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Abstract

A longstanding problem of existing empirical process-based tests for regressions is
that when the number of covariates is greater than one, they either have no tractable
limiting null distributions or are not omnibus. To attack this problem, we in this
paper propose a projection-based adaptive-to-model approach. When the hypothetical
model is parametric single-index, the method can fully utilize the dimension reduction
model structure under the null hypothesis as if the covariate were one-dimensional such
that the martingale transformation-based test can be asymptotically distribution-free.
Further, the test can automatically adapt to the underlying model structure such
that the test can be omnibus and thus detect alternative models distinct from the
hypothetical model at the fastest possible rate in hypothesis testing. The method is
examined through simulation studied and is illustrated by a real data analysis.
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1 Introduction

Even when the dimension of covariates is moderate, dimensionality still causes data
structure not to be visualized and thus makes regression modelling difficult. Therefore,
in regression analysis, dimension reduction model structure is often used to approximate

underlying models. A typical example is the parametric single-index regression model:
Y = g( JX?00)+57 (1.1)

where Y is the response variable with the covariates X € RP | g(-) is a known smooth
function, By € RP and 0y € R? are the unknown regression parameter vectors, € is the

error term with E(¢|X) = 0 and the notation T denotes transposition.

It is necessary to check the mis-specification of the regression function such that further

regression analysis can be proceeded. Thus, the saturated alternative model is considered:
Y =G(X)+e, (1.2)

where G(-) denotes an unknown smooth function. There are several methods available to
test the null hypothesis of model (1.1), which can be used for more general hypothetical
parametric models. As this paper focuses on dimension-reduction issue, we only briefly
mention existing locally and globally smoothing tests and then give a more detailed com-
ment on existing methods that are used to handle the curse of dimensionality. Locally
smoothing tests include Hardle and Mammen (1993), Zheng (1996), Fan and Li ( 1996),
Dette (1999), Fan and Huang (2001), Koul and Ni (2004) and Van Keilegom et al.(2008).
In low-dimensional cases, this type of tests can be sensitive to high-frequent alternative
models. However, these tests rely on nonparametric regression estimation and thus suffer
severely from the curse of dimensionality. This is because nonparametric regression esti-
mation is very inefficient in high-dimensional scenarios. Guo et al. (2015) had detailed

comments. Globally smoothing tests are nonparametric estimation free and particularly



sensitive to low frequency alternative models and have better asymptotic behaviours. This
is because they are the averages over empirical processes. Examples include Stute (1997),
Stute et. al. (1998a), Stute et. al. (1998b), Zhu (2003), Khmadladze and Koul (2004), S-
tute, Xu and Zhu (2008). For more references, see the review paper by Gonzalez-Manteiga
and Crujeiras (2013). However, when the dimension is greater than 1, they are usually
not asymptotically distribution-free and thus require Monte Carlo approximations such as
the wild bootstrap to determine critical values. Stute et al. (1998a) is a typical reference

for this type of tests.

To attack this longstanding problem, there are several efforts in the literature to al-
leviate the curse of dimensionality. Guo, et al. (2015), as a first attempt in this field,
suggested a model adaptive test that can avoid the dimensionality problem largely, but
still requires nonparametric estimation. Thus, the test has slower convergence rate than
1/4/n and theoretically, cannot detect the alternatives only distinct from the null at this
fastest possible rate in hypothesis testing. A commonly used and efficient idea is to con-
struct tests that are based on projected covariates in lower dimensional space. Most of
existing methods are inspired by the projection pursuit technique that was first proposed
by Friedman and Stuetzle (1981), since it is essential to find one or a few directions a-
long which the departures from hypothetical models can be easily detected. Escanciano
(2006) and Lavergne and Patilea (2008, 2012) proposed tests that are based on projected
covariates. Two earlier and relevant references are Zhu and An (1992) and Zhu and Li
(1998). Zhu (2003) and Stute, Xu and Zhu (2008) used residual processes to construct
tests that can also be regarded as dimension reduction type. These tests usually need to
resort to Monte Carlo approximations to determine critical values (e.g. Escanciano 2006;
and Lavergne and Patilea 2008) though some of them are even asymptotically distribution-
free such as Lavergne and Patilea (2012). This is either because of intractability of the
null distribution or because of computational instability and complexity caused by the

computation over all projected covariates at all directions. A relevant reference about the



computation issue is Wong et al. (1995). Xia (2009) also proposed a projection-based test

that however has no way to control type I error.

More specifically, existing projection-based tests that involve residual-marked empirical
processes are either the supremum or integral over all projected covariates {a'X : a €
RP with [|a|| = 1} to form Kolmogonov-Smirnov type or Cramer-von Mises type statistics.
It is worthwhile to note that test statistics naturally involve all projections under both
the null and alternative hypothesis. Although it is reasonable and the omnibus property
can also be guaranteed, the limiting null distributions are often intractable. In contrast,
Stute and Zhu (2002) simply used one projection BOT X and thus the test behaves like the
one with one-dimensional covariate. For model (1.1) letting ¢ = Y — g(8, X, ), we have

that under the null hypothesis,
E(X)=0= E[Y —g(8{ X,00)]I(Bd X <u) =0 forall ueR,
the residual marked empirical process defined by Stute and Zhu (2002) is
Rau) = n= /2 S 1Y; — g7 e, 00 (5] X < ). (13)
i=1

where {(X1,Y1), - (Xn,Ys)} denote an i.i.d. sample from the distribution of (X,Y), 8,
and 6,, are, under the null hypothesis, root-n consistent estimators of g and 6, respec-
tively. The martingale transformation can lead to an asymptotically distribution-free test
(Stute et al. 1998a). However, the test obviously fails to be omnibus (see the comment in
Escanciano 2006) because the construction only uses the model structure under the null

hypothesis. Guo et al. (2015) gave an example to explicitly illustrate this phenomenon.

The purpose of this paper is to construct a globally smoothing test that inherits the
asymptotically distribution-free and dimension reduction properties of Stute and Zhu'’s
(2002) test under the null hypothesis and the omnibus property of general projection-

based tests under the alternative hypothesis such as Escanciano (2006) and Lavergne and



Patilea (2008). To simultaneously achieve these two goals, we suggest an adaptive-to-
model martingale transformation approach that can make the test automatically adapt to

the underlying model structure under the respective null and alternative hypothesis.
To accommodate more general alternatives, we consider the following model:
Y =G(B"X) +e¢, (1.4)

where G is an unknown smooth function, B is a p X ¢ matrix with ¢ orthogonal columns
for an unknown ¢ with 1 < ¢ < p and E(¢|X) = 0. When ¢ = 1 and B = k[, for some
constant x, model (1.4) becomes a semiparametric single-index model with the same index
parameter as that in model (1.1). When ¢ = p, model (1.4) reduces to model (1.2) since
G(-) is unknown and G(X) = G(BB'X) =: G(B" X).

