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Adaptive Finite Element Methods in Flow Computations

Rolf Rannacher

Abstract. This article surveys recent developments of theory-based meth-

ods for mesh adaptivity and error control in the numerical solution of flow

problems. The emphasis is on viscous incompressible flows governed by the

Navier-Stokes equations. But also inviscid transsonic flows and viscous low-

Mach number flows including chemical reactions are considered. The Galerkin

finite element method provides the basis for a common rigorous a posteriori

error analysis. A large part of the existing work on a posteriori error analysis
deals with error estimation in global norms such as the ‘energy norm’ involving
usually unknown stability constants. However, in most CFD applications, the
error in a global norm does not provide useful bounds for the errors in the

quantities of real physical interest. Such ‘goal-oriented’ error bounds can be
derived by duality arguments borrowed from optimal control theory. These a
posteriori error estimates provide the basis of a feedback process for succes-

sively constructing economical meshes and corresponding error bounds tailored
to the particular goal of the computation. This approach, called the ’dual-
weighted-residual method’ (DWR method), is developed within an abstract
functional analytic setting, thus providing the general guideline for applica-
tions to various kinds of flow models including also aspects of flow control and

hydrodynamic stability. Several examples are discussed in order to illustrate
the main features of the DWR method.
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1. Introduction

We begin with a brief discussion of the philosophy underlying the approaches
to self-adaptivity which will be discussed in this article. Let the goal of a simulation
be the accurate and efficient computation of the value of a functional J(u) , the
‘target quantity’, with accuracy TOL from the solution u of a continuous model
by using a discrete model of dimension N :

A(u) = F, Ah(uh) = Fh.

The evaluation of the solution by the output functional J(·) represents what we
exactly want to know of a solution. This may be for instance the stress or pressure
near a critical point, certain local mean values of species concentrations, the drag
and lift coefficient of a body in a viscous liquid, etc. Then, the goal of adaptivity
is the ‘optimal’ use of computing resources to achieve either minimal work for
prescribed accuracy, or maximal accuracy for prescribed work. These goals are
approached by automatic mesh adaptation on the basis of local ‘error indicators’
taken from the computed solution uh on the current mesh Th = {K} . Examples
are:

• error indicators based on pure ‘regularity’ information,

ηreg
K := hK‖D2

huh‖K ,

where D2
huh are certain second-order difference quotients,

• error indicators based on local gradient recovery such as the well-known
‘Zienkiewicz-Zhu indicator’ (see Ainsworth and Oden [1]),

ηZZ
K := ‖Mh(∇uh) −∇uh‖K ,

where Mh(∇uh) is obtained by locally averaging function values of ∇uh ,
• error indicators based on ‘residual’ information,

ηres
K := hK‖R(uh)‖K ,

where R(uh)|K are certain ‘residuals’ of the computed solution.

According to the size of the indicators the current mesh may be locally refined
or coarsened, or a full remeshing may be performed. Although remeshing is very
popular in CFD applications since it allows to use commercial mesh generators
and to maintain certain mesh qualities, it also has some disadvantages. The most
severe one is that remeshing destroys the regular hierarchical structure of succes-
sively refined meshes which makes the use of efficient multilevel or multigrid solvers
difficult. Therefore, all examples presented in this article employ hierarchical mesh
adaptation.

The ‘residual-based’ error indicators largely exploit the structure of the un-
derlying differential equations. This requires an appropriate discretization which
inherits as much as possible of the structure and properties of the continuous model.
Here, the method of choice is the ‘continuous’ Galerkin Finite Element Method (cG-
FEM) which is particularly suited for approximating models governed by viscous
terms, such as the Navier-Stokes equations for moderate Reynolds numbers. For
inviscid models or those with dominant transport, such as the Euler equations,
the ‘discontinuous’ Galerkin Finite Element Method (dG-FEM) shares most of the
features of the traditional Finite Volume Method (FVM) but is potentially more
flexible with respect to mesh geometry and order of approximation. Both methods
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are based on variational formulations of the differential equations to be solved and
allow for the rigorous derivation of a priori as well as a posteriori error estimates.

The traditional approach to adaptivity aims at estimating the error with respect
to the generic ‘energy norm’ of the problem in terms of the computable ‘residual’
R(uh) = ‘F −A(uh)’ which is well defined in the context of a Galerkin finite
element method,

‖u − uh‖E ≤ c
( ∑

K∈Th

h2
Kρ2

K

)1/2

,(1.1)

where ρK := ‖R(uh)‖K , and the sum extends over all cells of the computational
mesh Th . For references see the survey articles by Ainsworth and Oden [1] and
Verfürth [57]. This approach seems rather generic as it is directly based on the
variational formulation of the problem and allows to exploit its inherent coercivity
properties. However, in most applications the error in the energy norm does not
provide a useful bound on the error in the quantities of real physical interest. A
more versatile method for a posteriori error estimation with respect to relevant error
measures such as point values, line averages, etc., is obtained by using duality argu-
ments as common from the a priori error analysis of finite element methods. This
approach has been systematically developed by Johnson and his co-workers [20,44],
and was then extended by the author and his group to a practical feedback method
for mesh optimization termed ‘Dual-Weighted Residual Method’ (DWR method),
Becker and Rannacher [10–12]. A general introduction to the DWR method and a
variety of applications in different fields can be found in the survey article Becker
and Rannacher [12] and the book Bangerth and Rannacher [2]. Variants of this
approach have also been developed in the groups of A. T. Patera [47, 48, 52], and
J. T. Oden [49,50].

The DWR method yields weighted a posteriori error bounds with respect to
prescribed ‘output functionals’ J(u) of the solution, of the form

|J(u) − J(uh)| ≤
∑

K∈Th

hKρKωK ,(1.2)

where the weights ωK are obtained by approximately solving a linearized dual
problem, A′(u)∗z = J(·) . The dual solution z may be viewed as a generalized
Green function with respect to the output functional J(·) , and accordingly the
weight ω describes the effect of variations of the residual ρ(uh) on the error J(u)−
J(uh) as consequence of mesh adaptation. This accomplishes control of

• error propagation in space (global pollution effect),
• interaction of various physical error sources (local sensitivity analysis).

In practice it is mostly impossible to determine the complex error interaction by
analytical means, it rather has to be detected by computation. This automatically
leads to a feed-back process in which error estimation and mesh adaptation go hand-
in-hand leading to economical discretization for computing the quantities of interest.
In this article, we concentrate the discussion of numerical methods for flow problems
to the two extreme cases of (i) purely inviscid flow for positive Mach number (Euler
equations) and (ii) diffusion dominated flow for zero or small Mach number (Navier-
Stokes equations). Of course, in real-life applications both phenomena may occur
simultaneously in different parts of the flow domain.
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In Section 2, we develop the DWR method within an abstract functional ana-
lytic setting which afterwards allows for applications to the Galerkin approximation
of variational equations and optimal control problems as well as stability eigenvalue
problems. In Section 3, we discuss the practical realization of the DWR method for
several model situations. Then in Section 4, we apply these techniques to various
types of flow problems ranging from purely inviscid flow (Euler equations) over
viscous incompressible (Navier-Stokes equations) to heat-driven flow with chemical
reactions. Several examples are discussed in order to illustrate the main features
of the DWR method. Most of these examples are collected from earlier articles
Braack and Rannacher [16], Rannacher [53], and Becker and Rannacher [12], but
also new, not yet published, material is included.

2. The Dual Weighted Residual (DWR) method

2.1. The abstract framework. The theoretical basis of the DWR method is
laid within the abstract framework of Galerkin approximation of variational equa-
tions in Hilbert space. The following presentation is adopted from Becker and
Rannacher [12].

2.2. Approximation of stationary points. Let X be a Hilbert space and
L(·) a differentiable functional on X . Its first-, second-, and third-order derivatives
at some x ∈ X are denoted by L′(x)(·) , L′′(x)(·, ·) , and L′′′(x)(·, ·, ·) , respectively.
Suppose that x ∈ X is a stationary point of L(·) satisfying

L′(x)(y) = 0 ∀y ∈ X.(2.1)

This equation is approximately solved by a Galerkin method using finite-dimensional
subspaces Xh ⊂ X, parametrized by h ∈ R+ . We seek xh ∈ Xh satisfying

L′(xh)(yh) = 0 ∀ yh ∈ Xh.(2.2)

For estimating the difference L(x) − L(xh) , we start from the trivial identity

L(x) − L(xh) =

∫ 1

0

L′(xh + se)(e) ds + 1
2L′(xh)(eh) − 1

2

{
L′(xh)(e) + L′(x)(e)

}
,

where e := x − xh . Here, the last two terms in brackets on the right can be
interpreted as the trapezoidal rule approximation of the integral term. Hence,
recalling the corresponding error representation and using (2.2), we obtain the
following result.

Theorem 2.1. For any solutions of the problems (2.1) and (2.2), we have the
a posteriori error representation

L(x) − L(xh) = 1
2L′(xh)(x − yh) + Rh,(2.3)

for arbitrary yh ∈ Xh. The remainder term Rh is cubic in the error e,

Rh := 1
2

∫ 1

0

L′′′(xh + se)(e, e, e) s(s − 1) ds.

Remark 2.2. In view of the possible nonuniqueness of the solutions x and
xh , the formulated goal of estimating the error quantity L(x)−L(xh) needs some
explanation. The error representation (2.3) does not explicitly require that the
approximation xh is close to x . However, since it contains a remainder term in
which the difference x − xh occurs, the result is useful only under the assumption
that the convergence xh → x , as h → 0 , is known by a priori arguments.
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2.3. Approximation of variational equations. Let A(·)(·) be a differen-
tiable semi-linear form and F (·) a linear functional defined on some Hilbert space
V . We seek a solution u ∈ V to the variational equation

A(u)(ϕ) = F (ϕ) ∀ϕ ∈ V.(2.4)

For a finite-dimensional subspace Vh ⊂ V , again parametrized by h ∈ R+ , the
corresponding Galerkin approximation uh ∈ Vh is determined by

A(uh)(ϕh) = F (ϕh) ∀ϕh ∈ Vh.(2.5)

We assume that equations (2.4) and (2.5) possess solutions (not necessarily unique).
Let the goal of the computation be the evaluation J(u) , where J(·) is a given
differentiable functional. We want to embed this situation into the general setting
of Theorem 2.1. To this end, we note that computing J(u) from the solution of
(2.4) can be interpreted as computing a stationary point {u, z} ∈ V ×V of the
Lagrangian

L(u, z) := J(u) − A(u)(z) + F (z),

with the dual variable z ∈ V , that is solving

A(u)(ψ) = F (ψ) ∀ψ ∈ V,(2.6)

A′(u)(ϕ, z) = J ′(u)(ϕ) ∀ϕ ∈ V.(2.7)

In order to obtain a discretization of the system (2.6–2.7), in addition to (2.5), we
solve the discrete adjoint equation

(2.8) A′(uh)(ϕh, zh) = J ′(uh)(ϕh), ϕh ∈ Vh.

We suppose that the dual problems also possess solutions z ∈ V and zh ∈ Vh ,
respectively. Notice that at the solutions x = {u, z} ∈ X := V ×V and xh =
{uh, zh} ∈ Xh := Vh×Vh, there holds

L(u, z) − L(uh, zh) = J(u) − J(uh).

Hence, Theorem 2.1, applied to the Lagrangian L(·)(·) on X yields a representation
for the error J(u) − J(uh) in terms of the residuals

ρ(uh)(ψ) := F (ψ) − A(uh)(ψ),

ρ∗(zh)(ϕ) := J ′(uh)(ϕ) − A′(uh)(ϕ, zh).

Since L(u)(z) is linear in z , the remainder Rh only consists of the following three
terms:

J ′′′(uh + se)(e, e, e) − A′′′(uh + se)(e, e, e, zh+se∗) − 3A′′(uh + se)(e, e, e∗).

This leads us to the following result.

Theorem 2.3. For any solutions of the Euler-Lagrange systems (2.6,2.7) and
(2.5,2.8), we have the a posteriori error representation

J(u) − J(uh) = 1
2ρ(uh)(z − ψh) + 1

2ρ∗(zh)(u − ϕh) + Rh,(2.9)

for arbitrary ψh, ϕh ∈ Vh . The remainder term Rh is cubic in the errors e :=
u − uh and e∗ := z − zh,

Rh := 1
2

∫ 1

0

{
J ′′′(uh + se)(e, e, e) − A′′′(uh + se)(e, e, e, zh + se∗)

− 3A′′(uh + se)(e, e, e∗)
}

s(s − 1) ds.
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The remainder term Rh in (2.9) is usually neglected. The evaluation of the
resulting error estimator

η(uh) := 1
2ρ(uh)(z−ψh) + 1

2ρ∗(zh)(u−ϕh),

for arbitrary ψ, ϕ ∈ V , requires us to determine approximations to the exact
primal and dual solutions u and z, respectively.

