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Numerical Methods for Partial Differential
Equations from Geometry Related Problems

Hao Liu

Department of Mathematics

Abstract

In this dissertation, we apply the level set method and the operator-splitting
method to solve geometry related problems. In the first part we use the level set
method for dimension reduction on a Riemannian manifold. We design an energy
based on the distance from the solution to the data set and the principal direction
generated from the data set. The functional is minimized by gradient decent.
This algorithm is implemented using level set functions where the solution is
represented implicitly. So we do not need any a priori knowledge of the structure
of the solution. Our algorithm is very robust to noise and outliers. In the
second part we apply operator-splitting method to solve some Monge-Ampeére
equation related problems. The Monge-Ampere equation originates from the
Minkowski problem in differential geometry which asks to reconstruct a convex
surface from a prescribed Gaussian curvature. In these problem, the solution is
constructed by solving the Monge-Ampere equation. Operator-splitting method
for two dimensional Monge-Ampere equation with the Dirichlet problem is first
discussed. We rewrite the equation in an elliptic divergence form and then solve
an initial value problem to steady state. For problem with classical solution, a
two-stage strategy is introduced to accelerate the convergence rate. Then the

algorithm is modified to solve various related problems.
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Chapter 1

Introduction

Many geometry related problems are prescribed by partial differential equations
(PDE’s). Therefore it is desired to develop efficient and accurate numerical meth-
ods to obtain an approximated solutions. In this thesis, we explore the level set
method [94] and some operator-splitting methods [47] for these geometric prob-
lems. Level set method was originally proposed to model the evolution of inter-
face. The formulation is implicit and can naturally handle topology changes. It
has been applied in various areas [94]. Operator-splitting method [47] is another
widely used numerical method. For complicated problems, operator-splitting
method decompose the problem into several relatively simple problems that can
be solved easily. Operator-splitting method has induced many famous numer-
ical methods: alternating implicit method (ADI), alternating explicit method
(ADE), alternating direction methods of multipliers (ADMM) and etc. In this
dissertation, we apply level set method to solve dimension reduction problem

and apply operator-splitting method to solve Monge-Ampeére related problems.

In Chapter 2, we use the level set method for dimension reduction on Riemannian
manifolds. Given some data set on a manifold, we want to fit a surface or a curve

to the data. This goal is achieved using the level set method. With our method,



no a priori knowledge of the desired curve is needed. The solution is represented
implicitly. For the solution containing several closed patterns, we only need to
initialize a large curve enclosing all data set. It can then automatically split into

multiple patterns. Examples with real earthquake location data are tested.

In Chapter 3, we apply the operator-splitting method to solve the canonical two
dimensional Monge-Ampere equation with the Dirichlet boundary condition. We
take advantage of the equivalence between the Mogne-Ampere equation and a
divergence form to get an initial value problem. The equation is then time dis-
cretized by the opetrator-splitting method and space discretized by a mixed finite
element method. If classical solution exists, we introduce a two-stage strategy

to accelerate our algorithm.

Chapter 4 to Chapter 8 are extensions of the algorithm in Chapter 3. In these
chapters, we use operator-splitting method to solve the Minkowski problem, the
obstacle Monge-Ampere equation, the degenerate Monge-Ampere equation, the
Monge-Ampere equation with the Neumann boundary condition and the three
dimensional Monge-Ampere equation. In Chapter 4, we discuss the operator-
splitting method for the Minkowksi problem, the one from differential geometry
that induces the Monge-Ampeére equation. In our algorithm, the nonlinear term
on the right hand side are taken explicitly by finite element method. In Chapter
5, the operator-splitting method for the obstacle problem of the Monge-Ampere
equation is designed. Our algorithm takes advantage of the subdifferential repre-
sentation of the characteristic function. Two different operator-splitting schemes
are tested. In Chapter 6, we talk about an algorithm for a class of degenerate
Monge-Ampere equation. We consider an obstacle problem obtained as the limit
of a Mong-Ampere problemin Chapter 5. In Chapter 7, an algorithm for the
Monge-Ampere equation with the Nuemann boundary condition is derived. Due
to the divergence formulation of the Monge-Ampere operator, it is not trivial to

incorporate the Neumann boundary condition in our algorithm. A prey-predator



strategy is used. Our algorithms have been tested on various examples includ-
ing the moving mesh problem. In Chapter 8, based on the three dimensional
divergence formula, we extend our algorithm to solve three dimensional Monge-

Ampere equation.



