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Newton�Hotelling�S
hultz iterations:

Xk = 2Xk−1 − Xk−1AXk−1 → A−1

I − AXk = (I − AXk−1)
2 ⇒ quadrati
 
onvergen
eAssume that A and A−1 are stru
tured matri
eswith a data-sparse (low-parametri
) representation.Trun
ated iterations: Xk := R(Xk)

Can we keep quadrati
 
onvergen
e in the trun
ated iterations?



V a normed spa
e
B ∈ V the target of 
omputaionITERATIVE PROCESS: Xk = Φk(Xk−1)LEMMA.Assume ∃ α > 1, εΦ, cΦ s.t.

||X − B|| ≤ εΦ ⇒

||Φk(X) − B|| ≤ cΦ||X − B||α.

Then

||X0 − B|| < ε ⇒

||Xk − B|| ≤ c−1 (c ||X0 − B|| )αk

, k = 1, 2 ...

ε = min
(

εΦ, c−1
)

, c = c
1

α−1
Φ



S ⊂ V a subset of �stru
tured� elements (e.g. stru
tured matri
es)

R : V → S a trun
ation operator.

X ∈ S ⇒ R(X) = X.

TRUNCATED ITERATIVE PROCESS:
Y0 = R(X0)

Yk = R(Φk(Yk−1))



THEOREM 1.Assume that(1) Premises of Lemma are ful�lled.(2) R(B) = B.(3) ||X − B|| ≤ εΦ ⇒ ||X − R(X)|| ≤ cR ||X − B||.

Then ∃ δ > 0 s.t.
Y0 = R(Y0), ||Y0 − B|| < δ ⇒

||Yk − B|| ≤ cRΦ ||Yk−1 − B||α, k = 1, 2, ...

cRΦ = (cR + 1)cΦW. Ha
kbus
h, B.N. Khoromskij, E. Tyrtyshnikov. Approximate iteration for stru
-tured matri
es. Preprint no. 112, Max-Plan
k-Institut f�ur Mathematik in den Natur-wissens
haften, Leipzig 2005. Numer. Math., DOI 10.1007/s00211-008-0143-0, 2008.



PROOF IS ELEMENTARY!

||Yk−1 − B|| ≤ ε ⇒ ||Φk(Yk−1) − B|| ≤ ε ⇒

||Yk − B|| = ||(R(Φk(Yk−1)) − Φk(Yk−1)) + (Φk(Yk−1) − B)||

≤ (cR + 1) ||Φk(Yk−1) − B||

||Φk(Yk−1) − B|| ≤ cΦ ||Yk−1 − B||αChoose

δ = min
(

ε, C−1
)

, C = c
1

α−1
RΦ , cRΦ = (cR + 1)cΦ

⇒ ||Yk − B|| ≤ ε ∀ kCOROLLARY.

||Y0−B|| < δ ⇒ ||Yk−B|| ≤ C−1 (C ||Y0 − B||)αk

, k = 1, 2, ... .



THEOREM 2.Assume ∃ εΦ, cR, εRB s.t

||X − B|| ≤ εΦ ⇒
||X − R(X)|| ≤ cR ||X − B|| + εRB.Let m be the minimal k s.t.
eα

k−1 ≤ εRB

cRΦ

, cRΦ = (cR + 1)cΦ.Then errors ek = ||Yk−B|| of trun. iter. de
rease superlinearly until k ≤ m:

k ≤ m − 1 ⇒ ek ≤ 2cRΦ eα
k−1,

k ≥ m ⇒ em ≤ 2εRB.

PROOF. Zk := Φk(Yk−1)

||Yk −B|| ≤ ||Yk −Zk||+ ||Zk −B|| ≤ (cR +1)||Zk −B||+εRB ⇒

ek ≤ cRΦ eα
k−1 + εRB ≤ 2cRΦ eα

k−1.



TRUNCATION OPERATOR PROPERTY

||X − R(X)|| ≤ cR ||X − B||

LEMMALet B = R(B), and assume that R is a Lips
hitz operator.Then the trun
ation operator property holds.COROLLARYThe trun
ation operator property is ful�lled as soon as
B = R(B) and R is a bounded linear operator.REMARKIt is su�
ient to weaken the Lips
hitz property so that it is requiredonly for pairs of elements of whi
h one is �xed and equal to B.EXAMPLE

R(X) keeps the entries of X inside a sparsity patternand sets zeroes elsewhere.



