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ABSTRACT. Recent results in the literature provide computational evidence that stabilized semi-implicit
time-stepping method can efficiently simulate phase field problems involving fourth-order nonlinear dif-
fusion, with typical examples like the Cahn-Hilliard equation and the thin film type equation. The
up-to-date theoretical explanation of the numerical stability relies on the assumption that the deriva-
tive of the nonlinear potential function satisfies a Lipschitz type condition, which in a rigorous sense,
implies the boundedness of the numerical solution. In this work we remove the Lipschitz assumption on
the nonlinearity and prove unconditional energy stability for the stabilized semi-implicit time-stepping
methods. It is shown that the size of stabilization term depends on the initial energy and the perturba-
tion parameter but is independent of the time step. The corresponding error analysis is also established
under minimal nonlinearity and regularity assumptions.

1. INTRODUCTION

In this work we consider two phase field models: the Cahn-Hilliard equation and the molecular beam
epitaxy equation (MBE) with slope selection. The Cahn-Hilliard (CH) equation was originally developed
in [5] to describe phase separation in a two-component system (such as metal alloy). It typically takes
the form

ou = A(—vAu+ f(u)), (z,t) € Q x(0,00),

u = Uo,
t=0

(1.1)

where u = u(z,t) is a real-valued function which represents the difference between two concentrations.
Due to this fact the equation (1.1) is invariant under the sign change v — —u. Another common form
for CH is

Oru = Aw

1.2
w=—eAu+e ' f(u). (12

As ¢ — 0 the chemical potential w tends to a limit which solves the two-phase Hele-Shaw (Mullins-
Sekerka) problem (see [21] for a heuristic derivation, [1] for a convergence proof (under the assumption
that classical solution to the limiting Hele-Shaw problem exists)). In (1.1) the spatial domain £ is taken
to be the usual 27-periodic torus T? = R?/27Z2. For simplicity we only consider the periodic case but
our analysis can be generalized to other settings (such as bounded domain with Neumann boundary
conditions). The free energy term f(u) is given by

flu) = F'(u) = u® — u, F(u) = —(u* — 1) (1.3)

The parameter v > 0 is often called diffusion coefficient. Usually one is interested in the physical regime
0 < v < 1 in which the dynamics of (1.1) is close to the limiting Hele-Shaw problem after some transient
time.
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For smooth solutions to (1.1), the total mass is conserved:

d 0, M(t)= /Q u(z, t)dz. (1.4)

—M(t

M)

In particular M(t) = 0 if M(0) = 0. Throughout this work we will only consider initial data ug with
mean zero. At the Fourier side this implies the zero™ mode #(0) = 0. One can then define fractional
Laplacian |V|*u for s < 0. The energy functional associated with (1.1) is

Bu) = /Q (;V|Vu|2 + F(u)) da. (1.5)

As is well known, Eq. (1.1) can be regarded as a gradient flow of E(u) in H~!. The basic energy identity
takes the form

d —1 —
2 B(®) + IV~ dpull3 = 0. (1.6)

Note that 9;u has mean zero and |V|~*d;u is well-defined. Alternatively to avoid using |V|~!, one can
write (1.6) as

%E(u(t)) + [ 1V(=vAu+ fu))Pde = o. (1.7)
Q

It follows from the energy identity that
E(u(t)) < E(u(s)), V t>s. (1.8)

This gives a priori control of H!-norm of the solution. The global wellposedness of (1.1) is not an issue
thanks to this fact.

There is by now an extensive literature on the numerical simulation of the CH equation and related
phase field models, see, e.g., [4, 7, 9, 10, 15, 16, 26, 30] and the references therein. On the analysis side,
it is noted that Feng and Prohl [12] gave the error analysis of a semi-discrete (in time) and fully discrete
finite element method for CH. Under a certain spectral assumption on the linearized CH operator (more
precisely, one has to assume the existence of classical solutions to the corresponding Hele-Shaw problem),
they proved an error bound which depends on 1/v polynomially.

It is known that explicit schemes usually suffer severe time step restrictions and generally do not obey
energy conservation. To enforce the energy decay property and increase the time step, a good alternative
is to use implicit-explicit (semi-implicit) schemes in which the linear part is treated implicitly (such as
backward differentiation in time) and the nonlinear part is evaluated explicitly. For example, in [7] Chen
and Shen considered the semi-implicit Fourier-spectral scheme for (1.1) (set v = 1)

a1 (k) — ai (k)
At

where u™ denotes the Fourier coefficient of u at time step t,. On the other hand, the semi-implicit

— B[ (k) — R F(um) (R), (1.9)

schemes can generate large truncation errors. As a result smaller time steps are usually required to
guarantee accuracy and (energy) stability. To resolve this issue, a class of large time-stepping methods
were proposed and analyzed in [13, 16, 26, 29, 30]. The basic idea is to add an O(At) stabilizing term
to the numerical scheme to alleviate the time step constraint whilst keeping energy stability. The choice
of the O(At) term is quite flexible. For example, in [30] the authors considered the Fourier spectral
approximation of the modified Cahn-Hilliard-Cook equation

9C =V -(1-aC*)V(C?-C - rV?0)). (1.10)
The explicit Fourier spectral scheme is (see equation (16) therein)

CHI(k, t) — Cn(k, 1)

5 =ik - {(1 — aC?)[ik' ({~C + C*}Y}, + w[K|2C7 (K, 1)), }

. (1.11)
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The time step for the above scheme has a severe constraint
At k- K* <1, (1.12)

where K is the number of Fourier modes in each coordinate direction. To increase the allowed time step,
the authors of [30] added a term —Ak*(C™+! — C™) to the RHS of (1.11). Note that on the real side,
this term corresponds to the fourth order dissipation, i.e.

7AA2(Cn+1 o On)

which roughly is of order O(At).
In [16], a stabilized semi-implicit scheme was considered for the CH model, with the use of an order
O(At) stabilization term

AA (U™ — ™).
Under a condition on A of the form:
1 1 1
A> {7 neoN2 L Ly, 4l n 2}_7 > 11
> max{ Cu (@) + Lt @)+t @)} - 5 Ym0, (113)

one can obtain energy stability (1.8). Note that the condition (1.13) depends nonlinearity on the numerical
solution. In other words, it implicitly uses the L*°-bound assumption on ™ in order to make A a
controllable constant.

