 75
8= g=

which, together with the fact that tr(-) is a continuous function (by Lemma 1), implies
that J; =% 0. Similarly, J> 250. By applying Lemma 4, we have

(Se/n — Zpoot) {aSe/n + (1 — @) Zpoa} " = (Sg/n — EZ1){aSe/n+ (1 —a)EZ;}
= (Sg/m){aSe/n+ (1 — ) Epoot})  (EZ1 — Spood {aSe/n+ (1 —a)EXy} .

(20)
Then, by Lemmas 1 and 5, we have
1 & U
B= =) [Se/n] sup |{erSe/n+ (1= o) Zpoat} |
g=1 ael0,1]
X sup ||{01Sg/n + (1 - oz)EZ‘l}_1 || ||EZ‘1 — fpool“
ael0,1]
_ 1 & -
< |ES1 = Spoat]| x {5 2T (S Spoa |- @)
g=1

Here,

- Se
T(Sgy Z‘pool) = H;

S - !
sup [{o2 4+ (1) Fpoa ]|
aef0,1] n

S, -1
X sup H{oe——i—(l—a)EE]} H
ael0,1] n

< nplISell 1S 1 (1+ [ Se/n | 1(Zpood) T 1) (1 + || Se/n ] ICEZ) ')
= p(ISell 1S5 ' 1%) (n + 11Sgl ICEZD) 1)
+ P (Zpoo) " I (IS 17 1S5 1%) (1 + 1S /nll ICEZD ™).

where the inequality is from Lemma 5. By noting that || (£ X}) “lisa positive constant
and recalling that E||S;]|” < oo, E||Sf] |7 < oo, it is easy to verify that

EQISUP IS I (1+ 1S IEZD ™)} < oo,
EQISUNIST 2 (L IS0 IEZD ™)} < oo
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In addition, by the SLLN, we have [|EZ1 — Zpoot| 23 0, [[(Zpoo) I =5
ICEZD)~, and

G G
1 =~ p _
5 2_ T Se Zpoo) < = > (ISl 1S 117) (n + 1S I CE =)'

g=1 g=

—

G
Z 1 Epoot) 1 (1S 12 155 1 12) (1 + 1Sl I CE=0)~1)

Q|“°

=5 pE{nSl ST (e + ISUHICEZD))
+ p(EZ)T'ID E{IS11?
IS (L + IS IEZD )} < 00

Consequently, we have J3 2500,
Note that by Lemmas 1 and 5, we have that forany 0 < o« < 1,

u[(Si/n — EZn{aSi/n+ (1 —a)EX) ]|
<P |Si/n— Ex| P l{eSi/n+ (1 —)EZ} Y|
< np (IS1/nll + I1EZ1 D IS L+ 1S /21l ICEEZD ™)1}

<np (ISt + IEZ ) IS+ IS ICEZD ™).

Since E[(IS111+1E X1 1D 17 {1+ 11S11lI(E £1)~"1}] < oc, by applying a uniform

SLLN (see Theorem 16(a) in Ferguson (1996)), we have Jy 2500,
By (20), we have

E[(% - Apool){a% + 1 - O‘)z‘\pool}il]
Ce{(2 ) -es

= E[Si/m{asi/n+ (1 =) Zpoa} "

(EZ) = Spoa){asi/n+ 1 =) ED )],
and, similarly to (21), we have

Js <«/_E{ (S, pool) lEX) — pool”}
< P PE[ISIP 1T {1 (Zpoon ™ I}
{1+ 1S IEEDTIHIE S = Spoall)]

+ P PE[ISUIST I {n + 1SIEZD T IH(IES1 = Spoall) ]

@ Springer



A shrinkage approach to joint estimation... 363

< p P+ IEZ) T Ust +n x Is).
where

Jsi = E{ISUIIST I (L4 1S1D* 1EZ1 — Zpooll}
Jso = E{ISTIP IS 12 L+ 1S1D I1E 21 — Zpootll 1 Zpood) "1}

By Holder’s inequality, we have

3/7 2/7
g2 <[EQsPa+ s} ] (Eis)
~ 177 ~ 1/
(EHEE] - 2p001||7) {E“(Epool)_l‘|7]

By the assumption E || S ||7 < oo, we have E{||S; ||? (1+||Sl N}7/3 < oo, and by the L
convergence theorem, E | E X1 — o1l = E|| Z _1{Sg/n — E(Sg/m)}/G|I" — 0.
Define a function f : HT — R with

P
A = A7 =A%) =) 1/(i(A)% A > 0.