Remark 2.4. We note that the error representation (2.9) is the nonlinear
analogue of the trivial identity

J(e) = ρ(uh)(z−ψh) = ρ∗(zh)(u−ϕh) = F (e∗),(2.10)

in the linear case, for arbitrary ϕh, ψh ∈ Vh .

Integrating by parts in (2.9), we can derive a simpler error representation that
does not contain the unknown primal solution u ,

J(u) − J(uh) = ρ(uh)(z − ψh) + R̃h,(2.11)

for arbitrary ψh ∈ Vh , with the remainder term

R̃h =

∫ 1

0

{
A′′(uh + se)(e, e, z) − J ′′(uh + se)(e, e)

}
sds.

The evaluation of (2.11) only requires a guess for the dual solution z , but the

remainder term R̃h is only quadratic in the error e .

2.4. Approximation of optimization problems. We continue using the
notation from above. A differentiable ’cost-functional’ J(u, q) is now to be mini-
mized under the equation constraint (2.4),

J(u, q) → min, A(u, q)(ϕ) = F (ϕ) ∀ϕ ∈ V,(2.12)

where q is the control from the ’control space’ Q , and A(·, ·)(·) is a differentiable
semi-linear form on V ×Q×V . On the space X := V ×Q×V , we introduce the
Lagrangian

L(u, q, λ) := J(u, q) − A(u, q)(λ) + F (λ),

with the adjoint variable λ ∈ V . We want to compute stationary points x =
{u, q, λ} ∈ X of L , that is solutions of the variational equation

L′(x)(y) = 0 ∀y ∈ X.(2.13)

This is equivalent to the saddle-point system

A′
u(u, q)(ϕ, λ) = J ′

u(u, q)(ϕ) ∀ϕ ∈ V,(2.14)

A(u, q)(ψ) = F (ψ) ∀ψ ∈ V,(2.15)

A′
q(u, q)(χ, λ) = J ′

q(u, q)(χ) ∀χ ∈ Q.(2.16)

For discretization of equation (2.13), we introduce finite dimensional subspace Vh ⊂
V and Qh ⊂ Q parametrized by h ∈ R+ , and set Xh := Vh×Qh×Vh ⊂ X . Then,
approximations xh = {uh, qh, λh} ∈ Xh are determined by

L′(xh)(yh) = 0 ∀yh ∈ Xh,(2.17)
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what is equivalent to the discrete saddle-point problem

A′
u(uh, qh)(ϕh, λh) = J ′

u(uh, qh)(ϕh) ∀ϕh ∈ V,(2.18)

A(uh, qh)(ψh) = F (ψh) ∀ψh ∈ Vh,(2.19)

A′
q(uh, qh)(χh, λh) = J ′

q(uh, qh)(χh) ∀χh ∈ Qh.(2.20)

The residuals of these equations are defined by

ρ∗(λh)(·) := J ′
u(uh, qh)(ϕh) − A′

u(uh, qh)(ϕh, λh),

ρ(uh)(·) := F (ψh) − A(uh, qh)(ψh),

ρ∗∗(qh)(·) := J ′
q(uh, qh)(χh) − A′

q(uh, qh)(χh, λh).

Again, since the pairs {u, q} and {uh, qh} satisfy the state equations, we have

L(u, q, λ) − L(uh, qh, λh) = J(u) − J(uh).

Then, as before, we obtain from Theorem 2.1 the following result.

Theorem 2.5. For any solutions of the saddle point problems (2.14- 2.16) and
(2.18-2.20), we have the a posteriori error representation

J(u) − J(uh) = 1
2ρ(uh)(λ − ψh) + 1

2ρ∗(λh)(u − ϕh)

+ 1
2ρ∗∗(qh)(q − χh) + Rh,

(2.21)

for arbitrary ϕh, ψh ∈ Vh and χh ∈ Qh. The remainder term Rh is cubic in the
errors eu := u − uh , eλ := λ − λh and eq := q −qh .

2.5. Approximation of stability eigenvalue problems. Let û and ûh

be a base solution and its approximation given by the equations (2.4) and (2.5),
respectively. We consider the eigenvalue problem associated with the linearization
of the semi-linear form a(·)(·) about û ,

a′(û)(u, ϕ) = λm(u, ϕ) ∀ϕ ∈ V,(2.22)

and its discrete analogues,

a′(ûh)(uh, ϕh) = λh m(uh, ϕh) ∀ϕh ∈ Vh.(2.23)

Here, m(·, ·) is a symmetric, semi-definite bilinear form on V . We assume that
a′(ûh)(·, ·) is coercive on V and that m(·, ·) is compact, such that the Fredholm
theory applies to this eigenvalue problem. From the eigenvalues λ ∈ C of (2.22)
one can obtain information about the (dynamic) stability of the base solution û .
For Reλ > 0 it is said to be ‘linearly stable’ and for Reλ < 0 ‘linearly unstable’.
The related aspects of ‘linear (hydrodynamic) stability theory’ will be discussed in
more detail below.

In order to derive an a posteriori estimate for the eigenvalue error λ−λh ,
we introduce the spaces V := V × V × C and Vh := Vh × Vh × C , and denote
their elements by U := {û, u, λ} and Uh := {ûh, uh, λh}, respectively. Further, for
Φ = {ϕ̂, ϕ, µ} ∈ V , we introduce a semi-linear form A(·)(·) by

A(U)(Φ) := f(ϕ̂) − a(û)(ϕ̂) − a′(û)(u, ϕ) + λm(u, ϕ) + µ
{
m(u, u) − 1

}
.

With this notation equations (2.4,2.22) and (2.5,2.23) in compact form read:

A(U)(Φ) = 0 ∀Φ ∈ V,(2.24)

A(Uh)(Φh) = 0 ∀Φh ∈ Vh.(2.25)
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For controlling the error of this approximation, we choose the functional

J(Φ) := µm(ϕ,ϕ),

for Φ = {ϕ̂, ϕ, µ} ∈ V , what is motivated by the fact that J(U) = λ , since
m(u, u) = 1 . In order to apply the general result of Theorem 2.3 to this situation,
we have to identify the dual problems corresponding to (2.24) and (2.25). The dual
solutions Z = {ẑ, z, π} ∈ V and Zh = {ẑh, zh, πh} ∈ Vh are determined by the
equation

A′(U)(Φ, Z) = J ′(U)(Φ) ∀Φ ∈ V,(2.26)

and its discrete analogue

A′(Uh)(Φh, Zh) = J ′(Uh)(Φh) ∀Φh ∈ Vh,(2.27)

respectively. By a straightforward calculation (for the details see Heuveline and
Rannacher [36]), we find that the dual solution Z = {ẑ, z, π} ∈ V is given by
z = u∗ and π = λ , while ẑ = û∗ is determined as solution of

a′(û)(ψ, û∗) = −a′′(û)(ψ, u, u∗) ∀ψ ∈ V.(2.28)

The corresponding residuals are defined by

ρ(ûh)(ψ) := f(ψ) − a(ûh;ψ)

ρ∗(û∗
h)(ψ) := −a′′(û)(ψ, uh, u∗

h) − a′(ûh)(ψ, û∗
h),

ρ(uh, λh)(ψ) := λh m(uh, ψ) − a′(ûh)(uh, ψ),

ρ∗(u∗
h, λh)(ψ) := λh m(ψ, u∗

h) − a′(ûh)(ψ, u∗
h).

Then, from Theorem 2.3, we obtain the following result.

Theorem 2.6. For the eigenvalue approximation, we have the error represen-
tation

λ−λh = 1
2

{
ρ(ûh)(û∗ − ψ̂h) + ρ∗(û∗

h; û − ϕ̂h)
}

+ 1
2

{
ρ(uh, λh)(u∗ − ψh) + ρ∗(u∗

h, λh)(u − ϕh)
}
−Rh,

(2.29)

with arbitrary ψ̂h, ψh, ϕ̂h, ϕh ∈ Vh. The cubic remainder Rh is given by

Rh = 1
2 (λ−λh)(ev, ev∗) − 1

12a′′(û)(ê, ê, ê∗) − 1
12a′′(û)(ê, e, e∗),

where êv := v̂ − v̂h , êv∗ := v̂∗ − v̂∗
h , ev := v − vh , and ev∗ := v∗ − v∗

h .

Remark 2.7. The result of Theorem 2.5 does not require the eigenvalue λ to
be simple or non-degenerate. However, this is the generic case in most practical
applications. The test for m(v∗

h, v∗
h) → ∞ or m(v∗

h, v∗
h) À 1 can be used to

detect either the degeneracy of the eigenvalue λ or, in the case 0 < Reλ ¿ 1 ,
the extension of the corresponding ‘pseudo-spectrum’ into the negative complex
half-plane which indicates possible dynamic instability of the base flow. For a more
detailed discussion of this point, we refer to Heuveline and Rannacher [36].
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3. Model problems and practical aspects

In this section, we describe the application of the foregoing abstract theory to
prototypical model situations which usually occur as components of flow models.
In this context, we also discuss the practical evaluation of the a posteriori error
representations and their use for automatic mesh adaptation. The first model
case is the elliptic Poisson equation, the second one a purely hyperbolic transport
problem, and the third one the parabolic heat equation.

3.1. Elliptic model case: Poisson equation. At first, we consider the
model problem

−∆u = f in Ω, u = 0 on ∂Ω,(3.1)

on a polygonal domain Ω ⊂ R
2 . Below, we will need some notation from the theory

of functions spaces which is provided in the following subsection. Readers who are
familiar with the usual Lebesgue- and Sobolev-space notation may want to skip
this and continue with the next subsection on finite element approximation.

3.1.1. Function spaces notation. For an open set G ⊂ R
d , we denote by L2(G)

the Lebesgue space of square-integrable functions defined on G which is a Hilbert
space provided with the scalar product and norm

(v, w)G =

∫

G

vw dx, ‖v‖G =
(∫

G

|v|2 dx
)1/2

.

Analogously, L2(∂G) denotes the space of square-integrable functions defined on
the boundary ∂G equipped with the inner product and norm (v, w)∂G and ‖v‖∂G .
The Sobolev spaces H1(G) and H2(G) consist of those functions v ∈ L2(G)
which possess first- and second-order (distributional) derivatives ∇v ∈ L2(G)d and
∇2v ∈ L2(G)d×d , respectively. For functions in these spaces, we use the semi-norms

‖∇v‖G =
( ∫

G

|∇v|2 dx
)1/2

, ‖∇2v‖G =
( ∫

G

|∇2v|2 dx
)1/2

.

The space H1(G) is continuously embedded in the space L2(∂G) , such that for
each v ∈ H1(G) there exists a trace v|∂G ∈ L2(∂G) . In this notation, we do
not distinguish between the function v on G and its trace on ∂G . Further,
the functions in the subspace H1

0 (G) ⊂ H1(G) are characterized by the property
v|∂G = 0 . By the Poincaré inequality, ‖v‖G ≤ c‖∇v‖G for v ∈ H1

0 (G) , the H1-

semi-norm ‖∇v‖G is a norm on the subspace H1
0 (G) . If the set G is the set Ω

on which the differential equation is posed, we usually omit the subscript Ω in the
notation of norms and scalar products, e.g., (v, w) = (v, w)Ω and ‖v‖ = ‖v‖Ω .