Chapter 2

Level Set Method for Dimension

Reduction on Riemannian

Manifold

2.1 Introduction

Principal component analysis (PCA) is a linear technique for reducing the di-
mension of a set of high-dimensional data in the standard Euclidean space. The
idea is to determine the linear projection to the data that maximizes the variance
in the projected space. In many applications, however, we have data constrained
on a low-dimensional manifold embedded in some high-dimensional space. One
simple example is when the collected data are landmarks identifying the shape
of certain objects. To better understand the shape deformation, one needs to
map the data to the intrinsic manifold space rather than directly works with the

measurements in the vector space.



In the past decade or so, there has been a vast variety of nonlinear approaches
developed to better handle nonlinear complex data by primarily extending the
standard PCA to the manifold scenario. Strictly speaking, the majority of these
approaches have been focused on extending the PCA to the manifold cases in
which the embedding is assumed to be known. Given such a known embedding or
manifold, the principal geodesic analysis (PGA) [37, 55] defines the first principal
component on the manifold to be the geodesic passing through the mean of the
given data and with the minimum average distance to the sample points. In this
sense, the PGA essentially replaces the line of the PCA in the Euclidean space
with a geodesic on manifolds. Another method is the so-called tangent space
PCA [51, 36] which first projects all the sample data onto the tangent space
at the mean, and then interprets the first principal component as the direction
of maximal variability on the tangent space. Finally, the method maps this
component back to the manifold. Not restricted to a single geodesic or curve, the
method introduced in [37] decomposes the data variation by finding a sequence
of nested linear sub-manifolds locally around the mean. A special case of using
a collection of nested spheres can be found in [57]. Principal curves/surfaces,
introduced in [53] as a dimensionality reduction tool in Euclidean space, are self-
consistent smooth curves passing through the middle of the data. By extending
[53], the authors in [54] have recently showed that the principal geodesic is a
classic principal curve on Riemannian manifolds. Some other approaches more
or less aim to directly fit a curve to the given sampling data on the manifold
(62, 60, 110]. We refer interested readers to [74, 65, 49, 120] for a more complete

discussion and a review on the application to dimensionality reduction.

In a recent work, a principal flow [97] approach has been proposed to determine
a curve on the manifold passing through the mean of the data such that the
tangent vector along the curve fits locally the first eigenvector of a local tan-

gent space PCA. An extension to higher dimensions has been recently proposed



in [122] by the concept of principal sub-manifold. This paper aims to incorpo-
rate the level set method [96, 105, 95] with the principal flow to determine a
codimension-one surface I" on the manifold that best fits the dataset. Instead
of dealing with an explicit parametrization of a curve or a surface, the level set
method was originally developed to simulate evolution of the interface by solving
equations on a fixed Cartesian mesh. Because of the flexibility in modelling the
topological change in the interface evolution, it has become a very popular tool in
fields including multiphase flow simulation, shape optimization, computational
geometry, computer graphics and etc [105, 95]. The resulting method proposed
in this work will, therefore, be a fully implicit and Eulerian approach which does
not require any explicit parametrization of the underlying Riemannian manifold
nor any assumption on the structure of the low dimensional representation of the

given data.

Mathematically, we consider a complete Riemannian manifold M of dimension r,
embedded in R™ such that M is implicitly represented by {x € R™ : ¢)(x) = 0}
for a given function ¢ : R™ — R™ . Let § = {x; € M,1 < i < N} be a
configuration of N points on M such that there exists a connected open set
B C M covering §. In this paper, even though we concentrate only on the case
where r = 2 and m = 3, i.e. point data sampling a curve on a two dimensional
manifold in the three dimensional space, the approach can be generalized to

higher dimensional spaces in a rather straightforward way.