i=1

Since x — 1 /)c2 is a convex function on (0, 00), by Klein’s lemma (See, for instance,
Guionnet (2009), page 78), f is a convex function on H*. Thus

G G B
Gt =[5 < S EIE) T

g=1

Then, by Jensen’s inequality,
5 —1,7 1G 7127/2 lG —1,7 =17
Ell(Spoo) ™1 = E(5 Yo Insg 12) 7 < E(5 Y lInsg 1) = Ellns; 7 < oo

g=1 g=1

Combing the above facts, we get that Jsp — 0. Similarly, J5; — 0. Thus J5 — 0.
Finally, we have

5
_ L 1
sup |R(e. £.5) - Rj(@. 5. 3)) < PP ED Y 50
0<e<l nG i=1

as G — oo, for fixed n and p.
As follows, we show that 6?’1" — a’l" 2500. Noting that

R 5, D)laco=p — tr[(é isg/n){é i(n —p— 1)51;1}]
g=1 g=1
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25 p—w{E(ZDEEY).

First of all, we show that the convergence holds if X, are not all the same.
Then by Jensen’s inequality, we have tr{E(X)E (Z‘ )} > p. As a consequence,
R’(a 5, 2)|a=0 < 0as.as G — oo. NotealsothatR 1 (a, 5, 3)|a=1 > 0, we have
0‘1 e (0, l)as asG—>oo
Since R/ (&T, 5. %) =R (a] .3, X)) =0, wehave|R’ (of, >, 5)—R, | (@, 5, )|
|R/ (of, X, X) — R (e, Z‘ X)|. By the mean value theorem,

ot —at| < R, 2. 2) - R|@}. 5 2)|/ inf R/(a, 5, %)

O<a<l

=R}, %, %) - R|(], %, 2)|/ inf Rl(@.2.%). (22)

0<a<l

Note that R} (e, >, 20— R/ (@, %, X) &5 > O uniformly foree € [0, 1]as G — oo,
we only need to verify that 1nfo<a<1 R '(a, s, ) > 0. By applying (11) and using
the similar method as that in (14), we have

1/2 —1/2
1 o2 {)“ ( poo{ (Sg/n — P‘)Ol)Epoo{ )}
inf R,(oz 5= — E E 3
0<a<l ()gagl G 4 —1/2
=it {1+ ari (Sl So/n = Spoo) S’ )}

g {5t B
¢ i + —1/2

2o (Bt suin— Eron )]

A%

5172 —12\?
/ (Sg/n — pool)Epoo{ ) }

= éiz {AI( =~ ~1/2

—1/2
g=1i=1 2+2{)\ ( pool (S /n - POOI)EPOO{ ) }

\Y
I
\
2
=}

. 1/2 oS- —1/2
{1’)” { poo{ (Sé/n POOI)Epo})l(SE/n POOI)Epoo{ }}

11 . =~
= 4G 2 {12 Se/m = Zpoo Hip Epou V|

%

4>\~

{ Do (Erp) } me{l 2o {(Se/n = Spoot) }}

g=1

Note that for any y; and yp, we have |min{l, y;} — min{l, y2}| < |y1 — »|.
Combing this inequality with (8), we have

‘éZmin{l,kl,{(Sg/n ~ Soon)}) - éZminil,AP{(Sg/n ~Ex)}|

g=1 g=1
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IA
Ql~
MQ

min{ p{(Sg/n — pool)z}} —min{l,kp{(Sg/n—EZ‘])z}H

oo
I

IA
Ql =~
MQ

Ap{(Se/n = Zpoot) ) = 2p{(Se/n — 1)} |

oo
I
—_

IA
Ql~
MQ

(Se/n — Spoot)” — (Se/n — EEI)ZH.

)
I
=

Note that

(A+B?>—(A+C)*=(A+B?>—(A+B)(A+0O)
+(A+B)A+C)—(A+C)>
=(A+B)B-C)+(B-C)(A+0)
=(A+C)(B-C)+(B—-C)P*+(B—-C)(A+C)

holds for any A, B, C > 0. This, together with Lemma 1, SLLN and the fact that
E(||S1/n — EX\|) < E|ISi]I/n+ E||E X || < 00, yields that

50 S - 50— 50

2+éi (1E21 = Zoa][) (I$e/n — E21]) “ 0

= HEEI - 2‘\pool

Thus, by noting that A, (-) is a continuous function (since (8)) and applying SLLN,

l1m inf inf R/l/(oz 3. %)

G—oo 0<a<

G
> lbnilélofimm{ {x ,,(Z‘pool) } ! gg;mm{ p{(Sg/n — Z‘pool)z}}

- imin{l, [,\,,{(E):l)—l}]z} E[min {1,,\p{(sl/n - Ezl)z}}] >0 as.