3.1.2. Variational formulation and finite element approximation. The natural
solution space for the boundary value problem (3.1) is the Sobolev space V =
H1

0 (Ω) defined above. The variational formulation of (3.1) seeks u ∈ V , such that

(∇u,∇ϕ) = (f, ϕ) ∀ϕ ∈ V.(3.2)

The finite element approximation of (3.2) uses finite dimensional subspaces

Vh = {v ∈ V : v|K ∈ P (K), K ∈ Th},

defined on decompositions Th of Ω into triangles or quadrilaterals K (cells) of
width hK = diam(K); we write h = maxK∈Th

hK for the global mesh width.
Here, P (K) denotes a suitable space of polynomial-like functions defined on the
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cell K ∈ Th . We will mainly consider low-order finite elements on quadrilat-
eral meshes where P (K) = Q̃1(K) consists of shape functions which are ob-
tained as usual via a bilinear transformation from the space of bilinear functions
Q1(K̂) = span{1, x1, x2, x1x2} on the reference cell K̂ = [0, 1]2 (isoparametric bi-
linears). Local mesh refinement or coarsening is realized by using hanging nodes.
The variable corresponding to such a hanging node is eliminated from the system by
linear interpolation of neighboring variables in order to preserve the conformity of
the global ansatz, i.e., Vh ⊂ V (for more details we refer to Carey and Oden [19]).
The discretization of (3.2) determines uh ∈ Vh by

(∇uh,∇ϕh) = (f, ϕh) ∀ϕh ∈ Vh.(3.3)

The essential feature of this approximation scheme is the Galerkin orthogonality of
the error e = u − uh,

(∇e,∇ϕh) = 0, ϕh ∈ Vh.(3.4)

3.1.3. A priori error analysis. We begin with a brief discussion of the a priori
error analysis for the scheme (3.3). By ihu ∈ Vh , we denote the natural nodal
interpolant of u ∈ C(Ω̄) satisfying ihu(P ) = u(P ) at all nodal points P . There
holds (see, e.g., Brenner and Scott [18]):

‖u − ihu‖K + h
1/2
K ‖u − ihu‖∂K + hK‖∇(u − ihu)‖K ≤ cih

2
K‖∇2u‖K ,(3.5)

with some interpolation constant ci > 0 independent of hK and u . By the pro-
jection property of the Galerkin finite element scheme the interpolation estimate
(3.5) directly implies the a priori energy-norm error estimate

‖∇e‖ = inf
ϕh∈Vh

‖∇(u − ϕh)‖ ≤ cih
2‖∇2u‖.(3.6)

Further, employing a duality argument (so-called Aubin-Nitsche trick),

−∆z = ‖e‖−1e in Ω, z = 0 on ∂Ω,(3.7)

we obtain

‖e‖ = (e,−∆z) = (∇e,∇z) = (∇e,∇(z − ihz) ≤ cicsh‖∇e‖,(3.8)

where the stability constant cs is defined by the a priori bound ‖∇2z‖ ≤ cs.
Together with the energy-error estimate (3.6), this implies the improved a priori
L2-norm error estimate

‖e‖ ≤ c2
i csh

2‖∇2u‖ ≤ c2
i c

2
sh

2‖f‖.(3.9)

3.1.4. A posteriori error analysis. Next, we seek to derive a posteriori error
estimates. Let J(·) be an arbitrary (linear) error functional defined on V , and
z ∈ V the solution of the corresponding dual problem

(∇ϕ,∇z) = J(ϕ) ∀ϕ ∈ V.(3.10)

Taking ϕ = e in (3.10) and using the Galerkin orthogonality (3.4), in accordance
with the general result of Theorem 2.3 and the relation (2.10), we obtain after
cell-wise integration by parts the error representation

J(e) = ρ(uh)(z − ϕh) = (∇e,∇(z − ϕh))

=
∑

K∈Th

{
(−∆u + ∆uh, z − ϕh)K − (∂nuh, z − ϕh)∂K

}
.
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This can be rewritten as

J(e) = η(uh) :=
∑

K∈Th

{
(Rh, z − ϕh)K + (rh, z − ϕh)∂K

}
,(3.11)

with an arbitrary ϕh ∈ Vh , and ‘cell-’ and ‘edge-residuals’ defined by

Rh|K = f + ∆uh, rh|Γ :=

{
− 1

2 [∂nuh], if Γ ⊂ ∂K \ ∂Ω,

−∂nuh, if Γ ⊂ ∂Ω,

where [∇uh] denotes the jump of ∇uh across the cell edges Γ . From the error
identity (3.11), we can infer an a posteriori error estimate of the form

|J(e)| ≤ |η(uh)| =
∑

K∈Th

|ηK(uh)|,(3.12)

with the cell-wise error indicators

ηK(uh) := (Rh, z − ϕh)K + (rh, z − ϕh)∂K .

These indicators are ‘consistent’ in the sense that they vanish at the exact solution,
ηK(u) = 0 .

Theorem 3.1. For the finite element approximation of the Poisson equation
(3.1), there holds the a posteriori error estimate with respect to a functional J(·) :

|J(eh)| ≤
∑

K∈Th

ρK ωK ,(3.13)

with the cell residuals ρK and weights ωK defined by

ρK :=
(
‖Rh‖

2
K + h−1

K ‖rh‖
2
∂K

)1/2
, ωK :=

(
‖z − ihz‖2

K + hK‖z − ihz‖2
∂K

)1/2
.

Remark 3.2. In general, the transition from the error identity (3.11) to the er-
ror estimate (3.13) causes significant over-estimation of the true error. The weights
ωK describe the dependence of the error J(eh) on variations of the cell residuals
ρK . In practice they have to be determined computationally.

Remark 3.3. Since the relation (3.11) is an identity, any reformulation of it
can be used for deriving estimates for the error J(e) . However, one has to be
careful in extracting local refinement indicators. For example, one may prefer the
form

J(e) =
∑

K∈Th

{
(f, z − ϕh)K − (∇uh,∇(z − ϕh))K

}
,

which does not require the evaluation of normal derivatives across the interelement
boundaries. But the corresponding local error indicators

ηK(uh) := (f, z − ϕh)K − (∇uh,∇(z − ϕh))K

are not consistent, i.e., ηK(u) 6= 0 . Mesh adaptation based on these inconsistent
error indicators generally results in unnecessary over-refinement.

Remark 3.4. Another approach to goal-oriented a posteriori error estimation
uses so-called ‘gradient recovery techniques’ in the spirit of the ZZ approach. ¿From
the dual equation (3.10) employing Galerkin orthogonality, we obtain the error
identity

J(e) = (∇e,∇e∗),(3.14)
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with the primal and dual errors e = u − uh and e∗ = z − zh , respectively. Let
MK(∇uh) be an approximation obtained by local averaging, satisfying

‖∇u − MK(∇uh)‖K ¿ ‖∇u −∇uh‖K .

Then,

J(e) ≈
∑

K∈Th

(MK(∇uh) −∇uh,MK(∇z) −∇zh)K ,

and the mesh adaptation may be based on the local error indicators

ηK(uh) := (MK(∇uh) −∇uh,MK(∇z) −∇zh)K .

For more details on this method see Korotov, Neitaanmäki and Repin [46]. Its
possible success depends on the reliability of the approximation MK(∇uh) ≈ ∇u
which is to be expected only for isotropic elliptic problems.

Remark 3.5. The error representation (3.11) seems to suggest that the use of
differently refined meshes for u and z may be advisable according to their mutual
singularities. However, this is a misconception as it does not observe the special role
of the multiplicative interaction between primal residuals and dual weights. Primal
and dual solutions do not need to be computed on different meshes if their singu-
larities are located at different places. This rule is confirmed even for hyperbolic
problems.

3.1.5. A posteriori energy-norm error bound. By the same type of argument as
used above, we can also derive the traditional global energy-norm error estimates.
To this end, we choose the functional

J(ϕ) := ‖∇e‖−1(∇e,∇ϕ)

in the dual problem (3.10). Its solution z ∈ V satisfies ‖∇z‖ ≤ 1 . Applying
Theorem 3.1, we obtain the estimate

‖∇e‖ ≤
∑

K∈Th

ρK ωK ≤
( ∑

K∈Th

h2
Kρ2

K

)1/2( ∑

K∈Th

h−2
K ω2

K

)1/2

,

with residual terms and weights as defined above. Now, we use the approximation
estimate

( ∑

K∈Th

{
h−2

K ‖z − ĩhz‖2
K + h−1

K ‖z − ĩhz‖2
∂K

})1/2

≤ c̃i ‖∇z‖,(3.15)

where ĩhz ∈ Vh is a modified nodal interpolation which is defined and stable on
H1(Ω) (for the construction of such an operator see Brenner and Scott [18]). Using
this, we easily deduce the a posteriori energy-norm error estimate

‖∇e‖ ≤ ηE(uh) = c̃i

( ∑

K∈Th

h2
Kρ2

K

)1/2

.(3.16)

An analogous argument also yields the usual a posteriori L2-norm error bound

‖e‖ ≤ ηL2(uh) = cics

( ∑

K∈Th

h4
Kρ2

K

)1/2

.(3.17)



ADAPTIVE FINITE ELEMENT METHODS IN FLOW COMPUTATIONS 13

3.2. Evaluation of error estimates. ¿From the a posteriori error estimate
(3.12), we want to deduce criteria for local mesh adaptation and for the final stop-
ping of the adaptation process. To this end, we have to evaluate the local cell error
indicators

ηK(uh) := (Rh, z − ϕh)K + (rh, z − ϕh)∂K ,

for arbitrary ϕh ∈ Vh , and the global error estimator

η(uh) =
∑

K∈Th

ηK(uh).

This requires the construction of an approximation z̃ ≈ z ∈ V , such that z̃ − ihz̃
can substitute z − ihz , resulting in approximate cell error indicators

η̃K(uh) := (Rh, z̃ − ihz̃)K + (rh, z̃ − ihz̃)∂K

and the corresponding approximate error estimator

J(e) ≈ η̃(uh) :=
∑

K∈Th

η̃K(uh).

The goal is to achieve an optimal effectivity index for the error estimator η̃(uh) ,

Ieff := lim
TOL→0

∣∣∣
η̃(uh)

J(e)

∣∣∣ = 1 .

Computational experience shows that asymptotic sharpness does not seem to be
achievable with acceptable effort (see Becker and Rannacher [11]). With all the
cheaper methods considered the effectivity index Ieff never really tends to one, but
in most relevant cases stays well below two, what may actually be considered as
good enough. There are two separate aspects to be considered: the sharpness of
the global error bound η̃(uh) and the effectivity of the local error indicators η̃K

which are used in the mesh refinement process.
Accurate a posteriori error estimation is a delicate matter. Already by once

applying the triangle inequality,

|J(e)| = |η(uh)| ≤
∑

K∈Th

|ηK(uh)|,(3.18)

asymptotic sharpness may be lost. This is seen, for instance, in the case J(u) =
u(0) when the exact as well as the approximate solution are anti-symmetric with
respect to the x-axis meaning that e(0) = 0, but η(uh) 6= 0.

Most practical ways of generating approximation z̃ are based on solving the
dual problem numerically. Let zh ∈ Vh denote the approximation to z obtained
on the current mesh by the same finite element ansatz as used for computing uh .

1. Approximation by higher order methods: The dual problem is solved by
using biquadratic finite elements on the current mesh yielding an approximation

z
(2)
h to z. The resulting error estimator is denoted by

η(1)(uh) :=
∑

K∈Th

{
(Rh, z

(2)
h − ihz

(2)
h )K + (rh, z

(2)
h − ihz

(2)
h )∂K

}
.

It is seen by theoretical analysis as well as by numerical experiments that η(1)(uh)
has optimal effectivity, Ieff = 1 . This rather expensive way of evaluating the
error estimator is useful only in certain circumstances, e.g., for very irregular dual
problems such as occurring in the solution of the Euler equations.
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2. Approximation by higher order interpolation: A cheaper strategy uses patch-
wise biquadratic interpolation of the bilinear approximation zh on the current mesh

yielding an approximation i
(2)
2h zh to z . This construction requires some special care

for elements with hanging nodes, in order to preserve the higher order accuracy of
the interpolation process. The resulting global error estimator is denoted by

η(2)(uh) :=
∑

K∈Th

{
(Rh, i

(2)
2h zh − zh)K + (rh, i

(2)
2h zh − zh)∂K

}
.

This rather simple strategy turns out to be surprisingly effective in many different
situations. It is actually used in most of the computational examples discussed
below. For the Poisson text problem there holds Ieff ≈ 1 − 2 . For more details
and for other strategies for evaluating the error estimators we refer to Becker and
Rannacher [11,12].

Remark 3.6. If on the basis of a numerical approximation to the dual solution
z an approximate error representation η̃(uh) has been generated, one may hope
to obtain an improved approximation to the target quantity by setting

J̃(uh) := J(uh) + η̃(uh) ≈ J(u).

Such a ‘post-processing’ can significantly improve the accuracy in computing J(u) .
This idea has been pursued in Giles and Pierce [25] and Giles and Süli [26], partic-
ularly for finite volume approximations of flow problems.

3.3. Strategies for mesh adaptation. We want to discuss some strategies
for organizing local mesh adaptation on the basis of a posteriori error estimates
as derived in the preceding section. Suppose that we have an a posteriori error
estimate of the form

|J(u) − J(uh)| ≈ |η̃(uh)| ≤
∑

K∈Th

|η̃K |,(3.19)

with local cell-error indicators η̃K = η̃K(uh) . The prescribed error tolerance is
TOL and the maximum number of mesh cells Nmax .

(i) Error balancing strategy: Cycle through the mesh and seek to equilibrate the
local error indicators according to

(3.20) η̃K ≈
TOL

N
, N = #{K ∈ Th}.

This process requires iteration with respect to the number of mesh cells N and
eventually leads to η̃(uh) ≈ TOL .

(ii) Fixed fraction strategy: Order cells according to the size of η̃K ,

η̃KN
≥ · · · ≥ η̃Ki

· · · ≥ η̃K1
,

and refine 20% of cells with largest η̃K (or those which make up 20% of the esti-
mator value) and coarsen 10% of those cells with smallest η̃K . By this strategy, we
may achieve a prescribed rate of increase of N (or keep it constant in solving non-
stationary problems). The fixed fraction strategy is very robust and economical,
and is therefore used in most of the examples discussed below.

(iii) Mesh optimization strategy: Use the (heuristic) representation

(3.21) η(uh) =
∑

K∈Th

ηK(uh) ≈

∫

Ω

h(x)2Ψ(x) dx,
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directly for deriving a formula for an optimal mesh-size distribution hopt(x), for
details see Bangerth and Rannacher [2]. Corresponding ‘optimal’ meshes may be
constructed by successive hierarchical refinement of an initial coarse mesh or by a
sequence of complete remeshings.