In [26], Shen and Yang proved energy stability of semi-implicit schemes for the Allen-Cahn and the
CH equations with truncated nonlinear term. More precisely it is assumed that

max | f'(u)] < L (1.14)

which is what we referred to as the Lipschitz assumption on the nonlinearity in the abstract. The same
assumption was adopted recently in [13] to analyze stabilized Crank-Nicolson or Adams-Bashforth scheme
for both the CH equations.

In a recent work of [4], Bertozzi et al. considered a nonlinear diffusion model of the form

Ou= -V - (f(u)VAu) + V- (g(u)Vu),
where g(u) = f(u)¢’'(u), and f, ¢ are given smooth functions. In addition f is assumed to be non-
nonnegative. The numerical scheme considered in [4] takes the form
unJrl —ut
At

where A > 0 is a parameter to be taken large. One should note the striking similarity between this
scheme and the one introduced in [30]. In particular in both papers the biharmonic stabilization of the
form —AA?(u™t! —u™) was used. The analysis in [4] is carried out under the additional assumption that

= —AA*(u"T —u™) = V- (f(u™)VAU") + V- (g(u™) V™), (1.15)

sup || f(u"™)]|eo < A < 0. (1.16)

This is reminiscent of the L> bound on u".

Roughly speaking, all prior analytical developments are conditional in the sense that either one makes
a Lipschitz assumption on the nonlinearity, or one assumes certain a priori L* bounds on the numerical
solution. It is very desirable to remowve these technical restrictions and establish a more reasonable
stability theory. Thus

Problem: prove unconditional energy stability of large time-stepping semi-implicit numerical schemes
for general phase field models.

Here unconditional means that no restrictive assumptions should be imposed on the time step. Of
course one should also develop the corresponding error analysis under minimal regularity conditions.
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The purpose of this work is to settle this problem for the spectral Galerkin case. In a forthcoming
work [20], we shall analyze the finite difference schemes for the CH model by using a completely different
approach.

We now state our main results. We first consider a stabilized semi-implicit scheme introduced in [16]
following the earlier work [29]. It takes the form

— = VA% AA (T —u™) + ALy (f(u™)), n >0, (1.17)
u9 = yug.
where 7 > 0 is the time step, and A > 0 is the coefficient for the O(7) regularization term. For each
integer N > 2, define
Xy = span{cos(k ~x),sin(k-x): |kl <N, ke ZQ}.

Note that the space Xy includes the constant function (by taking & = 0). The L? projection operator
My : L?() — Xy is defined by

(H[\ﬂ.tfu,(b) =0, Vo e Xy, (118)
where (-, -) denotes the usual L? inner product on Q. In yet other words, the operator Ily is simply the
truncation of Fourier modes of L? functions to |k| < N. Since myug € Xy, by induction it is easy to

check that v™ € Xy for all n > 0. Note that one can recast (1.17) into the usual weak formulation, for
example:

(deu" T v) + AV (u" T —u™), Vo) + (V(f(u™)), Vo) + v(Au™ T Av) =0, VYo € Xy,

where dyu™t! = (u"T! — ") /7. However in our analysis it is more convenient to work with (1.17). Note
that u™ has mean zero for all n > 0 (since we assume u has mean zero).

Theorem 1.1 (Unconditional energy stability for CH). Consider (1.17) with v > 0 and assume ug €
HY(Q) N L>(Q) with mean zero. Denote Eq = E(ug) the initial energy. There exists a constant 3. > 0
depending only on Ey such that if

A= B (Jluol3 + v~ logv|* +1), B> B, (1.19)
then
B < B@"),  ¥n>0,
where E is defined by (1.5).

Remark 1.1. We stress that the above stability result works for any time step 7 > 0. In particular the
condition on the parameter A is independent of 7. In order to keep the argument simple, we do not try
to optimize the dependence of A on the diffusion coefficient v. This can certainly be pushed further.

Remark 1.2. One should note that in (1.19), the lower bound v~!|log v|? is formally consistent with the

predicted bound (1.13). In terms of the PDE solution w(¢, z), the bound (1.13) roughly asserts that
A= O([Ju(t)ll3)-

For the PDE solution, there is no L> conservation and one has to trade it with the H'(T?) bound with

some logarithmic correction. The energy conservation gives ||u(t)||m < v~ 2, and the log-correction gives
|log(v)|. Thus we need A > v~ logv|? from this heuristic.

There is an analogue of Theorem 1.1 for the MBE equation. The MBE equation has the form

Oth = —vA%h +V - (9(Vh)), (z,t) € Q x (0,00),
h = hOa

t=0

(1.20)
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where h = h(z,t) : © x R — R represents the scaled height function of a thin film equation, and
g(2) = (|z]? = 1)z for z € R%. The domain (2 is again assumed to be the periodic torus T?. Eq. (1.20)
can be regarded as an L? gradient flow of the energy functional

E(h) = g|\Ah\|§+/QG(Vh)dx, (1.21)

where G(z) = 1(|z]* — 1) for z € R2. Note the striking similarity between the MBE energy (1.21) and
the CH energy (1.5). Roughly speaking, Vh is the correct scaling analogue of w in (1.1). In fact it is
well known that in 1D the MBE equation can be transformed into the CH equation through the change
of variable u = Jyh. In recent [19] we obtained new upper and lower gradient bounds for the MBE
equation in dimensions d < 3. A refined wellposedness theory is also worked out there. Some of these
results will be used in the H! error analysis in this work. We refer to the introduction of [19] and also
[11, 2, 3, 17, 18, 27, 31] for some background material and related wellposedness/ill-posedness results.
Consider the following semi-implicit scheme for MBE:

hntl — pn 27 n+1 +1_ + \Y% V nZz
7+ n n n . n >

. = —_yA2p + AA(h R") +UNV - (g(VR™)), 0, (1.22)
h® =Ty ho.

This scheme was introduced and analyzed in [29] (see also [22]). The authors of [29] first introduced the
stabilized O(At) term of the form AA(h"T — h™) as given in (1.22). They also proved that the energy
stability (1.8) under the condition
1 1 1
Az S|IVR S+ IV R - 5 Yr>0. (1.23)

Again, it is seen that A depends implicitly on the L*> bound on the numerical solution h™.
The result below will provide a clean description on the size of the constant A, in the sense A is
independent of the L°° bound on the numerical solution.

