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Abstract. In this paper we develop a new model and propose an iterative
method to calculate stationary probability vector of a transition probability
tensor arising from a higher-order Markov chain. Existence and uniqueness of
such stationary probability vector are studied. We also discuss and compare
the results of the new model with those by the eigenvector method for a non-
negative tensor. Numerical examples for ranking and probability estimation
are given to illustrate the effectiveness of the proposed model and method.
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1 Introduction

1.1 Markov Chains

Markov chain concerns about a sequence of random variables, which correspond
to the states of a certain system, in such a way that the state at one time epoch
depends only on the one in the previous time epoch. We consider a stochastic
process {Xt, t = 0, 1, 2, . . .} that takes on a finite set S. For simplicity, we assume
that S = {1, 2, · · · , n}. An element in S is called a state of the process.
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Definition 1.1 Suppose there is a fixed probability Pij independent of time such that

Prob(Xt+1 = i|Xt = j, Xt−1 = it−1, . . . , X0 = i0) = Prob(Xt+1 = i|Xt = j) = Pij

where i, j, i0, i1, . . . , it−1 ∈ S. Then this is called a Markov chain process.

The probability Pij represents the probability that the process will make a tran-
sition to state i given that currently the process is state j. Clearly one has

Pij ≥ 0,
n∑

i=1

Pij = 1, j = 1, . . . , n.

The matrix P containing Pij is called the one-step transition probability matrix of
the process. Let Xt = [x1(t), x2(t), · · · , xn(t)]T be the probability distribution of
the states in a Markov chain process at the tth transition. It is easy to check that
Xt+1 = PXt and Xt+1 = P t+1X0. If we let

lim
t→∞Xt = X̄ = [x̄1, x̄2, · · · , x̄n]T or lim

t→∞xi(t) = x̄i,

then
X̄ = lim

t→∞Xt = lim
t→∞PXt−1 = P X̄. (1.1)

A vector X̄ is said to be a stationary probability distribution of a finite Markov
chain having k states with X̄ ≥ 0,

∑n
i=1 x̄i = 1 and P X̄ = X̄. We remark that the

stationary probability distribution can also be given by the normalized eigenvector
associated with the largest eigenvalue of P being equal to 1.

Theorem 1.1 If P is an irreducible and primitive, then there exist X̄ > 0, X̄ ∈ Rn

such that P X̄ = X̄, and for any initial distribution X0, (1.1) satisfies.

Interested readers can consult the book by Ross [9] for more detailed information.

1.2 Higher-order Markov Chains

There are many situations that one would like to employ higher-order Markov chain
models as a mathematical tool and a number of applications can be found in the
literature, see for instance in [3] and therein references. The m-th order Markov
chain model is used to fit the observed data through the calculation of the m-th
order transition probabilities:

0 ≤ pi1,i2,···,im = Prob(Xt = i1|Xt−1 = i2, . . . , Xt−m+1 = im) ≤ 1 (1.2)

where i1, i2, . . . , im ∈ S, and
n∑

i1=1

pi1,i2,···,im = 1. (1.3)
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It is clear when m = 2, the situation reduces to a standard Markov chain discussed
in the previous subsection. In [3], several methods are employed to approximate
higher-order Markov chains. For instance, the entry pi1,i2,···,im is approximated by a
linear combination of pij ,ij′ for some j and j′, and therefore a higher-order Markov
chain can be approximated by a linear combination of transition matrices. In this
paper, we are interested in finding a stationary probability vector for a higher-order
Markov chain, which is similar to (1.1) and the results in Theorem 1.1.

1.3 Nonnegative Tensor

Let R be the real field. We consider an m-order n-dimensional tensor A consisting
of nm entries in R:

A = (Ai1i2...im), Ai1i2...im ∈ R, 1 ≤ i1, i2, ..., im ≤ n.

A is called non-negative (or, respectively, positive) if Ai1i2...im ≥ 0 (or, respectively,
Ai1i2...im > 0). To an n-dimensional column vector X = [x1, x2, ..., xn]T ∈ Rn, we
define an n-dimensional column vector:

AXm−1 :=




n∑

i2,...,im=1

Aii2...imxi2 · · · xim




1≤i≤n

(1.4)

Definition 1.2 An m-order n-dimensional tensor A is called reducible if there exists
a nonempty proper index subset I ⊂ {1, 2, ..., n} such that

Ai1i2...im = 0, ∀i1 ∈ I, ∀i2, ..., im /∈ I.

