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Newton—Hotelling—Schultz iterations:

Xk — 2Xk_1 — Xk:—lAXk:—l — A_l

I - AX, = (I — A.X’k,_l)2 = quadratic convergence

Assume that A and A™1 are structured matrices
with a data-sparse (low-parametric) representation.

Truncated iterations: Xy = R(Xy)

Can we keep quadratic convergence in the truncated iterations?



V' a normed space

B € V the target of computaion

ITERATIVE PROCESS: X3 = Pp(Xg_1)

LEMMA.
Assume 4 a > 1, €4, cp s.t.

| X —B||<es =

|®x(X) — Bl| < csl|X — BJ|*.

Then
||X0—B||<€ —

ok
IXx — B|| < ¢ (c||Xo—B|[)*, k=

€ = min (sq,, c_l) , C=Cg



S C V asubset of “structured” elements (e.g. structured matrices)

R : V — S a truncation operator.
XeS = RX)=X

TRUNCATED ITERATIVE PROCESS:

Yo = R(Xo)
Y = R(®r(Yi-1))



THEOREM 1.

Assume that

(1) Premises of Lemma are fulfilled.
(2) R(B) = B.
3)[|IX =Bl <es = || X - R(X)|| <crl||X — B

Then 34 6 > 0s.t.
Yo = R(Ys), |[Yo—B|[<dé =
Yy — B|| < cgrs ||Yeo1 — B||¢, k=1, 2, ...
cre = (cr+ 1)cs

W. Hackbusch, B.N. Khoromskij, E. Tyrtyshnikov. Approzimate iteration for struc-
tured matrices. Preprint no. 112, Max-Planck-Institut fiir Mathematik in den Natur-
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PROOF IS ELEMENTARY!

|Yeo1 — Bl|| <e = ||Ps(Yi—1) — B|| e =

| Ye — B|| = [[(R(®r(Yr-1)) — Pr(Yi-1)) + (Pr(Yr-1) — B)||
< (ecr+1) ||Pr(Yr—1) — B||
||®w(Yr—1) — B|| < ca ||Yi—1 — BJ|”
Choose

d = min (e, C’_l) , C=c%s, crs=(cr+1)cs

= [[Yx—B|[<e VK

COROLLARY.

ak:
1Y—B|| <& = ||Yi—B|| < C'(C||Ys—BI)™, k=1,2, ...



THEOREM 2.
Assume d €¢, Cr, ErB st
| X —B||<es =
| X — R(X)|| < crl||X — B|| + ers-

Let ™ be the minimal k s.t.
€RB

eg_l < — CR® — (CR + 1)C¢>-
CR®
Then errors e, = ||Yx— BY|| of trun. iter. decrease superlinearly until k < m:
E<m-—-1 = e, < 2crae,_q,

k>m = e, < 2egrB.

[1¥e — Bl < |[Ye— Zi[| +1|Zk — B|| < (er+1)[|Zk— Bl||+erp =

(8% (8
er. < Croe€, +€rB < 2Croe; -



TRUNCATION OPERATOR PROPERTY

|1 X — R(X)|| < cr||X — B

LEMMA

Let B = R(B), and assume that R is a Lipschitz operator.
Then the truncation operator property holds.

COROLLARY

The truncation operator property is fulfilled as soon as

B = R(B) and R is a bounded linear operator.

REMARK

It is suflicient to weaken the Lipschitz property so that it is required
only for pairs of elements of which one is fixed and equal to B.

EXAMPLE

R(X) keeps the entries of X inside a sparsity pattern
and sets zeroes elsewhere.



GENERAL FORM OF TRUNCATION OPERATOR
R=L 'oIloL

TRUNCATION LEMMA

Let V and W be normed spaces,
L : V — W a bounded linear operator with a bounded inverse.
Given B € V. assume that IT : W — W possesses the following property:

|1Z —TI(Z)|| < enl|Z — L(B)||

forall Z € W st. ||[L=YZ) — B|| < es.

Then the truncation operator property holds with

cr = cnl|L|[||L7].