Theorem 1.2 (Unconditional energy stability for MBE). Consider (1.22) with v > 0. Assume hg €
H?2() with mean zero. Assume also Vhg € L>=(2). There exists a constant 3. > 0 depending only on
Ey such that if

A= B (IVholS + v [logw|* +1), 8> f,
then
BEu"t) < E(u™), Vn >0,
where E is defined by (1.21).
We now state the results for error estimates. We start with the CH equation.

Theorem 1.3 (L? error estimate for CH). Let v > 0. Let ug € H®, s > 4 with mean zero. Let u(t) be
the solution to (1.1) with initial data ug. Let u™ be defined according to (1.17) with initial data T nug.
Assume A satisfies the same condition in Theorem 1.1. Define t,, = m7, m > 1. Then

u(tm) — u™|la < A-eCrtm . Cy - (N75 4 7).
Here Cy > 0 depends only on (ug,v), Cy > 0 depends on (ug, v, s).

For the MBE equation, we have the following H' error estimate. Note that due to the use of H' space
the error bound below involves N~(~1) instead of N~*.

Theorem 1.4 (H! error estimate for MBE). Let v > 0 and hg € H*, s > 5 with mean zero. Let h(t) be
the solution to the MBE equation with initial data hg. Let h™ be defined according to (1.22) with initial
data lixhg. Assume A satisfies the same condition as in Theorem 1.2. Define t,, = m7r, m > 1. Then

9 (A(tm) — B < A Ot - Cy - (N~7D 4 ),
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where C1 > 0 depends on (hg,v), Cy > 0 depends on (v, hg, s).

We close this section by introducing some notation and preliminaries used in this paper.

We shall use X+ to denote X + € for arbitrarily small € > 0. Similarly we can define X—. We denote
by T¢ = R4/277Z4 the 2m-periodic torus.

Let © = T¢. For any function f: Q — R, we use || f||r = || f||1r() or sometimes || f||, to denote the
usual Lebesgue LP norm for 1 <p < oco. If f = f(z,y) : 1 x Q2 — R, we shall denote by |||z 2 to
denote the mixed-norm:

712z = W@ oz

In a similar way one can define other mixed-norms such as || f|lcogm etc.

For any two quantities X and Y, we denote X <Y if X < CY for some constant C' > 0. Similarly
X 2Y it X > CY for some C > 0. We denote X ~ Y if X <Y and Y < X. The dependence of
the constant C' on other parameters or constants are usually clear from the context and we will often
suppress this dependence. We denote X <z, ... 7, Y if X < CY where the constant C' depends on the
parameters Zq, -+ , Zp,.

We use the following convention for Fourier expansion on € = T¢:

(Ff)(k) = f(k) = /Qf(x)e*”'kdx, f(z) = (271r)d Z F(k)e=.
kezd

For f: T? — R and s > 0, we define the H*-norm and H*-norm of f as

Wl = (D2 @+ REFEE) S W = (3 WP1FwR)

kezd kezd

provided of course the above sums are finite. Note that for s =1
[l = IV fll2-

If f has mean zero, then f(0) = 0 and in this case

1l ~ (0 IR R)2)

kezd

=

For mean zero functions, we can define the fractional Laplacian |V|*, s € R via the relation
VI f(k) = kI f(k),  0#kez?

The mean zero condition is only needed for s < 0.
Occasionally we will need to use the Littlewood—Paley (LP) frequency projection operators. To fix the
notation, let ¢g € C°(R%) and satisfy

0<¢o<1, ¢o(§) =1 for [{[<1, ¢o(§)=0 for [¢]=2.
Let ¢(&) := ¢o(€) — ¢o(2€) which is supported in 1/2 < |¢| < 2. For any f € S'(R?), j € Z, define
B;F(6) = 02799 f(), SiF(6) = w0270 f(6),  geR”

Let f : T — R be a smooth function. Note that f can be regarded as a tempered distribution on
R? for which A; f can be defined as above. For any 1 < p < ¢ < oo, we recall the following Bernstein
inequalities (see [19] for a standard proof)

IIV1° A fllpocray ~ 25112 f | Lo Tay, s €R; (1.24)
(Ll _ 1 .

1A fllLe(ray S 27 q)||f|\LP(1rd)7 J EZ; (1.25)
fd(Ll_1 .

115 fll a(ray < 27465 q)”f”LP(’H‘d)a Jj= -2 (1.26)
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In later sections, we will use (sometimes without explicit mentioning) the following interpolation
inequality on T?: for s > 1 and any f € H*(T?) with mean zero, we have

1l ey So 1F1Lin ooy 108 (3 + 1l arecay)- (1.27)
Remark. The mean-zero condition is certainly needed in view of the || f|| ;1 term on the RHS. If it is
replaced by ||f|| g1 then the inequality holds for any f not necessarily with mean zero.

We include a proof of (1.27) for the sake of completeness. Since f has mean zero we have A;f = 0 for
7 < —2. Let jo € Z whose value will be chosen later. By using the Bernstein inequality, we have

Ifllemy S D 2IAflleae + D 2277 fllaer2),

—2<35<jo J>Jjo
s Go +3)F g + 270D fll .
Choosing jo = const - log(3 + || f|| =) then yields (1.27). O

2. PROOF OF STABILITY RESULTS
In this section, we will provide rigorous proofs for the stability results, i.e., Theorems 1.1 and 1.2.

2.1. Proof of Theorem 1.1. Rewrite (1.17) as
1-ATA TAIl N
ntl = " . 2.1
v 1+vrA2 — ATAU 1+vrA2 — ATAf(u ) (2.1)
Lemma 2.1. There is an absolute constants c; > 0 such that for any n > 0,

. A+1 1
18 Scl-(—+z)-<En+1), (2:2)
0 s ey < (14 5 + S 0"2) - Bl s oy (2.3)

where E, = E(u™).

Proof. In this proof for any two quantities X and Y, we shall use the notation X <Y to denote X < CY
where C' > 0 is an absolute constant. Also for any f : T2 — R, we denote f as its average on T?. Below
one should note that f(u™) = (u™)® — u™ generally does not have mean zero even though u™ has mean
zero.