If A is not reducible, then we call A irreducible.

Definition 1.3 Let A be an m-order n-dimensional tensor and C be the set of all
complex numbers. Assume that AXm−1 is not identical to zero. We say (λ,X) ∈
C × (Cn\{0}) is an eigenvalue-eigenvector of A if

AXm−1 = λX[m−1]. (1.5)

Here, X[α] = [xα
1 , xα

2 , ..., xα
n]T .

This definition was introduced by Qi [8] when m is even and A is symmetric. In-
dependently, Lim [6] gave such a definition but restricted X to be a real vector and
λ to be a real number. In [2], Chang et al. showed the following Perron-Frobenius
Theorem for non-negative tensors.

Theorem 1.2 If A is an irreducible non-negative tensor of order m and dimension
n, then there exist λ0 > 0 and X̄ > 0, X̄ ∈ Rn such that

AX̄m−1 = λ0X̄
[m−1]. (1.6)

Moreover, if λ is an eigenvalue with a non-negative eigenvector, then λ = λ0. If λ is
an eigenvalue of A, then |λ| ≤ λ0.
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For the m-th order Markov chain in (1.2) and (1.3), we can consider it as an m-
order n-dimensional tensor P consisting of nm entries in between 0 and 1. By using
Theorem 1.2, Ng et al. [7] employed the normalized eigenvector associated with
the largest eigenvalue of an irreducible non-negative tensor to be the probability
distribution of P .

Corollary 1.1 If P is an irreducible non-negative tensor of order m and dimension
n with (1.2) and (1.3), then there exist λ0 > 0 and a vector X̄ > 0, X̄ ∈ Rn such that

PX̄m−1 = λ0X̄
[m−1]. (1.7)

In particular, we can normalize X̄ such that the summation of its entries is equal
to 1, and therefore a probability distribution of the m-th order Markov chain can be
defined. However, we may not call it to be a stationary probability distribution as
λ0 may not be equal 1, see the examples in [7]. It is different from a second-order
irreducible non-negative tensor (i.e., a Markov chain matrix P ) that the largest
eigenvalue of a Markov chain matrix is always equal to one [1], the corresponding
eigenvector X > 0 and is normalized with PX = X, see Theorem 1.1

According to the above discussion, we find that there is a gap in between a
transition probability matrix and a transition probability tensor. The main aim of
this paper is to develop a new model and propose an iterative method in Section 2 to
calculate stationary probability vector of a transition probability tensor arising from
a higher-order Markov chain. In Section 3, we will compare the results of the new
model with those by the eigenvector method for a nonnegative tensor in Corollary 2.
Numerical examples are given to illustrate the effectiveness of the proposed model
and method. Finally, the concluding remarks are given in Section 4.

2 The Proposed Model

We note from (1.1) that a stationary probability distribution of a Markov chain
is given P X̄ = X̄, i.e., the input probability vector after the transition process
computation is still equal to the input probability vector. Our idea is to compute
an m-th order stationary probability distribution Φm(i1, i2, · · · , im) of different states
(independent of t) of a transition probability tensor by the same requirement, i.e.,

Φ1(i1) =
n∑

i2,···,im=1

Prob(Xt = i1|Xt−1 = i2, . . . , Xt−m+1 = im)Φm−1(i2, i3, · · · , im)

(2.8)
where Φ1(i1) is the first order stationary probability distribution of Φm defined as
follows:

Φ1(i1) :=
n∑

i2,···,im=1

Φm(i1, i2, · · · , im)
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and Φm−1(i2, i3, · · · , im) is an (m− 1)-th order stationary probability distribution of
Φm defined as follows:

Φm−1(i2, i3, · · · , im) =
n∑

i1=1

Φm(i1, i2, · · · , im).

In general, solutions of Φm in (2.8) may be difficult to obtain. In this paper,
one simple form of Φm to be considered is the product of the first order stationary
probability distributions of different states. More precisely, we propose to employ a
product form of Φ as follows:

Φm(i1, i2, i3, · · · , im) =
m∏

j=1

Φ1(ij).

