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Abstract

In this paper we show that the monotone di erence methods with smooth
numerical uxes possess superconvergence property when pled to strictly
convex conservation laws with piecewise smooth solutionsMore precisely, it
is shown that not only the approximation solution convergesto the entropy
solution, its central di erence also converges to the deriative of the entropy
solution away from the shocks.
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1 Introduction

In this paper we consider numerical approximations to wealokitions of the initial
value problem for strictly convex conservation laws

u+ f(u)x =0; t>0; x2R; (1.1)
which is subject to the initial condition prescribed att = 0,
u(x; 0) = up(x): (1.2)

There has been an enormous amount of papers related to thearestimates for the
viscosity or more general approximations to scalar consation laws, see, e.g., the
review article of Tadmor [16]. The results on error estimaginclude
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For BV entropy solutions to (1.1), anO(p ") convergence rate il obtained by
Kuznetsov [8], Lucier [12], Cockburn-Gremaud-Yang [4] e{@ the BV-solution
space, it is shovgn by Sabac [14] and Tang & Teng [19] that the'-convergence
rate of orderO(" ) is optimal);

For BV entropy solutions, anO( ) convergence rate il 1 obtained by Tad-
mor [15], Nessyahu & Tadmor [13], Liu-Wang-Warnecke [9] etc

For piecewise smooth solutions for (1.1), a®( ) convergence rate inL' ob-
tained by Bakhvalov [1], Harabetian [6], Teng & Zhang [23], & [2], Tang &
Teng [20], Teng [22], Liu [10], Wang [24], etc;

For piecewise smooth solutions, a®( ) convergence rate in smooth region of
the entropy solution obtained by Goodman & Xin [7], Engquisi& Sjogreen [5],
Tadmor & Tang [17, 18] etc.

For multidimensional conservations laws, there are alsorer estimates for numer-
ical approximations, see, e.g., [3]. In [21], the authors msider the errors between
the solutions of (1.1) and its parabolic regularization. Wexddressed the questions of
the convergence rate in a weightetlV 1! space when (1.1) pocesses piecewise smooth
solutions. Convergence rate for théerivative of the approximate solutions is estab-
lished under the assumption that a wealpointwise-error estimate is given. In other
words, we are able to convert weak pointwise-error estimat¢o error bounds in a
weighted W space.

The approximation dealt with in [21] is essentially a viscaty method which can
not be used as a practical numerical scheme. When the appnmation is truly dis-
crete such as nite di erence/element/volume methods, theanalysis is much more
complicated. In this work, we wish to extend the results in [F] to a fully discretized
case. More precisely, we will consider the so-calletbnotone nite-di erence schemes
for (1.1). To this end, we rst introduce the de nitions of the monotone schemes.
The numerical approximationsv;" are obtained by (X + 1)-point explicit schemes in
conservation form

an+1 = HMV v s vk
= an (fjn+l =2 fjn 1=2) (1.3)
which is subject to the initial condition:
VP = Uo(x;);
where
fjn+1 o= f (an k+1 ian+ NE (1.4)
Herev! = v(j x;n t); = t= x, andf is a numerical ux function. We require

that the numerical ux function to be consistent with the ux f (u) in the following

sense:
f(u, ;u)=f(u): (1.5)
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Denition 1.1. The nite dierence scheme (1.2) is a monotone schemeaf H in
(1.3) is a monotone nondecreasing function of each of i& + 1 arguments.

The main results of this work are the following: for the monane nite di erence
schemes we rst show that error bounds in a weightevV %! space can be obtained
provided a weak pointwise-error estimate is given. The wegointwise-error estimate
with monotone schemes is indeed established for the conveonservation lows by
Nassyahu and Tadmor [13]. Furthermore, with theV *1-error bounds we can obtain
the optimal pointwise-error bounds for the monotone scherse

The paper is organized as follows. In Section 2, we re-coresidhe viscosity ap-
proximations to the conservation laws (1.1). The converger rate in the weighted
W L1 for the viscosity approximations are recovered, but by proog techniques di er-
ent with those used in [21]. The main tool for recovering theiscosity approximation
results is the maximum principle, which can be applied to thdiscrete approximations.
In Section 3.1, we will obtain some properties for the monate schemes. By multi-
plying the weighted distant function, the error bounds withmonotone nite di erence
schemes for the piecewise smooth solutions in the weightéth! are established.