0 g < (24 2 )l 4+ NIV () = T

n 1 n\3 _ . n _ (- n\3
el + S~ — |

1 1
— (B, +1).
v +AT)( +1)

(XS

For |||z, we have

n n 1 n n
[u" s < pr + le(u )P = u" |
This completes the proof of Lemma 2.1. d

Lemma 2.2. For anyn >0,

2v
B~ <A+ Rk ) =3

n n n 1 n
< = w3 (i + 511 )- (2.4)
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Proof. In this proof we denote by (,-) the usual L? inner product. Recall

un+1 —un
— = A% AA T — u™) + ATy f(u™).
-

Taking the inner product with (—A)~!(u"*! — u™) on both sides and using the identity
1
b-(b—a)= 5>~ aP +[b—al),  VabeR,
we get
1 - n n v n n n n
—IVIT @™ = a5 + S (Ve S = [Vt 5+ [V @ = um)3)
+ Al =3 = (Al f(u), (=A) 7 (@ = u)).
Since all 4™ have Fourier modes supported in |k| < N, we have
(AILy f(u™), (=A) 7 (@™ —u™) = —(f(u"), " —u).
By the Fundamental Theorem of Calculus, we have (recall f = F”)
F(u"*) — F(u")

= Fm) ™ — )+ / F(8)(mtt — 5)ds

n+1

= fu™)(u" Tt —u™) + /z (3% = 1)(u"T! — s)ds
_ f(un)(unJrl o un) + (unJrl; un)? (3(’&“)2 + (un+1)2 + 2unun+1 o 2)

Thus
=Y "ut —u )H%JrEnH*EnJrgIIV(u w5+ (A+ 3)lu 1 —um3

1
— 1((unJrl _ un)273(un)2 4 (un+1)2 4 2unun+1)

1
< Nt — w3 7 (Bl 2 + a1 + 2l oo a1 )

1
< = u - (a2 + 5 1" )-

Finally observe

1 1, g v
NI =) IVt - )

2v _ 2v
Y A O T i (O PRy e P

The desired inequality then follows easily.

Remark. By using the auxiliary function g(s) = F(u™ + s(u™™! — ™)) and the Taylor expansion

g(1) = g(0) + ¢'(0) + / g"(s)(1 - s)ds,

we get
1

F(uh) = P(u") + () (@™ — ") = @ — )2

1 ~
+(ut — u”)g/o W™+ s —u™)(1 - s)ds,

(2.5)

(2.6)

(2.7)

(2.8)
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where f(z) = 2% and f'(z) = 322 (for z € R). From this it is easy to see that
n n 3 n n
LHS of (2.8) < [ju""" —u™[5 - 5 max{[Ju" %, [u" |5}
This bound will also suffice.

Proof of Theorem 1.1. We inductively prove for all n > 1,

En S E07 (29)

|, < e (? + A%) (o +1), (2.10)
where ¢; > 0 is the same absolute constant in Lemma 2.1.

We proceed in two steps. In Step 1 below, we first verify that if the statement holds for some n > 1,
then it holds for n + 1. In Step 2, we check the “base” case, namely for n = 1 the statement holds. We
organize our whole argument in this reverse order (rather than checking the base case n = 1 first and
then perform induction) because the verification for the base case n = 1 can be viewed as more or less a
special case of the proof in Step 1.

Step 1: the induction step n = n + 1. Assume the induction holds for some n > 1. We now verify
the statement for n + 1.

By Lemma 2.1, we have

A+1 1

n+1
[|u ”Hggcl'(iy +A77_>(En+1)§01(

A+l 1
- +A—T>~(Eo+1).

Thus we only need to check F,, 1 < Ey. In fact we shall show E, 11 < E,,.
By Lemma 2.2, we only need to show the inequality

1 U 1
A+ -+ /= = % + 52 (2.11)
2 T 2

We shall use the log-interpolation inequality (see (1.27) and choose s = 2) for any f with mean zero:

1 Fllzem2) < - 1 s oy 108 (1718 ey +3): (2.12)

where d; > 0 is an absolute constant.
In the rest of this proof, to ease the notation we shall use X <

SE, Y to denote X < Cg, Y where Cg,
is a constant depending only on Ey. Clearly

oo < da | g (1”5 +3)

[2E, A+1 1
Sdl' I/log(3+01<l/+147'>(E0+1>)

<E, V_%(l—l—logA—&—|logy|)—|—1/_%|log7'|. (2.13)

~

=mo

Here in the above inequality, if 7 2 1 then it is not difficult to check that the log 7 term is not present.
In the rest of this proof we shall just assume 0 < 7 < 1 without loss of generality. The case 7 2 1 is
similar and even easier.

Now

lu™ 13 Sy mi + v log 7.

~
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By (2.12) and Lemma 2.1, we have (below in the third inequality we drop 1/A since A > 1)
o S lu™ | Tog (Jlu™*1,5 +3)

< 0 5+ e o () g +

< (1 ||un||go n ] n+1 3

S (4 =)l log {lu™ ] g +

m3 + v~ log T|?
A

i (14 )+ (mo+v 4 logr])

m3 + v 2|log |?
A

<E, Mo +V*%\logr| +
mg

1+ + v 3 log . (2.14)

SEO mq +

Therefore

mS 2
o+ 1 S (o + 52) 1 g

Therefore to show the inequality (2.11), it suffices to prove
3\ 2
A+\/720E0.((m0+7210> —|—1—|—V_3|10g7'|6>, (2.15)
T

mo = 1/*%(1 +log A+ |logv]).

where

Now we discuss two cases.
Case 1: \/Z > Cp,v~3|log7|®. In this case we choose A such that

A>p m2=v (1 +log A+ |logv|)?.
Clearly for v 2 1, we just need to choose A >>g, 1. On the other hand, for 0 < v < 1, it suffices to take
A=B- v loguf?,
with 0 sufficiently large depending only on Ejy. Thus in both cases if we take
A =3 -max{v ! logv|* 1},

with 8 > g, 1, then (2.15) holds.
Case 2: ﬂ < Cg,v3|log |°. In this case we have

[log 7| Sk, 1+ [logv|.

In this case we will not prove (2.15) but prove (2.11) directly. We first go back to the bound on ||u"|| .
Easy to check that

[u"[loo SEo Mo,
2
m
0" e <o (1 + AO> mo.

The needed inequality on A then takes the form

3\ 2
AZCEO'<1+m0+7ZO> .

