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In a recent work by Xiu and Shen [D. Xiu, J. Shen, Efficient stochastic Galerkin methods for
random diffusion equations, J. Comput. Phys. 228 (2009) 266–281], the Galerkin methods
are used to solve stochastic diffusion equations in random media, where some properties
for the coefficient matrix of the resulting system are provided. They also posed an open
question on the properties of the coefficient matrix. In this work, we will provide some
results related to the open question.

� 2010 Elsevier Inc. All rights reserved.
In [5], Xiu and Shen consider simulations of diffusion problems with uncertainties, which yield the following stochastic
diffusion equation:
@uðx; y; tÞ
@t

¼ r � ðjðx; yÞrxuðx; y; tÞÞ þ f ðx; y; tÞ; 8x 2 X; t 2 ð0; T�; ð1Þ

uðx; y;0Þ ¼ u0ðx; yÞ; uð�; y; tÞj@X ¼ 0; ð2Þ
where x = (x1, . . . ,xd)T 2X � Rd, d = 1,2,3 are the spatial coordinates, and y = (y1, . . . ,yN) 2 RN, N P 1, is a random vector with
independent and identically distributed components.

The steady state counterpart of Eqs. (1) and (2) is
�r � ðjðx; yÞrxuðx; y; tÞÞ ¼ f ðx; y; tÞ; uð�; y; tÞj@X ¼ 0; 8x 2 X: ð3Þ
It is assumed that the random diffusion field takes a simple form
jðx; yÞ ¼ j0ðxÞ þ
XN

i¼1

jiðxÞyi; ð4Þ
where fjiðxÞgN
i¼0 are fixed functions with j0(x) > 0, "x. For well-posedness, the following assumption is made
jðx; yÞP jmin > 0; 8x; y: ð5Þ
The Pth-order, gPC approximations of u(x,y, t) and f(x,y, t) are of the form
. All rights reserved.
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uðx; y; tÞ �
XM

m¼0

vmðx; tÞUmðyÞ; f ðx; y; tÞ �
XM

m¼0

fmðx; tÞUmðyÞ; ð6Þ
where M ¼ N þ P
N

� �
;UmðyÞ are N-variate orthonormal polynomials of degree up to P. They are constructed as product of a

sequence of univariate polynomials in each directions of yi, i = 1, . . . ,N, i.e.,
UmðyÞ ¼ /m1
ðy1Þ � � �/mN

ðyNÞ; m1 þ � � � þmN 6 P;
where mi is the order of the univariate polynomials of /(yi) in the yi direction for 1 6 i 6 N. These univariate polynomials are
orthonormal (upon proper scaling), i.e.,
Z

/iðyiÞ/kðyiÞqiðyiÞdyi ¼ djk; 1 6 i 6 N;
where qi(yi) is the probability distribution function for random variable yi. The type of the polynomials /(yi) is determined by
the distribution of yi. For example, Hermite polynomials are better suited for Gaussian distribution, Jacobi polynomials are
better for beta distribution. For detailed discussion, see [6].

For the N-variate basis polynomials Um(y), each index 1 6m 6M corresponds to a unique sequence m1, . . . ,mN, and they
are also orthonormal
E½UmðyÞUnðyÞ� ¼
Z

UmðyÞUnðyÞqðyÞdy ¼ dmn;
where qðyÞ ¼ PN
i¼1qiðyiÞ.

Upon substituting Eq. (6) into the governing Eq. (1) and projecting the resulting equation onto the subspace spanned by
the first M gPC basis polynomials, we obtain for all k = 1, . . . ,M,
@vk

@t
¼
XM

j¼1

r � ðajkðxÞrvkÞ þ fkðx; tÞ; ð7Þ
where
ajk ¼
XN

i¼0

jiðxÞeijk; 1 6 k; j 6 M;

eijk ¼
Z

yiUjðyÞUkðyÞqðyÞdy; 1 6 k; j 6 M 0 6 i 6 N:
Denote v = (v1, . . . ,vM)T and A(x) = (ajk)16j,k6M. By definition, A = AT is symmetric. The gPC Galerkin equations (7) can be writ-
ten as:
@v
@t
ðx; tÞ ¼ r � ðArxvÞ þ f ; ð8Þ

vðx;0Þ ¼ v0ðxÞ; vð�; tÞj@X ¼ 0: ð9Þ
This is a coupled system of diffusion equations, where v0(x) is the gPC expansion coefficient vector obtained by expressing
the initial condition of (2) in the form of Eq. (6).