Now, by (22), we have &} — o 250.

On the other hand, if X are all the same, we can not guarantee k R’ (a, 2 ) |a=0 <
Oa.s.as G — o0o0. We c0n51der the following two cases. If R’ (a, ZJ Z‘)Ia —o < 0, then
as the same proof in the case that X', are not all the same, we can show that (22) holds.
If R’ (a, Z‘ ) |e=0 = 0, then by Theorern 3, we have aF 1 = 0. Note that accordlng
to Theorem 1, when X, are all the same, we have ] = 0, and hence @} — af = 0.
Therefore, the inequality (22) still holds. The rest of the proof is the same as the case

that X, are not all the same, we can get @] — o 250,
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5.6 Proofs of (3) and (4)

We have

Eu(sy/n = S 57| = ez - D51
= Etr{Eg_lﬂ(Sg/n — Pool)z 1/2} tr[ 1/2(2 - )%, 1/2}

= wE[ 552 {Sg/n = Spoar = (Zg - D} E ‘1/2]

p
:i,jgz:l “2 Se/n = Bpont = (B4 = D)5 _l/z}ij]'

—1/2 —1/2 —1/2

Let $&¢ Sy 3, y2¢ = 525,577 then s8¢ ~
.8 8.8\ _ 8.8 24 38 ¢ s8¢
W, (X288 n). Note that Var(Sl.j ) = n{(Z‘ij )+ X Ejj } we have

—1/2 —l 2
E[}:g 1/ {Sg/n—xpool—(z -z, /]U
G- 1 /
_ g.g L 2.8
_Var( nG S’/ nG Zsij )
g/#g

GV o

= g V(s
g#g

(G —1)? 1 1 2.8'\2 8.8 v8.8

= G D Y ;[(2,.‘, P2+ zgt gl
g'#g

where §;; = 1ifi = j, otherwise, §;; =0, Sl.gj’g, and Z‘igj’gl are the (i, j)th components
of §8:¢" and X¢-¢, respectively. Thus

(G — 1D2(p* + p)

Etr{ (Sg/n — Pool)Eg 1}2 _ tri(Z‘g 3 E)Eg_l}z N

nG?
_ —1\2
— ¥ [tr(Z‘g/Z‘g D+ {ir(Ee £, ) ]
g'#g
Then we get (3) from (2).
For a,, we have
1 8
a=—ai+= Y Euf(Se/n = Zpoa) 7 (82 n = 1),
g=1
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Since ES;, =nX, and S;, g = 1,..., G are independent, we have

Etr{ (Se/n = Zpoot)

NSz m-1)) = - Etr{(sgzg*‘/n) (Sex7'm=1)}

G-1 G-1
= Eu(se? - (G DP
n?G G
_ G0
nG ’
where we have used §¢¢ ~ W,(I,n) and Etr(5%8)2 = £j=1 E(Sﬁ}g)z _
Do {Var(SEE) + 0?8} = (n® + n)p + np?. Hence
(G =D’ +p)
a=—-a+—,
nG
and we get (4).

5.7 Proof of Theorem 6

First of all, we show that R>(«, f, X7) is a strictly convex function of « on [0, 1],
which is equivalent to verify that a; > 0.

Define V, := 5 /2(Sg/n — Zpoo) T (Sg/n — Epoot) Zy /7. Since Vg > 0,
we have

e 2
Etr{(Sg/n - xpool)zg—‘} = Etr(Vy) > 0,

and the equality holds if and only if V, = 0 a.s. Note that V; = 0 a.s. implies
Sg/n = Xpool a.s., which is 1mp0551ble Hence a; = Etr(Vg /G > 0.
Secondly, we show that R; (e, 550 ) has unique minimum point at ocz = —az/ay.
As Ry(a, T, X) is a quadratic form, it is easy to verify that the unique minimum
value is attained at oz2 = —as/ay. The remainder is to verify that a3 € [0, 1]. It follows
from (4) that a; > —a>. We only need to verify —a; > 0. By Lemma 2, we know
tr(AB~' + BA~!) > 2p holds for any A > 0, B > 0. Thus, for any g # g/,

{tr(Z‘ 7 (55, } - %[tr(zg/):g—l)? +tr{(2g/2g_1)2}_1] > 2p/n,

1 1 2
;[{tr(Z’g/Z‘g_l)} +{tr(2g2g—,1)}] 2—{tr(2 D) F(Z, T, } > 2p2/n.