Again we only need to choose A such that A > g, m2. The same choice of A as in Case 1 (with 3 larger
if necessary) works.

Concluding from both cases, we have proved the inequality (2.11) holds. This completes the induction
step for n = n + 1.
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Step 2: verification of the base step n = 1. By Lemma 2.1 we have
(A +1 1

T‘FE)-(EQ-‘FU.

Therefore we only need to check F; < FEy. This amounts to checking the inequality

1 [2u 1
A+ = > m 2 4 A
tg > | NUolloo+2Hu 5

Now clearly the estimate of ||u!||o proceeds in the same way as in Step 1. On the other hand since
Mxuolloo S lluolloos
we just need to choose A such that
A>p, |luoll% + v Hlogr|? + 1.
This completes the proof of Theorem 1.1.

2.2. Proof of Theorem 1.2. This is similar to the proof of Theorem 1.1. Therefore we only sketch the

needed modifications. In terms of scaling it is useful to think of VA™ as u™ in Theorem 1.1. Write (1.22)
as

1-ATA TN

Rt = " V- (9(Vh™)). 2.16

Trorar - ara oA —ama W) (2.16)

In place of Lemma 2.1 we have the following lemma. We omit the proof since it is quite similar.

Lemma 2.3. There is an absolute constants ¢y > 0 such that

A+1 1
H%(Tz)gcl'( v +A77_)’(En+1)7

n 1 3 " n
IR | ooy < (14 YR 136 - 1A™ | 72 r2)-

[

Here E,, = E(h™).

Lemma 2.4. For anyn >0,

1 2
Bt = B+ (At 5 4/ )R =13
< V(R = hM)|3 - gmaX{HVh"IIio, VA" 2%} (2.17)
Proof. Taking inner product with (h"*! — h™) on both sides of (1.22), we get
1 n n v n n n n n n
—[IRTE = BG4 SRS = [ARZ + AR = RM)3) + AV (R™ = B3
= — (9(Vh"), V(h"* — h")).
Recall g(z) = (|2|*> — 1)z = VG and G(z) = 1(|z|> — 1)?. Introduce
H(s) = G(VR" + s(VA" T — Vh")).
By using the expansion
1
H(1) = H(0)+ H'(0) +/ H"(s)(1 — s)ds,
0
we get

G(VA™™H — G(VA™) = g(VR") - (VA" — Vh™)

2 1
+ 3 g — By (R — ) /O (0,G) (VA" + s(VA™' — Vh"))(1 — s)ds,

ij=1
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Now denote G(z) = 1[z|%. Then
Eng1 = Ep+ —|[W" = B3+ SIART =B + (A+ )V (™ = M)

2

= Z (&(h”“ — h™)9; ("t — ™) /l(aijé)(vm + s(VA" T — A™)(1 — s)ds, 1),
0

4,j=1

where 1 represents the constant function with value 1.
Now since 9;;G(z) = |2|?8;; + 2z;jz;, we have the point-wise bound |(9;;G)(z)| < 3|z|*>. Thus

195G (VR + s(VR™ ™ = h™)) oo < 3max{||VA" |3, VA" ]2}
The desired inequality now follows from this and the interpolation inequality
1 1
VA2 < [IA][3 [AR]3. (2.18)
This completes the proof of the lemma. O

Proof of Theorem 1.2. We only need to check the induction hypothesis

En§E07
A+1 1

I, 5 < e (5= + 57) - (Bo )

for n + 1. Here ¢; > 0 is the same absolute constant in Lemma 2.3.
By Lemma 2.3, we have

B < e (? n %) (Bn+1)<er- (A:r1 N %) (Eo +1).
Thus we only need to check F,, 1 < E,. By Lemma 2.4, this amounts to proving the inequality
At g2 S max{| VA", VA2, (219)
We shall again use the inequality
1y < i 1 s ooy 08 (16113 o) +3)- (220)

where d; > 0 is an absolute constant, and f has mean zero. Clearly

VA [loo < du[R"[] g2 Tog([Ih"] ;5 +3)

[2F, A+1 1
S d1 . T . 10g(3+ Cy - (1/ + AT) . (Eo + 1)) (2.21)

The rest of the argument now is similar to that in the Proof of Theorem 1.1. We omit further repetitive
details.

3. Bounbps oN THE PDE soLuTiON oF CH
Consider

Oyw = —vA%w + A(f(w)),

w = Wop-
t=0

Recall that the corresponding energy E(-) is defined by (1.5).
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Proposition 3.1. Let 0 < v < 1. Assume the initial data wy € H?*(T?) with mean zero. Assume
lwolloo S 1. Then

E
sup_lw(t)loe S \/ =2 - (110g¥| + [Tog ol +1), (3.2)
0<t<oo v
where Ey = E(wy).
Proof. First consider the regime 0 < t < v. Write
t
w(t) = eV g —|—/ Ae_”(t_s)A2f(w(s))ds.

0

Then

[w(®)lloo < llwolloo +/0 v (1= 5) 72| f(w(s)) loods

_1,1
S llwolles +v7 287 - (”wHi;@w([O,t]) + [|wl Lgf’z([o,t])) . (3.3)
By using a continuity argument (on the quantity [|w|[z=~ ([0,1])), we get
sup  Jlw(t)]loo <1, (3.4)

0<t<eqgv

where €y > 0 is a sufficiently small absolute constant. (Strictly speaking the value of €y depends on the
implied constants hidden in the inequalities [|wolleo <1 and 0 <v < 1))

~

Next we consider the L* bound in the time regime t > egv. First observe that by using energy

conservation, we have
E
Vo)l <4/~

t
w(t) = e_”(t_tl)Azw(tl) +/ Ae_”(t_s)AZf(w(s))ds.
t1

Set t; =t — %eoy. Then

We bound the H*-norm of w as

t
—v(t—t1)A2 —u(t— 2
[ (@)l g S N[V[HFemr 2 w(tl)Her/ Ve =92 (w(s)* — w(s))2ds
t1

S Wt =) w(ty)ll g + /t (Wit =) 71 ()3 + lws)ll g )ds

Vet ()4 (2))

3
2

o (B (3))

Then (recall that w has mean zero

[N
[

S v

~

[t

~—

oo S IVw(t)ll2 - 10g(10 + [w(t) || z1+)

E
< \/70~<1+|10g1/|+|10gE0|>.