Similarly, the following steady state decomposition can be obtained:
�r � ðArxvÞ ¼ f ; vðx;0Þ ¼ v0ðxÞ: ð10Þ
After some simple algebra, it can be verified that the components of A(x) satisfy
ajj ¼ j0ðxÞ þ
XN

i¼1

jiðxÞbji ; ð11Þ

X
k–j

jajkj ¼
XN

i¼1

jjiðxÞjjaji þ cji j; ð12Þ
where bji ; aji ; cji are the coefficients of the recurrence relation of corresponding normalized polynomials in yi direction,
namely,
xPa;b
j ðxÞ ¼ aji P

a;b
jþ1ðxÞ þ bji P

a;b
j ðxÞ þ cji P

a;b
j�1ðxÞ: ð13Þ
Since for every i, yi are assumed to be have the same distribution, we then have the same recurrence relation formula for
every direction, thus for donation simplicity, we can drop the subscribe i and just use aj, bj, cj in the recurrence relation.
We have the following lemmas [5]:
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Lemma 1. The matrix A(x) is positive definite for any x 2 D, moreover, each row of A(x) has at most (2N + 1) non-zero entries.

Lemma 2. Assume that the random variables yi, 1 6 i 6 N, have either an identical Beta distribution in (� 1,1) with
q(yi) = (1 � yi)

a(1 + yi)
a, or an identical Gamma distribution in (0,+1) with qðyiÞ ¼ ya

i e�yi , where a > �1 and the scaling constants
are omitted. Then, the matrices A(x) derived via the corresponding gPC basis are strictly diagonal dominant "x 2X. More precisely,
we have
ajj P jmin þ
XM

k¼1;k–j

jajkj; 1 6 j 6 M; 8x 2 X: ð14Þ
Open questions in [5]: it is stated in [5] that it is an open question whether Lemma 2 holds for general Beta distributions
in (�1,1) with q(yi) � (1 � yi)a(1 + yi)b, a – b, a, b > �1.

The purpose of this paper is to provide an answer to the above open question. More precisely, we will prove the following
result:

Theorem 1. (I) Assume that the random variables yi, 1 6 i 6 N, have an identical Beta distribution in (� 1,1) with
q(yi) = (1 � yi)

a(1 + yi)
b, satisfy that
jajP 1
2
; jbjP 1

2
; ðof course b; a > �1Þ
or (II) the random variables yi, 1 6 i 6 N, have an identical Gamma distribution in (0,+1) with qðyiÞ ¼ ya
i e�yi , where a > �1 and

the scaling constants are omitted.
Then, the matrices A(x) derived via the corresponding gPC basis are strictly diagonal dominant "x 2X, i.e.,
ajj P jmin þ
X
k–j

jajkj; 1 6 j 6 M; 8x 2 X: ð15Þ
Proof. We recall the classical Jacobi-polynomials (see, e.g., [1,3,4]) fPa;b
n g

1
n¼0, which the terminal value follows
Pa;b
n ð1Þ ¼

nþ a
n

� �
; ð16Þ
where for integer n,
z

n

� �
¼ Cðzþ 1Þ

Cðnþ 1ÞCðn� zþ 1Þ ; ð17Þ
and C(z) is the usual Gamma function. For notation simplicity, we will denote x = 2n + a + b in the following. The Jacobi-
polynomials satisfy the orthogonality condition
Z 1

�1
ð1� xÞað1þ xÞbPa;b

m ðxÞP
a;b
n ðxÞdx ¼ 2aþbþ1

2nþ aþ bþ 1
Cðnþ aþ 1ÞCðnþ bþ 1Þ

Cðnþ aþ bþ 1Þn!
dnm ð18Þ
and recurrence relation
xPa;b
n ðxÞ ¼ anPa;b

nþ1ðxÞ þ bnPa;b
n ðxÞ þ cnPa;b

n�1ðxÞ ð19Þ
with
an ¼
2ðnþ 1Þðnþ aþ bþ 1Þ
ðxþ 1Þðxþ 2Þ ; bn ¼

b2 � a2

xðxþ 2Þ ; cn ¼
2ðnþ aÞðnþ bÞ

xðxþ 1Þ : ð20Þ
To work with the L2(a,b)-normalized polynomials, we define
ePa;b
n ¼ Pa;b

n

ffiffiffiffiffiffiffiffi
ha;b

n

q
;

�
ð21Þ
where
ha;b
n ¼

2aþbþ1

2nþ aþ bþ 1
Cðnþ aþ 1ÞCðnþ bþ 1Þ

Cðnþ aþ bþ 1Þn!
; ð22Þ
which are orthonormal.
By Eqs. (18)–(22), after some algebra, we can drive the recurrence relation for the normalized Jacobi-polynomials
xePa;b
n ðxÞ ¼ ~an

ePa;b
nþ1ðxÞ þ ~bn

ePa;b
n ðxÞ þ ~cn

ePa;b
n�1ðxÞ ð23Þ
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with
~an ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þðnþ aþ 1Þðnþ bþ 1Þðnþ aþ bþ 1Þ