2 Viscosity approximation

In this section, we wish to recover the main results obtainesh Tang and Teng [21]
by using the maximum principle for di erential equations. h [21], the energy-type
methods are used to obtain the convergence rates. Since wd wi this paper ob-
tain the convergence for the nite di erence methods usinghe (discrete) maximum
principle, the brief re-consideration of the viscosity apximation will be useful.

2.1 Weighted error for the viscosity solution

Viscosity approximation for the nonlinear conservation has (1.1)-(1.2) is to nd the
solution of the following di erential equation:

@ + @f (u)= @uu; (2.1)
which is subject to the initial data
u (x; 0) = uo(x): (2.2)

For ease of exposition, we will make the following assumptis:

(A1) the initial data ug is piecewiseC3-smooth and compactly supported;

(A2) there exists a smooth curvex = X (t), such that u(x;t) is smooth at any
point away from x = X (t);

(A3) there is a constant 0< 1 and a constantC > 0 such that

ju(x;t) u(xt)) C forjx X(t)] C (2.3)



and

V' ou(xit)j C ox o forjxg X(t)j C x; (2.4)

whereu is viscosity solution andv;" is di erence solution.

Remark: Assumption (A3) is satis ed for convex conservation laws ith Lip ™ -
bounded initial data, with = 1=3 (see Tadmor [13]); it can be improved to = 1=2
(see Tadmor and Tang [17]).

Let u(x;t) be the piecewise smooth entropy solution of (1.1). Withoutoss of
generality, we assume that the entropy solution of (1.1)-(2) contains one shock
discontinuity x = X (t) only with starting point at origin, i.e., X (0) = 0. Therefore,
u satis es

@+ @f (u)= @xu+ O()

in the region ofx 6 X (t), whereO( )=  @xU.
It can be further veri ed that the error function e:= u u satis es

@+ Q(A(u;u)e)= @xe+ O(); (2.5)

where Z,
A(u;v):=  fqsu+ (1 s)v)ds:
0

Following Tadmor and Tang [17], we introduce a non-negativieinction (x) 2 C2(R)
which satis es

M &) ixs x4
(i):  x Yx)> 0; Xx60,
(iii): x)! 1, xXpt1 oo

where 1 is a nite constant. The second requirement above implieshat
is monotonely decreasing fox < 0 and increasing forx > 0. More precisely, the
distance function is required to satisfy

0)=0; 0<x Xx)  (9; for x60; 2.6)
i ixis M C; k=012 '
where the constantsC are independent oik. The functions satisfy the above require-
ments include (x)=(1 e **)=2

In this work, we choose = 1+3, where is the constant given in the assump-
tion (A3). In other words,

(

(x) s

1+2

X1

2.7
1; 1X] 1 27)



For convex conservation laws we have = 1=2. Multiplying the error equation by
= (x X(t)) and applying the product rule for @(w ) and @ w ) gives
@e)+@ A(lu;u+2 % e
+ %o+ XA (usu) = e @(e)
= O()+ ( +1) %=0();

where we have used the fact °¢= O( ) and is a constant to be determined later.
By letting
Lw):=@w)+ @ A(u;u)+2 & w + 0%

(2.8)
+ XA (i) Eow @x(w);
we havelL(e) = O( ). Therefore e satis es
L(e)=0();
. 2.9
€Jji=o = 0: (2.:9)
We can re-write the di erential operator L (w) in a non-conservative form:
Lw)= @v+ Au;u)+2 & @w+cw @W;
c(x;t) = B(u;u;u;u)+ X2 A (u;u)+ (((+2) &0 2%) &
(2.10)
where Z,
B(u;u;ug;uy):=  f%su +(1 s)u)(su, +(1 s)u,)ds: (2.11)
0
Now we will prove an important maximum theorem forlL (w).
Theorem 2.1. If w(x;t) satis es
L(w)=g(x;t) O (x;t)2R R"
A LW=gen 0t 2.12)

Wjt=o 0
thenw(x;t) Oforall (x;t)2 R R*.