This completes the proof of Proposition 3.1. g

Remark. By using the method in [19], one can prove a wellposedness result for wy € L?(T?). However
we shall not need this refinement here.
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Proposition 3.2. Assume the initial data wo has mean zero and wy € H*(T?), s > 4. Then
T
/ 10eAw|[3dt Spee 1+ T (3.6)
0

Proof. To ease the notation we shall write <, 4, as < throughout this proof. By using the smoothing
effect, it is easy to show that

sup || Osw||gio0 < 1. (3.7)
1<t<oo
From energy conservation, we have
|1 dwlar s 1. (38)
0
Thus by interpolation,
/ 1Adw]ddt < 1. (3.9)
1
This implies
T
/ |Adyw]|3dt <14 VT. (3.10)
1
Now we only need to show
1
/ | Adyw|2dt < 1. (3.11)
0

Observe
OiAw = —vA3w 4+ A? f(w).
Multiplying both sides by 0;Aw and integrating by parts, we get
oyl = —5 ZA%1D) + [ A(f(w)orauds,
Thus
2L (1a%w]) < 9wl + 1A% (w)s - 0 Aw]

1
< —5l0:8w]3 + const - (wllFs + ]2 )- (3.12)

From this (and standard H* global wellposedness theory), we get
1
/ 10; Aw||3dt < 1. (3.13)
0

The desired inequality then follows. (

4. ERROR ESTIMATE FOR CH

In this section we give the estimate for CH in L.
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4.1. Auxiliary L? error estimate for near solutions. Consider

Y — o AT L AN — o) + AL f(0") + AGL, >0,
~n+l _ ~n

% = A2 AN — 8" + ALy f(5Y) + AGY, n>0,
0 = Yo, 60 = ﬁ())

where vg and ©p has mean zero. Denote G" = C;'{‘ — (;g
We first state and prove a simple lemma.

15

Lemma 4.1 (Discrete Gronwall inequality). Let 7 > 0 and y, > 0, &, > 0, Bn >0 forn=0,1,2,---.

Suppose
w < Gy + Bny V>0
Then for any m > 1, we have
m—1 m—1 m—1 B
Ym < exp(T dn)yo +7 exp(T Z dj>ﬂk.
n=0 k=0 j=k+1
In particular
m—1 m—1 ~
Ym SeXp(T dn)(yO+T > B,
n=0 k=

Proof. Clearly

Ynt1 < (1 + &nT)yn + TBn < BT&"Z/n + TBTH Vn > 0.

Thus
n n—1 n ~
exp(—TZdj)ynH < exp(—T dj)yn +Texp(—TZdj)ﬁn
j=0 j=0 =0
Summing n from 0 to m — 1, we get
m—1 m—1 n B
exp(=r 3 6 )um <v0+7 3 exp(—r 35 )
§=0 n=0 j=0

Thus (4.2) is obtained.

Proposition 4.1. For solutions of (4.1), assume for some N1 > 0, Ny > 0,

sup [[0"[loc < N1, sup[|[Vo™ |2 < Ny, sup[|[Vo" [z < No.
n>0 n>0 n>0

Then for any m > 1,
[o™ — o™ 13

Cp-(1+ N+ N3

v

< exp (mT .

) (llvo — o3 + AV (e — 50) 3 + =7 Z 1G13),

where C1 > 0 is an absolute constant.

Remark. The same proposition holds if IIy is replaced by the identity operator.
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Proof of Proposition 4.1. Denote e = v™ — ¢". Then
en+1 —en

= —vAZe"T L AA(e" — €M) + ALy (f(v™) — f(T7)) + AG™.

T

Taking L2-inner product with e”*! on both sides, we get

1
5= (™3 = lle™ |5 + [le™™ — e™[13)

n A n n n n
+ vl A" HE + S (Ve THIE — [[Ver I3 + V(e = eM)I3)
= (G", ™) + (f(0") = f(@"), Allye").
Obviously

n [|2
|(én,Aen+1)| S 2HG HZ
14

+ Zllaen 2.
8
On the other hand, recalling f/(z) = 322 — 1, we get
1
F@) = 1) = [ sedse
0
= (a1 + ax(0™)?)e™ 4 azd™(e™)? + as(e™)?,

where a;, i = 1,--- ,4 are constants which can be computed explicitly.

(4.6)

(4.7)

We now estimate the contribution of each term. In the rest of this proof, to ease the notation, we shall

denote by C an absolute constant whose value may change from line to line. Clearly
(a1 + a(@"))e", Ae™ )]

< C (L[ E e 2 - A" H s —=——= €[5 + Sl Ae™ 3.

1 1
By using the interpolation inequality ||f|la S |FIZIIV 2, we get
[(a30"(e")?, Ae™™)|
~ N2 . en 4 v
< Clo" oo - lle™F - lAe™ 2 < C- % + gl ae 3
N NZN2
< C- LIV Bllel3 + gllac 3 < C==2 e 3+ g llaen 3.
v 8 v 8
Similarly
[(aa(e™)?, Ae™ )]

C v C v Ni v
< ;||€n||g + §||A€”+1H§ < ;H@”H%HV@"H% + §||A6”+1H§ < 072H6"||§ + gHAG”HH%

Collecting the estimates, we get

le™ 13 — lle™ 13 12 n2
AV~ [[Ve"l2)

4~ 1+ N+ N3
< IG5+ C———2 "5
v v
Define
3 1+ N+ NS o 4~
g = el + ATV, &= C—— ===, B = JIIG"5.
Then obviously
yn+1T_ Yn < dyn‘FBn

The desired result then follows from Lemma 4.1.

(4.8)

(4.9)

(4.10)

(4.11)
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4.2. L? error estimate for CH (Proof of Theorem 1.3). In this proof to ease the notation, we shall
denote by C a constant depending only on (v, ug). The value of C' may vary from line to line. For any
two quantities X and Y, we shall write X <Y if X < CY. Note that we shall still keep track of the
dependence on the parameter A and also the regularity index s.
We need to compare
un+1 —u" 2 n+1 n+1 n n
——— = VAT AAWTTT —u™) 4+ Ally f(u"),
T
Ou = —vA2u + Af(u), (4.12)
@° = Myug, u(0) = uop.