GENERAL FORM OF TRUNCATION OPERATOR

R = L−1 ◦ Π ◦ LTRUNCATION LEMMALet V and W be normed spa
es,
L : V → W a bounded linear operator with a bounded inverse.Given B ∈ V , assume that Π : W → W possesses the following property:

||Z − Π(Z)|| ≤ cΠ||Z − L(B)||for all Z ∈ W s.t. ||L−1(Z) − B|| ≤ εΦ.Then the trun
ation operator property holds with
cR = cΠ||L||||L−1||.



EXAMPLE 1. DISPLACEMENT-STRUCTURE TRANSFORM

L(X) = XU − V X

EXAMPLE 2. DISCRETE WAVELET TRANSFORM

L(X) = Q⊤XQ

EXAMPLE 3. RESHAPING FOR A 2-LEVEL MATRIXVe
torization of a matrix: A → V(A) (pi
k up entries 
olumn by 
olumn)

A 7→ L(A) = [V(A11), V(A21), . . . , V(App)]
T .

A =





A11 . . . A1p

. . . . . . . . .
Ap1 . . . App



 ∈ C
(pq)×(pq) → L(A) ∈ C

p2×q2

(e.g., A = U ⊗ V with U ∈ Cp×p and V ∈ Cq×q)Important that ||A||F = ||L(A)||F .



KRONECKER AND LOW-RANK APPROXIMATIONS

The best Krone
ker approximation (in Frobenius norm)
an be 
omputed by the SVD applied to L(A).

EXAMPLE

U =

[

u11 u12

u21 u22

]

, V =





v11 v12 v13

v21 v22 v23

v31 v32 v33





L(U × V ) =









u11

u21

u12

u22









[

v11 v21 v31 v12 v22 v32 v13 v23 v33

]



APPLICATIONS OF THE TRUNCATION LEMMADe�ne a suitable system of normed spa
es W1, . . . , WN and set

W = W1 × . . . × WN = {H = (H1, . . . , HN) : Hi ∈ Wi},

||H|| =

(

N
∑

i=1

||Hi||2
)1/2

.

Let Wi be endowed a trun
ation operator Πi : Wi → Wi s.t.

||Hi − Πi(Hi)|| ≤ ci||Hi − Zi||, 1 ≤ i ≤ N,where Hi ∈ Wi are arbitrary elements and Zi ∈ Wi are some �xed elements.LEMMA.Assume that(a) L : V → W is a bounded linear operator with bounded inverse(b) Zi ∈ Wi are s.t. L(B) = (Z1, . . . , ZN), B is the target element.(
) Π : W → W is de�ned by

Π(H) = (Π1(H1), . . . , ΠN(HN)).Then R = L−1 ◦ R ◦ L possesses the trun
ation operator property.



TREE OF SUBDOMAINS

MULTILEVEL MATRICES



LEMMA. Let W be a normed spa
e of all matri
es of a �xed sizeand S ⊂ W 
onsist of all matri
es with rank ≤ r. Then for any

H ∈ W there exists a matrix T ∈ S s.t.

||H − T || = min
rank Z≤r

||H − Z||.

PROOF. Consider a minimizing sequen
e Zk ∈ S s.t.

lim
k→∞

||H − Zk|| = ρ ≡ inf
rank Z≤r

||H − Z||.

Zk is bounded in the norm ⇒ ∃ Zkl
→ T .By transition to the limit,

||H − T || = ρ.Why T ∈ S?This is be
ause a matrix of rank p possessesa vi
inity wherein any matrix is of rank ≥ p.COROLLARY.For any norm, let Π be the best approximant.Then Π satis�es the trun
ation operator property.



UNITARILY INVARIANT NORMS

Σ(H) =





σ1(H)
σ2(H). . .



 , Σr(H) =













σ1(H) . . .

σr(H)
0 . . .