This paper is organised as follows. Basic test construction is described in Section 2.
As sufficient dimension reduction technique is crucial to implement the adaptive-to-model
strategy for test construction, we also give a short review in this section. In Section 3, we
first present the asymptotic properties of the residual marked empirical process under the
null hypothesis. The martingale transformation-based innovative process is then discussed.
After that, we investigate the properties of the process and its innovative process under
the alternative hypothesis. In Section 4, the test statistic is presented and simulation
results for small to moderate sample size are reported and a real data analysis is used
as an illustration of application. Appendix contains technical proofs of the theoretical

results.



2 Projection-based adaptive-to-model empirical process

2.1 Basic construction

The null hypothesis now can be restated as
Ho: E(Y|X)=g(B) X,00) forsome f[yeRP, €O cRY
and the alternative hypothesis is that for any 8 € RP , § € R and a p x ¢ matrix B
Hy: E(Y|X) = G(BTX) # g(5TX,0),

where G is unknown. Without loss of generality, assume Sy is a linear combination of the
columns of B. Recall e =Y — g( OTX, o). Under the null hypothesis, ¢ = 1 and B = k[
for some constant x, then we have E(e|3] X) = E(e/B'X) = 0. Under the alternative

hypothesis E(e|BTX) = G(BTX) — g(Bg X,00) # 0. Thus, under the null hypothesis,
E[(Y —g(Bo" X, 00)I(Bg X <u)] =0. (2.1)

According to Lemma 1 of Escanciaco (2006), Lemma 2.1 of Lavergne and Patilea (2008)
or a similar result in Zhu and Li (1998) that can be traced back to Zhu and An (1992), we
have that, under the alternative hypothesis, for an o € R? whose first element is positive
and ||af| =1

E[(Y —g(Bo" X,00)I(a" BT X <u)] #0. (2.2)

Note that under the null and alternative hypothesis, we use respective 50T Xanda'BTX.
It is clear that we cannot define two estimates separately according to null and alternative
hypothesis as we do not know the underlying model, while need an estimate B,, of B that
can adapt the underlying model: under the null B, converges to a vector proportional to [y
and under the alternative, to B. If this can be achieved, we can use the empirical version of

the left hand side of (2.2) to be the basis of a test statistic. Let {(X1,Y1),..., (X, Y,)} be



a sample with the same distribution as (X,Y’). Thereby we propose an adaptive-to-model

residual marked empirical process for checking model (1.1) as follows:

Vo(u, &) = n~ 12N [V, — g(B, Xi,00)1(6" B X; < u), (2.3)
i=1
Vo(u)= sup V,(u,&) (2.4)
&ll=1,a1>0
where &' = (ay,...,a;) € RY, B, is a sufficient dimension reduction estimator of B with
q

an estimated structural dimension ¢ of ¢, 8,, and 6,, are respectively ordinary least squares

estimators of By and 6.

It is clear that in order to have the model adaptation property of the process such that
under the null hypothesis, sup4|=1,4,>0 Va(u, &) is equal to nV2S 1Y — g(B) Xi, 0,)]
I(B] X; < u) Stute and Zhu (2002) defined, we must have that under the null hypothesis,

q and B converge to 1 and k0, respectively. Thus, we discuss their estimations.

2.2 A review on discretization-expectation estimation

To identify and estimate the number ¢ and the matrix B, we use a method of sufficient
dimension reduction (SDR). There are several proposals available in the literature. Ex-
amples include sliced inverse regression (SIR,Li 1991), sliced average variance estimation
(SAVE, Cook and Weisberg 1991), minimum average variance estimation (MAVE, Xia
et.al. 2002), directional regression (DR, Li and Wang, 2007), likelihood acquired direc-
tions (LAD, Cook and Forzani, 2009) and average partial mean estimation (APME, Zhu et
al. 2010b). In this section we briefly review discretization-expectation estimation (DEE,
Zhu, et al. 2010b). Since G is unknown, for any ¢ x ¢ orthogonal matrix C, G(BT X) can
be rewritten as G(CT BT X). This means B is not identifiable in model (1.4). Thus, SDR
methodologies show that we can only identify g base vectors in the central mean subspace

Sk(v|x) spanned by B (see Cook (1998)), or precisely BC for a g x g orthonormal matrix



C. This can be achieved through identifying Sg(y|x). In the SDR theory, Sp(y|x) is de-
fined to be the intersection of all subspaces span(A) such that Y I E(Y|X)|AT X where 1L
means statistical independence and span(A) means the subspace spanned by the columns
of A. The dimension of Sg(y|x) is called the structural dimension, denoted as dg(y|x)-
Therefore, under the null hypothesis(1.1), Sgy|x) = span(fo/||5oll) and dgry|x) = 1;
while under the alternative (1.4), Sg(y|x) = span(B) and dgy|x) = ¢. Similarly, the
central subspace (Cook (1998)) denoted by Sy|x is defined to be the intersection of all
subspaces span(A) such that Y 1L X|ATX. It is easy to see that Sev|x) C Syjx. For

simplicity, we assume Sg(y|x) = Sy|x- A special case is that 71X in model (1.4).

The basic procedure of DEE is given below.

1. Define the discrete response variable Z(t) = I{Y < ¢} where the indicator function

I{Y <t} take value 1 if Y <t and 0 otherwise.

2. Let Sy(4))x denote the central subspace of Z(t)|X and M(t) be a p x p positive

semi-definite matrix such that Span{M(t)} = Sz x-

3. Let Y be an independent copy of Y and M = E{M(Y)}. Theorem 1 in Zhu et al.
(2010) asserts that Span(M) = Syx and B consists of the eigenvectors corresponding

to the nonzero eigenvalues of M.

4. The estimator of the target matrix M is given by
1 n
1=

where M, (y;) is the estimator of the matrix M (y;) obtained by a chosen sufficient
dimension reduction method such as SIR (Li 1991). Then an estimator B, (q) of B
consists of the eigenvectors associated with the largest ¢ eigenvalues of M,, when ¢

is given.



According to Theorems 2 and 3 in Zhu et al. (2010), By,(¢) could achieve root-n consistence

to B. For more details the readers can refer to Zhu et al. (2010).

2.3 Structural dimension estimation

As argued in Section 2.2, a consistency estimator of the structure dimension ¢ is re-
quired. Zhu et al.(2010a) suggested the BIC-type criterion to determine ¢, which is a
modification of the method in Zhu et al. (2006). Here, we suggest a minimum ridge-
type eigenvalue ratio estimate (MRER) to determine the structure dimension ¢. Let
5\p < .o < 5\1 denote the eigenvalues of the estimated matrix M, of M. Note that
q = dimSy|x = rank(M). Then the true structure dimension ¢ can be estimated by

A2 e
G=arg min {i: L% (2.5)
1<i<p N +e

The algorithm of MRER is easy to implement. The following theorem shows that the

consistency of MRER is adaptive to the underlying model.