ðxþ 1Þðxþ 2Þ2ðxþ 3Þ

s
; ð24Þ

~bn ¼
b2 � a2

xðxþ 2Þ ;
~cn ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðnþ aÞðnþ bÞðnþ aþ bÞ
ðx� 1ÞðxÞ2ðxþ 1Þ

s
: ð25Þ
It is easy to see that
~an ¼ ~cnþ1; ~an; ~cn P 0; 0 6 ~bn < 1; 8a; b > �1; n P 1: ð26Þ
(I.i): Case a = b. For this special case, we have
~an ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þðnþ 2aþ 1Þ
ðxþ 1Þðxþ 3Þ

s
; ~bn ¼ 0; ~cn ¼ ~an�1: ð27Þ
and
~an ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þðxþ 1Þ

ðnþ 2aþ 1Þðxþ 3Þ

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þ 1� 4a2

4ðxþ 1Þðxþ 3Þ

s
: ð28Þ
We can see that ãn 6 1/2, when 1 � 4a2
6 0, for all n, which yields
0 < ~an þ ~cn ¼ ~an þ ~an�1 6 1; jajP 1
2
; 8n P 1: ð29Þ
Then, substituting yi ¼ �ð~aji þ ~cji Þ into Eq. (5) separately and using together Eqs. (11) and (12) yields the inequality (15).
(I.ii): Case a – b. We first assume that b2 > a2. Note
~an ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þðnþ aþ 1Þðnþ bþ 1Þðnþ aþ bþ 1Þ

ðxþ 1ðxþ 2Þ2ðxþ 3Þ

s
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þ 1� ðaþ bÞ2

4ðxþ 1Þðxþ 3Þ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þ �ða� bÞ2

4ðxþ 2Þ2

s
:

We know form the above equations that ãn < 1/2 if 1 � (a + b)2
6 0. Therefore,
�1 < ~an þ ~an�1 � ~bn < 1; 8n:
Now we check for ~an þ ~an�1 þ ~bn. We have
~an þ ~an�1 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þ 1� ðaþ bÞ2

4ðxþ 1Þðxþ 3Þ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þ �ða� bÞ2

4ðxþ 2Þ2

s
þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þ 1� ðaþ bÞ2

4ðx� 1Þðxþ 1Þ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þ�ða� bÞ2

4x2

s

6 1þ �ða� bÞ2

4ðxþ 2Þ2
þ�ða� bÞ2

4x2 þ 1� ðaþ bÞ2

2ðx� 1Þðxþ 3Þ :
Consequently,
n ¼ 1� ð~an þ ~an�1 þ ~bnÞP
ða� bÞ2

4ðxþ 2Þ2
þ ða� bÞ2

4x2 þ ðaþ bÞ2 � 1
2ðx� 1Þðxþ 3Þ �

b2 � a2

xðxþ 2Þ

¼ ð8a2 � 2Þ½x4 þ 4x3 þx2� þ lx2 þ mxþ k

4x2ðx� 1Þðxþ 2Þ2ðxþ 3Þ
; ð30Þ
where
k ¼ 12½ðb2 � a2Þx� ða� bÞ2�;
l ¼ 6½ðaþ bÞ2 � 1� þ 4ða� bÞ2;
m ¼ 8bðb� aÞ þ 8ðb2 � a2Þ:
Note that f(x), k, l, m are all positive due to the assumption b2 > a2 and the facts (a + b)2 P 1 and x > 1, "n > 1. Furthermore,
it is clear that n > 0 if we require that (for the leading term x4) 8a2 � 2 P 0, i.e.,
jð~an þ ~an�1 þ ~bnÞj < 1; 8jbj > jajP 1
2
; n > 1:
For cases of n = 0,1 the proof is trivial. So again we can substitute yi ¼ ~bji � ð~aji þ ~cji Þ into Eq. (5) separately and this will lead
to the inequality (15).
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As to the case a2 > b2, we can use the same methods as above and we will arrive at jaj > jbjP 1/2. Using together the two
cases yields the desired results of part I in Theorem 1.

(II): Case of the Gamma distribution.

Now we recall the generalized Laguerre polynomials
LðaÞn ðxÞ ¼¼ ex �
X
i¼0

ð�1Þi
aþ nþ i

n

� �
:
xi

i!
; ð31Þ
which satisfy the orthogonality condition
Z 1

0
xae�xLðaÞn ðxÞL

ðaÞ
m ðxÞdx ¼ Cðnþ aþ 1Þ

n!
dn;m ð32Þ
and the recurrence relations
xLðaÞn ðxÞ ¼ �ðnþ 1ÞLðaÞnþ1ðxÞ þ ð2nþ aþ 1ÞLðaÞn ðxÞ � ðnþ aÞLðaÞn�1ðxÞ: ð33Þ
We shall prefer to work with the normalized polynomials, that is
eLðaÞn ðxÞ ¼
LðaÞn ðxÞffiffiffiffiffi

ha
n

q ; ha
n ¼

Cðnþ aþ 1Þ
n!