Then, by (3) and (4),

G-=D*@P*+p)  (G=D@P*+p)

—az =
nG?2 nG
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G
1 —152
G 2 2 [T
g'#e

g=lg

+ {u(z, /2—1)}2]

> _
T n G

1 (G —1)* (p +p) (G —D(p*+ p)
5| |

24 G
Y
/>

SN

8
@G- PP HpGG-D

=0.
- nG? G3 n

Note that when X, = Z‘;, for any g # g/, we have these equalities hold. As
a consequence, we have a; = 0, and hence aé‘ = 0. The proof of Theorem 6 is
complete.

5.8 Proof of Theorem 7

Forany ¢ = 1,..., G, we have that, S, /n 45 X,. Consequently, as n — 00, we
have
G G
a 25 Ztr{(zg -5z, —f)):g—l}/G - Ztr{([ —fzg—l)z}/G
g=1 g=1

where ¥ = Z _1 2¢/G. Similarly, as n — o0,

G G
a 25 Ztr{(Eg Dz T - I)}/G - Ztr{(l —fzg—l)Z]/G
g=1 g=1
and a3 =5 Zg ltr(_Z‘_1 - 1)2/G
When X, are not all the same, we have lim a; > 0 and then oz2 = —ar/a; 450,
n— o0
When ¥, = Xy for any g # g/, we have lim,_a; = —limyeoay =

YO uw{d = T271H%}/G = 0. Hence lim, oo Ro(e. £, X) = lim,o0a3 =
Zgzl tr(f)']g_1 - 1)2/G a.s. Therefore, Ry(er, X, ¥) is a constant function of .

5.9 Proof of Theorem 8

Define § := (20) 1285,(Z0)712, £ = (Z0)71?x, (20) 172, then S ~
WP(Z‘ n) and S~! has an inverse Wlshart distribution, i.e. S~ w, 1(2 n).
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Note that (see, for instance, Letac and Massam (2004), page 308)

Cn—p—DE2+ 3T u(E

- (m—=pn—p—-Dn—p-3)°

2524 (m—p-2)E (T
(m—p)n—p—Dn—p=3)"~

ES?

E[5 1w =

wehave (n — p —2)ES™2 — E{S (S~} = Z72/(n — p — D).
Then, by noting that E(S™!) = X~1/(n — p — 1),
Etr|:{l ——p DS~ —p—1)
[tr(EoSgl)z n {tr(EoSgl)}ZH
- E[p —2(n—p— D (TS, )+ (n—p— l){(n — p = ir(ZoS,; H?

_{tr(Z‘oSg_l)}ZH
=p—2(n—p—DHuEGSY

+ = p =D = p = DwEG) ~ {uEG ]
— u{(%, - Tz, '}

where we have used that tr{(¥, — E())Eg’]}2 =tr(I — 5*1)2 =p— 2tr(§’1) +
tr(f‘z). Hence we get (6).

5.10 Proof of Theorem 9

Forany g =1, ..., G, we have that, S, /n 25 X, as n — oo. First of all, we proof
thath =5 b= Y7 (Il — TX;1)?/G > 0.
Asn — oo,

(I — r ZpoaiSg )? =5 (1 = T2, 1)? > 0,

P (Zpoot S 2+ {r(ZpoaS; D] 25 w2 + {w(E 2 H)

Hence, tr(/ — rZpoarSg % — r[tr(Zpoai Sz H? + {tr(fpoolsg—l)}z] 28w —

fZ‘g_l)z > 0. As a consequence, we have b —5 b.
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Since r2tr{(Sy S )2} /n2 4 {u(Sy S; D)/ L5 (g T {2y 570

we have

G-1DXpi+p) 2 < B B s
g DD (iS5, + furcspe sy H)P] <5

g=lg'#g

Therefore, as n — 00, d; 25 Zgzl tr(I — ng’l)z/G > 0. By (7), as n — oo,

lim,, 00 @2 = —lim,_, o @1 = —b a.s. Finally, we have o} 250,
5.11 Proof of Theorem 10
Note that

(G — D*(p*+ p)
nG?2

w{(Z, - )= +

Q=
Mo

G
+ % > [tr(Eg/Z‘g_l)z + {tr(Z’g/Z‘g_l)}z],

g=lg'#g

., G=Dp+ - -
. iéf Py 3G322[tr(Sg/Sgl)2—|—{tr(Sg/Sgl)}z].