We first rewrite the PDE solution u in the discretized form. Note that for one-variable function
h = h(t), we have the formulae

1 /t”“ h(#)dt = h(ty) + /W R (E) - (tnsr — t)dt, (4.13)

T

tn T Jt,
1 tn+1 1 tn+1
= / B(E)dt = h(tnir) + / W) - (tn — t)dt. (4.14)
T Jt, T Jt,

By using the above formulae and integrating the PDE for w on the time interval [t,,t,+1], we get

U(tnt1) — u(ty)

-
= — vA%u(tp1) + AA(u(tn 1) — u(tn)) + Ally f(u(ty,)) + Alls v f(u(t,)) + AG™, (4.15)
where IIs 5y = Id —IIy (Id is the identity operator) and
- v tnt1 1 tn41 tnt1
an = _7/ DD - (b — t)dt + f/ O(F () - (tin — )t — A/ Dyudt. (4.16)
T Jtn, T Jt, tn
Now
N tn+1 tnt1
Gl < v [ ot + [ Jorulade( £ () + ). (@.17)
tn tn

By Proposition 3.1, we have |[ul|s < 1. Since ||Ozulla < ||Adull2, we get

~

. tn+1
1G™ls < (1+ 4) / 16, Al

in

1
tn41 2
S(1+A)- (/ ||8tAu||§dt> T
tn
Therefore by Proposition 3.2,
m—1 tm
S IGME S @+ AP [ odulde S (14 AP (1 ).
n=0 0
It is easy to check that
sup [|u(t)||a- Ss 1
>0

which implies

sup || f(u(®))[|as Ss 1. (4.18)
t>0

This gives

m—1
S O n fulta)|3 Ss N7t /7. (4.19)
n=0
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Therefore
m—1
7Y (IG™M3 + 1T v f(ultn)13) So (1+tm) (72 + N72)(1 4 A)%. (4.20)
n=0
Note that

luo — Tnuolla Ss N™°%, (| Vo — VIIyugllz S N™67H,
By Proposition 4.1, we then get
o7~ u(tn) I o (1 A (N2 47 N7 4 (1 )77 4 N2))
Since by assumption we have s > 4, clearly by Cauchy-Schwartz
- N—2(s—1) S 7_2 +N_4(S_1) g 7_2 +N_25.
This implies
lu™ = u(t)lz Ss (1+ A (N7° + 7).

Remark 4.1. From the above analysis, it is clear that our regularity assumption H®, s > 4 on the initial
data comes from bounding the term

[ 1oz
which in turn arose from rewriting the diffusion term —vAZu into the time-discretized form. Recall
Ou = —vA%u + A(f(u)). For 0 < t < 1, the linear effect is dominant and one can roughly regard

Ou ~ A2P _1u, where P
<t™1

. is the Littlewood-Paley projection to the frequency regime [£| < ¢~ 1.

1
1
Heuristically speaking

2 -1 2 2 -1 2,12

10:Aullz ~ (E72[|P_, 1 Aull2)” ~ 0 |P_ 3 A%ul3
which is barely non-integrable in ¢, provided we assume H* regularity on u. Of course a well-known
technique in these situations is to use the maximal regularity estimates of the linear semi-group to get

integrability in ¢. In the L? case the usual energy estimate suffices and this is why we need H* regularity
on the initial data.

5. ERROR ESTIMATE FOR MBE

5.1. Auxiliary H' estimate for MBE. For MBE we need to consider

n+l _ n ~

T 0 a2 4 AN )+ VT (0(V4) + AGH,

(jnJrl - (’I‘n _ 7Z/A2 ~n+1 + AA(~n+1 _~n \vAlI AV Aén (51)
— = q q q")+V-1n(9(Vq")) + AG3,

qO:qu QOZQO,

where we recall g(z) = (|z|> — 1)z for z € R2. As before g and Gy are assumed to have mean zero. Denote
G" =Gt — G3.

Proposition 5.1. Assume for some Ny > 0

sup (V3" oo + A" 12 + | Ag" ) < M. (52)
n>0

Then for any m > 1,

Cq1-(1+4N3)
V(" - )15 < emm

m—1
- N 2T “n
IV = )3+ ATIAG = N3+ == D IVG3).  (5.3)
n=0

where C71 > 0 is an absolute constant.
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Proof. Denote e = ¢ — ¢". Then

n+l _ _n ~
% = —UA2e™ L AA(e"H — ") + V- Ty (g(Ve™) — g(VE")) — AG™.

Taking L?-inner product with (—A)e™*! on both sides, we get

1 n
S (IVe 5 = Ve |5 + IV (e — e)5) + v AVe |3

A n n n n
+ (A5 — [[Ae™|3 + A" — €M)

= —(VG™, AVe™ ) + (g(Vq™) — g(V§"), VAT e ). (5.4)

Il 12

For the first term on the RHS of (5.4), we simply bound it as
1 ~ v
1] < LIVGHE + Y jave (55)

For the second term Iy, recalling g(2) = (]z|? — 1)z, we have

9(Vg") = g(Vq") = 0(9e") + O((9g")* - 9e™) + O((0q") - (9e")?) + O((9e")?).

Then
19(Vq"™) = g(V@")l2 S (1+ ND)IVe |2 + Nu[|[Ve™ 1§ + [ Ve |[3
S L+ ND[IVe™ [l + Ni[[Ve[|o]| Ae™ |2 + [ Ve [|o]| Ae™ |3
S (14 ND)[[Ve|fa. (5.6)
Thus
1 +N4 n v n
|| < C - ———H|[Ve"|[3 + S llAVe 5. (5.7)

We then obtain

[Ver+j5 — (Ve |13

+ A(llae™ 3~ ae3)

-
1+ Nt _ 2

< M ven 3+ 2 pvar 3 (58)

The desired result then follows from Lemma 4.1. O

5.2. Proof of Theorem 1.4. Similar to the proof of Theorem 1.3, we need to compare

hn+1 — K"
— = AR AA(RMT = A7) + V- TIN (g(VR™)),
-

Oth = —vA%h +V - (g(Vh)),
h° =Txho, h(0) = ho.
On the time interval [t,, t,+1], we have

h(tn—H) — h(tn)

T

= —vA?h(tni1) + AA(h(tni1) — h(tn)) + V - Tn(9(Vh(tn)))
+ V- n(g(Vh(t,))) + AG™, (5.9)