3.4. Hyperbolic model case: transport problem. As a simple model
case, we consider the scalar transport equation

(3.22) β · ∇u = f in Ω, u = g on ∂Ω−,

on a domain Ω ⊂ R
2 with inflow boundary ∂Ω− = {x ∈ ∂Ω, n · β < 0} . Accord-

ingly, ∂Ω+ = ∂Ω \ ∂Ω− is the outflow boundary. The transport vector β is
assumed as constant for simplicity. Then, the natural solution space is V = {v ∈
L2(Ω), β · ∇v ∈ L2(Ω)} . This problem is discretized using the Galerkin finite
element method with streamline diffusion stabilization (see Hansbo and Johnson
[28] and also Johnson [43]). On quadrilateral meshes Th , we define subspaces

Vh = {v ∈ H1(Ω), v|T ∈ Q̃1(K), K ∈ Th}

consisting of bilinear finite elements. The discrete solution uh ∈ Vh is defined by

(3.23) (β · ∇uh − f, ϕh + δβ · ∇ϕh) + (n · β(g − uh), ϕh)∂Ω
−

= 0 ∀ϕh ∈ Vh,

where the stabilization parameter is locally determined by δK = αhK . In this
formulation the inflow boundary condition is imposed in the weak sense. This
facilitates the use of a duality argument in generating a posteriori error estimates.
Let J(·) be a given functional for controlling the error e = u − uh . Following the
DWR approach, we consider the corresponding dual problem

(3.24) Ah(ϕ, z) = (β · ∇ϕ, z + δβ · ∇z) − (n · βϕ, z)∂Ω
−

= J(ϕ) ∀ϕ ∈ V,

which is a transport problem with transport in the negative β-direction. We note
that the stabilized bilinear form Ah(·, ·) is used in the duality argument in order
to achieve an optimal treatment of the stabilization terms; for a detailed discussion
of this point see Houston et al. [40]. The error representation reads

J(e) = (β · ∇e, z − ϕh + δβ · ∇(z − ϕh)) − (n · βe, z − zh)∂Ω
−

,

for arbitrary ϕh ∈ Vh. This leads us in the following result.

Theorem 3.7. For the approximation of the transport problem (3.22) by the
finite element scheme (3.23), there holds the a posteriori error estimate

(3.25) |J(e)| ≤
∑

K∈Th

ρKωK ,

with the cell residuals ρK and weights ωK defined by

ρK :=
(
‖f − β · ∇uh‖

2
K + h−1

K ‖n · β(uh − g)‖2
∂K∩∂Ω

−

)1/2
,

ωK :=
(
‖z − ϕh‖

2
K + δ2

K‖β · ∇(z − ϕh)‖2
K + hK‖z − ϕh‖

2
∂K∩∂Ω

−

)1/2
.

We note that this a posteriori error bound explicitly contains the mesh size
hK and the stabilization parameter δK as well. This gives us the possibility
to simultaneously adapt both parameters, which is particularly advantageous in
capturing sharp layers in the solution.
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Figure 1. Configuration and grids of the test computation for the
model transport problem (3.22) (left), primal solution (middle) and
dual solution (right) on an adaptively refined mesh.

Table 1. Convergence results of the test computation for the
model transport problem (3.22).

L N J(e) η Ieff
0 256 2.01e-2 2.38e-2 1.18
2 634 1.09e-2 1.21e-2 1.11
4 1315 6.25e-3 7.88e-3 1.26
6 2050 4.21e-3 5.37e-3 1.27
8 2566 3.90e-3 5.01e-3 1.28

10 3094 3.41e-3 4.71e-3 1.38

A simple thought experiment helps to understand the features of the error
estimate (3.25). Let Ω = (0, 1)2 and f = 0 . We take the functional J(u) =
(1, n · βu)∂Ω+

. The corresponding dual solution is z ≡ 1, so that J(e) = 0. Hence

(1, n · βuh)∂Ω+
= (1, n · βu)∂Ω+

= −(1, n · βg)∂Ω
−

,

which recovers the well-known global conservation property of the scheme.
Next, we take again the unit square Ω = (0, 1)2 and f = 0, and consider the

case of constant transport β = (1, 0.5)T and inflow data g(x, 0) = 0, g(0, y) = 1 .
The quantity to be computed is part of the outflow as indicated in Figure 1:

J(u) =

∫

Γ

β · nu ds .

The mesh refinement is organized according to the fixed fraction strategy described
above. In Table 1, we show results for this test computation. The corresponding
meshes and the primal as well as the dual solution are presented in Figure 1.
Notice that there is no mesh refinement enforced of the dual solution along the
upper line of discontinuity since here the residual of the primal solution is almost
zero. Apparently, this has not much effect on the accuracy of the error estimator.

Remark 3.8. The results of this simple test show a somewhat counter-intuitive
feature of error estimation using the DWR method. The evaluation of the a pos-
teriori error estimator for a functional output J(u) does not require extra mesh
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refinement in approximating the dual solution z . It is most economical and suf-
ficiently accurate to compute both approximations uh as well as zh on the same
(adapted) mesh. This is due to the multiplicative occurrence of residual ρK and
weight ωK in the error representation formulas, i.e., in areas where the primal
solution u is smooth, and therefore the residual of uh small, the error in approx-
imating the weight may be large, due to irregularities in z , without significantly
affecting the accuracy of the error representation.

3.5. Parabolic model case: heat equation. We consider the heat-conduction
problem

∂tu − ∆u = f in QT , u|t=0 = u0 in Ω, u|∂Ω = 0 on I,(3.26)

on a space-time region QT = Ω × I , where Ω ⊂ R
d, d ≥ 1, and I = [0, T ] ; the

coefficient a may vary in space. This model is used to describe diffusive transport
of energy or certain species concentrations.

The discretization of problem (3.26) uses a Galerkin method in space-time. We
split the time interval [0, T ] into subintervals In = (tn−1, tn] according to

0 = t0 < ... < tn < ... < tN = T, kn := tn − tn−1.

At each time level tn , let T
n
h be a regular finite element mesh as defined above

with local mesh width hK = diam(K) , and let V n
h ⊂ H1

0 (Ω) be the corresponding
finite element subspace with d-linear shape functions. Extending the spatial mesh
to the corresponding space-time slab Ω × In , we obtain a global space-time mesh
consisting of (d + 1)-dimensional cubes Qn

K := K × In . On this mesh, we define
the global finite element space

V k
h =

{
v ∈ W, v(·, t)|Qn

K
∈ Q̃1(K), v(x, ·)|Qn

K
∈ Pr(In) ∀ Qn

K

}
,

where W = L2((0, T );H1
0 (Ω)) and r ≥ 0 . For functions from this space and their

time-continuous analogues, we use the notation

vn+ = lim
t→tn+0

v(t), vn− = lim
t→tn−0

v(t), [v]n = vn+ − vn−.

The discretization of problem (3.26) is based on a variational formulation which
allows the use of piecewise discontinuous functions in time. This method, termed
dG(r) method (discontinuous Galerkin method in time), determines approximations
U ∈ V k

h by requiring

A(U,ϕ) = 0 ∀ϕ ∈ V k
h ,(3.27)

with the semi-linear form

A(u, ϕ) =
N∑

n=1

∫

In

{
(∂tu, ϕ) + (∇u,∇ϕ) − (f, ϕ)

}
dt +

N∑

n=1

([u]n−1, ϕ
+
n−1),

where u−
0 = u0 . We note that the continuous solution u also satisfies equation

(3.27) which again implies Galerkin orthogonality for the error e = u − U with
respect to the bilinear form A(·, ·) . Since the test functions ϕ ∈ V k

h may be
discontinuous at times tn , the global system (3.27) decouples and can be written
in form of a time-stepping scheme,

∫

In

{
(∂tU,ϕ) + (∇U,∇ϕ)

}
dt + ([U ]n−1, ϕ(n−1)+) =

∫

In

(f, ϕ) dt, n = 1, ..., N,
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for all ϕ ∈ V n
h . In the following, we consider only the lowest-order case r =

0, the so-called ’dG(0) method’, which is closely related to the backward Euler
scheme. For explaining the application of the DWR approach to this situation, we
concentrate on the control of the spatial L2-norm error ‖eN−‖ at the end time
T = tN , corresponding to the error functional

J(ϕ) := (ϕN−, eN−)‖eN−‖−1.

The corresponding dual problem in space-time reads as

∂tz − ∆z = 0 in Ω × I,

z|t=T = ‖eN−‖−1eN− in Ω, z|∂Ω = 0 on I.
(3.28)

In this situation the abstract error representations (2.9) or (2.10) take the form

J(e) =
N∑

n=1

∑

K∈T
n
h

{
(Rk

h, z−Ik
hz)K×In

+ (rk
h, z−Ik

hz)∂K×In

− ([U ]n−1, (z−Ik
hz)(n−1)+)K

}
,

(3.29)

with an appropriate approximation Ik
hz ∈ V k

h and the local residuals

Rk
h|K := f − ∂tU + ∆U, rk

h|Γ :=

{
− 1

2 [∂nU ], if Γ ⊂ ∂T \∂Ω,

0, if Γ ⊂ ∂Ω.

Here, we use the natural interpolation Ik
hz ∈ V k

h which is defined by
∫

In

Ik
hz(a, t) dt = z̄(a), z̄(x) :=

∫

In

z(x, t) dt, x ∈ Ω̄,

for all nodal points a of the mesh T
n
h . Observing that the time-integrated equation

residual Rk
h = f−∂tU+∆U as well as the jump-residual rk

h are constant in time,
the a posteriori error representation can be rewritten in the form

J(e) =

N∑

n=1

∑

K∈T
n
h

{
(f−f, z−Ik

hz)Qn
K

+ (Rk
h, z−Ik

hz)Qn
K

+ (rk
h, z−Ik

hz)∂K×In
− ([U ]n−1, (z−Ik

hz)(n−1)+)K

}
.

(3.30)

¿From this error representation we conclude the following result:

Theorem 3.9. For the approximation of the heat conduction problem by the
dG(0)-FEM, there holds the a posteriori error estimate

|J(e)| ≤
N∑

n=1

∑

K∈T
n
h

{
ρh,n

K ωh,n
K + ρk,n

K ωk,n
K

}
,(3.31)

where the cell residuals and weights can be grouped as follows:
(i) spatial terms:

ρh,n
K :=

(
‖Rk

h‖
2
K×In

+ h−1
K ‖rk

h‖
2
∂K×In

)1/2
,

ωh,n
K :=

(
‖z̄−Ik

hz‖2
K×In

+ hK‖z̄−Ik
hz‖2

∂K×In

)1/2
,
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(ii) temporal terms:

ρk,n
K :=

(
‖f−f̄‖2

Qn
K

+ k−1
n ‖[U ]n−1‖2

K

)1/2
,

ωk,n
K :=

(
‖z−Ik

hz‖K×In
+ kn‖(z−Ik

hz)(n−1)+‖2
K

)1/2
.

In the error estimator (3.31) the effect of the space discretization is separated
from that of the time discretization. On each space-time cell Qn

K the indicator
ηn

K,h := ρn
K,hωn

K,h can be used for controlling the spatial mesh width hK and the
indicator ηn

K,k := ρn
K,kωn

K,k for the time step kn , i.e., spatial mesh size and time
step can be adapted independently. The weights ωn

K,h and ωn
K,k are evaluated in

the same way as described for the stationary case by post-processing a computed
approximation zh ∈ V k

h to the dual solution z . An analogous a posteriori error
estimator can also be derived for higher-order time stepping schemes, such as the
dG(1) scheme and the cG(1) scheme, the latter being closely related to the popular
Crank-Nicolson scheme. For more details, we refer to Bangerth and Rannacher [2]
and the literature cited therein. The first complete a posteriori error analysis of
dG methods for parabolic problems has been given in a sequence of papers by
K. Eriksson and C. Johnson [21–23].

3.5.1. Numerical test. The performance of mesh adaptation based on the error
identity (3.30) is illustrated by a simple test in two space dimensions where the
constructed exact solution represents a smooth rotating bump on the unit square.
Figure 3 shows a sequence of adapted meshes at successive times obtained by con-
trolling the spatial L2-norm error at the end time tN = 0.5 . We clearly see the
effect of the weights in the error estimator which suppress the influence of the
residuals during the initial period. Accordingly, the time step is kept coarse at the
beginning and is successively refined when approaching the end time tN .
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Figure 2. Development of the time-step size (left) and the number
Nn of mesh cells (right) over the time interval I = [0, T = 0.5]
(from Hartmann [29]).