g=1g'#g

First of all, we show that, for fixed n and p, a; 25 a; as G — 00, which is

equivalent to prove that
b5 wE(l —(Ex)E ) >0,

G
éZtr{(Z‘g -5 P S wE - (ED) I

Z (S 57D + furcSge sy H)P] <5 0,
P

—_

il MQ i MQ

Z [ w(Ze 2O + {tr(Eg/Egl)}z] 450
g#g

In the following, we first prove that (23) holds. By (6), we have
Etr[{[ —rED)S;P - r[tr{(Exl)Sg*‘}2
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Thus, by SLLN,

G

éz [tr{[ _ r(EZ])Sg_l}z —r tl‘{(EZH)Sg_l}z + {tr{(EEl)Sg_l}}z}]
g=1

LS wE{ —(EX)Z 'Y =0,

Noting that

G

-~ 1 -~ -~ ~

b = max {O, 5 E [tr(l — rZ‘pOO]Sg—l)Z _ r{tr(Z‘pOO]Sg—l)Z + {tr(zpoolsg_l)}z}]]’
g=1

In order to show that b — trE{l — (EZ’l)L"Jfl}2 > 0, we need to prove that

G
1 = _ a _ & —1\12
5 § [tr(l - rEpOOISg 1)2 - r[tr(zpoolsg 1)2 + {tr(zpoolsg 1)} }]
g=1

a.s.

G
- éz |:tr{I ~rH(ED)S; ' - r|:tr{(EZ‘1)Sg_l}2 + {tr{(Ezl)Sg‘l}}zH 550,
g=1

It is sufficient to prove that

1

G
= 3 [tr(] — r EponS; )2 — {1 — r(EEl)Sg_l}z] 500, 27

g=1

[tr(fpoolsg*‘)z —u|(EZ)s; ! }2] 4500, (28)

N
I
-

Ql =~
MQ

[{tr(Spors; D) = [tr{(EEl)Sg_l}]z] 5. (29)

Ql —
MQ

1

8

Note that tr(A%) — tr(B%) = tr(A — B)(A + B) and apply SLLN and Lemma 1, we
have

[tr(l —rZponS; ) — e[l — r(EEl)Sg_l}z]

Q=
MQ

g=1
G
< 2N ol {(Bpoot — EZDS; 21 = (5 ExX)S;!
=G pool 1)9g r(2pool + 1) g }
g=1
rJp A -1 = -1
= 5 22 [ Zpoor = EZ ) 8.7 [ {2 + (I Zpoatll + NE 21111, 1}
g=1
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3o A
= 2rp3 (| Zpoa — EZ1[) (5 1155 )
g=1

G
~ ~ 1
+r2p3 (1 Spoatll + 1EE11) (| Spoan = E21]) (5 2157 1F)
g=1
=293 (| Zpoot — EZ1])) (E||ST]) + 207 (I Zpout
HIEZ1) (| Epoot — EX1])) (E] 577

This proves (27). And follow the same procedure, we can get (28).
To verify (29), we note that

iMe

S [ s 01 — (05, ]|
g=1

1 ZG:”tr [(Zpool — Exl)sg‘}‘} Htr{(fpoolJrEEl)S;l}H

g=1

G
3 = 1
= P(| Zpoot = EZ1]) (1 Zpoa + EZ[) (5 D185 17) <5 0
g=1

where we have used Zgzl ||Sg’1 12/G 5 E||Sg’1 I < oo, and fpool N EX.
Therefore we get (23).
In order to prove (24), we have

Ql =
MQ

[tr(l —Tr) el - (Ezl)):;}z])

g=1

1 G
EZM (C-Esns, 2l - T+ES)E; }]‘
g=1
N -
=g 2 UZ ez (=) 2p+ (IZ1+1E2 I, )

g=1

otz -eml) (L3 15)

RIS+ 1ES) (15 - E5:l) (L 30157 F)

a.s.
—)0

where we have used ¥ —5 E X, and Zg 1 ||Z‘ 112 /G > E X ||2 < 00.
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The proofs of (25) and (26) are similar, so we only prove (25). By Lemma 1 and
SLLN, as G — oo, we have

G
% 3 [tr(Sg/Sgl)z + {tr(Sg/Sg”)}z]

g=1 g’#g

< G— ij X#j [Py s+ pisy P 157" 1P
oy 525—122’716 S,
_G—gg 1S 12 0S5 55(5; 5:0P) (& Zn ) <

Hence we get (25). Therefore, for fixed n and p, we have a; 2% 4 1as G — 00. On

the other hand, according to (4) and (7), we have [a, — az| = |a| — a|, and hence
B 5 gy as G — o0 By the fact that o} = —as/a; > 0 and &y = max{0, —ay/ai},

we have o5 — o} 2% 0. The proof of Theorem 10 is complete.
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