Lemma 1 Under the reqularity conditions assumed by Zhu et al. (2010a), the estimator

G of (2.5) with ¢ =logn/n satisfies that, as n — oo,

(i) under Hy, Pr(G=1) =1,

(ii) under Hy, Pr(qg=q) — 1.

A justification of this lemma can be found in the Appendix.



3 Main results

3.1 Basic properties of the process

First, we consider the following process
n
Vi (u,a) = n= 2NV, — g(Bg Xi,60)11(a” BTX; < w),
i=1

where a = (ay,a,...,a,)",a1 > 0 and ||a| = 1. Denote 02(v,a) = Var(Y|a"BTX =v)
and ¥ (u,a) = E[Var(Y|a" BT X)I(a" BT X < u)]. Under the null hypothesis, ¢ = 1, =

1 and B = kfy. Thus, we rewrite it as

o*(v) = o*(v,1) =Var(Y|kB) X = v),
bw) = bl 1) = EVar(Y|s8] X)I(x8] X <)),
Vo) = VO(u1) = n Y231V — g7 X 00) 1 (56] X; < ).

=1

Obviously, ¢(u) = [*__ o%(v)dF,g,(dv) where Fg, denotes the distribution of k3] X.
Under the null hypothesis, Theorem 1.1 in Stute (1997) implies that
VO(u) — Vio(u) in distribution (3.1)

in the Skorohod space D[—00,00) where V is a continuous Gaussian process with mean

zero and covariance kernel K (uy, u2) = 9 (ug A ua).

To study the process V;,(u, &) proposed in (2.3), we give some regularity conditions on

the function g(8' X, 0) and the parameters in the following.

A1l Under Hy, we suppose that (8,,0,) has a linear expansion

AN S
\/ﬁ< Gn—HO - \/ﬁ;l<m“yhﬁoa00)+0p(l)7
where [ is a vector-valued function satisfying that

10



I E(Z(Xa Yv /30790)) - Oa

I L(Bo,00) = E(I(X,Y, Bo,00)l" (X,Y, Bo,6p)) is positive definite.
It is easy to see that the ordinary least squares estimator satisfies condition (Al).

A2 The function g(8"x,0) is continuously differentiable with respect to (3,6) in some

neighbourhood of (S, 0y). The first-order partial derivatives

T.’E
m(a:,ﬂ,@) = aga(l(BlB(g’)a) = (ml(m7579)7' e 7mp+d(x7/870))T

satisfies that there exists a p—integrable function Ko(x) such that
|mj(z, 5,0)] < Ko(x) forall (8,0) and 1<j<p+d.
where p denotes the distribution of X.

A3 Let H(u,8) = E[Var(Y|X)I(k8" X < u)] and we assume that H(u,3) is uniformly

continuous in w at fy.
Theorem 3.1. Under Hy and Conditions A1-A2, we have in distribution
V() — Vao(u) — M(u) TV =: V2 (u)

where Voo (u) has the same Gaussian process as given by (3.1), the vector-valued function

MT = (M, Ms, -+, Mp.q) is defined as
M;(u) = E(mi(X, Bo,00)1 (kg X < u))
and V is a p + d—dimensional normal vector with zero means and covariance matrix

L(BO, 90)

Theorem 3.1 is almost the same as Theorem 1 in Stute and Zhu(2002) except for the
definition of M. In other words, under the null hypothesis, our process can have almost the

same limiting property as that in Stute and Zhu(2002). Thus, a martingale transformation

11



can be implemented. However, we also need to check whether it can be done under the
alternative hypothesis. We then discuss the adaptive-to-model martingale transformation

below.

3.2 Adaptive-to-model martingale transformation

To have the model adaptation property of the process, our idea is that under the null
hypothesis, the process is only with ﬁoT X (or proportional to it as HBOT X), and under the
alternatives, the process is automatically with o' BT X such that the transformation is
still implementable and the transformed process can capture the information of alternative

models.

First, motivate our method from the transformation under the null hypothesis. Recall

M a vector-valued function on R and

Y

vw) = [ o(0)dEug(dv)

—0oQ
a nonnegative increasing function with ¢¥(—o0) = 0. Let a = %—Aj stand for the Radon-
Nikodym derivative of G w.r.t. 1, assuming that it exists. Let

oo

Alw) = / ~ a()aT (0)(dv) = / a(v)a’ (v)o>(v)d g, (dv)

u

be a (d + p) x (d + p) matrix. Finally, we define the innovation process transformation as
4

e =16~ [

—0o0

M) | [T et vl (3.2)

Here we suppose that A(u) is non-singular and the process f should be either bounded

variation or Brownian motion.

Using the same arguments in the proofs of lemma 3.1 and 3.2 in Nikabadze and S-

tute(1997), we have the following two vital facts:

12



(i) T(GTV) =0,

(ii) TVs = Vo in distribution.

Thus TV, is a centered Gaussian process with a covariance kernel K (u1,us) = ¥ (ug Aug)
which can be considered as the martingale part in the Doob-Meyer decomposition of V...

See Stute et al. (1998b).

Note that T relies on some unknown quantities and thus needs to be replaced by its

empirical version. To this end, let g1(¢,6) = w and gao(t,0) = agg@ﬂ), then

m(z, Bo,00) = (91(8g X,00)X ", 92(8g X, 60))".

Recall that M (u) = E(m(X, Bo, 00)I(kBq X < u)), then we obtain

M(u) _ < E[gl(BOTXv HU)XI(KﬁoTX < u)] ) _ ( fitoo gl(v/ﬁveﬂ)r(v)Fﬁﬁo(m}) >
Elga(By X, 60) T I(rfg X < u)] S e 92(v/k,00) T Fgy(dv) )

where 7(v) = E(X|kfB] X = v). It is easy to see that

_ oM _ < g1(v/k,00)r(v) /0% (v) > ’

a

T oy g2(v/K,00)T /o2 (V)

and

T ot e — (e 910/, 80)r(v) [0 (0) M (dv)
= [ atontTao) = (2 e )

In a general nonparametric framework, there are no assumptions on r and o except for
smoothness, thus both the functions need to be estimated by some curve estimators. Here
we adopt a standard Nadaraya-Watson estimator for r

—aT B X;
T XK (A
n v—&T BT X;\
> im K(——5==)

rn(v

For 02, note that 02(u) = E(e?|kB0X = u) which can be replaced by

STABT

’(L_ éQK u—a&' B, X;

O-EL(U) — szl 1 ( ATB};TX )
u—a& i

Yim K(—==)

I

13



where K (-) is a univariate kernel function and h is a bandwidth. It is worth mentioning
that we use dTég X rather than @I X where (3, is the nonlinear least squares estimate
of fp that was used by Stute and Zhu (2002). As ¢ and B have the model adaptation
property, in the following, we can derive the model adaptation property of the transformed

process.