Proof. If there is a constantM such that c(x;t) M for (x;t) 2 R R, then

the theorem is a classical maximum theorem for parabolic egion. But it follows

from f Qu) > 0 andu,(x;t) ! 1 as (x;t) ! (0;+0) that B(u;u;u,uy) ! 1 as
(x;t) ! (0;+0). Thus c(x;t) M for (x;t) 2 R R" can not be satis ed. Since
the singularity of B is only at the origin, we can deduct a small neighborhood at ¢h
origin from the upper half-space. More precisely, we considan auxiliary problem
A ,forany > 0

L(w)=g(xt) 0 (x;t)2
(A) W =W 0 Xt)2@ ; (2.13)
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where p
= f(x;t)jt> 0 forjxj pt> 2 x2forjxj< g

The next lemma will show that there is a constantM such that c(x;t) M for
(x;t) 2 . Therefore the maximum principle is true for the problerA ,i.e.,w 0
on . Let gotozeroandwe getv 0onR R*. This completes the proof of
the theorem. ]

In the following lemma, we will lower bound the coe cient ¢(x;t) on de ned
in (2.10).

Lemma 2.1. Let > 2=( 1), then the coe cient function c(x;t) de ned in (2.10)
can be lower bounded on . More precisely, there exists a positive constaidl such
that

c(x;t) M for all (x;t) 2

Proof. It follows from () j j asjj 1, where 2, that

O ) 1

——= — and 2.14
( ) 219
and hence
Cr2 D L, O (#2C D 2
1) ()
asj J 1. The above relationships and the assumption> 2=( 1) show that
1), (OO
—=11 and +2 2 1
O (2 20 )
as ! 0. Hence there is an > 0 such that when k;t) 2 fj x = X (t)] g ,
c(x;t) > 0. On the other handjc(x;t)j is bounded forjx X (t)j . Here we have
used the fact thatu, uy, u and u, are bounded on . This completes the proof of
this lemma. O

Lemma 2.2. Let! be the solution of

L(*)=j0(0)i;
. 2.15
'ji=o = 0; (2.15)
where the termO( ) is as same as that in (2.9), thedn Oandjej !.
Proof. It is known that ! e satises
L(! e) O
. 2.16
(!  e)jt=o =0: (2.16)

The maximum principle for the parabolic equation oL (! e) 0 shows that
(x;t)  (x  X(t)e(x;t) 0 8(x;t)2 R R

and this concludes the results of the lemma. O
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Theorem 2.2. The weighted error of e is bounded byO( ) in L! norm. More
precisely, we have

k ( X(t)e(;t)kiry O (): (2.17)

Proof. Integrating the equation of L(! ) = jO()j in (2:15) with respect to x from
1 tol gives
d VA 1 Z 1 00 0
ai ldx = —+ X A (u;u) — !dx + O(); (2.18)
1 1

where the di erential operator of L (w) is taking the conservative form of (2.8). It is
proved in [21] that for any F 2 L(R) the following inequality holds:
Z 1 Z 1
X A (u;u) YFjdx C jFjdx+ C :
1 1

In deriving the above inequality, a weak pointwise-error éisnate of ju”  uj is used.
Since %) > 0for0< jj 1, there is a > 0 such that 0 0 for
2 (; ). Therefore, on account of ( ) ! being uniformly bounded onRn( ; ),
we have
Z, Z 00 Z,
FF jdx — jFjdx C jFjdx:
1 Rn( ;) 1
Applying the above result to the equation (2.18) and using thresult! 0 yield
d YA 1 YA 1
— ! ldx + :
at . dx C ) dx + O()
Solving the above inequality with! j;-o = 0 yields
kw( ;t)keyry O ():

The inequality ofjej ! concludes the desired result. O

2.2 Weighted error for the derivatives of the viscosity ap-
proximations

Now we derive a di erential equation for the weighted error tthe derivatives, namely
(x X (t))ex(x;t). First di erentiating (2 :1) with respect tox gives

@u,) + @(a(u )u,) = @x(uy):

In the smooth region of the solution of (1.1), i.ex 6 X (t), di erentiating (1.1) with
respect tox gives

@ux) + @(a(u)ux) = @x(ux) + O():
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It follows from the above equations that, away from the shockurve x = X (t), the
derivative of the error functione, = u, Uy satis es

@) + @(a(u )e) + aO(u )& = @x(&)+ O()+ O(ju uj): (2.19)

In deriving the above equation, we have used the followingds:

@(a(u )u,  a(u)ux)
@(a(u)e) + afu)ec+ alu) alu) (u)?+ a(u) au) ux
@(a(u )e) + alu )e+ O(ju  uj):

Multiplying the equation (2.19) by (x X (t)) and applying the product rulers for
@(w ) and @ w ) gives

@e)+ @ au)+2 = e, + o+ X au) = +alu) e,
@ (ex)= ( +1) B+ 0O(ej):

By introducing the notation L,

L(ey) = @e)+@ au)+2 %= e,

+ T+ X au) T +alu) ey @(ey;

we obtainthat L(e,x)= ( +1) % + O(j ej): Therefore e, satis es

L(ex)= ( +1) %+ O(ej);

) 2.20
€ xjt=0 = 0: ( )

We can write the di erential operator of L (w) in a non-conservative form:

Lw)= @v+ a(u)+2 %= @w+dw @w; 201
doct)= au)(l+ u)+ X au)+ (( +2) =0 2%) o (@2

Similar to the proof of Theorem 2.1, we can obtain the followg maximum theorem.

Theorem 2.3. If w(x;t) satis es

L =F(xt) O (xt)2R R"

.(W) (1) (1) (2.22)
Wji=o 0;

thenw(x;t) Oforall (x;t)2 R R*.

The following comparison lemma will be useful in controllig the derivatives of
the approximation errors.



Lemma 2.3. Let! be the solution of the following initial value problem:

L) = ( +1)j %&j+jO(e)i;

e = 0: (2.23)

where the termO( e ) is as same as the one in (2.20), theh Oandje, w.
Proof. It follows from (2.20) and (2.23) that! ey satis es

| :
5%
The maximum theorem 2.3 shows that
F(x;t) (x X@®)e(xt) 0O 8(x;t)2R R'
and this concludes the results of the lemma. O

With the above preparations, we are ready to state and provehé following theo-
rem.

Theorem 2.4. The weighted error for the derivative of the viscosity apptonation,
e, is bounded byO( ) in L norm:

k ( XM)e(:t)kiyr O (): (2.25)

Proof. Integrating the di erential equation in (2.23) with resped to x from 1 to
1 , on account ofke,k,: M andkek.: O () (given by (2.17)), gives
d z 1 YA 1 00 0 YA 1
— ldx —+ X alu) — ldx +C ldx + O(); (2.26)
dt 1 1 1
where the di erential operator ofL (! ) is taking the conservative form of (2.20). Using
the inequalities (see Lemma 1 of [21])

1 Z 1
X a(u) YFjdx C jFjdx
1 1
and Z, Z,
BFjdx C jFjdx
1 1
again to the above di erential equality, on account ofw 0, gives
d YA 1 Z 1
— ldx C ldx + O( ):

Solving the above di erential inequality with the initial condition ! ji-o = O yields
k! ( ;t)kLl(R) O ()

The above result, together with Lemma 2.3, leads to the deeul error bound (2.25).
]



As proved in [21], the following results are immediate congeences of Theorems
2.2 and 2.4.

Corollary 2.1. If (x;t) is away from the shock discontinuityS(t) = f(x;t)jx =
X (t)g, then for anyh > 0

Pointwise convergence far away from the shock

j(lu u)(xt)j C(h); dist(x;S(t)) h:

@u converges ta@@u globally in regions away from shock discontinuity

kQu (;t) @u(;t)Kiirnx @ hx@m+ny C(h):

3 Dierence approximation

The main tool for obtaining error estimates for the monotoneali erence schemes is
a discrete maximum theorem, which is similar to that one useébr the viscosity
methods.

3.1 Error and di erence quotient error equations

For easy of notations and without loss of generality, we coider only three-point nite
di erence schemes in the rest of this paper. In this case, wertsider conservative
nite di erence scheme in the following form:

vio= HVL vy )

i
v fFOasvh) vV ) (3.1)

Several notations will be used in this section. To begin withwe let

V =(V =2V 1=2); V =(VeVavog),;
Dyv =(V 412 V 122)= X; Dyw =(V 412 V 12)= X:

In the remaining of this paper, we will concentrate on the eshates of the errors for
Dyv;j:
Vi Vi Vo
— i+l iV i1
DXVJ - )
X X

We denotef ( ; ) the derivative of the numerical ux in the following sense
z 1

F(:)= DT es( ds=(Rl i A ) (3.2)
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where =( 1; 2), =( 1; 2) and
fo( 3 N ;
(a5 i a5 ) 7.
= , @f (1+s(1 1); 2)ds; . @f (15 2+ s( 2 0))ds : (3.3)

Here @f denotes the partial derivative with respect to thej-th argument of the
function f . Therefore by using the above de nitions we have

FO) fO)=f () )

It follows from the de nition for the monotone scheme and fron the de nitions
for f; andf ; that.