It follows that

Φm−1(i2, i3, · · · , im) =
m∏

j=2

Φ1(ij)

and (2.8) becomes

Φ1(i1) =
n∑

i2,···,im=1

Prob(Xt = i1|Xt−1 = i2, . . . , Xt−m+1 = im)
m∏

j=2

Φ1(ij) (2.9)

It is interesting to note that under the tensor operation, the right hand of (2.9) is
the same as PXm with X = [x1, x2, · · · , xk]

T and xi = Φ1(i). Now we would like to
solve a tensor equation:

PXm−1 = X (2.10)

in order to obtain the stationary probability distribution for a higher order Markov
chain. It is clear that (2.8) is different from (1.6) as the right-hand side of (2.10) is
not equal to λ0X

[m−1].
It is straightforward to show that when xi ≥ 0 and

∑
i xi = 1, we have [PXm−1]i ≥

0 for 1 ≤ i ≤ n and
∑n

i=1[PXm−1]i = 1, we can intercept that the probability vector
is preserved after the transition probability calculation. Next we state the main
results of this paper as follows.

Theorem 2.3 If P is an irreducible non-negative tensor of order m and dimension
n with (1.2) and (1.3), then there exists a vector X̄ > 0, X̄ ∈ Rn such that

PX̄m−1 = X̄ (2.11)

and
∑n

i=1[X̄]i = 1.

Proof: The problem can be reduced to a fixed point problem as follows. Let
Ω = {(x1, x2, · · · , xn) ∈ Rn | xi ≥ 0, 1 ≤ i ≤ n,

∑n
i=1 xi = 1}. It is clear that Ω is a

closed convex set. We define the following map T : Ω → Ω:

[T (X)]i = [PXm−1]i, 1 ≤ i ≤ n, (2.12)
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where [PXm−1]i is the i-th component of PXm−1. It is clear that T is well-defined
and continuous. According to the Brouwer Fixed Point Theorem, there exists X̄ ∈ Ω
such that T (X̄) = X̄.

Next we would like to show that X̄ is positive. Assume that X̄ is not positive,
i.e., there exist some entries of X̄ are zero. Let I = {i|[X̄]i = 0}. It is obvious that
I is a proper subset of {1, 2, · · · , n}. Let δ = min{[X̄]j|j /∈ I}. We must have δ > 0.
Since X̄ satisfies PX̄m−1 = X̄, we have

n∑

i2,···,im=1

pi,i2,···,im [X̄]i2 · · · [X̄]im = [X̄]i = 0, ∀i ∈ I.

It follows that

δm−1
∑

i2,···,im /∈I

pi,i2,···,im ≤
∑

i2,···,im /∈I

pi,i2,···,im [X̄]i2 · · · [X̄]im ≤ 0, ∀i ∈ I.

Hence we have pi,i2,···,im = 0 for all i ∈ I and for all i2, · · · im /∈ I, i.e., P is reducible.
This is a contradiction, and the results follow.

In [4], it has been given a general condition which guarantees the uniqueness of the
fixed point in the Brouwer Fixed Point Theorem, namely, (i) 1 is not an eigenvalue
of the Jacobian matrix of the mapping, and (ii) for each point in the boundary of
the domain of the mapping, it is not a fixed point. In our case, we have shown in
Theorem 2 that all the fixed points of T are positive when P is irreducible, i.e., they
do not lie on the boundary ∂Ω of Ω. The Jacobian matrix DT (x) of T is an n-by-n
matrix where its (i1, j)-th entry is given by

n∑

i2, · · · , im = 1,
the summation except ij

pi1,i2,···,imxi2 · · · xim

corresponding to the derivative of the i1-th entry of PXm with respect to xj. To
conclude, we have the following theorem.

Theorem 2.4 Suppose P is an irreducible non-negative tensor of order m and di-
mension n with (1.2) and (1.3). If 1 is not the eigenvalue of DT (x) for all x ∈ Ω/∂Ω,
then then X̄ in Theorem 2.3 is unique.

According to Theorems 2.3 and 2.4, we consider and propose a simple iterative
algorithm for computing a stationary probability distribution of a transition proba-
bility tensor arising from a higher order Markov chain.

The Iterative Algorithm:

1. Input X0 is any n-vector with
∑n

i=1[X0]i = 1;



7

2. Set t = 1;

(a) Compute Xt = PXm−1
t−1 ;

(b) Set t = t + 1;

(c) If Xt = Xt−1, then stop, otherwise goto Step 2(a).

The iteration stops whenever Xt = Xt−1 which yields the solution X̄ = Xt as
PXm−1

t−1 = Xt = Xt−1 is a fixed point. If the iteration does not terminate in a finite
number of iterations, there exists a subsequence {Xtj} converges to X̄ by using the
fact that Ω is closed in Rn. As X̄ is unique (Theorem 2.4), it implies that Xt will
converge to X̄.