4. Application to flow models

4.1. The mathematical models. We only consider continuum mechanical
models of gaseous and liquid flows. The basis is the postulated conservation of
certain physical quantities describing the state of the flow. These ‘conservative’
variables are the ‘(mass) density’ ρ , the ‘momentum’ m := ρv , and the ‘total
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Figure 3. Sequence of refined meshes for controlling the end-
time error ‖eN−‖ shown at four consecutive times levels tn =
0.125000, ..., 0.5 (from Hartmann [29]).

energy (density)’ E := ρe+ 1
2ρ|v|2 . The conservation equations read

∂tρ + ∇ · (ρv) = 0(4.1)

∂tm + ∇ · (m⊗v) = ∇ · σ + ρf(4.2)

∂tE + ∇ · (Ev) = ρf · v + ∇ · (σ · v) + ρh −∇ · q,(4.3)

in terms of the ‘primitive variables’ density ρ , velocity v and temperature θ .
Assuming additionally the conservation of torque x×m implies the symmetry of
the ‘stress tensor’, σ = σT . Further ‘closing conditions’ (‘equations of state’)
reduce the number of unknowns to the number of equations:

• Newtonian fluid (µ > 0, λ = − 2
3µ > 0 viscosity parameters):

σ = −pI + τ, τ = µ{∇v+∇vT } + λ∇ · vI.

• Law of ideal gas (R > 0 gas constant): p = p(ρ, θ) = Rρθ .
• Thermodynamic relations: e = cvθ, q = −κ(ρ, θ)∇θ .

In order to characterize the regime of the flow considered, one uses the ‘velocity of
sound’ with the associated ‘Mach number’,

c(p) :=
√

dp/dρ, Ma := |v|/c(p),

and the ’kinematic viscosity’ with the associated Reynolds number,

ν := µ/ρ , Re := LU/ν,

where L and U are characteristic scales of length and velocity in the problem.
The decision of ‘conservation variables’ versus ‘primitive variables’ for the nu-

merical simulation is a delicate question. There are good arguments for either one
of these possibilities. Usually boundary conditions,

v|Γin
= vin, v|Γrigid

= 0, (ν∂nv − pn)|Γout
= P,

θ|ΓD
= θwall, ∂nθ|ΓN

= 0,

as well as diffusion coefficients are expressed in terms of the primitive variables:
µ = µ(ρ, θ), κ = κ(ρ, θ) . On the other hand, the position of ‘shocks’ (i.e. jumps or
large gradients of the flow variables) are very sensitive with respect to preserving
conservation properties. In the case of dominant diffusion and smooth solution
both formulations using either ‘conservative variables’ or ‘primitive variables’ are
theoretically and computationally equivalent. However, in the presence of hydro-
dynamic ‘shocks’ the conservative formulation is to be preferred. In the follow-
ing, we will concentrate the discussion of numerical schemes which are particularly
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suited for the two extreme cases of either purely inviscid flow at maximum Mach
number Ma > 1 (Euler equations) or diffusion dominated flow at Mach number
0 ≤ Ma ¿ 1 (Navier-Stokes equations).

4.2. Inviscid flows: the Euler equations. Inviscid flow is described by the
Euler equations for the set of conservative variables u = {ρ, m, E := ρe+ 1

2ρ|v|2 .
Combining the equations (4.1-4.3) in a suitable way, we obtain the following set of
equations:

∂tρ + ∇ · (ρv) = 0,(4.4)

∂tm + ∇ · (m⊗v + pI) = ρf,(4.5)

∂tE + ∇ · (Ev + pv) = ρf · v + ρh,(4.6)

or written in the form of a ‘conservation law’,

∂tu + ∇ · F (u) = R(u),(4.7)

F (u) :=




ρv
m⊕v+pI
Ev+pv


 , R(u) :=




0
ρf

ρf · v+ρh


 .

The material law used is p = (γ−1)(e− 1
2ρv2) . These flows are usually characterized

by a larger Mach number Ma > 0 , but in the flow region there may also be certain
areas of small Ma , such as stagnation points in the flow around blunt bodies. For
determining the appropriate boundary conditions along a rigid wall or an artificial
numerical boundary Γ with outward normal unit vector n , one has to consider
the matrix B(u, n) in F (u) · n =: B(u, n)u . Its eigenvalues

λ1 = v · n − c, λ2 = v · n, λ3 = v · n + c,

determine whether Γ corresponds to ‘inflow’, where prescription of boundary con-
ditions is necessary, or ‘outflow’ where nothing should be prescribed.

4.2.1. Conservative discretization by the dG-FEM. We discuss the ‘discontin-
uous Galerkin finite element method’ or in short the ’dG(r)-FEM’ for solving the
stationary Euler equations. The parameter r ∈ N0 refers to the degree of the
polynomials used. Let Th = {K} be a regular decomposition of the computational
domain Ω . For each cell K ∈ Th and a given flow field b the in- and out-flow
boundary of K are defined by

∂K− := {x ∈ ∂K| b(x) · n(x) < 0} , ∂K+ := ∂K \ ∂K− .

The finite element spaces of degree r ≥ 0 are given by

V
(r)
h := {vh : Q → R

d| vh|K ∈ Pr(K)d, K ∈ Th}.

Starting from the formulation (4.7), we obtain by cellwise integration by parts the
variational equation for a smooth solution

∑

K∈Th

{−(F (u),∇ϕ)K + (F (u) · n, ϕ)∂K} = 0,

for all ‘discontinuous’ test functions ϕ . This formulation is completed by appropri-
ate ‘jump conditions’ for the fluxes F (u) (in- and out-flow conditions) across the
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inter-element boundaries. The corresponding Galerkin approximation determines

uh ∈ V
(r)
h by the equations

a(uh)(ϕh) :=
∑

K∈Th

{
− (F (uh),∇ϕh)K + (H(uh, ûh, n), ϕh)∂K

}
= 0,(4.8)

with appropriate ‘numerical fluxes’ H(uh, ûh, n) which satisfy the conditions

H(u, u, n) = F (u) · n (consistancy),

H(v, w, n) = −H(w, v,−n) (conservation),

where ûh denotes the value of uh on the neighboring cells. This approximation
scheme has several remarkable features:

• The boundary conditions on ∂Ω are imposed implicitly.
• The local conservation property holds:

∫

∂K

H(uh, ûh, n) do = 0.

• Full Galerkin orthogonality holds:

a(u)(ϕh) − a(uh)(ϕh) = 0, ϕh ∈ Vh.

A simple and popular numerical flux is, for example, the local ‘Lax-Friedrichs flux’:

HLF(uh, ûh, n) = 1
2

{
F (uh) · n + F (ûh) · n + α(uh − ûh)

}
,(4.9)

where α = max{λmax : B(uh, n), B(ûh, n)} . In the case of solutions with shocks
additional damping is required in order to suppress over- and under-shootings. This
may be archived by introducing (nonlinear) ‘artificial viscosity’ (so-called ’shock
capturing’) of the form

sε(uh)(ϕh) :=
∑

K∈Th

(ε∇uh,∇ϕh)K , ε|K := cεh
2−β
K |∇ · F (uh)|KId,

where 0 ≤ β ≤ 1
2 , cε > 0 and Id := diag(0, 1, . . . , 1) . With this notation, the

stabilized dG scheme for the Euler equations takes the form

aε(uh)(ϕh) := a(uh)(ϕh) + sε(uh)(ϕh) = 0 ∀ϕh ∈ Vh.(4.10)

In this case the application of the general theory developed in Section 2 is
delicate since the solution of the Euler equations may be discontinuous (shock
solution) and is lacking the required degree of regularity for linearization. The
corresponding dual problem obtained by linearization about such a solution may
not be well-posed. However, this should not prevent us from formally applying the
DWR approach even in this situation. Let J(·) by a prescribed output functional
defined the exact solution as well as on the finite element spaces. Then, with the
solution uh ∈ Vh of the discrete Euler equations (4.8), the discrete dual problem
is defined by

ã′
ε(uh)(ϕh, zh) = J(ϕh) ∀ϕh ∈ Vh.(4.11)

where the approximative derivative ã′(·)(·, ·) is defined as an appropriate difference
quotient. The problem with this linear problem is that it is lacking a thorough
existence theory because of its possibly discontinuous coefficients. Nevertheless,
practical experience indicates that this problem is less severe. Let us therefore
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assume that (4.11) has a solution zh ∈ Vh . With these two discrete solutions uh

and zh , we define the following a posteriori error estimator:

|J(e)| ≈ η̃ω(uh) :=
∣∣∣

∑

K∈Th

{
(Rh, ψh)K + (rh, ψh)∂K − ε(∇uh · ∇ψh)K

}∣∣∣,(4.12)

where ψh := z̃h − zh , and the cell and edge residuals are defined by

Rh|K := −∇ · F (uh), rh|∂K := F (u+
h ) · n − H(u+

h , u−
h , n).

The corresponding local error indicators have the form

η̃ω
K := |(Rh, ψh)K + (rh, ψh)∂K − ε(∇uh · ∇ψh)K |.

Here, the approximation z̃h to the hypothetical continuous dual solution may again
be computed from zh by patchwise higher-order interpolation as described above.

4.2.2. An example. For illustrating the approach described above, we consider
the supersonic flow around a BAC3-11 airfoil as originally specified in the AGARD
Report AR-303 of 1994, (see Hartmann and Houston [32], and Figure 4). The
inflow has Ma = 1.2 and an angle of attack α = 5◦, with inflow density ρin = 1
and pressure pin = 1. With these data the solution develops two shocks, one located
in front of the leading edge of the airfoil and one originating from the trailing edge.
The quantity of interest is the pressure point value

J(u) := p(a) = (γ−1)(e(a) − 1
2ρv(a)2,

at the leading edge of the airfoil which is located in the subsonic region of the flow.
Notice that this functional is nonlinear in the primal variables u = {ρ,m,E} .
The stabilization parameters are chosen as cε = 0.03 and β = 0.1 . The dual
solution z is computed by using a higher order method, in this basic case using
bi-quadratic elements. The resulting nonlinear algebraic equations are solved by
the quasi-Newton method. In general, the numerical fluxes H(u+, u−, n) as well
as the shock capturing term sε(·)(·) are not differentiable. This requires special
care in defining the corresponding derivative form a′

ε(uh)(·, ·) . For details of this
construction, we refer to Hartmann [30,31].

For comparison, we also use an ad hoc error indicator which uses the residuals
of the computed solution without weights,

ηres
K :=

(
h2

K‖Rh‖
2
K + hK‖rh‖

2
∂K

)1/2
.

In view of the a priori knowledge of the characteristics of this flow, we may want to
restrict the mesh refinement to a 90◦-cone C with opening in the upstream direction
and vertex in the airfoil. This is achieved by using the local error indicators

η̃res
K :=

{
ηres

K , if K ∩ C 6= ∅,

0, otherwise.

The results obtained by using the residual error indicators η̃res
K , the modified resid-

ual error indicators ηres
K and the weighted error indicators η̃ω

K are shown in Figure 5
and Table 2. It is clearly seen that only the weighted error indicators yield really
economical meshes. This can be understood by looking at the isolines of the dual
solution shown in Figure 4 which reflect the directions corresponding to the charac-
teristic eigenvalues v ·n± c and v ·n . Further, it is seen that shifting the absolute
sign in the error estimator in (4.12) under the summation results in a significant
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Figure 4. Supersonic flow around the BAC3-11 airfoil: Ma = 1
isolines of primal solution (left), isolines of z1 velocity component
of dual solution (right) (from Hartmann [30])

loss of efficiency which is reflected by the behavior of the corresponding effectivity
index which growth as N → ∞ .
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Figure 5. Adapted meshes for computing the pressure point value
in a supersonic flow around a BAC3-11 airfoil with about 1% error:
with 13, 719 cells by the residual error indicator (left), with 9, 516
cells by the modified residual error indicator (middle), with 1, 803
cells by the weighted error indicator (right) (from Hartmann [30]).

We note that the evaluation of the a posteriori error estimate (4.18) involves
only the solution of linearized problems. Hence, the whole error estimation may
amount to a relatively small fraction of the total cost for the solution process. This
has to be compared to the usually much higher cost when working on non-optimized
meshes.
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Table 2. Results of an adaptive finite element computation of the
pressure point value in a supersonic flow around a BAC3-11 airfoil
(from Hartmann [30]).

N J(u) − J(uh) |η̃ω(uh)| Ieff

∑
K∈Th

|η̃ω
K(uh)| Ieff

348 6.425e-02 2.695e-02 0.42 2.120e-01 3.30
609 2.876e-02 1.389e-02 0.48 1.839e-01 6.39
1065 5.066e-03 7.602e-03 1.50 1.171e-01 23.11
1803 3.042e-03 2.868e-03 0.94 1.028e-01 33.78
3045 1.561e-03 2.801e-03 1.79 1.067e-01 68.39
5643 5.790e-04 5.790e-04 1.00 5.551e-02 95.88

4.3. Viscous flows: the incompressible Navier-Stokes equations. We
consider the stationary Navier-Stokes system for pairs u := {v, p} ,

A(u) :=

{
−ν∆v + v · ∇v + ∇p − f

∇ · v

}
= 0(4.13)

with boundary conditions (see Heywood et al. [38])

v|Γrigid
= 0, v|Γin

= vin, ν∂nv − np|Γout
= 0.

where Γin , Γout , and Γrgid are the ‘inflow’, the ‘outflow’ and the ‘rigid’ part of the
boundary. For this problem, we will consider the full cycle of numerical simulation
(see Becker, Heuveline and Rannacher [8]):

• computation of a target quantity J(u) from the solution of

A(u) = 0,

• minimization of J(u) w.r.t. some control q quantity under the equation
constraint

A(u) + Bq = 0,

• determination of the stability of the optimum state û by solving the
stability eigenvalue problem

A′(û)u = λMu.