Lemma 3.1. If the numerical scheme (3.1) is monotone, then for any andu the
following inequalities hold:

fi(v ;u) O 1 foa(v ;u) fi(v ;u) 0; f (v ;u) O:

The three-point nite di erence scheme (3.1) can be rewriten into the following
form

an+1 = an 1:(an+1=2) f(vj” 1=2)

=

Pt E Vo) i Davi (3.4)

The above nite di erence equation also has an equivalent fmn

D'+ f: Viti=2: V] 122 Dxvj' =0; (3.5)
where D" = (an+1 vi)= t. We say that the nite dierence scheme (3.1) is of
rst-order if for smooth solution u the following expansion holds:

uptt = uf f(ujr‘+1=2) ful 1) + X°R] o)
=u' o tf ulyoiu] g, Dyl + xR '

where R} is uniformly bounded by a constant independent of x. The last term
above is thetruncation error The above equation can also be written in the following
equivalent form:

Dy + f Ul U 1p DU = xR (3.7)

We have to point out that if u(x;t) is a piecewise smooth solution, which is discontinue
alongx = X (t), then the above equation takes the following form:

Deu'+ f Ul U 1y Dyuf = TE (3.8)
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where the truncation errorT Ejn will have the form

(
_ & inein g
gr= OV X TS (3.9
O(1= x); ] =jsis+1;
wherej satis es
jo X<X(th) (js+1) x
In what follows we will only consideru a piece-wise smooth solution of (1.1). Sub-

tracting (3.5) from (3.8) leads to theerror equation for the error €' = v'  u}":

D' + Dy f (ufiv)e] = TEM; (3.10)

where the truncation errorTE;" is de ned by (3.9).
Now we derive a dierence equation for the di erence quotiénerror Dyel'. It
follows from (3.5) that
8

< : . = .
DtDXan + DX f: an+1=2’vjn 1=2 vajn =0 ! (311)
DiDyu' + Dy f Uil o 4, Dyuf = TE

where TE}" is the truncation errorfor the piecewise smooth solutionu(x;t). Since
u(x;t) is discontinuous along the shock curveg = X (t), some calculation shows that
O ; j 6" LjMmjt+1;"+2

TE" = ()3 180 LT+ 1, (3.12)

O(1= x%); j8jg LiGjd+1ji+2;

wherej satis es
jo x<X(tn) (j§+1) x

Subtracting the second equation from the rst one above leado the nite di er-
ence setting forDyef' = (e',;., € ;)= X

+ ::)x foviaovi i Foulyoul o Deuf = TE' (3.13)
z
I

We re-write the term | in the following form:

- ' n .,,n ' n .,,n 2,,Nn
I = f vy f ui;u Dy

’ n ..n ’ n . N
+Dx f ViV f Ufaoiuf 1 DUj oo

. n s N n 2N
f Vj+l=2’uj+1:2 ej+l=2DXuj

n «ysN ' n - n .
+ |DX f VJ +1:2!Vj 1=2 f uJ+l:21uJ 1=2 DXuJ 1=2 -

12



We further re-write the term Il in the form:

: : 1 : .
_ n «yyN n.,,N n . n n.
= f vy foviivy — foulgy fouiui
_.: n N n - n . n n
=f ViV 1 Dxvy foujyoiuf o, Dy

n

—_ 3 n -yyN n 3 n Vil 3 n B n
—f VJ+1:2’V] 1=2 DxeJ + f V]+1:2’VJ 1=2 f UJ+1:2,UJ 1=2 DXUJ

where Z,

f: (v ;u)=
0

The above result can be written in the following equivalentdrm:

Df: (u +s((v u)ds:

—_ g n .y N n . n -y N . n . n n - an n.
I =f Vi) 1o Duef+ T Vil oV iU iU 1 (64120 €)' 125) Dy

where the notation f is de ned by

f Vo)V 12U y12;U 1o
Z,

Df U+ S(V +1=2 U :2); u 1o+ S(V 1= U 1:2) ds:
0

Substituting | and Il into (3.13) gives the di erence quotient error equation foD €]

DiDyx€ + Dx f Vi Vi 1, Dx€ +f Vi,V 1, Dye'Dyuj 1o
. n .yN - _— n . an n n 3.14
Vi V] Ui U] 1 (€h1216) 1) DU DU} 1o (3.14)

s n _— n 2,,n — n.
+f Vi Ulao oDy = TE™:

3.2 Weighted error for the di erence solution

In this section we consider the case that the entropy solutioof (1.1) has one shock
discontinuity. Let x = X (t) be a shock curve. Denote
PEo0g XM = g XN XM= X(t); X = X qt);
where is the weighted distance function introduced in Section 2t Is easy to show
that
Dy '= J+ O( x?); D¢ '= f+0( 1)

J
M=o+ 0( t+ X

(3.15)
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Using the product rule Dx(a ) = a.+12Dxhy +(Dxa)h 1=, to the following equa-
tions gives

Dxf(w,,xeh

D 1(u]1 J) j+1 an+1 2+f 1(u]1 J) j 12qrI 1=2
J+1D (f (u] 1V )en+1—2) + DX j+1=2 1(u] 1=2 j 1—2)en
i 1D (f (Ui vDe 1) + Dx | asof 1(Ufg i Vi )€

= ["Dy f (uiviel + J(FaUu] V] 1)+ (Ui Vi L)) + O( X):
It follows from the above result that

"Dy f(uJ,J)e = Dy f(uJ,J)(e)J

n

5 fa(u v )+ (U iV ) €+ 0( X)) (3.16)
Multiplying the error equation (3.10) by [ gives

. e iningq
ngﬂ+prf (uhvhel = 7 O( x); !6!?ﬁ
0(1: X), J:JS;JS+1
. 1 tN-1nNn
= or R (3.17)
o), j=ijd&is+1

This is due to the fact that ! = O( x) forj = jg;jd +1. Now we will derive a
di erence equation for '€ from (3.17) and (3.16). To begin with, we observe

D( "e)

= F”Dt%”(Dt ;)€ (

+ O( x); |6 jgije*1

jnlD f (uJ’ J)e _][]x_n%n-i- O(l) J:Jiji"'l
’ si1)s

D« f (uhvihe ) + 4 faul v 1)+ F (Ul ovian) X €

O( x); j6jgije+1
O@); j=ijNnjr+1

Rearranging the above di erence equation gives the equatidor ['€':

J
Dt( ann)-'-D f (UJ, J)(e)]
n
ln fl(an 1=2;an 1)+ f 1(ujn+1:2;vjn+1=2) X" ann)
j
. H inh-n
_ O( x); J_ej_sn,J_sn+1 : (3.18)
0(1); j=j&id+1
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Since forj = jJ;j2 +1, we

n

ln fa(u' v 1)+ a(Ul o via) X (e

J
n

= fuu] v ) AUl Vi) XD €
= 0( x);

where we have used the fagt {x)j Cjxj forjxj 1. Let

LOW ) 3= D+ Dy F (ulvIW ]+ Wi

<0 j=imige
X (Ul iV 1) (U Vi =) %: 16+ 1

Thus j”q‘ satis es

8 (
2 O( x); j&6JMjI+1
L(e )y = oL B
N (1 j=init+t
" (e)? =0:
It follows from (3.23) and (2.14) that
( (
_ C_ in.in . C_ in.in
g= O N N B
O(1= x); j6)8j2+1 O() ]6jgis*+1;
where = t= Xx.