EXAMPLE 1. DISPLACEMENT-STRUCTURE TRANSFORM
L(X)=XU-VX

EXAMPLE 2. DISCRETE WAVELET TRANSFORM
L(X)=Q"XQ

EXAMPLE 3. RESHAPING FOR A 2-LEVEL MATRIX

Vectorization of a matrix: A — V(A) (pick up entries column by column)

A L(A) = [V(An), V(A21), ... ,V(A,)] .
Ay ... Ay
A= | ... ... ... c Clrx®d) _, [(A)eCP*e
_Apl g App_

(eg, A=UQ®V withU € CP*P and V € C9*9)
Important that ||A||r = ||L(A)||F-



KRONECKER AND LOW-RANK APPROXIMATIONS

The best Kronecker approximation (in Frobenius norm)
can be computed by the SVD applied to L(A).

EXAMPLE

LU xV) =

Ui1
U21
Ui2
U22

V11 Vi2 V313
] ) V = | v21 V22 Vas
| U31 V32 V33 |

[’011 V21 V31 V12 V22 V32 V13 V23 ’033}



APPLICATIONS OF THE TRUNCATION LEMMA
Define a suitable system of normed spaces Wy, ..., W and set
W=W; X..xWy={H=(H,, ..., Hy) : H; € W;},

~N 1/2
1H]|| = (,_zlnﬂinz) -

Let W; be endowed a truncation operator 1I; : W; — W; s.t.
|[H; — 1L(H;)|| < il |[Hs — Zil|, 1<i< N,
where H; € W; are arbitrary elements and Z; € W, are some fixed elements.

LEMMA.
Assume that
(a) L : V — W is a bounded linear operator with bounded inverse
(b) Z; € Wy arest. L(B) = (Zy, ..., ZN), B is the target element.
(c) IT : W — W is defined by
T(H) = (IL(FL), ..., Tn(Hy))-

Then R = L~! o R o L possesses the truncation operator property.



TREE OF SUBDOMAINS

A

MULTILEVEL MATRICES




LEMMA. Let W be a normed space of all matrices of a fixed size
and S C W consist of all matrices with rank < r. Then for any
H € W there exists a matrix T' € S s.t.

|H —T|| = min_||H - Z|.

PROOF'. Consider a minimizing sequence Zi € S s.t.

lim ||H — Z.|| = p= inf ||H— Z||.
kggoll Kl =p rari?zgr” |

Zy is bounded in the norm = 3 Z; — T
By transition to the limit,

[|H —T|| = p.
Why T € S?

This is because a matrix of rank p possesses
a vicinity wherein any matrix is of rank > p.

COROLLARY.
For any norm, let II be the best approximant.
Then II satisfies the truncation operator property.



UNITARILY INVARIANT NORMS

] o1 (H)
o1 (H)

S(H) = oo(H) |, Z.(H) = o, (H)

0

H = Q:1¥(H)Q: = II(H) = Q:13,(H)Q: is the best possible
approximant to H over matrices of rank < r. The norm is arbitrary but
unitarily invariant.

[t can be readily deduced from the Mirsky theorem:
13(H) —%(2)|| < |[|H — Z]|.

If Z € S then 0;(Z) = 0 for ¢ > r 4+ 1. Using this together with the
monotonicity we obtain

|H —II(H)|| = [|%(H) = %.(H)|| < [|%(H) = %(2)]].
By Mirski the latter norm is upper bounded by ||H — Z||.



SPECTRAL AND FROBENIUS NORMS
1/2

rafrliuznﬁ"“ | |H Z| |2 O-T—i_l(H)’ rarrlll;uZnST | |H Zl |F '>§_|:_1 i (H)
i>r

Truncation operator property is granted by existence of the best approximation
element. Sometimes (e.g. canonical approximations of tensors) it is not the case.

LEMMA.

Let p(H) = %relgHH — T'||. Given a fixed & > 0, denote by II(H) an

e-optimal approximation to H:
p(H) < ||H —1I(H)|| < p(H) + e.

Then
|H - TI(H)|| < ||[H — Z|| +¢ ¥ Z€ES.

Take into account that p(H) < ||H — Z]||. Then
|H —II(H)|| — |[|H — Z|| < (p(H) +¢) — p(H) = e.