H = Q1Σ(H)Q2 ⇒ Π(H) = Q1Σr(H)Q2 is the best possibleapproximant to H over matri
es of rank ≤ r. The norm is arbitrary butunitarily invariant.It 
an be readily dedu
ed from the Mirsky theorem:
||Σ(H) − Σ(Z)|| ≤ ||H − Z||.If Z ∈ S then σi(Z) = 0 for i ≥ r + 1. Using this together with themonotoni
ity we obtain

||H − Π(H)|| = ||Σ(H) − Σr(H)|| ≤ ||Σ(H) − Σ(Z)||.By Mirski the latter norm is upper bounded by ||H − Z||.



SPECTRAL AND FROBENIUS NORMS

min
rank Z≤r

||H−Z||2 = σr+1(H), min
rank Z≤r

||H−Z||F =





∑

i≥r+1

σ2
i (H)





1/2

Trun
ation operator property is granted by existen
e of the best approximationelement. Sometimes (e.g. 
anoni
al approximations of tensors) it is not the 
ase.LEMMA.Let ρ(H) = inf
T∈S

||H − T ||. Given a �xed ε > 0, denote by Π(H) an

ε-optimal approximation to H :
ρ(H) ≤ ||H − Π(H)|| ≤ ρ(H) + ε.Then

||H − Π(H)|| ≤ ||H − Z|| + ε ∀ Z ∈ S.

Take into a

ount that ρ(H) ≤ ||H − Z||. Then
||H − Π(H)|| − ||H − Z|| ≤ (ρ(H) + ε) − ρ(H) = ε.



APPROXIMATE INVERSION OF MATRICES

1
∫

0

1
∫

0

u(x, y)

(x0 − x)2 + (y0 − y)2)3/2
dxdy = f(x0, y0)

n = p2 4096 16384 65536 262144

ε 10−5 10−5 10−5 10−5Tensor rank of A 8 8 9 10Inversion time 2.68 se
 15.39 se
 1.47 min 7.29 minNumber of iterations 7 8 9 10Tensor rank of A−1 14 15 15 15Residual 4 · 10−6 3 · 10−6 1.5 · 10−4 1.1 · 10−4

Uniform grids

n = p2 4096 16384
ε 10−5 10−5Tensor rank of A 15 16Inversion time 18.1 se
 1.4 minNumber of iterations 12 15Tensor rank of A−1 21 21Residual 8 · 10−5 4 · 10−5

Chebyshev grids
xi = (1 − cos

πi

p
)/2

x0i = (1 − cos
π(i − 0.5)

p
)/2I. V. Oseledets, E. E. Tyrtyshnikov: Approximate inversion of matri
es in the pro
ess ofsolving a hypersingular integral equation, Comp. Math. and Math. Phys., Vol. 45, No. 2(2005), 302�313 (translated from JVM i MF, Vol. 45, No. 2 (2005), 315�326).



2D TENSOR-WAVELET SOLVER FOR Au = f(1) Finde a 
anoni
al approximation for A:

B =
r

∑

k=1

Uk ⊗ Vk, ||B − A||F ≤ ε||A||F(2) Apply a dis
rete wavelet transform (DWT) with matrix Wto ea
h tensor fa
tor to make them pseudo=sparse:

Pk = WUkW
T , Qk = WVkW

T , 1 ≤ k ≤ r.Choose a sparsi�
ation threshold τ = τ (ε, Pk, Qk)and negle
t small entries:
C = (W −T ⊗ W −T )D(W ⊗ W ) ≈ B, D =

r
∑

k=1

P τ
k ⊗ Qτ

k

||B − C||F ≤ ε||B||F .Di�erent DWT 
ould be used.Could be adapted to a given non-uniform grid.



2D TENSOR-WAVELET SOLVER FOR Au = f(3) Constru
t a pre
onditionerH−1 for A, e.g. a blo
k 
ir
ulant pre
onditionerwith s
aling or a Newton-based approximation for the inverse.(4) Apply iterations (GMRES) to solve
H−1Cy = H−1f. (1)(5) Finish with u ≈ y.