3 Numerical Results

3.1 Example 1

In the first example, we compute stationary probability vectors of transition proba-
bility tensors arising from higher-order Markov chains in [7]. This example concerns
an in-house problem of production planning and inventory control from a large soft-
drink company. Due to the limitation of storage space and the overall growing sales
demand, the company needs to study the sales volume for each product so that it
can make better use of the storage space in its central warehouse. According to
the level of sales volume, each product can be characterized by one of the following
states at each time epoch: state 1: very slow-moving (very low sales volume); state
2: slow-moving; state 3: standard; state 4: fast-moving; state 5: very fast-moving
(very high sales volume). The stationary probability vector of each product would
help the company in making its production planning.

Figure 1 shows the change of the states of products A, B, C and D. Based on
the change sequences, we consider the third-order Markov chains and construct the
third-order transition probability tensors to compute the stationary probability vec-
tors. Table 1 shows the results computed by the proposed iterative method. As a
comparison, we also show the results computed by the eigenvector method in [7] in
Table 2. With the results, we can show some advantages of the proposed method
over the eigenvector method when dealing with higher-order Markov chains. First,
we can see our proposed method results in a stationary probability vector while the
eigenvector method only results in a probability distribution, which is not called a
stationary probability vector because in the method the largest eigenvalue is not
necessarily equal to 1 and the corresponding eigenvector needs to be normalized for
obtaining the probabilities. The fact can be verified by the results of the largest
eigenvalues λ in Table 2.

Next we see in Figure 1 that the computed stationary probability vectors seem
better than those by the eigenvector method. Given the sequences of states in Figure
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Figure 1: The change of the states of products A, B, C and D.

Product A Product B Product C Product D
state 1 0.0262 0.0216 0.1683 0.0089
state 2 0.7782 0.6691 0.3454 0.6556
state 3 0.1233 0.1735 0.3090 0.2038
state 4 0.0506 0.0975 0.1522 0.0764
state 5 0.0217 0.038p3 0.0251 0.0553

Table 1: Computed Results by the Proposed Iterative Method.

Product A Product B Product C Product D
λ 4.2900 4.6171 4.5247 4.7198
probability 0.1139 0.1364 0.1918 0.1214
distribution 0.3509 0.3062 0.2687 0.2568
for five 0.2089 0.1985 0.2603 0.2416
states 0.1714 0.1939 0.1910 0.2064

0.1550 0.1650 0.0882 0.1737

Table 2: Computed Results by the Eigenvector Method in [7].
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Product A Product B Product C Product D
state 1 0.0106 0 0.1972 0
state 2 0.6915 0.7026 0.3310 0.7163
state 3 0.1702 0.1830 0.2746 0.1869
state 4 0.0745 0.0915 0.1761 0.0519
state 5 0.0532 0.0229 0.0211 0.0450

Table 3: Estimated Stationary Probability Vectors for Products A, B, C and D.

Product A Product B Product C Product D
l1-norm 0.2046 0.0860 0.1056 0.1213
l2-norm 0.1073 0.0442 0.0530 0.0690
l∞-norm 0.0867 0.0335 0.0344 0.0607

Table 4: Distances between Results of the Proposed Method and the Estimated ones.

1, we can estimate the probability of each state as follows:

p̂i =
fi

5∑
j=1

fj

, i = 1, 2, ..., 5

where p̂i represents the estimated probability of the state i and fi represents the
times that state i being observed in the sequence. Then we obtain the estimated
probability vectors for product A, B, C and D, shown as in Table 3. We calculate
the distances between the probability vectors by both methods and the estimated
ones respectively. The results are shown in Tables 4 and 5. We see from both tables
that the results of the proposed method are much closer to the estimated probability
vectors than those of the eigenvector method, which indicates the proposed method
gives better probability vectors than the eigenvector method does.

3.2 Example 2

In this example, we would like to study the citation ranking among some researchers
in the field of data mining by computing the stationary probability vector of a tran-
sition probability tensor constructed by their citations. The idea is similar to the
PageRank algorithm where the stationary probability vector is computed based on

Product A Product B Product C Product D
l1-norm 0.6813 0.7928 0.1640 0.9178
l2-norm 0.3846 0.4546 0.0940 0.5187
l∞-norm 0.3406 0.3964 0.0671 0.4595

Table 5: Distances between Results of the Eigenvector Method and the Estimated
ones.
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the hyperlink of website among webpages via a column-stochastic matrix, see for
instance [5].