When M is simply the standard R™, the dimensional reduction problem be-
comes a problem of shape reconstruction if one assumes that the data points
sample a codimension-one manifold. This is an important question in fields such
as computer graphics or medical imaging [126, 125, 95]. The most widely used
approach is to determine a triangulated representation of the surface based on
techniques like the Voronoi diagrams or the Delaunay triangulation [1, 32]. How-

ever, when there is noise in the given data or when the topology of the underlying



manifold is not known a priori, such approach might not give a robust recon-
struction. Another possibility is a variational approach developed in [126, 125]
which incorporates the level set method [96, 105, 95]. Such approach can give
an implicit representation of the codimension-one surface by an isosurface of a
level set function. The method requires only an unsigned distance function to
the data points. It has been shown to be robust to the noise in the given data
and can also capture various topologies in the underlying surface. When the
distance function in the method is replaced by the so-called edge detector, the
method relates closely to the snake model and the geodesic active contour in
the field of image segmentation [59, 18]. Based on this relationship and some
recent convexification strategies [67, 19, 13], a convex functional for point cloud
reconstruction has recently been proposed in [73] which can automatically lead

to the global minimizer of the corresponding variational functional.

All these methods, however, have been developed solely for reconstructing data
in the standard Euclidean space without specifying any constraint in the data.
In this paper, we are going to follow a similar strategy but are proposing a
variational approach for reconstructing data with an extra constraint which states
that the given data lies on a submanifold in a Riemannian space. When r = 2 and
m = 3, our method indeed shares some similarities with the method introduced
in [8, 14, 23] for modeling evolution of curves in the three dimensional space.
But we in this work focus mainly on the construction of the velocity field on the

Riemannian manifold which drives the curve to the data.

2.2 Background

Our proposed approach is developed based on two recent ideas. The first one
is a variational approach developed in [126] which aims to reconstruct a two-

dimensional surface from point cloud data in R? using the level set method [96].



The other one is the principal flow proposed in [97]. In this section, we summarize

and review these two algorithms for data processing.

2.2.1 A variational method for Euclidean point cloud re-

construction using the level set method

Given an unconnected point cloud in an Fuclidean space, the aim here is to
reconstruct the underlying codimensional-one surface. The problem is very ill-
conditioned in the sense that the solution might usually be non-unique. Some
reconstruction algorithms might be too sensitive to the noise in the given data.
To develop a robust algorithm for data in the Euclidean space, [126] has proposed
a variational method based on the level set formulation. The main idea is to

determine a surface I' which minimizes the energy

B(T) = [ /F P (x) dsrj

where d(x) is the distance function from x to data set given by

(%) = min [x — x>
7

A straight-forward way for the minimization process is to parameterize the curve
or the surface and then to optimize the discretized problem using the gradient
descent. Without any a priori knowledge on the topology of the curve, however,
it might be tricky to numerically implement such approach. The main challenge
is that one will need to re-mesh the triangulation by reconnecting the sampling
points of the surface if the topology of the interface does change in the evolution.
To handle such change in the topology, [126] has reformulated the problem using
the level set formulation. Let ¢(x) be a level set function defined in R™ such

that T is represented by zero level set of ¢, i.e. I' = ¢~1(0) and
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¢(x) > 0 outside I’
¢(x) < 0 inside T.