The use of adaptive finite element methods for all three problems can be treated
within the same general framework laid out in Section 2.

The finite element approximation of the Navier-Stokes system is based on its
variational formulation. To this end, we introduce the solution and spaces

L := L2(Ω), H := {v∈H1(Ω)2 : v|Γin∪Γrigid
=0}, V := H×L,

and for arguments u = {v, p}, ϕ = {ϕv, ϕp} the semi-linear form (’energy form’)

a(u)(ϕ) := (∇v,∇ϕv) + (v · ∇v − f, ϕv) − (p,∇ · ϕv) + (ϕp,∇ · v).

The variational Navier-Stokes problem then seeks u ∈ uin+V , such that

a(u)(ϕ) = 0 ∀ϕ ∈ V.

The Galerkin finite element discretization uses the Q1/Q1-Stokes element, i.e.
equal-order d-linear approximation of velocity and pressure (see Figure 6),

Lh ⊂ L, Hh ⊂ H, Vh := Hh×Lh,
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Figure 6. Quadrilateral mesh patch with a ‘hanging’ node

defined on quadrilateral or hexahedral meshes. The stability of such a discretization
is guaranteed by the so-called ‘inf-sup’ stability condition (see, e.g., Girault and
Raviart [27])

inf
qh∈Lh

sup
vh∈Hh

(qh,∇ · vh)

‖qh‖ ‖∇vh‖
=: βh ≥ β,(4.14)

with an h-independent constant β > 0 . However, the Q1/Q1-Stokes element
does not satisfy this condition without extra stabilization. Following Hughes et
al. [41, 42], this may be achieved within simultaneous ‘least-squares’ stabilization
of pressure-velocity coupling and advection. The stabilized discrete problems seek
uh ∈ uin

h +Vh , such that

aδ(uh)(ϕh) := a(uh)(ϕh) + (A(uh),S(uh)ϕh)δ = 0 ∀ϕh ∈ Vh,(4.15)

where

S(u)ϕ :=

{
v · ∇ϕv + ∇ϕp

∇ · ϕv

}
, (ϕ,ψ)δ :=

∑

K∈Th

δK (ϕ,ψ)K .

and the stabilization parameter δK is chosen adaptively by

δK = α
(
νh−2

T , β |vh|K;∞h−1
K

)−1
.

This is a fully consistent stabilization, i.e., inserting the exact solution yields
aδ(u)(ϕh) = 0 . This stabilization introduces several terms:

• Stabilization of pressure: δK(∇ph,∇ϕp
h)K ,

• Stabilization of transport: δK(vh · ∇vh, vh · ∇ϕv
h)K ,

• Stabilization of mass conservation: δK(∇ · vh,∇ · ϕv
h)K .

4.3.1. A posteriori error analysis. Let J(·) be a prescribed (linear) ‘error func-
tional’ and z = (zv, zp) ∈ V the associated dual solution determined by

ν(∇ψ,∇zv) − (ψ, v · ∇zv) + (ψ, n · vzv)Γout
+ (ψ,∇v v) = J(ψ),(4.16)

for all ψ = (ψv, ψp) ∈ V . The corresponding ‘out-flow boundary condition is of
Robin-type, {ν∂nzv + n · v̂zv − zpn}|Γout

= 0 . Then, from the general Theorem
2.3, we can infer the following a posteriori error representation (see Becker and
Rannacher [12]):

J(u) − J(uh) = 1
2ρ(uh)(z − ihz) + 1

2ρ∗(uh, zh)(u − ihu) + Rh,(4.17)

where in this case the cubic remainder Rh can be bounded as follows:

|Rh| ≤ ‖ev‖ ‖∇ev‖ ‖ev∗‖∞ + O(δ‖ev‖),
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with the errors ev := v − vh , ev∗ := zv − zv
h . Here, the primal residual is given by

ρ(uh)(z−ihz) :=
∑

K∈Th

{
(Rh, zv−ihzv)K + (rh, zv−ihzv)∂K

+ (zp−ihzp,∇ · vh)K + . . .
}
,

with the cell and edge residuals ( [. . . ] denoting jumps across the cell edges)

Rh|K := f − ν∆vh+vh · ∇vh+∇ph,

rh|Γ :=





− 1
2 [ν∂nvh−nph], if Γ 6⊂ ∂Ω,

0, if Γ ⊂ Γrigid ∪ Γin,

−ν∂nvh+nph, if Γ ⊂ Γout.

The corresponding dual residual has the form

ρ∗(uh, zh)(u−ihu) :=
∑

K∈Th

{
(R∗

h, v−ihv)K + (r∗h, v−ihv)∂K

+ (p−ihp,∇ · zh)K + . . .
}
,

with cell and edge residuals

R∗
h|K := j − ν∆zv

h−vh · ∇zv
h+∇vT

h zv
h−∇ · vhzv

h+∇zp
h,

r∗h|Γ :=





− 1
2 [ν∂nzv

h+n · vhzv
h−zp

hn], if Γ 6⊂ ∂Ω,

0, if Γ ⊂ Γrigid ∪ Γin,

−ν∂nzv
h−n · vhzv

h+zp
hn, if Γ ⊂ Γout.

¿From (4.17), we obtain the practical error estimator

η̃ω(uh) := 1
2ρ(uh)(z̃h − zh) + 1

2ρ∗(uh, zh)(ũh − uh),(4.18)

where ũh and z̃h are approximations to u and z , respectively, obtained by post-
processing the Galerkin solutions uh and zh , as described above,

z − ihz ≈ i
(2)
2h zh−zh, u − ihu ≈ i

(2)
2h uh−uh.(4.19)

4.3.2. A first example: 2D flow around a circular cylinder. We consider the
laminar flow around the cross section of a cylinder in a 2D channel (with slightly
displaced vertical position) as shown in Figure 7. This is a standard benchmark
problem for which reference solutions are available (Schäfer and Turek [54]).

m

.

Γin S Γout

Γ1

Γ2

Figure 7. Configuration of the benchmark problem ‘viscous flow
around a circular cylinder’ with outlets Γ1,2 for boundary control
by pressure variation.
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One of the quantities of physical interest is the drag coefficient defined by

Jdrag(u) = cdrag :=
2

Ū2D

∫

S

nT σ(v, p)ex ds,

where S is the surface of the cylinder, D its diameter, Ū the reference inflow
velocity, σ(v, p) = 1

2ν(∇v+∇vT ) + pI the stress force acting on S, and ex the
unit vector in the main flow direction. In our example, the Reynolds number is
Re = Ū2D/ν = 20 , such that the flow is stationary. For evaluating the drag
coefficient, one usually uses an equivalent volume-oriented formula, e.g., for the
drag:

Jdrag(u) =
2

Ū2D

∫

Ω

{σ(v, p)∇ēx + ∇ · σ(v, p)ēx}dx,

where ēx is an extension of ex to the interior of Ω with support along S . Notice
that on the discrete level the two formulas differ. Theory and computation show
that the volume formula yields more accurate and robust approximations of the
drag coefficient; see Giles et al. [24], and Becker [3]. Since in this case, v as well
as p are primal variables the output functional Jdrag(·) is linear.

Table 3 shows the results of the drag computation, where the effectivity index
is again defined by Ieff := |η̃ω(uh)/J(e)| . Figure 8 shows refined meshes generated
by the ’weighted’ error estimator η̃weight(uh) and by a (heuristic) ’energy norm’
error indicator using only the primal cell residuals,

ηres(uh) :=
( ∑

K∈Th

{h2
K‖Rh‖

2
K + hK‖rh‖

2
∂K + h2

K‖∇ · vh‖
2
K}

)1/2

.

A posteriori error estimates based on this type of residual error indicators have
been derived by J. T. Oden et al. [51], Verfürth [56], and Bernardi et al. [14]. In
Johnson et al. [45] duality arguments are used to obtain long-term error bounds for
the nonstationary Navier-Stokes equations.

Table 3. Results for drag and lift on adaptively refined meshes,
error level of 1% indicated by bold face (from Becker [3]).

Computation of drag

L N cdrag η̃drag Ieff

4 984 5.66058 1.1e−1 0.76

5 2244 5.59431 3.1e−2 0.47

6 4368 5.58980 1.8e−2 0.58

6 7680 5.58507 8.0e−3 0.69

7 9444 5.58309 6.3e−3 0.55

8 22548 5.58151 2.5e−3 0.77

9 41952 5.58051 1.2e−3 0.76

∞ 5.579535...

4.3.3. A second example: 3D flow around a square cylinder. Next, we consider
a 3D version of the above example, namely stationary channel flow around a cylinder
with square cross-section. Again the target quantity of the computation is the
drag coefficient cdrag . Table 4 shows the corresponding results compared to those
obtained by mesh adaptation based on the residual error indicators ηres

K . The
superiority of goal-oriented mesh adaptation is clearly seen. However, one should
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Figure 8. Refined meshes generated by the ’residual error’ esti-
mator (top) and by the ‘weighted’ error estimator (bottom) (from
Becker [3]).

not forget that these specially tuned meshes are not necessarily also appropriate for
computing other flow quantities such as the global vortex structure of the flow or
the pressure along the shear forces along the walls. For computing these quantities
the mesh adaptation has to utilize the corresponding dual solutions.

Table 4. Results of the drag computation: a) with mesh adap-
tation by ‘residual’ error indicator, b) with mesh adaptation by
‘weighted’ error indicator (from Braack and Richter [17])

Nres cd Nweight cd

3, 696 12.7888 3, 696 12.7888
21, 512 8.7117 8, 456 9.8262
80, 864 7.9505 15, 768 8.1147

182, 352 7.9142 30, 224 8.1848
473, 000 7.8635 84, 832 7.8282

− − 162, 680 7.7788
∞ 7.7730 ∞ 7.7730

4.4. Optimal flow control. Next, we present some results obtained for the
minimization of the drag coefficients by boundary control. The data is chosen such
that Re = Ū2D/ν = 40 for the uncontrolled flow. The drag coefficient cd is to
be minimized by optimally adjusting the pressure prescription q at the secondary
outlets ΓQ = Γ1∪Γ2 (see Figure 7). This means that a state u ∈ uin+V is sought,
such that

Jdrag(u) → min,

under the constraint

a(u)(ϕ) + b(q, ϕ) = (f, ϕv) ∀ϕ ∈ V,(4.20)

where the control form is given by

b(q, ϕ) := −(q, n · ϕv)ΓQ
.

In Table 5, the values of the drag coefficient on optimized meshes as shown
in Figure 10 is compared with results obtained on globally refined meshes. It
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Figure 9. Geometry adapted coarse mesh (top) and refined
meshes obtained by the ‘energy-norm’ (middle) and the ‘weighted’
error estimator (bottom) (from Becker [4]).

is clear from these numbers that a significant reduction in the dimension of the
discrete model is possible by using appropriately refined meshes. Figure 10 shows
streamline plots of the uncontrolled ( q=0 ) and the controlled ( q = qopt ) solution
and a corresponding ’optimal’ mesh.

The locally refined mesh produced by the adaptive algorithm seems to con-
tradict intuition since the recirculation behind the cylinder is not so well resolved.
However, due to the particular structure of the optimal velocity field (most of the
flow leaves the domain at the control boundary), it might be clear that this recir-
culation does not significantly influence the cost functional. Instead, a strong local
refinement is produced near the cylinder, where the cost functional is evaluated,
as well as near the control boundary. It remains the question whether the gener-
ated stationary ‘optimal’ flow is dynamically stable, i.e. can actually be realized in
practice.