Now we can respectively obtain the empirical versions a,, M,, and A, of a, M and A:

{9100 ) (0) 02 ()
an(v) = < 920/, 0) T /02 (0) )

My (u) = (,i22;1gﬂﬁlxz-,en)Xﬂ(&TB;XiSu)>
! LS 9B Xi,0,) T I(GTBIX; <u) )7
1 ¢ - (6T BT X;i/kin, 0n)ra(aT BT X;) /02 (6T BT X;)
A (u - I@TBTX>U (gl nAlAnan n n 7,A n n <\i
(%) n; (& By Xi 2 u) 92(&" B) X /kn,0,)" Jo2(aT B, X;)

X (91(Bn X, 00) X", 92(B, Xi, 0)).
Replace a, Mand A in (3.2) by their empirical versions, we obtain the empirical version of
TV:

(TVp)(u, &) = Vn(u,éy)—/u an(v)TAgl(v) /Ooan(z)Vn(dz)o?L(v)F@(dv)

— 00

= 1/22 9(By X, 0n) /167 B, X; < u) W S IaTBIX <)
i,5=1
X [91 (OZTB;—Xi//{m an)rn(dTB;{Xi)Ta QQ(dTBJL—Xi/”m n)]

x AN @B X)) 16" B X; > & B X)) (Y; — 9(8] X;,60,))
" 91(&" B} Xi/kn, 0n)rn(6" B X;) /02 (6" B} X;)
92(&T BT X /kn, 00) /02 (6T B X;)

where k., is the estimator of x and Fy is the empirical distribution function of dTB;Lr X;, 1<

1 <n.

Theorems 3.2 and 3.3 below show that the resulting transformed process is adaptive

to the underlying model.

14



Theorem 3.2. Let 02(u) be a consistent estimator of o® which is bounded away from

zero. Under the reqularity conditions of Theorem (3.1) and Hy, we have in distribution

sup T, Vp(u,&) — Vio(u) in disitribution in the space D[—o0, 00).
ll&]l=1,a1>0

The result meets our expectation. Because of model adaptation, the supremum under
the null is actually over only one direction and the transformed process is a standard

Gaussian process as proved by Stute and Zhu (2002).

When the distribution of X is elliptically contoured, particularly spherically contoured
such as normal distributions, the formulation of the transformation can be much sim-
pler and thus the computation can be much easier. Without loss of generality, consid-
er spherically contoured distributions. Suppose the regression function g does not rely

on the parameter 0. Let ¢’(3] =) be the derivative of g(-) about 3] x. Thus we have

m(z, fo) = ¢'(Bg «)x and

M(u) = Elg (57 X)X T(567 X < u)] = / ¢ (0] R)r(v)dF g, (dv).

Therefore a = %—Aj = %’2};(”) and A(u) = [ " a(v)M T (dv) = [~ g v/”)r(v) M7 (dv).

Let T' be any orthogonal matrix with the first row 37 /|| Bol|, thus the first component
of T'X is By X/||Boll. Since the conditional distribution of the other components of I'X

given the first is still spherical, these conditional expectations are zero. Therefore,

M(u) = TTEG (B X)IXI(kB) X < u)

- 4 /fojPEg’(ﬂJ X) 8] XI(wg X < u)
Bo

- | 60 niEs @),

Thus we obtain

Bo d(v/k)v/K

1Boll>  o2(v)
T o) IU K)o HZ
aw = e [ ).

15



The matrix A(z) is singular with rank 1. To derive relevant asymptotic results as those

in Theorem 3.2, denote

By V
1Boll2”

Therefore M T (u)V = h(u)V; and the conclusion of Theorem 3.1 would be rewritten as

h(v) = Eg'(Bg X)Bg XI(kB) X <v) and Vi=

Viw — Voo — hV7  in distribution

The new a and A now become real-valued:

a= SZ and A(u) = /UOO a?(v)o?(v) Fp, (dv).

Similarly, we can also obtain the empirical analogues A,, and 7T;, of A and T respectively.

Therefore Theorem 3.2 can be applied with these new functions in the results.

It is noteworthy to point out that convergence in D][—o0,00) means convergence in
D]—o0,u] for any finite u. Since the transformation involves the inverses of A(u), Our
test statistic would yield instabilities in the distributional behaviors for large values of w.
Thus all the processes should be constrained in proper subsets of the real line. In practice,
we would consider T,,V,, on a given quantile of nnﬁg X;, 1 <1i < n. See Stute and Zhu
(2002). Now we give the result to show that the transformed process can automatically

adapt to the alternative models such that a constructed test can detect them.

3.3 The properties under the alternative hypothesis

Consider the following sequence of alternatives converging to the null hypothesis
Hin: Y, = g(8) X,00) + CuG(BTX) +1 (3.3)

where E(n|X) = 0, and fp is the linear combination of the columns of B. When C, is

a fixed constant, the model is under global alternative equivalent to model (1.4). If it

16



tends to zero, the models are under local alternatives. We give the asymptotic property
of the estimator § of the structure dimension ¢ under the local alternatives. The following
lemma shows that when C,, goes to zero quickly, ¢ is not equal to ¢, while to 1. In other

words, ¢ is an inconsistent estimate of q.

Lemma 2 Under the local alternative Hy, and the same conditions in Lemma 1 with
Cn = 1//n, the estimator ¢ of (2.5) with ¢ = logn/n satisfies that P(§ = 1) — 1, as

n — 0.

To derive the asymptotic properties of SUP||a||=1,a1 >0 T, Vo (u, &), under the local alter-

native Hi,, we need an additional condition:

A3

_ 1 ¢
\/,E( /gz_g(? > :’)/—|—\/ﬁ;l(xiayi760700)+0p(1)’

where v is some constant vector and the vector-valued function [ is the same as given in

(A1). Under Hy, with C, = -1 condition (A3) is satisfied for the nonlinear least squares

NGk
estimate. See Lemma 3 in Guo et al.(2015).

Now we derive the limits of sup|4|=1,a,>0TnVa (¥, &) under the global alternative and

local alternatives.

Theorem 3.3. Under the reqularity conditions A1-A8, we have
(i) under the global alternative Hy that is equivalent to Hy, with fived C,,,

1
—  sup T, Vp(u,&) = L(u);
Vi lal=taz0

where L(u) is some nonzero process. That is, Sup||=1,q, >0 InVn(u, &) diverges to infinity
at the rate of 1/+/n.
(ii) under the local alternatives Hy, with Cp, = 1//n,

sup TV (u, &) = Vio(u) + /u {Ho(v) — a(v) " AT (v)[W1(v) + Wa(v)]o® (v)} Fsy (dv)

&ll=1,a1>0
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where Ho(v) = E[G(B'X)|rB) X = v],W1(v) = [ a(z)Ho(2)Fyxp,(dz) and Wa(v) have

a normal distribution with mean zero and variance

(0 = [ Hwalwaln) Fug(du).

Based on Theorems 3.2 and 3.3, we can derive the asymptotic properties of functionals
of Sup|4|=1,a,>0 T, Vi (u, &) over all u. The resulting test statistic is defined in the next

section.