_ tn+1 1 tn+1 tnt1
an — —5/ QAR - (1, — t)dt + f/ A0 - (g(VI(E))) - (bt — t)dt — A/ Oyhdt.
T tn T t

2% n
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Now we only need to verify the estimates:

T
/O 10, VAR|2dt <y 1+ T, (5.10)

/OT ATIVOV - (g(Vh)|3dt Spne 1+ T. (5.11)
Recall
Oth = —vA*h + V - (g(Vh)).
Multiplying both sides by —A30,h and integrating by parts, we get

|AVO: b3 = — |A2Vh||2) /AVV -(9(Vh)) - AV, hdx,

2dt(|

and

2L IAPVRIR < ~|0AVAIE + [AVY - (o(TR)]z - [0 AVA,

1
< —§||6tAVh||§ + const -(||A||%s + ||| s)- (5.12)

This (together with standard local wellposedness theory, cf. [19] for more refined results) yields

/ 19 AVAIRdE <o 1

The smoothing effect gives control for ¢ > 1. Thus
T
/ |0:AVh|3dt Sppp 1+ T
0

For the term [|A™!V8,V - (¢9(Vh))||2, we note that
[ATIVV - (0e(g(Vh))ll2
SN0 VRPVh = V)2 < (IVRIIE + DIVO:h]2 Suno [VOA]2- (5.13)
Thus

T
/ 1A'V, - (g(VR)|2dt <o 1+ T. (5.14)
0

Finally we get
IV (R(ty) = h™)||la S (14 A)eCtm - (N~G=D 4 7).

The theorem is proved.

6. CONCLUDING REMARKS

In this work we considered a class of large time-stepping methods for the phase field models such as
the Cahn-Hilliard equation and the thin film equation with fourth order dissipation. We analyzed the
representative case (see (1.17) and (1.22)) which is first order in time and Fourier-spectral in space, with
a stabilization O(At) term of the form

AA T — ™). (6.1)

For A sufficiently large (A > O(r~!|logv|?)), we proved unconditional energy stability independent of
the time step. The corresponding error analysis is also carried out in full detail (L? for CH and H*! for
MBE). It is worth emphasizing that our analysis does not require any additional Lipschitz assumption
on the nonlinearity, or any a priori bounds on the numerical solution. It is expected our theoretical
framework can be extended in several directions. We discuss a few such possibilities below the fold.



PHASE-FIELD EQUATIONS 21

e General stabilization techniques. There are a myriad of ways of introducing the stabilization
term. Taking the first order in time methods as an example, instead of (6.1), one can consider a
more general form

AB(u™ — ™), (6.2)
where B is a general operator. One example is B = —A? which is already used in the afore-
mentioned works [30, 4]. Similarly one can consider B = —(—A)*® (s > 0 is real) or even a

general pseudo-differential operator. It will be interesting to carry out a comparative study of

these different stabilization techniques and identify the corresponding stability regions. Another

issue is to investigate the lower bound on the parameter A. In typical numerical simulations the

stability is observed to hold for relatively small values of A (the threshold value exhibits a weak

dependence on the time step 7 and the diffusion coefficient v, cf. the numerical simulation results

in [16]). This certainly merits further study and probably one has to fine-tune our analysis with

some numerically verifiable bounds.

e Higher order time stepping methods. In [29], Xu and Tang considered a second order scheme for
MBE:

3"t —4p™ 4 pnt

2T
= AAR™TY —2R™ + BN + V- Tng(V(2R" — "7 Y), n>1, (6.3)

+ vA2p T

where hY is the initial condition and h' is computed by the first order scheme (1.22). Here to
keep some consistency with our setup we have added the projection operator Il in front of the
nonlinear term. This scheme is called BD2/EP2 since it is obtained by combining a second-order
backward differentiation (BD2) for the time derivative term and a second-order extrapolation
(EP2) for the explicit treatment of the nonlinear term. A similar higher order BD3/EP3 scheme
is also presented in [29]. The stability analysis in [29] is conditional in the sense that the choice
of A depends on the a priori gradient bound on the numerical solution. Moreover, quite different
from the first order (in time) methods, the energy stability for higher order methods typically
takes the form

E(h™) < E(R°) + O(7), nt <T, (6.4)

where the implied constant in the O(7) term usually depends on the time interval [0,7]. In yet
other words one cannot achieve strict monotonic decay of energy as in the first order case. A
very natural problem is to extend our analysis to cover these cases. By using our analysis it is
also possible to refine the stability results in [26] and remove the Lipschitz assumption on the
nonlinearity in the case of second order implicit scheme. For second order semi-implicit schemes
it is expected that our method can be extended to prove an unconditional stability result at least
for time steps which are moderately small. We plan to address these issues in a future publication.

e General phase field models (possibly) with higher order dissipations. In [9], the authors considered
the sixth order scalar model

Oru = A(EA =W (u) + 2n) (2 Au — W (u)), (6.5)

where W (u) = 1 (u* —1)? and 1 > 0 is a given constant. This equation arises in the modeling of
pore formation in functionalized polymers [14]. The numerical experiments in [9] used implicit
time stepping together with Newton’s method at each time step. From our point of view it will be
interesting to use the numerical schemes similar to (1.17) and establish the corresponding stability
and error convergence results. In a similar vein one can also consider the volume-preserving vector
CH model in the same paper (see equation (7) in [9]) and also the nonlinear diffusion model in [4].
Yet another possibility is to study the model with general fractional dissipation which is already
mentioned in the introduction of [19]. Also one can extend our analysis to the phase-fields models
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of two-phase complex fluids (see [28] for a pioneering study in this direction). In any case a first

step in the analysis is to establish similar results as in [19].
The above list is certainly not exhaustive. For example we did not include the analysis of the Allen-Cahn
model which will be quite similar to the CH case from our point of view. To keep the presentation simple
we leave out the case of dimensions d = 1 and d = 3 which can be similarly handled. One can also
consider generalizing the analysis herein to finite difference schemes and even some hybrid schemes. In
[20] we will introduce a completely new approach to tackle some of these problems. Another direction is to
consider the phase field models with stochastic noises. One can introduce similar numerical stabilization
techniques as in the deterministic case and prove stability and convergence in these settings. We plan to
investigate these problems in the future.
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