APPROXIMATE INVERSION OF MATRICES

[ (@, y)
u(z,y
(o — x)? + (Yo — y)?)
0O O
n = p? 4096 16384 65536 262144
€ 107° 107° 107° 107°
Tensor rank of A 8 8 9 10
Inversion time 2.68 sec | 15.39 sec | 1.47 min 7.29 min Umform gI‘ldS

Number of iterations 7 8 9 10
Tensor rank of A~1 14 15 15 15

Residual 4.107%(3.10¢|1.5-107*|1.1-107%

n = p? 4096 16384

€ 10—° 10—°
Tensor rank of A 15 16
Inversion time 18.1 sec | 1.4 min Chebyshev gI‘ldS

Number of iterations 12 15 ;
Tensor rank of A~1 21 21 r; = (1 — cos 71'_’1,)/2

Residual 8-107%|4.107°

w(z — 0.5
xo; = (1 — cos ( ))/2
p

[. V. Oseledets, E. E. Tyrtyshnikov: Approximate inversion of matrices in the process of
solving a hypersingular integral equation, Comp. Math. and Math. Phys., Vol. 45, No. 2
(2005), 302-313 (translated from JVM i MF, Vol. 45, No. 2 (2005), 315-326).



2D TENSOR-WAVELET SOLVER FOR Au = f

(1) Finde a canonical approximation for A:

B=3) U.®Vi, |IB-Allr<ellAllr
k=1

(2) Apply a discrete wavelet transform (DWT) with matrix W
to each tensor factor to make them pseudo=sparse:

P, =WUWT, Q. =WV,Wl, 1<k<nr.

Choose a sparsification threshold 7 = 7(e, Pg, Qk)
and neglect small entries:

C=WTeW HDW@W)=B, D=) P/QQ;
k=1
|B — C||r < ¢l|B||r-
Different DW'T could be used.
Could be adapted to a given non-uniform grid.



2D TENSOR-WAVELET SOLVER FOR Au = f

(3) Construct a preconditioner H ~! for A, e.g. a block circulant preconditioner
with scaling or a Newton-based approximation for the inverse.

(4) Apply iterations (GMRES) to solve
H'Cy=H"f. (1)

(5) Finish with u = y.

J. M. Ford, E. E. Tyrtyshnikov, Combining Kronecker product approximation with dis-
crete wavelet transforms to solve dense, function-related systems, SIAM J. Sci. Comp.,
Vol. 25, No. 3 (2003), 961-981.

J.M.Ford, I.V.Oseledets, E.E.Tyrtyshnikov, Matrix approximations and solvers using ten-
sor products and non-standard wavelet transforms related to irregular grids, Rus. J.
Numer. Anal. and Math. Modelling, Vol. 19, No. 2 (2004), 185-204.



MODIFIED NEWTON (1. Oseledets, E. T.)

Yo=1
Xy is nonsingular s.t. spectral radius(I — Xp) < 1

Xy = Xp1(2I — Xp1), Y = Y1 (21 — Xpq)

PROOF. lim X3, =1 = Xp =XV, = limY,=X,"

k— oo k—oo

If Aisspd, then Xy := oA with a < 2/||Al|l2 =
I — Xoll2 < 1, limY, = A '/a.

k—oo

TRUNCATED MODIFIED NEWTON

Xk, — R(Xk,_l(ZI— Xk:—l)), Yk — R(Yk_l(ZI— Xk:—l))

In practice we find it 3 times faster. But, proof is lacking!



EXAMPLE OF LINEAR STRUCTURE

QAo a_1 a—_-92 ... Q1—n
aj ap a_1 *-° Q2_n
A = a ai; Qy --° Q3_n, (Toeplitz matrix)
i Ap—1 Ap_—2 Ap_3 ... Qo _

RELATION WITH A BILINEAR STRUCTURE

Z,= | = rank(A — Z,AZ) <2




Operator A +— A — ZSAZtT = GH' is invertible for st # 1:

(1—st)A =" Cu(g)C] (h)

G = [gla o0y gr]a H = [hla o0y hr]

(s-circulant)

— Vi—js 7’_.7207
[Cs(v)]zj o {S Un+4i—js 1 — ] < 0.

FORMULAS FOR THE INVERSE MATRICES

rank(A — Z,AZ) = rank(A™!' — ZA~1Z,)
= rank(A~" — Z;A""Z])

Trench, Gohberg—Sementsul, Krupnik, Sahnovich, Heinig, Kailath, ...



GOHBERG SEMENTSUL:

A—l

— 1
= I,

Yo
Yn—1
Yn

1 [wo us Uy |
Uo Up—1 L
:130_ i U i
0 | _O Vo V1
Yo 0 0 Vo
Y1 Yo o || ...
......... 0
Yy oo oo Yo 0] |
_O_
— O s Ui = Ypn—iy W; = Lp—1,
1




A CHALLENGE OF 2D TOEPLITZ MATRICES

Two-level Toeplitz matrix of order n = p*:

A= [a'kzl—ll]’ 0 < ki,l1 <p-—1,

Qky—1; = [Qhy—1y,ko—1o) s 0 < kylo <p-—1.