4 Numerical studies

4.1 Test statistics in practical use

The test statistic is a functional of T,,V,,. In this paper, we consider the Crémer—von

Mises statistic of the form

CW? = /IO sup (T Vin(u, &))*Fy(du), (4.1)

—oo [|&]|=1,a120
where F}, is the empirical distribution function of Hg—Z”Xi, 1 < ¢ < n. Note that we take
kn = 1/||Bn]| here. Using Theorem 3.2 and the continuous mapping theorem we obtain

that, under the null hypothesis
o
CW?2 — / B?(1(u)) Flpy(du)  in disitribution.

where B(u) is a standard Brownian motion. To obtain a distribution-free limit for our

test, note that

o /xo B%(1p(u))o? (u) Frp, (du) = /1 B(u)?du  in disitribution
(0 ) e 0 |

thus we consider

1 zo
w2 = [ sw (@Viwa)eF ),
Yn(20)? J oo |6 =1,010
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where 1, (u) = 137 (V; — g(ﬁIXZ-))ZI(”g—:”Xi < u) is the estimator of ¥ (u) and o2
can be any consistent estimator of the conditional variance o2 defined in subsection 3.1.

Therefore we have

1
WTQL—>/ B?*(u)du in disitribution.
0

If the regression model is homoscedastic, then o2 is a constant and we can estimate it
by

n

1
2= 2N - g8 X5, 0,)]%
On = ;1[ 9(By, Xi, 0n)]

Under the null hypothesis ¢(zo) = 0?F,5(z0) and it can be estimated by o2 F),(zo), thus
W2 becomes

xo
wro L / sup (T (u, &) 2F(d ).
02 F2(20) J-oo 6| =1,a1>0

For ease of comparison,we give four examples in the following. For zg, as Stute and

Zhu (2002) did, we choose the 99% quantile of F), in the numerical examples.

4.2 Numerical examples

In this subsection we conduct some simulations to show the performance of the dis-
tributional approximations for small to moderate sample size. We make a comparison
with Guo et al.(2015)’s dimension reduction model-adaptive test T."'Z that is based on
SIR-based DEE, Stute et al.(1998a)’s test 77" that determines critical values by the
wild bootstrap. We design four representative examples. The first is to confirm that
the proposed test that can be regarded as an extension of Stue and Zhu’s (2002) test is
omnibus. The second includes both high-frequency and low-frequency model such as we

can compare with an adaptive-to-model test that is based on locally smoothing approach.
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The third includes models with higher structural dimension and the fourth is also used
to check the influence of dimensionality. The significant level is set to be a = 0.05, and
the reported results are the average of 2000 replications. In all models, the value of a =0

corresponds to the null hypothesis and a # 0 to the alternatives.
Example 1. The data are generated from the model
1
Y = Eexp(2B1TX) +afy X +¢;

Here we consider two cases: p = 3,81 = (1,0,0)7,32 = (0,1,0)T and p = 4,8, =
(1,1,0,0)" /v/2, B2 = (0,0,1,1)T /v/2. In both cases, n = 50,100, X follows the standard
multivariate normal distribution N(0,I,) and ¢ is from N(0,1). Note that under the
alternatives, we have E(Y — exp(%ﬁ;—X)W{rX) = 0. The results in Figure 1 obviously

show that T;?Z fails to work while W2 performs very well.

Figure 1 about here

Now we consider the comparison between local and global smoothing tests and between

the adaptive-to-model method and the classical method.

Exzample 2. Consider

Hi1:Y = ,BOTX—i-acos(gBOTX) + &
1
Hi:Y = BOTX—i—Zaexp(,BOTX)—Fa;

1
Hiz:Y = OTX+§a( ) X)? + e
where p = 8,5 = (1,1,...,1)/\/p, X = (X1, X2,...,X,)" which is independent with
. The central mean subspaces Sg(y|x) has the structural dimension 1 which means

B = (y under both the null and alternative hypothesis. The predictors z;,7 = 1,...,n are

iid. from two distributions: multivariate normal distributions N (0, I,) and N(0, %) with
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¥ = (1/291),5, so as to check the influence of correlation between the covariates. The
errors ¢;’s are drawn independently from N (0, 1). The first is a high-frequency model and

the others are low-frequent.

The empirical sizes and powers of the three tests are presented in Tables 1 and 2. We
can see that both T¢"W# and W2 control the size very well even for the small size of
n = 50. T2CP seems slightly more conservative with higher empirical size than 0.05. For
the first model, T¢WZ has relatively higher power than W2 and T.7¢F have, especially in
the correlated case with covariance matrix . For the models Hy5 and H;s, both Wz and
T;?GP are more powerful. These results further confirm that locally smoothing method
performs better for high frequency models and globally smoothing method works better
for low frequency models. The comparison also shows that W2 is more robust against

TT.?‘GP

the underlying correlation structure of the predictors than in both significance level

maintainance and power performance.

Table 1 — 2 about here

To further investigate the performance of the proposed test, we consider the following
model whose structural dimension ¢ is greater than 1 under the alternatives. In this sim-
ulation, we show the the advantage of our test in alleviating the dimensionality problem
when compared to a locally smoothing test proposed by Zheng (1996) which can be re-

garded as one of the representative locally smoothing methods.

Example 3. The data are generated from the model

H312Y 1TX+a( ;X)2+8;

Hsy Y = ﬂil—X + anp{_(ﬁng} +&
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where 8 = (1,...,1,0,...,0)" 2 and 32 = (0,...,0,1,...,1)/+/p/2. In this exam-
Br = ( ) /V/p/ Ba = ( )/\/p/

p/2 p/2
ple, the predictors x;,7 = 1,...,n are i.i.d from multivariate normal distribution N (0, I)

and N(0,X) and ¢;’s are from the standard univariate normal distribution N(0,1). In

each case we have two cases with p = 2 and p = 8 respectively.

The simulation results are presented in Tables 3 and 4. When p = 2, we can see that
Zheng(1996)’s test T2 can maintain the significance level occasionally, but usually, the
empirical sizes are lower than 0.05. In contrast, W,? works much better even for n = 50.
For the empirical power, both T, nZH and W2 have high power. But the power of W2 grows
slightly faster as a increases. When the dimension p is 8, the situation becomes very
different. The empirical size of T2 is far away from the significance level and its power
becomes much lower than that in the p = 2 case. Nevertheless, our test Wg is much less
unaffected by the dimensionality increasing than T7”. These phenomena validate the
theoretical results that locally smoothing tests suffer from the dimensionality curse that
causes slower convergence rate to their limits under the null and slower divergence rate to

infinity under the alternative than globally smoothing tests.

Table 3 — 4 about here

In the following example, we consider a nonlinear null model against alternative mod-
els with higher structural dimensions. A more comprehensive comparison is made with

Zheng(1996)’s test T2H, Guo et al.(2015)’s test TS and our test W2.