: ð34Þ
For the normalized gLPs, we have the following recurrence relations
xeLðaÞn ðxÞ ¼ an
eLðaÞnþ1ðxÞ þ bn

eLðaÞn ðxÞ þ cn
eLðaÞn�1ðxÞ ð35Þ
with
an ¼ �ðnþ aþ 1Þ; bn ¼ 2nþ aþ 1; cn ¼ �n: ð36Þ
For the Gamma distribution, since y 2 [0,1), letting y = 0 and y ?1 in Eq. (5) leads to
j0ðxÞ > jmin; jiðxÞ > 0; 1 6 i 6 N; 8x 2 D: ð37Þ
This, together with the facts that an + cn = �bn and Eqs. (11) and (12), lead to the desired result (15).

Remark 1. We remark that in the proof for the Beta distribution, it is essential to make sure that ~an þ ~cn < 1. Otherwise, we
may fail to get a strictly diagonal dominant matrix. To see this, let us recall normalized Legendre polynomials (a = b = 0)
which satisfy
xeLnðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þ2

ð2nþ 1Þð2nþ 3Þ

s eLnþ1ðxÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

ð2n� 1Þð2nþ 1Þ

s eLn�1ðxÞ: ð38Þ
We can see that for a fix n (for example, n = 3), ~an þ ~cn > 1. We assume one dimension for the parameter space and set in Eq.
(4)
1
~an þ ~cn

< jj1ðxÞj < 1
such that
jðx; yÞ ¼ 1þ j1ðxÞy: ð39Þ
It is clear that j(x,y) satisfy assumption (5). Moreover, it is also true that
X
k–n

jankj ¼ jj1ðxÞjð~an þ ~cnÞ > 1 ¼ j0ðxÞ ¼ ann;
which means that the matrix A(x) is no longer strictly diagonal dominant.

Remark 2. Note that the random media is assumed to have a structure of truncated K–L expansion [2], namely,
jðx; yÞ ¼ j0ðxÞ þ
XN

i¼1

ffiffiffiffi
ki

p
jiðxÞyi; ð40Þ
where j0(x) > 0 is the mean diffusivity,
PN

i¼1

ffiffiffiffi
ki
p

is the fluctuations, and {yi} are independent random variables, and {ki,ji(x)}
are the eigenvalues and eigenfunctions for
Z

Cðx; zÞjiðzÞdz ¼ kijiðxÞ; i ¼ 1;2; . . . ; ð41Þ
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where C(x,z) is the covariance function for j(x,y), and usually ki decay to zero as i goes to infinity. The point is that if the
fluctuation is small, we have that
j0ðxÞ � jmin > 0; 8x; y:
Assume, especially,
j0ðxÞP jmin >
j0ðxÞ

2
; 8x; y: ð42Þ
Then we can prove in this case that the resulting matrix A(x) is strictly diagonal dominant for all a, b > �1 for the Beta dis-
tribution. More precisely, we have

Theorem 2. If the random field satisfies a further condition like Eq. (42) , then the matrix A(x) is strictly diagonal dominant for all
a, b > �1.

Proof. In fact, we only need to fill the gap of jaj; jbj < 1
2. Indeed, for these cases, we have for all n
~an ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þðnþ aþ 1Þðnþ bþ 1Þðnþ aþ bþ 1Þ

ðxþ 1Þðxþ 2Þ2ðxþ 3Þ

s
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þ 1� ðaþ bÞ2

4ðxþ 1Þðxþ 3Þ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þ �ða� bÞ2

4ðxþ 2Þ2

s

6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þ 1� ðaþ bÞ2

4ðxþ 1Þðxþ 3Þ

s
<

2
3
;

where x = 2n + a + b, and
~bn ¼
b2 � a2

xðxþ 2Þ <
1
3
:

Consequently
~bn � ð~an þ ~cnÞ
2

< 1:
Then substituting yi ¼ ð~bji � ð~aji þ ~cji ÞÞ=2 into Eq. (5) gives
j0ðxÞ
2
þ
XN

i¼i

jiðxÞ
bji

2
P jmin �

j0ðxÞ
2
þ
XN

i¼i

jjiðxÞj
ðaji þ cji Þ

2
; ð43Þ
which implies
j0ðxÞ þ
XN

i¼i

jiðxÞbji >
XN

i¼i

jjiðxÞjðaji þ cji Þ: ð44Þ
This completes the proof. h

Remark 3. It is noted that the numerical example used in [5] for steady state case satisfies condition (42), which explains
why the authors find their method is stable for all cases of a and b.
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