In the test, we select fifteen famous researchers in the field of data mining. Their
names shown as in Table 6. Then we construct a third-order fifteen dimensions
transition probability tensor P based on their citation information in the The ACM
SIGKDD Conference on Knowledge Discovery and Data Mining (KDD). Our idea is
as follows:

(1) For each researcher, we select ten most-cited papers from his publications in
the KDD conference.

(2) Given any three indices i1, i2 and i3 (1 ≤ i1, i2, i3 ≤ 15), we compute how
much citations the i1-th researcher contributes to the i3-th researcher via the i2-th
researcher and form a tensor A as the following formula:

Ai3i2i1 =




10∑
j=1

c(i1, j, i2)

10∑
j=1

k(i1, j)







10∑
j=1

c(i2, j, i3)

10∑
j=1

k(i2, j)




where the function c(α, β, γ) means the number of times that the γ-th researcher in
the reference list of the β-th paper of the α-th researcher, and the function k(α, β)
means the total number of references in the β-th paper of the α-th researcher.

(3) Normalize the tensor A into a transition probability tensor P .

In the construction, we do not consider any self-citation, i.e., we set P ]i,i,i = 0
for all i. The purpose is to avoid the ambiguous high transition probability by self-
citation. Table 7 shows the stationary probability vector computed by the proposed
method. The result can characterize the citation ranking among these fifteen re-
searchers. In our results, we find that Jiawei Han and Philip S. Yu (their stationary
probabilities are 0.1420 and 0.1350 respectively) have higher ranks in citation than
the other thirteen researchers in the field of data mining. To validate the results, we
show in Table 8 the number of citations links among fifteen researchers. We note
that there are at most 15 × 15 − 1 = 224 possible links from other researchers to a
particular researcher. We see from Table 8 that Jiawei Han and Philip S. Yu have
more citation links than the other researchers. Indeed, we compare the ranking of
stationary probabilities in Table 7 and the number of citation links in Table 8, and
find that they are consistent except for five researchers: Ravi Kumar (#8), Eamonn
J. Keogh (#10), Mohammed Javeed Zaki (#12), Hui Xiong (#13) and Jieping Ye
(#14). In the ranking of stationary probabilities, they are #8 > #13 > #10 > #12
> #14. while in the ranking of citation links, they are #13 > #12 > #10 > #8
> #14. It can be explained by their different citation fractions in the transition
probability tensor.
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ID Name ID Name ID Name
1 Christos Faloutsos 6 Jian Pei 11 Vipin Kumar
2 Jiawei Han 7 Martin Ester 12 Mohammed Javeed Zaki
3 Philip S. Yu 8 Ravi Kumar 13 Hui Xiong
4 Padhraic Smyth 9 Bing Liu 14 Jieping Ye
5 Heikki Mannila 10 Eamonn J. Keogh 15 Charu C. Aggarwal

Table 6: The Fifteen Selected Researchers.

ID Stat. Prob. ID Stat.Prob. ID Stat. Prob.
1 0.0700 6 0.0869 11 0.0910
2 0.1420 7 0.0234 12 0.0295
3 0.1350 8 0.0348 13 0.0342
4 0.0591 9 0.0484 14 0.0268
5 0.0972 10 0.0306 15 0.0911

Table 7: The Stationary Probability Vector Computed by the Proposed Method.

ID Number of Links ID Number of Links ID Number of Links
1 67 6 72 11 76
2 96 7 8 12 23
3 96 8 17 13 24
4 55 9 55 14 14
5 90 10 20 15 90

Table 8: The Number of Citation Links from the Others Researcher to a Particular
Researcher.
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4 Concluding Remarks

In this paper, we have developed a new model and presented an iterative method
for computing stationary probability vector of a transition probability tensor arising
from a higher-order Markov chain. We have proved the proposed iterative method
converges to a unique stationary probability vector for given any initial probability
vector. Numerical results have shown the effectiveness of the model and the proposed
method. The proposed model would be useful to many applications in ranking [5]
and probability estimation, see for instance [3].

Theoretically, we need the assumption in Theorem 2.4 in order to show that X̄ is
unique. We have tested many different initial probability distributions in the exam-
ples in Section 3, the same resulting probability vector is obtained. We conjecture
that the assumption in the theorem may be true for irreducible transition probability
tensors with some additional properties. We do not have a proof yet, so we leave it
as an open problem for future analysis.
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