A can be viewed as a block Toeplitz matrix with p X p blocks =
Gohberg-Heinig formulas for A~1.
But too many parameters: O(n3/?).



SUBLINEAR COMPLEXITY FOR 2D TOEPLITZ INVERSION

Consider a 5-point Laplacian of order N = n? (2-level Toeplitz matrix).
The inverse matrix is approximated by the Newton—Schultz method

X1 = APPROXIMATION(2X; — X AX})

with a rank-structured approxination of all computed matrices: by matrices of
limited tensor rank and limited displacement rank of each block.

n 642 | 1282% 2562 | 5122
Tensor rank A1 9 10 11 12
Averaged displacement rank of A~!|/13.5/13.5|/16.8|18.6

Inversion of the 5-point Laplacian

Time behaves as O(vV N7r2 ),

mean
Tmean — averaged displacement rank.

V.Olshevsky, I.Oseledets, E.Tyrtyshnikov,

Superfast inversion of two-level Toeplitz matrices using Newton iteration and tensor-displacement

structure, Operator Theory Advances and Applications, vol. 179, pp. 229-240 (2007).




Low-parametric representations of inverse matrices
contain o(IN) parameters.

Hence, all difficulties are relegated to the representation of

vectors, not matrices!



TENSOR STRUCTURE IN VECTORS

8
|
© 00U W N

X = MATRIX(x)

N =

111]+

|
LoD =
NG N
© 00

& & = VECTOR(X)

[O 1 2] = ulvlT + usv

r=7v QUi+ v2 K us

T
2



EIGENVECTOR STRUCTURE
M=AQQB+CX®D

If A, C and B, D are two pairs of commuting matrices,
then any eigenvector has a tensor rank-1 structure.

DISCRETE LAPLACIAN CASE
Mu=Au, M=AQI+IRA

2 —1
-1 2 -1
A = e e ee
-1 2 -1
ke I ks . wlt
T = U Qv uk_smn+1, ’vi—smn+1
0 7Tl
)\kl:4sm <k,l<n




USE TENSOR VECTORS IN EIGENSOLVERS

LANCZOS:
e Choose an initial vector p; with ||p1|| = 1 and set pg = 0, bg = 0.
e For Kk = 1,2,... compute
zr, = Mpy
ar = (zktapk:)
qQx = 2 — akPr — br_1Pr—1

b = ||qxl|
Pk+1 = qi/ bk

e Compute the Rietz values as the eigenvalues of a projection k X k matrix
(a symmetric tridiagonal matrix consisting of the values ag, by)

My = P/ MP,, P,=[pi,-.-, Dk



TENSOR LANCZOS

e Choose an initial vector p; with ||p1|| = 1 and set pg = 0, bg = 0.

e For Kk = 1,2,... compute

zr, = Mpy
ap — (Zk’ pk)

qx = T-(zx — axpPr — br—1PK—1)

b = ||qx|
Pk+1 = qi/bg

e Compute the Rietz values using k X k projection matrices.

STANDARD VERSUS TENSOR (50 iterations)

n 1000 | 2000 | 4000 | 6000
Lanczos time (sec) 2.8 | 12.1]76.7|224.9
Tensor Lanczos time (sec)| 04 | 0.7 | 1.5 | 2.2

For n = 6000 we observe a 100 times acceleration.




MORE EXAMPLES

Jo)
MT:M—ZDt@)Dt

M = —Laplacian.

Compare maximal eigenvalues on the 50th iteration.

t=1

n = 300%, truncation rank = 10, ¢ = 1072,

p

1

3

5

D, are diagonal matrices with positive entries.

Standard Lanczos

7.989

7.957

7.925

7.900

7.893

Tensor Lanczos

977

7.940

7917

Entries of Dy are uniform grid values of (1 4+ T3(x)) /10,
T; is the Chebyshev polynomial of degree t.

P

1

3

5

7.893

7

7.906

9

Standard Lanczos

7.862

7.615

7.302

6.800

6.460

Tensor Lanczos

7.852

7.608

7.292

6.789

6.452

Entries of Dy come from random vectors with uniform distribution on [0, 1].



SUBLINEAR COMPLEXITY

For 2-dimensional problems time grows
as SQUARE ROOT

of total number of nodes!

For d-dimensional problems time should grow
as ROOT OF DEGREE d

of total number of nodes!