Example 4. Consider the following models
Hy Y = exp(%Xl)—l—an’—i-g;
Hyp:Y = exp(%Xl) + a{ X3 + cos(nX3) + X4} +¢;
Hy3:Y = eXp(%Xﬂ+G{X§’+COS(7TX3)+X4— | X5| + X§ + X7 x Xg} +¢;
where (X1,...,X,) is independent of ¢ and follows the standard multivariate normal
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distribution N (0, I,) with p =4 or 8. Let §; be the unit vector with the i-th component
1,i=1,...,pand a =0,0.2,0.4,...,1. When a # 0, the structural dimension ¢ = 2, B =
(B1,B2) for Hy; ¢ = 4,B = (B1, B2, 83, 84) for Hyp and ¢ = 8, B = (1, 2,...,0s) for
Hys. Note that under the alternatives, the models Hys and Hys do not have dimension
reduction structure for p = 4 and p = 8 respectively. Thus, this can be used to further
check the usefulness of the model adaptation method. The simulation results are reported
in Figure 2.

Figure 2 about here

From this figure, we can see that when p = 4, the performance of our test is slightly
better than the other two competitors. However, when p = 8, Zheng’s test T, nZH behaves
much worse than W2 and TG #. This again indicates that the dimensionality is a severe
issue for the locally smoothing test without model adaptation as the adaptive-to-model
test TGWZ can also work well though it is also locally smoothing-based. For model Hyo
with p = 4 and model Hy3 with p = 8§, Wﬁ and TEWZ still work well in the power
performance, even though the model has no dimension reduction structure when a # 0.
Further, globally smoothing-based test procedure shows its advantage as our test W,? can

outperform T,? WZ when both are of the model adaptation property.

4.3 Real data analysis

This data set is studied to understand the various self-noise mechanisms. The data
set is available at UCI Machine Learning Repository https://archive.ics.uci.edu/
ml/datasets/Airfoil+Self-Noise. There are 1503 observations on one output variable:
Scaled sound pressure level Y (in decibels) and five input variables: Frequency X (in
Hertzs), Angle of attack X (in degrees), Chord length X3 (in meters), Free-stream velocity

X4 (in meters per second) and Suction side displacement thickness X5 (in meters). For

23



easy interpretation, all variables are standardized separately. To establish a regression
relationship between Y and 5 covariates X = (Xi,---,X5), we try simple model first.
When the dimension reduction is applied, we find that Y may be conditionally independent
of X given a projected covariate 6; X in which the direction (3 is searched by DEE. The

scatter plot in Figure 3 shows a seemly linear relationship.
Figure 3 about here

To further explore the exhaustive search of projected covariables, we use the second por-
jected covariable searched by DEE, and then scatter plot of Y against (6;— X, B; X) is
presented in Figure 4.

Figure 4 about here

We can see clearly that the second direction 52 is not necessary to use as the curves along
the second direction could be almost identical. In other words, the projection of the data
onto the space ﬁlT X contains almost all information of model structure. Thus, we use a
linear model to fit the data where the direction BT = (—0.6323, —0.4339, —0.5339, 0.2386,
—0.2644). To test whether the linear model is adequate, we use our test. The value of the
test statistic W2 = 7.5322 and the p-value is about 0. Hence we need to further explore
a possible model. When we use a polynomial to fit the data, a cubic polynomial of BAlT X

may be appropriate. The fitted curve is added into the scatter plot. See Figure 5.

Figure 5 about here

The model is as follows:
Y = 01 +6:(8"X)+63(8"X)2+ 048" X)3 +e.

The value of the test statistic W2 = 0.1596 and the p-value is 0.70. Thus this model is

plausible.
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5 Discussions

In this paper, we propose a projection-based test that is based on residual marked em-
pirical process and an adaptive-to-model martingale transformation. Compared to existing
projection-based tests, the new test have the asymptotically distribution-free property un-
der the null hypothesis and the omnibus property under the alternative hypothesis. This
method is now for hypothetical models with dimension reduction structure. It is of great
interest to investigate the application or extension of the method to hypothetical models

without such kind of structure. The research is ongoing.

6 Appendix

Proof of Lemma 1. Under the regularity conditions given by Zhu et. al. (2010),
Theorem 2 therein asserts that M, — M = Op(n_l/ 2). Therefore, following the analogous
argument of Zhu and Ng (1995) or Zhu and Fang (1996), we have A; — \; = O,(n~'/?) for

i=1,--,p.

(I) Under Hy, since dim(Sy|x) = 1, we have Ay > 0,\; = 0 for any [ > 1. Therefore,
A2 =224 Op(n~1/?) and 5\12 = 0p(n~1),1=2,...,p. Hence, for any [ > 1,

5\§+cn B cn+ Op(1/n) 0
A2+ ¢, At +0p(1/vn)
Mt en _ cat Op(1/n)
/\?—i—cn Cn+0p(1/n)

Therefore, the minimizer ¢ = 1 with a probability going to 1.

(IT) Under the alternative Hy, dim(Sy|x) = ¢, we have \; > 0 and ;\IQ = A +0,(1/y/n)
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forl=1,...,q and ;\12:01)(1/71) forl=q+1,...,p. Hence, for [ < q

MNaten Mate et 0(/n) Ay teatO0y(1/vn)
Ntco Mo Nt cn+ Op(1/y/n) N+ cn+ Oy(1/y/n)
— —& 0
A '
For ! > ¢
Mpiten At _ tatOp(1/n) et Op(1/n) o
A2+ ¢ M+ ey A2+ e+ Op(1/y/n) e+ Op(1/n)
Therefore, we can conclude that Pr(§ =q) — 1. O

Proof of Theorem 3.1. Under the null hypothesis, Pr(¢§ = 1) — 1. Thus we can
only work on the event ¢ = 1 as the probability of the event ¢ # 1 tends to 0. Therefore
& =1 and V,(u) = V,(u, &). Decompose the term V,,(u) as follows

Va(u) = Va(u,&) = 072y {Yi— g8, Xi,0,)} (B, X < )

i=1

= V2N {Y; — g(B] X, 0n) H (kB) X; < u) +
=1

n= 2N Y = g(Ba Xi, 0n)MI(B, Xi < u) — I(k8) Xi < u)]
i=1
= Vip+ Vo,
where kK = 1/]|p||. Following the analogous argument of Theorem 1 in Stute and Zhu

(2002), we obtain Vi, — Voo — M(u)"V = VL and V5, tends to zero uniformly in u. O

Proof of Lemma 2. Using the same notations as in the proof of Lemma 1. Following
the analogous argument for proving Theorem 2 in Guo et al.(2015), we obtain M,, — M =
O,(n=1/?), therefore i — A = Op(n=1/?) for i = 1,--- ,p. Note that \; = 0 for any [ > 1.