J. M. Ford, E. E. Tyrtyshnikov, Combining Krone
ker produ
t approximation with dis-
rete wavelet transforms to solve dense, fun
tion-related systems, SIAM J. S
i. Comp.,Vol. 25, No. 3 (2003), 961�981.J.M.Ford, I.V.Oseledets, E.E.Tyrtyshnikov, Matrix approximations and solvers using ten-sor produ
ts and non-standard wavelet transforms related to irregular grids, Rus. J.Numer. Anal. and Math. Modelling, Vol. 19, No. 2 (2004), 185�204.



MODIFIED NEWTON (I. Oseledets, E. T.)

Y0 = I
X0 is nonsingular s.t. spe
tral radius(I − X0) < 1

Xk = Xk−1(2I − Xk−1), Yk = Yk−1(2I − Xk−1)

PROOF. lim
k→∞

Xk = I ⇒ Xk+1 = X0Yk ⇒ lim
k→∞

Yk = X−1
0 .

If A is spd, then X0 := αA with α < 2/||A||2 ⇒
|I − X0||2 < 1, lim

k→∞
Yk = A−1/α.

TRUNCATED MODIFIED NEWTON
Xk = R(Xk−1(2I − Xk−1)), Yk = R(Yk−1(2I − Xk−1))In pra
ti
e we �nd it 3 times faster. But, proof is la
king!



EXAMPLE OF LINEAR STRUCTURE

A =













a0 a−1 a−2 . . . a1−n

a1 a0 a−1 · · · a2−n

a2 a1 a0 · · · a3−n

· · · · · · · · · · · · · · ·
an−1 an−2 an−3 . . . a0













(Toeplitz matrix)

RELATION WITH A BILINEAR STRUCTURE
Zs =









0 ... 0 s
1 . . .

1

0

0









⇒ rank(A − ZsAZ⊤
t ) ≤ 2



Operator A 7→ A − ZsAZ⊤
t = GH⊤ is invertible for st 6= 1:

(1 − st)A =
r

∑

k=1

Cs(gk)C
⊤
t (hk)

G = [g1, ..., gr], H = [h1, ..., hr]

[Cs(v)]ij =

{

vi−j, i − j ≥ 0,
s vn+i−j, i − j < 0.

(s-
ir
ulant)

FORMULAS FOR THE INVERSE MATRICES
rank(A − ZsAZ⊤

t ) = rank(A−1 − Z⊤
t A−1Zs)

= rank(A−⊤ − ZtA
−⊤Z⊤

s )Tren
h, Gohberg�Sementsul, Krupnik, Sahnovi
h, Heinig, Kailath, ...



Gohberg�Sementsul:
A−1 = x−1

0









x0

x1 x0

... ... ...
xn ... ... x0

















u0 u1 ... un

u0 ... un−1

... ...
u0









−

− x−1
0













0
y0 0
y1 y0 0
... ... ... ...

yn−1 ... ... y0 0

























0 v0 v1 ... vn−1

0 v0 ... vn−2

... ... ...
0 v0

0













A











x0

x1

...

xn











=











1

0

...

0











, A











y0

...

yn−1

yn











=











0

...

0

1











, ui = yn−i, wi = xn−1, 0 ≤ i ≤ n.



A CHALLENGE OF 2D TOEPLITZ MATRICES

Two-level Toeplitz matrix of order n = p2:

A = [ak1−l1], 0 ≤ k1, l1 ≤ p − 1,

ak1−l1 = [ak1−l1,k2−l2], 0 ≤ k2, l2 ≤ p − 1.

A 
an be viewed as a blo
k Toeplitz matrix with p × p blo
ks ⇒Gohberg-Heinig formulas for A−1.But too many parameters: O(n3/2).



SUBLINEAR COMPLEXITY FOR 2D TOEPLITZ INVERSIONConsider a 5-point Lapla
ian of order N = n2 (2-level Toeplitz matrix).The inverse matrix is approximated by the Newton�S
hultz method

Xk+1 = APPROXIMATION(2Xk − XkAXk)with a rank-stru
tured approxination of all 
omputed matri
es: by matri
es oflimited tensor rank and limited displa
ement rank of ea
h blo
k.n 642 1282 2562 5122Tensor rank A−1 9 10 11 12Averaged displa
ement rank of A−1 13.5 13.5 16.8 18.6Inversion of the 5-point Lapla
ianTime behaves as O(
√

Nr2
mean),

rmean = averaged displa
ement rank.V.Olshevsky, I.Oseledets, E.Tyrtyshnikov,Superfast inversion of two-level Toeplitz matri
es using Newton iteration and tensor-displa
ementstru
ture, Operator Theory Advan
es and Appli
ations, vol. 179, pp. 229�240 (2007).