4.5. Stability eigenvalue problem. For investigating the stability of the
stationary optimal state û = {v̂, p̂} obtained above by the linear stability theory, we
have to solve the following non-symmetric eigenvalue problem for u := {v, p} ∈ V
and λ ∈ C :

−ν∆v + v̂ · ∇v + v · ∇v̂ + ∇p = λv, ∇ · v = 0.(4.21)

Its variational form reads

a′(û)(u, ϕ) = λm(u, ϕ) ∀ϕ ∈ V,(4.22)
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Table 5. Uniform refinement (left) versus adaptive refinement
(right) in the drag minimization (from Becker [4])

Uniform refinement Adaptive refinement
N Jmin

drag N Jmin
drag

10512 3.31321 1572 3.28625
41504 3.21096 4264 3.16723

164928 3.11800 11146 3.11972

Figure 10. Velocity of the uncontrolled flow (top), the controlled
flow (middle) and the corresponding adapted mesh (bottom) (from
Becker [4])

where m(u, ϕ) := (v, ϕv) . The associated ‘adjoint’ eigenvalue problem determines
v∗ ∈ V and λ∗ = λ̄ ∈ C , such that

ν(∇ψ,∇v∗) − (ψ, v̂ · ∇v∗) + (ψ, n · v̂v∗)Γout
+ (ψ,∇v̂ v) = λ∗(ψ, v∗),(4.23)

for all ψ ∈ V . The dual eigenpair has to satisfy Robin-type outflow boundary
conditions, {ν∂nv∗ + n · v̂v∗ − p∗n}|Γout

= 0 . ¿From the general Theorem 2.6, we
obtain the eigenvalue error estimator

|λcrit − λcrit
h | ≤

∑

K∈Th

{
η̂K + ηλ

K

}
+ Rh.(4.24)

where the cell error indicators η̂K = ρ̂K(ûh)ω̂K and ηλ
K = ρK(uh)ωK represent

the errors due to the approximation of the optimal base flow û = {v̂, p̂}} and the
approximation of the corresponding eigenpair {u, λ}, respectively. For instance,
the primal eigenvalue error indicators are obtained from the residual term

ρK(uh)(u∗−ψh) :=
∑

K∈Th

{(Rh, v̂∗ − ψh)K + (rh, v̂∗ − ψh)∂K

+ (p̂∗ − χh,∇ · v̂h)K + . . . },
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with the cell and edge residuals defined by

Rh|K := λvh + ν∆vh − vh · ∇vh −∇ph,

rh|Γ :=





− 1
2 [ν∂nvh − nph], if Γ 6⊂ ∂Ω,

0, if Γ ⊂ Γrigid ∪ Γin,

ν∂vh + nph, if Γ ⊂ Γout.

This leads us to the following criterion for balancing linearization and discretization
error: ∑

K∈Th

η̂K ≤
∑

K∈Th

ηλ
K .(4.25)

This criterion together with the fixed-fraction strategy described above has been
used in the computation of the critical eigenvalues of the optimum state û . Fig-
ure 11 shows adapted meshes for computing the optimum stationary state and the
corresponding critical eigenvalue λcrit . We see that the eigenvalue computation
requires more global mesh refinement. This is reflected by the results shown in
Figure 12. On coarser meshes, such as used in the optimization process, the error
due to the linearization about the wrong base solution ûh dominates the error
due to the discretization of the eigenvalue problem, but on more globally refined
meshes the picture changes and the linearization error falls below the discretization
error. Still the meshes obtained by this adaptation process are more economical
than simply using the meshes generated by the plain residual-based error estimator.

Figure 11. Meshes obtained by the error estimators for the drag
minimization (top) and the eigenvalue computation (bottom) (from
Heuveline and Rannacher [36])

4.6. Heat-driven compressible flow. Next, we consider low-Mach number
viscous flows which are driven by temperature gradients. Such conditions often
occur in chemically reactive flows and are characterized by hydrodynamically in-
compressible behavior. In view of the rather stiff coupling of total pressure and
momentum the treatment of such flows requires a methodology which is oriented at
the incompressible limit case, i.e., the pressure as a primary variable is computed
from the momentum equations and the density is obtained as a secondary variable
from the gas law. Otherwise small errors in the temperature approximation could
result in disastrous errors in the velocity. Accordingly the total pressure is split into
a small spatially variable ‘hydrodynamical’ component phyd which is determined
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Figure 12. The size of the two components of the error estimator
ηλ

h(ûh, û∗
h, uh, u∗

h, λh) , i.e. the errors in the base solution and the
eigenvalue approximation (from Heuveline and Rannacher [36])

by the momentum equation, and a large spatially constant ‘thermodynamical’ com-
ponent Pth which enters the gas law,

ptot = phyd + Pth, ρ ≈
Pth

Rθ
.(4.26)

This ansatz leads us to the following ‘low-Mach number’ formulation of the ‘com-
pressible’ Navier-Stokes equations:

∇ · v − θ−1∂tθ − θ−1v · ∇θ = −p−1
th ∂tPth,(4.27)

ρ∂tv + ρv · ∇v + ∇ · τ + ∇phyd = ρg,(4.28)

ρcp∂tθ + ρcpv · ∇θ −∇ · (κ∇θ) = ∂tPth + ρh,(4.29)

in which temperature sources by mechanical effects are neglected,

σ :∇v ≈ 0, ∂tphyd + v · ∇phyd ≈ 0.

The stress tensor is given by τ = −µ{∇v+(∇v)T−2
3 (∇·v)I}. The thermodynamic

pressure Pth is determined by

Pth ≡ Pth|Γout
(open flow domain),

∂tPth =
Pth

|Ω|

∫

Ω

θ−1(∂tθ + v · ∇θ) do (closed box).

We note that all these formal simplifications of the original conservation equations
are not really essential for the numerical methods based on this formulation. What
matters is that the pressure and not the density is treated as a primal variable and
that the flow is in the low-Mach number regime.

Assuming that the temperature variations about some mean value θ0 are small,
i.e., |θ − θ0| ¿ 1 and |ρ − ρ0| ¿ 1 , we can freeze the viscosity at µ ≈ µ(θ0) and



34 ROLF RANNACHER

obtain the so-called Boussinesq approximation:

∇ · v = 0

∂tv + v · ∇v − ν∆v + ∇p = βθg

cpρ0∂tθ + cpρ0v · ∇θ −∇ · (κ∇θ) = 0

¿From this, we arrive at the classical Navier-Stokes equations by additionally as-
suming isothermal flow and constant density.

The variational formulation of (4.27 - 4.29) uses the following semilinear form
defined for triples u = {p, v, θ}, ϕ = {ϕρ, ϕv, ϕθ} :

A(u)(ϕ) := (∇ · v − θ−1v · ∇θ, ϕρ) + (ρv · ∇v, ϕv) − (τ,∇ϕv) − (p,∇ · ϕv)

− (p,∇ · ϕv) − (ρg, ϕv) + (ρv · ∇θ, ϕθ) + (κ∇θ,∇ϕθ) .

Further, we define the functional

F (ϕ) := −(ρ0g, ϕv).

The natural solution spaces are

V̂ = L2(Ω)/R × H1(Ω)2 × H1(Ω), V := L2(Ω)/R × H1
0 (Ω)2×H1

0 (ΓD; Ω),

where H1
0 (ΓD; Ω) := {θ∈H1(Ω), θ=0 on ΓD}. With this notation, the variational

form of (4.27 - 4.29) seeks u = {p, v, θ} ∈ V +û , with û := {0, 0, θ̂} , satisfying

A(u)(ϕ) = F (ϕ) ∀ϕ ∈ V,(4.30)

where ρ is considered as a (nonlinear) coefficient determined by the temperature
through the equation of state ρ = Pth/Rθ . For more details on the derivation of
this model, we refer to Braack and Rannacher [16], and the literature cited therein.

Here, we assume again that (4.30) possesses a solution u ∈ V̂ .
The discretization of the system (4.30) uses again the continuous Q1-finite

element for all unknowns and employs least-squares stabilization for the velocity-
pressure coupling as well as for the transport terms. We do not explicitly state
the corresponding discrete equations since they have an analogous structure, as
already seen in the preceding example of the incompressible Navier-Stokes equa-
tions. The derivation of the related adjoint problem and the resulting a posteriori
error estimates follow the same line of argument. For economy reasons, we do not
use the full Jacobian of the coupled system in setting up the adjoint problem, but
only include its dominant parts. The same simplification is used in the nonlinear
iteration process. For details, we refer to Braack and Rannacher [16] and Becker et
al. [6]. Below, we again use the mesh-dependent inner product and norm:

(v, ψ)h :=
∑

K∈Th

δK (v, ψ)K , ‖v‖h = (v, v)
1/2
h ,

with some stabilization parameters δK . The discrete problems seek triples uh =
{ph, vh, θh} ∈ Vh+ûh, satisfying

Ah(uh)(ϕh) = F (ϕh) ∀ϕh ∈ Vh,(4.31)

with the stabilized form

Ah(uh)(ϕh) := A(uh)(ϕh) + (A(uh) − F, S(uh)ϕh)h.
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Here, the operator A(uh) is the generator of the form A(uh)(·), and the operator
S(uh) in the stabilization term is chosen according to

S(uh) :=




0 div 0
∇ ρhvh · ∇+∇ · µ∇ 0

−θ−1
h vh · ∇ 0 ρhvh · ∇ + ∇ · κ∇


 .

As on the continuous level, the discrete density is determined by the temperature
through the equation of state ρh := Pth/Rθh.

4.6.1. The algebraic problems. In order to convert the discrete variational prob-
lem (4.15) into an algebraic system, we introduce a nodal basis {ϕi

h}i=1,...,N of Vh ,
where N := dimVh. Then, the coefficients x = (xi)

N
i=1 in the ansatz

uh =

N∑

i=1

xiϕ
i
h

are determined by the nonlinear algebraic system

aδ

(∑N

i=1
xiϕ

i
h)(ϕi

h

)
= 0, i = 1, . . . , N.

This may be solved by a Newton or a quasi-Newton iteration. For reducing the
costs, the Jacobian of the coupled system is usually simplified by neglecting cer-
tain of the sub-matrices representing the coupling between flow and temperature.
Ordering the unknowns in a physically block-wise manner, i.e., marching through
the set of nodal points and attaching to each node the corresponding submatrix
containing the unknowns of all physical quantities, we obtain ‘nodal matrices’ Aij

of the form

Aij =




Bpp Bpv Bpθ

Bvp Bvv Bvθ

Bθp Bθv Bθθ


 ≈ Ãij =




Bpp Bpv 0
Bvp Bvv 0
0 0 Bθθ




where the indices p, v, θ indicate the corresponding contributions.

Remark 4.1. The obvious simplification of the above system by decoupling of
the flow variables {p, v} from the temperature θ (or other state variables describ-
ing for example chemical reactions) within an operator splitting approach is not
appropriate due to the strong influence of the temperature on the flow field and
vice versa.

4.6.2. A posteriori error analysis. We introduce the following notation for the
cell residuals of the solution uh = {ph, vh, θh} of (4.31):

Rp
h|K = ∇ · vh − θ−1

h vh · ∇θh,

Rv
h|K = ρhvh · ∇vh −∇ · (µ∇vh) + ∇ph + (ρ0ρh)g,

Rθ
h|K = ρhvh · ∇θh −∇ · (κ∇θh) − fθ.
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Further, we define the edge residuals

rv
h|Γ :=





− 1
2 [ν∂nvh−phn], if Γ 6⊂ ∂Ω,

0, if Γ ⊂ Γrigid ∪ Γin,

−(ν∂nvh−phn), if Γ ⊂ Γout,

rθ
h|Γ :=





− 1
2 [κ∂nθh], if Γ 6⊂ ∂Ω,

0, if Γ ⊂ ∂ΩD,

−κ∂nθh, if Γ ⊂ ∂ΩN,

with [·] again denoting the jump across a cell edge Γ . These quantities will be
needed below for defining the a posteriori error estimator. Using this notation the
stabilizing part in Ah(·)(·) can be written in the form

(A(uh), S(uh)ϕ)h = (Rp
h,∇ · ψ)h + (Rv

h,∇ξ + ρhvh · ∇ψ + ∇ · (µ∇ψ))h

+ (Rθ
h, ρhvh · ∇θ + ∇ · (κ∇θ) − θ−1

h vh · ∇ξ)h ,

for ϕ = {ξ, ψ, θ}. These terms comprise stabilization of the stiff velocity-pressure
coupling in the low-Mach-number case and stabilization of transport in the momen-
tum and energy equation case as well as the enforcement of mass conservation. The
parameters δK = {δp

K , δv
K , δθ

K} may be chosen differently in the three equations.
The stability of this discretization has been investigated in Braack [15].

Now, we turn to the question of a posteriori error estimation in the scheme
(4.31). Let J(·) again be a (for simplicity) linear functional defined on V̂ for eval-
uating the error e = {ep, ev, eθ} . As in the previous section on incompressible flow,
the adjoint problem is again set up using a reduced Jacobian in order to guarantee
existence of the adjoint solution. Accordingly, we consider the h-dependent adjoint
problem

Ã′
h(u)(ϕ, z) := A′(u)(ϕ, z) + (S(u)ϕ, S(u)z)h = J(ϕ) ∀ϕ ∈ V̂ .(4.32)

Then, the general Theorem 2.3 suggests the following error estimator:

(4.33) |J(e)| ≈ ηω(uh) :=
∑

K∈Th

∑

α∈{p,v,θ}

ρα
Kωα

K ,

where the residual terms and weights are defined by

ρp
K := ‖Rp

h‖K ,

ωp
K := ‖zp − ihzp‖K + δp

K‖Sp(uh)(zp − ihzp)‖K ,

ρv
K := ‖Rv

h‖K + h
−1/2
K ‖rv

h‖∂K ,

ωv
K := ‖zv − ihzv‖K + h

1/2
K ‖zv − ihzv‖∂K + δv

K‖Sv(uh)(zv − ihzv)‖K ,

ρθ
K := ‖Rθ

h‖K + h
−1/2
K ‖rθ

h‖∂K ,

ωθ
K := ‖zθ − ihzθ‖K + h

1/2
K ‖zθ − ihzθ‖∂K + δθ

K‖Sθ(uh)(zθ − ihzθ)‖K .