The proof is concluded from the exact arguments for proving Lemma 1. Il

Proof of Theorem 3.2. Again, we only work on the event § = 1 as ¢ = 1 under the

null hypothesis. Denote V,2(u) = n= /231 | [V; — g(B,) X;,0,) (B, X; < u). Under the
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null, & = 1 and supyis=1,4,50 TnVa (u, &) = T,V;?(u). More explicitly,
1020 = V2w — [ a4 W[ (VAo 0 Fan(a),
Let V. (u) = n= Y27 [Y; — g(B4 Xi,60)]1(B,] Xi < u). Then
1V} 0) = Vi)~ [ a7 A 0 [ an(aV (@a))o ) Fin(av).
Here [}, is the empirical distribution function of BJ X;,1 < ¢ > n. Similarly as the

arguments for proving Lemma 3.2 and Theorem 1.3 in Stute et al.(1998b), we obtain that
TnVnQ(“) = Tnan(U) + 0p(1),

T,V (u) = TV, (u) + op(1).

Recalling that under Hy we have VO(u) = n=Y23"" | [V; — g(Bg Xi, 00)/1 (k8] Xi < u),

then

TV (u) = TV Hu) = VO(u)— Vi(u)

n n

[ a)TAT ) [ @V ) o)

— 00

+ [ a@TA ) [ eV ) Fy (o).

—00
Using the same proof for Theorem 1 in Stute and Zhu(2002), we obtain that TV, —TV,! =

0p(1) uniformly in u. Therefore Lemma 3.3 in Stute et al.(1998b) gives our result. O

Proof of Theorem 3.3. (I) First we consider the global alternative hypothesis. Un-
der the alternative Hj, Lemma 1 asserts that Pr(¢ = ¢) — 1, thus we work on the
event ¢ = ¢,& = a = (ay,...,a,) . Therefore on this event, SUD||a/j=1,01>0 InVn(u, &) =
SUD||a||=1,a1>0 1n Vn (1, @). Denote &, = ( T 00) T and 0g = (37,04 ). According to White
(1981), we have \/n(8, —do) = Op(1) where §y may not be equal to the true value dy under

the null hypothesis.
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Denote

Vo (u,0) = n" 2N [V, = g(B) Xi,00)|I(a" B, X; < ),
i=1

V2(u,a) = n~1/? Z[K —g(B4 Xi,00)I(a" BT X; < ).
i=1

Similarly as the proof for Theorem 3.2, we obtain that
n_l/Q[TnVn(U, a) — Tnan(Ua a)] = op(1),

Y21,V (u, ) — TV (u, )] = 0,(1).

Here
1< . N
n*l/QTVnZ(u, a) = — Z[Y’ _ g(/BOTXZ-, 90)]I(aTBTXZ- < u)
n
i=1
1 u 0o
i) a1 (v, ) AT (v, a)/v a1(z, @) V2(dz)o? (v, o) Fy(dv)
Note that

I 2 _1¢ TRT TRT 3Ty, 4
\/ﬁ/v al(z,a)Vn(dz)—n;I(a B X; >v)ai(a' B' X, a)[Y; — g(By Xi, 60)].

Then we derive that under Hq,

n V2TV (0, o) — /_u H(v,a)Fy(dv) — /u ar (v, ) " AT v, a)az (v, @)o? (v, a) Fy(dv),

—00

where F, is the distribution function of o' BT X and

H(v,a) = E(GB'X)-g(B) X,00)|a"B"X =),

o}(v,0) = E[(G(B'X) - g(B] X.0))* + %" BTX =,

a(v,0) = {g1(v/1,00)E(X |a"BTX =)/03(v,0), ga(v/r1,00) /o3 (v, 0)} T,
Ai(v,0) = E{I(a"BTX > v)ar(a BTX,a)(g1(F0 X.00)X T, 92050 X.00))},

ar(v,a) = BE{I(a"BTX >v)ai(a BT X,a)(G(BTX) - g(Fo X,0))}.
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Hence we conclude that

n V2T,V (u, o) — /_u H(v,a)F4(dv) _/u a1 (v, @) T AT (v, a)ag (v, )o? (v, a) Fy(dv).

—0o0
Therefore

1
sup T, V,(u,&) — some nonzero process.

V7 ]|=1,01 50

The resulting test statistic converges to infinity at the rate of O(1/n).

(IT) Under the local alternatives Hi,, Lemma 2 asserts that P(¢§ = 1) — 1 as n — oo,

thus we also consider the event ¢ = 1. Denote

Vi(u) =23 [Yi — g(B) X, 00)) (B, X < u).

n
=1

Therefore & = 1, B, is a vector and SUD||a||=1,a1>0 InVn(u, &) =T, WV2(u). Let
n
Hu) =072y IV - g(B] X, )1 (B X < w).
Following the analogous argument for proving Theorem 3.3 we obtain that
TnVnQ(U) = Tnan(u) + 0p(1),

T,V (w) = TV, () + 0p(1),
TV (u) =TV, (u) + op(1).
To finish the proof, it remains to derive the limit of TV,(u). Recall that V(u) =

nY2 S [Y; — g(8d Xiv00) (kB X; < u) and

TV = Vo) — [ o) AT 0) [ V) 0) gy ).

—0o0

Under the local alternative Hy,,

VO(u) = —ZGBTX X<u+—ZeZ (KB X; < u).
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Similarly as the proof for Theorem 1.1 in Stute(1997), we have
V() — Vio(u) + /_ ' Ho(v)Fyeg, (dv),
where Hy(v) = E[G(B"X)|kB] X = v].
For the second term in TV,?(u), note that
/ h a(z)Vodz) = \/15 zn: I(kBy X; > v)a(kB Xi)[Yi — g(By Xi,60)]
v i=1

= 3" BT X > wals] XG(BTXo)
=1

1 n
+— I(kB] X; > v)a(kBy X;)ei.
\/ﬁ ; 0 0
Therefore,
/ a(z)V2(dz) — Wy(v) + Wa(v) in distribution

where W1 (v) = [ a(z)Ho(z)Fyp,(dz) and Wa(v) have a normal distribution with mean

zero and variance
70 = [ o watwaln)” P (du),

Here 02(u) = E(?|kB8y X = u). Hence we can conclude that

TV, (u) = Voo(u) + /u {Ho(v) = a(v) " A (0)[W1(v) + Wa(v)]o? (v)} Fregy (dv).
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N 1.Empirical size and power with p=3,n=50 N 2.Empirical size and power with p=3,n=100

Figure 1: The empirical sizes and powers of T, ,‘?Z and W2 in Example 1. The dash and

solid line denote the results of T5% and W2 respectively.
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Table 1: Empirical sizes and powers of TGWZ T2

Hi3 in Example 2.