Low-parametri
 representations of inverse matri
es
ontain o(N) parameters.Hen
e, all di�
ulties are relegated to the representation ofve
tors, not matri
es!



TENSOR STRUCTURE IN VECTORS

x =





























1
2
3
4
5
6
7
8
9





























⇔ X =





1 4 7
2 5 8
3 6 9





X = MATRIX(x) ⇔ x = VECTOR(X)

X =





1
2
3





[

1 1 1
]

+





1
1
1





[

0 1 2
]

= u1v
⊤
1 + u2v

⊤
2

x = v1 ⊗ u1 + v2 ⊗ u2



EIGENVECTOR STRUCTURE

M = A ⊗ B + C ⊗ DIf A, C and B, D are two pairs of 
ommuting matri
es,then any eigenve
tor has a tensor rank-1 stru
ture.DISCRETE LAPLACIAN CASE
Mu = λu, M = A ⊗ I + I ⊗ A

A =













2 −1
−1 2 −1

... ... ...
−1 2 −1

−1 2













xkl = uk ⊗ vl uk
s = sin

πks

n + 1
, vl

t = sin
πlt

n + 1

λkl = 4 sin2 πk

2(n + 1)
+ 4 sin2 πl

2(n + 1)
, 1 ≤ k, l ≤ n



USE TENSOR VECTORS IN EIGENSOLVERSLANCZOS:
• Choose an initial ve
tor p1 with ||p1|| = 1 and set p0 = 0, b0 = 0.

• For k = 1, 2, ... 
ompute
zk = Mpk

ak = (zk, pk)
qk = zk − akpk − bk−1pk−1

bk = ||qk||
pk+1 = qk/bk

• Compute the Rietz values as the eigenvalues of a proje
tion k × k matrix(a symmetri
 tridiagonal matrix 
onsisting of the values ak, bk)

Mk = P ⊤
k MPk, Pk = [p1, ..., pk].



TENSOR LANCZOS
• Choose an initial ve
tor p1 with ||p1|| = 1 and set p0 = 0, b0 = 0.

• For k = 1, 2, ... 
ompute
zk = Mpk

ak = (zk, pk)
qk = Tε(zk − akpk − bk−1pk−1)
bk = ||qk||
pk+1 = qk/bk

• Compute the Rietz values using k × k proje
tion matri
es.STANDARD VERSUS TENSOR (50 iterations)n 1000 2000 4000 6000Lan
zos time (se
) 2.8 12.1 76.7 224.9Tensor Lan
zos time (se
) 0.4 0.7 1.5 2.2For n = 6000 we observe a 100 times a

eleration.



MORE EXAMPLES
Mr = M −

ρ
∑

t=1

Dt ⊗ Dt

M = −Lapla
ian. Dt are diagonal matri
es with positive entries.Compare maximal eigenvalues on the 50th iteration.

n = 3002, trun
ation rank = 10, ε = 10−2.
ρ 1 3 5 7 9Standard Lan
zos 7.989 7.957 7.925 7.900 7.893Tensor Lan
zos 7.977 7.940 7.917 7.893 7.906Entries of Dt are uniform grid values of (1 + Tt(x))/10,

Tt is the Chebyshev polynomial of degree t.
ρ 1 3 5 7 9Standard Lan
zos 7.862 7.615 7.302 6.800 6.460Tensor Lan
zos 7.852 7.608 7.292 6.789 6.452Entries of Dt 
ome from random ve
tors with uniform distribution on [0, 1].



SUBLINEAR COMPLEXITY

For 2-dimensional problems time growsas SQUARE ROOTof total number of nodes!

For d-dimensional problems time should growas ROOT OF DEGREE dof total number of nodes!