Here, we assume for simplicity that viscosity µ and heat conductivity κ are de-
termined by the reference temperature θ0 , i.e., these quantities are not included in
the linearization process. This is justified because of their relatively small variation
with θ . Furthermore, the explicit dependence of the stabilization parameters δK
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on the discrete solution uh is neglected. The weighted error estimator ηω(uh) will
be compared to the usual ‘residual’ error estimator

ηres(uh) :=
( ∑

K∈Th

∑

α∈{p,v,θ}

|ρα
K |2

)1/2

.

The weights in the a posteriori error estimate (4.33) are again evaluated by
solving the adjoint problem numerically on the current mesh and approximating the
exact adjoint solution z by patch-wise higher-order interpolation of its computed
approximation z̃h, as described above. For illustration, we state the strong form of
the adjoint problem (suppressing terms related to the least-squares stabilization)
used in our test computations:

∇ · zv = jp,

−ρ(v · ∇)zv −∇ · µ∇zv − ρ∇zp = jv,

θ−1v · ∇zp + θ−2v · ∇θ · zp − ρv · ∇zθ − c−1
p ∇ · (λ∇zθ) − (Dfθ)θz

θ = jθ,

where {jp, jv, jθ} is a suitable function representation of the error functional J(·) .
This system is closed by appropriate boundary conditions.

Remark 4.2. The most important feature of the a posteriori error estimate
(4.39) is that the local cell residuals related to the various physical effects governing
flow and transfer of temperature are systematically weighted according to their
impact on the error quantity to be controlled. For illustration, let us consider
control of the mean velocity

J(u) = |Ω|−1

∫

Ω

v dx.

Then, in the adjoint problem the right-hand sides jp and jT vanish, but because of
the coupling of the variables all components of the adjoint solution z = {zp, zv, zθ}
will be nonzero. Consequently, the error term to be controlled is also affected by
the cell residuals of the mass-balance and the energy equation. This sensitivity is
quantitatively represented by the weights involving zp and zθ.

4.6.3. Numerical example: heat-driven cavity. As a proto-typical model situa-
tion, we consider the benchmark problem ‘heat-driven cavity’ (Becker and Braack
[5]). The flow in a square box with side length L = 1 is driven by a temperature
difference of θh − θc = 720K between the left (’hot’) and the right (’cold’) wall
under the action of gravity g in the negative y-direction. The boundary conditions
are

v|∂Ω = 0, ∂nθ|ΓN
= 0, θ|Γhot

= θh, θ|Γcold
= θc.

Sutherland’s viscosity law is used,

µ(θ) = µ∗
( θ

θ∗

)1/3 θ∗+110.5K

θ+110.5K
, κ(θ) = µ(θ)/Pr,

where θ∗ = 273K and µ∗ = 1.68 ·10−5kg/ms. With the Prandtl number Pr=0.71,
the Rayleigh number is determined by

Ra = Pr g
(ρ0L

µ0

)2 θh−θc

θ0
∼ 106.
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Figure 13. Configuration of ‘heat-driven cavity’ benchmark (left),
velocity norm isolines (middle) and temperature isolines (right)
(from Becker and Rannacher [12])

Figure 14. Adapted meshes with about 58, 000 cells for the ‘heat-
driven cavity’ for a 1% error: ‘residual’ (left) and ‘weighted’ error
estimator (right) (from Becker and Rannacher [12]).

The quantity of interest is the average Nusselt number along the cold wall,

J(u) = Nu :=
Pr

0.3µ0θ0

∫

Γcold

κ∂nθ ds.

¿From the velocity-norm and temperature plots in Figure 13, we see that the
temperature boundary layer is strictly attached to the hot wall while the region of
large velocity gradients extends more into the flow domain. This raises the question
which of these layers has to be resolved by mesh refinement in order to get the best
accuracy in the average Nusselt number? This question is answered by the mesh
plots in Figure 14. The weighted error estimator orientates the mesh refinement
at the temperature boundary layers while the residual error estimator puts more
emphasis on the velocity behavior. Which one of these strategies is more effective,
is clearly seen in Figure 15.

4.7. Chemically reactive flows. Next, we extend the ’low Mach number’
flow model (4.27 - 4.29) by including chemical reactions. In this case the equations
of mass, momentum and energy conservation are supplemented by the equations of
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Figure 15. Efficiency of computing the Nusselt number using the
’residual’ (symbol +) and the ’weighted error estimator’ (symbol
×) (from Becker and Rannacher [12]).

species mass conservation:

∇ · v − θ−1v · ∇θ − M−1v · ∇M = 0,(4.34)

(ρv · ∇)v + ∇ · τ + ∇p = ρfe,(4.35)

ρv · ∇θ − c−1
p ∇ · (λ∇θ) = c−1

p ft(θ, w),(4.36)

ρv · ∇wi −∇ · (ρDi∇wi) = fi(θ, w), i = 1, . . . , n.(4.37)

In this case the gas law takes the form

ρ =
PthM

Rθ
,(4.38)

with the mean molar mass M := (
∑n

i=1 wi/Mi)
−1 and the species mole masses

Mi (see Braack and Rannacher [16] for more details of this model).
Owing to exponential dependence on temperature (Arrhenius’ law) and polyno-

mial dependence on w, the source terms fi(θ, w) are highly nonlinear. In general,
these zero-order terms lead to a coupling between all chemical species mass frac-
tions. For robustness the resulting system of equations is to be solved by an implicit
and fully coupled process that uses strongly adapted meshes. The discretization
of the full flow system again uses continuous Q1-finite elements for all unknowns
and employs least-squares stabilization for the velocity-pressure coupling as well as
for all the transport terms. We do not state the corresponding discrete equations
since they have the same structure as seen before. The derivation of the related
(linearized) adjoint problem corresponding to some (linear) functional J(·) and
the resulting a posteriori error estimates follows the same line of argument. Again,
one may use a simplified Jacobian of the coupled system in setting up the adjoint
problem (for details see Braack and Rannacher [16]. The resulting a posteriori error
estimator has the same structure as that in (4.33), only that additional terms occur
due to the balance equations for the chemical species:

(4.39) |J(e)| ≈
∑

K∈Th

∑

α∈{p,v,θ,wi}

ρα
Kωα

K ,
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Figure 16. Configuration of the chemical flow reactor with ax-
isymmetric symmetry of domain and flow.

Figure 17. Mass fraction of D
(1)
2 in the flow reactor computed on

a tensor-product mesh (left) and on a locally adapted mesh (right)
(from Becker et al. [7])

with the chemistry-related additional residual terms and weights

ρwi

K := ‖Rwi(uh)‖K + h
−1/2
K ‖rwi(uh)‖∂K , i = 1, . . . , n,

ωwi

K := ‖zwi − ihzwi‖K + h
1/2
K ‖zwi − ihzwi‖∂K + δwi

K ‖Swi(uh)(zwi − ihzwi)‖K .

The weights in the a posteriori error estimate (4.39) are again evaluated in the
same way as described above.

4.7.1. Numerical example: flow reactor. We consider a chemical flow reactor
(see Figure 16) for determining the reaction velocity of the heterogeneous relaxation
of vibrationally excited hydrogen in collisions with deuterium (‘slow” chemistry),

H
(1)
2 →wall H

(0)
2 , H

(1)
2 + D

(0)
2 → H

(0)
2 + D

(1)
2 .

The quantity to be computed is the CARS signal (coherent anti-Stokes Raman
spectroscopy)

J(c) = κ

∫ R

−R

σ(s)c(r − s)2 ds,

where c(r) is, for example, the concentration of D
(1)
2 along the line of the laser

measurement (see Segatz et al. [55]).
Table 6 and Figure 17 show results obtained by the DWR method for computing

the mass fraction of D
(1)
2 and D

(0)
2 . The comparison is against computations on

heuristically refined tensor-product meshes. We observe higher accuracy on the
systematically adapted meshes: particularly, monotone convergence of the desired
quantities is achieved.

Remark 4.3. More complex reactive flow problems such as combustion pro-
cesses (gas-phase reactions with ’fast’ chemistry) have been treated using the DWR
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Table 6. Results of the simulation of the relaxation experiment
on heuristically adapted (left) and on automatically adapted (right)
meshes (from Becker et al. [7]).

Heuristic refinement

L N D
(ν=0)
2 D

(ν=1)
2

1 137 0.77613 0.00000
2 481 0.74222 0.00254
3 1793 0.78013 0.00253
4 1923 0.78291 0.00272
5 2378 0.78511 0.00171
6 3380 0.79173 0.00116
7 5374 0.79162 0.00143

Adaptive refinement

L N D
(ν=0)
2 D

(ν=1)
2

1 137 0.77613 0.00000
2 244 0.73801 0.00402
3 446 0.74503 0.00260
4 860 0.75665 0.00201
5 1723 0.78057 0.00139
6 3427 0.78588 0.00113
7 7053 0.79974 0.00109

method by Braack [15]; see also Becker, Braack and Rannacher [6], and Braack and
Rannacher [16].

5. Final Remarks

In this survey, we have discussed the application of duality-based methods for a
posteriori error estimation and mesh adaptation for various standard types of flow
problems. Limited space did not allow to consider several other new computational
approaches and more involved flow situations. In the following, we list some of
these developments and give hints to relevant literature.

• DG-methods for the full compressible Navier-Stokes equations for tran-
sonic and supersonic flow are described in Hartmann and Houston [34].

• Residual-based time step control in nonstationary flow computation re-
quires the efficient computation of nonstationary dual solutions backward
in time. This can be achieved by using so-called ‘check-pointing’ or ‘win-
dowing’ techniques which are described in Becker, Meidner and Vexler [9],
see also the forthcoming book Becker and Vexler [13].

• The use of residual-based mesh adaptation in computing turbulent flows
is investigated in Hofmann and Johnson [39]. Here, the main claim is that
turbulence modeling, for instance by small scale modeling in an LES, can
be replaced by systematic residual-based mesh adaptation.

• The DWR approach for Finite Volume Methods without Galerkin orthog-
onality is analyzed in Giles and Pierce [25].

• Higher-order finite element methods are considered in Heuveline and Ran-
nacher [37] for elliptic problems and in Heuveline [35] for flow problems.

• Strategies for mesh adaptation in the case of multiple target functionals,
such as for example simultaneous computation of drag and lift coefficients,
are proposed in Hartmann and Houston [33]).

Further important flow situations not considered in this survey are flows with free
surfaces, fluid-structure interaction, flows through porous media, and micro- and
capillary flows. The application of the DWR method to these kinds of flows are
still to be developed.
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teuerung bei Galerkin-Verfahren für die Wärmeleitungsgleichung, Diploma thesis, Institute

of Applied Mathematics, University of Heidelberg, 1998.

30. , Adaptive finite element methgods for the compressible Euler equations, Dissertation,

Universität Heidelberg, 2002.

31. , The role of the Jacobian in the adaptive discontinuous Galerkin method for the com-

pressible Euler equations, Analysis and Numerical Methods for Conservation Laws (G. War-

necke, ed.), Springer, 2004, to appear.

32. R. Hartmann and P. Houston, Adaptive discontinuous Galerkin finite element methods for

the compressible Euler equations, J. Comput. Phys. 183 (2002), 508–532.

33. , Goal-oriented a posteriori error estimation for multiple target functionals, Hyper-

bolic problems: Theory, Numerics, Applications (T. Y. Hou and E. Tadmor, eds.), Springer,

Heidelberg-New York, 2003, pp. 579–588.

34. , Adaptive discontinuous Galerkin finite element methods with interior penalty for the
compressible Navier-Stokes equations, Numerical Mathematics and Advanced Applications
(M. Feistauer, V. Doleji, P. Knobloch, and K. Najzar, eds.), ENUMATH 2003, Springer,

2004, pp. 410–419.
35. V. Heuveline, On higher-order mixed FEM for low mach number flows: Application to a

natural convection benchmark problem, Internat. J. Numer. Methods Fluids 41 (2003), 1339–
1356.

36. V. Heuveline and R. Rannacher, Adaptive finite element discretization of eigenvalue problems
in hydrodynamic stability theory, Preprint, SFB 359, Universität Heidelberg, October 2004.

37. , Duality-based adaptivity in the hp-finite element method, J. Numer. Math. 11 (2003),

95–113.
38. J. Heywood, R. Rannacher, and S. Turek, Artificial boundaries and flux and pressure condi-

tions for the incompressible Navier-Stokes equations, Int. J. Comput. Fluid Mech. 22 (1996),
325–352.

39. J. Hoffman and C. Johnson, A new approach to computational turbulence modeling, Preprint,
Chalmers University of Technology, Gothenburg, http://www.phi.chalmers.se/ preprints/,

2004.
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