and TnSGP for Hy vs. Hy1, Hi2 and

a TGWZ w2 TSGP
n=>50 n=100 n=50 n=100 n=50 n=100
Hy1,X ~ N(0,1Ip) 0.0 0.0445 0.0480 0.0470 0.0525 0.0640 0.0650
0.2 0.0830 0.1490 0.0635 0.0950 0.1050 0.1320
0.4 0.1915 0.4595 0.1180 0.2155 0.1710 0.3260
0.6 0.4245 0.8115 0.2005 0.4245 0.2930 0.5680
0.8 0.6025 0.9590 0.3090 0.6480 0.4600 0.8010
1.0 0.7590 0.9915 0.4170 0.8285 0.5830 0.9060
Hi1,X ~ N(0,%) 0.0 0.0470 0.0460 0.0465 0.0505 0.0760 0.0680
0.2 0.0655 0.1090 0.0500 0.0495 0.0910 0.0650
0.4 0.1350 0.3595 0.0485 0.0590 0.0790 0.0960
0.6 0.2645 0.6870 0.0645 0.0935 0.0970 0.1370
0.8 0.4065 0.8905 0.0640 0.1035 0.1100 0.1700
1.0 0.5580 0.9780 0.0840 0.1650 0.1300 0.2280
Hi2,X ~ N(0,1p) 0.0 0.0450 0.0515 0.0495 0.0535 0.0590 0.0590
0.2 0.0530 0.0680 0.0750 0.1220 0.0930 0.1190
0.4 0.0965 0.1550 0.1865 0.3430 0.2180 0.3260
0.6 0.1670 0.3145 0.3505 0.6565 0.3610 0.6020
0.8 0.2595 0.5400 0.5320 0.8705 0.5550 0.8420
1.0 0.3685 0.7535 0.7085 0.9655 0.7170 0.9570
Hi2,X ~ N(0,%) 0.0 0.0520 0.0540 0.0525 0.0510 0.0760 0.0680
0.2 0.0955 0.1675 0.1705 0.4230 0.2020 0.3420
0.4 0.2465 0.5385 0.5050 0.8770 0.4370 0.7460
0.6 0.4510 0.8520 0.7330 0.9900 0.6670 0.9130
0.8 0.6455 0.9670 0.8780 0.9995 0.7980 0.9510
1.0 0.7940 0.9935 0.9550 1.0000 0.8980 0.9600
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Table 2: Empirical sizes and powers of T¢WZ, W2

Hi3 in Example 2.

and T,;?GP for HO VS. Hll,H12 and

a TGWZ w2 TSGP
n=>50 n=100 n=>50 n=100 n=>50 n=100
Hi3,X ~ N(0,1Ip) 0.0 0.0450 0.0500 0.0490 0.0500 0.0790 0.0650
0.2 0.0540 0.0735 0.1075 0.1610 0.1280 0.1640
0.4 0.0990 0.2030 0.2605 0.5250 0.2100 0.3870
0.6 0.1905 0.4590 0.4610 0.8350 0.3970 0.6900
0.8 0.3365 0.7550 0.6625 0.9575 0.5520 0.8660
1.0 0.4830 0.9120 0.7925 0.9940 0.7120 0.9620
Hi3,X ~ N(0,%) 0.0 0.0495 0.0480 0.0500 0.0470 0.0710 0.0740
0.2 0.1385 0.2640 0.3565 0.7110 0.3050 0.5380
0.4 0.4490 0.8575 0.7930 0.9920 0.6910 0.9610
0.6 0.7750 0.9935 0.9455 0.9995 0.8970 0.9970
0.8 0.9005 0.9995 0.9790 1.0000 0.9700 1.0000
1.0 0.9525 1.0000 0.9925 1.0000 0.9860 1.0000
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Table 3: Empirical sizes and powers of T2 and W? for Hy vs. Hz; in Example 3.

a TZH w2

n=50 n=100 n=50 n=100

H31,X ~N(0,Ip),p=2 0.0 0.0345 0.0430 0.0465 0.0500
0.2 0.0820 0.1505 0.2095 0.4375

0.4 0.3020 0.6170 0.6240 0.9210

0.6 0.6180 0.9440 0.8615 0.9925

0.8 0.8410 0.9930 0.9445 1.0000

1.0 0.9345 0.9995 0.9885 1.0000

H31,X ~ N(0,Ip),p=8 0.0 0.0265 0.0295 0.0500 0.0450
0.2 0.0260 0.0475 0.2095 0.4190

0.4 0.0360 0.0850 0.5770 0.9020

0.6 0.0765 0.1640 0.8100 0.9935

0.8 0.1145 0.2600 0.9260 0.9980

1.0 0.1635 0.3805 0.9560 1.0000

H31,X ~N(0,X),p=2 0.0 0.0315 0.0390 0.0520 0.0475
0.2 0.0930 0.1565 0.2335 0.4660

0.4 0.3250 0.6530 0.6275 0.9305

0.6 0.6515 0.9550 0.8690 0.9955

0.8 0.8740 0.9985 0.9510 1.0000

1.0 0.9550 1.0000 0.9775 1.0000

H31,X ~N(0,2),p=8 0.0 0.0185 0.0350 0.0465 0.0530
0.2 0.0695 0.1495 0.5565 0.9055

0.4 0.2045 0.4365 0.9330 1.0000

0.6 0.3370 0.7320 0.9835 1.0000

0.8 0.4740 0.8580 0.9930 1.0000

1.0 0.5545 0.9200 0.9970 1.0000
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Table 4: Empirical sizes and powers of T2 and W2 for Hy vs. Hzs in Example 3.

a TZH w2

n=>50 n=100 n=>50 n=100

Hs2, X ~ N(0,1p),p =2 0.0 0.034 0.0455 0.0530 0.0500
0.2 0.083 0.1155 0.1215 0.2050

0.4 0.250 0.4730 0.3430 0.6100

0.6 0.524 0.8480 0.6200 0.9195

0.8 0.782 0.9785 0.8540 0.9920

1.0 0.935 0.9985 0.9575 0.9995

H3s,X ~ N(0,I,),p=8 0.0 0.0215 0.0265 0.0550 0.0480
0.2 0.0285 0.0375 0.1185 0.1970

0.4 0.0475 0.0760 0.3215 0.5830

0.6 0.0650 0.1550 0.5690 0.8910

0.8 0.1280 0.2930 0.7965 0.9900

1.0 0.1765 0.4210 0.9230 1.0000

Hsz, X ~ N(0,%),p =2 0.0 0.0310 0.0430 0.0510 0.0515
0.2 0.0745 0.1410 0.1205 0.1880

0.4 0.2545 0.4900 0.3190 0.5955

0.6 0.5420 0.8540 0.6160 0.9150

0.8 0.8105 0.9835 0.8400 0.9880

1.0 0.9420 0.9990 0.9480 0.9995

H32,X ~ N(0,%),p=28 0.0 0.0270 0.0295 0.0520 0.0470
0.2 0.0235 0.0395 0.0885 0.1430

0.4 0.0485 0.0770 0.1895 0.3720

0.6 0.0725 0.1480 0.3750 0.7000

0.8 0.1145 0.2845 0.5705 0.9015

1.0 0.1900 0.4605 0.7465 0.9715
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dash-dotted and solid line denote the results of T2 TSWZand W2 respectively.
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Figure 5: Plot of Y against ﬁf X obtained by DEE and the fitted cubic polynomial curve.
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