Now we prove an useful discrete maximum theorem far(W j”).
Theorem 3.1. If L(W[) OandW? 0, then

w" 0 8(n;j)2Z N
provided that the Courant Number is suitably small.
Proof. It follows from L(Wj") 0 that if W 0 for allj, then
an+1 fr(uili o Vi W+ F a(u) v )W
+ 1 fra(ulin=ivivio)  fa(u) 12V 1) tgf W
frUl Vi W + (U] i v )W

+ 1 faUioivias)  fauf vy )+ j0@)) W
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(3.19)

(3.20)
(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)



where in the last inequality we have used the expression (8)2and the assumption
W" 0. The monotonicity of H shows that the rst and second coe cients of W’
given in (3.27) are nonnegative and under little more resgtion on than the mono-
tone condition the third coe cient also nonnegative. Sincer0 0, the inequality
(3.27) indicates that the conclusion (3.26) is right fon = 1. By induction on n we
can conclude that the inequality (3.26) holds for any 2 N. This completes the proof
of this theorem. O

Lemma 3.2. Let W}" satisfy

JO( x)j; ] 68jgils+1

n—
LW = Dy i iniaad
oM@ =i

(3.28)

with Wj0 =0, whereO( x) and O(1) are de ned as in (3.24). Then we have

W' 0 and jgj W' 8(mj)2z N:

Proof. It is easy to conclude from Theorem 3.1 thaW" Oforalln 0 andj. It
follows from (3.24) and (3.28) thatL(W | (e )!) OandW? (e)?=0and hence
the maximum Theorem 3.1 giveV," (e)' 0O or equivalentj 'e'j W, O

Theorem 3.2. The weighted error of( e );' is bounded byO( x) in L! norm. More
precisely, we have

b
k ( X(ta))e(;tn)k = jte)i x O ( x): (3.29)

j=1
Proof. Multiplying the di erence equation (3.28) by x and summing up the equa-
tions forj from 1 to 1 give
D, W" x= gqW" x+ O( x); (3.30)
j=1 j=1
where we have used the conservative form (3.22) b’(Wj"). In order to get the
desired estimate we need an inequality:
qw" x C W x+ O( x): (3.31)
i=1 ji=1

From the de nition (3.23) of ¢' we see thatjg'j is not uniformly bounded by some
constant. So we can not get the inequality (3.31) directly bysing j¢'j  C for

16



alln 0 andj. But the following important inequality helps to get the requested
estimate, namely for anyF 2 L1(R) the following inequality holds:

b3
XU (U] v 1) F Ui Vivis)  FIF (X th)] X
)= 1>4 (3.32)
C (F(Xit)] x+ C x;
j=1
which will be proved in next lemma. Setting 'jF (Xj;t,)j = W," and substituting it
into the above inequality give (3.31). Applying (3.31) to (330) yields

DS DS

D W" x = agW' x+ O( x)

C W" x+ O( x);

Solving the above inequality gives

b3
W' x O ( x) 8n2N:
j=1

This estimate with j 'e'j ~ W" gives the desired result of (3.29). O
Now we prove the important inequality (3.32) by using the assnption (A3).

Lemma 3.3. For a weighted distance function, s min(jxj* *1; 1), and for any
F 2 LY(R), we have

%
XD U] v 1) (Ui Vi) IR X
j=1
. (3.33)
C JF) x+C X
j=1

whereF" = F(x;;ta).

Proof. We split the left-hand of (3.33) into tow parts: I, + |,, where
X
I, = fa(uf 1V 1)+ F aUfaivia ) X0 IR X
JXj X(tsgj X
I 1= fr(u 1=V 1)+ UiV o) X iR X
iXj X(ta)j< x

17



where is the constant given in (A3). It follows from (2.7) that
I CiT 5 iqi=0 B X)i Cixp X (ta)i*
This result gives
I, C x (3.34)
Now for jx; X (tn)j X , we use the facts that[ 0 and X, > f un), where
u?! = u(X(t,)+0;t,), to obtain

fo(u v 1)+ (Ul oivian) X0 A

fa(u' v 1)+ F (U Vi o) fO(an) =
+H((FU) ) o

CER) x J+f%)u( )xa x(t)) 5§ (using (A3))
CFR)(xn  X(ta)) 7+ F ) )X x(tn))

Cxn X(tn))4 C

Similarly, by noting that ' 0 for x,  X(t,) we can also prove that forxp
X (tn) X

fr(u 1oV 1)+ F (U oiviag) X 4§ C

The above results lead to 2
I, C JIF X
j=1
This, together with (3.34), yields the inequality (3.33). The proof of the lemma is
complete. O

3.3 Weighted error for the di erence quotient of the mono-
tone solution

In this subsection we will consider thestrictly monotone scheme, which satis es more
strictly monotone condition:

@H (u;v;w) > 0; @H (u;v;w) > 0and @H (u;v;w) > 0:
This is equivalent to
Qf (u;v) < 0, @f (v;w)>0and1l (@f (u;v) @f (v;w)) > O

The well known (generalized) Lax-Friedrichs scheme ([11i§3 a strictly monotone
scheme, which is de ned by

VREV SO0 TP D) SO0 2+ )

18



where = x= t satis es a Courant-Friedrichs-Levy condition,

sup jf qv)j

jvik vOki
For the strictly monotone scheme we have

Lemma 3.4. If the numerical scheme (3.1) is strictly monotone, then foany v
and u the following inequalities hold:

fi(v ;u)>0; 1 f a(v ;u) fi(v ;u) >0; f i(v ;u)>0:

Now we will derive a di erence equation for D€' from (3.14). The derivation
is similar to that for {'¢'. Some calculation on (3.14), account of (3.12), gives

Di( "Dxe)+ Dy f VIV 1, ( Dye)
n

3 favive )+ f oa(vihgiv) X (D @)

n J
”J

. n .yn n n
+ f VJ +1=2’Vj 1=2 ( DXe)J DXUJ 1=2

+F ViV iUl iU 1 (( )= ()] 1) DU Dyuf 1 (3.35)

+f \(/jn+1=2;ujn+1=2 ( e)jn+l=2D)%ujn

_on O x5 J6jd Lidjd+Ljd+2
o= x?); j =il Lijnjd+1;j0+2;
O( x); j8js Ljgijd+1lijg+2
O1); j=1is Lisid+Lijg+2;

where
jo x<X (ta) (&+1) x jPj O ( x?;
with 3,forj =jo Ljljr+1;j0+2.
It follows from the de nition of that if 3 then
i o(CxY) ifi O0(x?
forj =j 1;j3;j8+1;j2 +2. Thus we have

n

ln fl(VJ,VJ 1)+f l(VJ+1lVJn )(—n (Dxe)Jn
J
= (Vj’ i 1)+f 1(Vj+l’vjn) X" (DXe)Jn
S0 %) for =il BiieLe2 (3.36)
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and

: n . n n n
fovilio V) 1 ( Dxe)yDxuj 1o

=0O( x) for j=j0 LjNjr+1;j0+2: (3.37)
Therefore we de ne
LW )= DW + Dy f (Vi V! 1 )W D+ W+ d'W: (3.38)
where
dn_<o; =00 Lin 1 +2
b ro faVVE ) T a(vihv)) XD S T 6 0g Ligijg+1ijg+2
(3.39)
and
8
<0 J=1s Lj&jd+15jd+2
=7 " e tmimainan.  (340)
: Vi Vi 1 DUl o0 1608 Lijgiis v 1508 +2;

Hencegq' are uniformly bounded andjdj = O( x .

Theorem 3.3. If W" satis es L(Wj) 0 with WJ-0 0, then W" 038 (n;j) 2
N Z provided that t and Courant number are su cient small.

Proof. We can write L (W -n) 0 in the following form

an+1 (v v tely Wiy
+ 1 fra(vihesvy)  falviivi o) t! + O( ) W' (3.41)
+ f vy ) tc) 4 W'y

It follows from the strictly monotonicity of H that coe cients of W/, , W and W" ;
in the above inequality are positive provided t and are su ciently small. Since
w? 0, W" 0is right for n = 1. By induction on n we can conclude that the
inequality holds for anyn 2 N. O

Lemma 3.5. If an satis es

n ::: . . . .
LW )= f vV ioiulaoiuf 1o (( €)= (€)' 12)DxuDyu 1o

+ f Vaoiulan (@)l oD2ul +jo( x)
(3.42)
with W = j 9D,€j, then

W' 0 j 'Dxelj W

forany (n;j)2 N Z.

20



Theorem 3.4.
k ( X (1))Dye( ;t)ki gy = O( Xx): (3.43)

Proof. Integrating the di erence inequality of (3.42) with respetto x, on account of
the estimate of (3.29) and

gives

W" x=0O( x):

The above inequality comes from the assumption ofAg). This with the estimate of
j 'Dx€'j  W," yields the desired result of (3.43). O
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