Now, the energy can then be expressed in term of the level set function ¢,

po) = [ [ woontera]”

where §(x) is the Dirac delta function. Finally the corresponding Euler-Lagrange

equation from the optimality condition is given by

1
p

Lo | [wwinvon]

o p

v. [dp(x) A 1 |

Vel

2.2.2 Principal flow

The principal flow extends the notion of the PCA to Riemannian manifolds [97].
On one hand, the flow on the manifold has the advantage of being principal in the
sense that it follows the main direction of the data points locally. On the other
hand, the method is able to accommodate the curve fitting characteristic on the
manifold. Given a set of points S = {x; € M,1 < ¢ < N}, a principal flow is
parameterized as a one dimensional curve, I', over a class of flows parameterized

as

I'(x,v) = {n [0,7] = M,n € C*(M),n(s) # n(s') for s # &,

7(0) = 2,7(0) = v, I(n0,#]) =t for all 0 < t < 7 < 1} L (2.1)

where x is a chosen starting point (e.g., the Fréchet mean x) and v is the initial
tangent unit at x. This can be seen as a type of flows passing through the center
of the data cloud, and at any point on the flow it points to the main direction

of data variation.



Technically, the principal flow incorporates two ingredients: a local covariance
matrix and a vector field. In a neighborhood of the point x at the scale h, a local

tangent covariance matrix is defined as

Sh(x) = mgloggxn ® log, (x:) (i, X)

where y @ y := yy?, kn(xi,x) = K(h7!|[log,x; — x||) with a smooth non-

increasing univariate kernel K on [0, c0).

Proposition 2.2.1. (Differentiability of the vector field) The eigenvector e(X)
(or eigenvalue A(Xq)) of the local covariance matriz ¥,(xq) can be extended to
a vector field defined on the open neighborhood xo(h) of xo such that for any

x € Xo(h),
o W :x9(h) = R™ is a differentiable function,
o Xh(x)W(x) = Ax)W(x).

The recent work [97] determines the principal flow over the candidate flow set

(2.1) by solving the following two variational problems

(n)
o= sy [ 0. W) d

1(n)
N = arg infner(x7v2)/0 (n(t), W(n(t))) dt

where n; and 7, are the two opposite curves corresponding to the solution of
the variational problem, respectively; v; = e1(X), v, = —vy, and I(n) is the
length of the curve n. W defined in the Proposition 2.2.1 is the extension of the
eigenvector e1(X) to the neighborhood x(h) of x . To obtain either n; or 7,

[97] has showed that it is necessary to find the critical point of the Lagrangian

10



variational problem of

1(n)
Lo(W,) = / ((E), W (1)) dt (2.2)

subject to boundary conditions under certain re-parameterization of the candi-
date set (2.1), which does not change the integration in (2.2) (see more details
in [97]). The unique solution of (2.2) under mild conditions is then shown to
reduce to an ODE problem via the Euler-Lagrange method, where a numerical

algorithm has also been provided.

2.3 The proposed formulation

In this work, we develop a variational approach for point cloud reconstruction
on manifold M by extending the variational level set method in [126] and also
incorporating the principal flow idea in [97] as a data fidelity. There are two main
ingredients in the formulation. One is to extend the definition of the distance
function which computes the unsigned distance from a grid point to the data
set. Since the data points are defined on a manifold, one has to first replace
the Euclidean distance in the original definition by the geodesic distance on M.
This can be easily done using a recent embedding approach developed in [121].
In the original variation level set reconstruction of point cloud, one uses only
the data point location for defining the mismatch in the functional. Because of
the limitation in the information provided, the gradient descent approach can
be easily got trapped in a local minimizer. To drive the reconstruction out from
a local minimizer of the functional, we propose to smooth the information from
the data point location. The second main ingredient of the proposed approach
is to incorporate the information from the PCA to drive our result to better fit

the data points.
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Mathematically, we propose the following energy given by

2

Br) = | [ @ex(s)as] o [t pexte) as| 23

with the constraint I' € M. In the energy, p > 1 is an integer, p(x(s)) is the
principal direction estimated from the data points in a small neighborhood of
x(s) along the curve I' parameterized by s. The vector n(x(s)) along I" is the
normal direction of the reconstructed curve on M and A > 0 controls the weight

of this directional fidelity term to the location of the interface itself.

The first term is similar to the one proposed in [126] which also tries to fit
a surface to the given data points. If the curve I' is close to the data, the
first line integral will be small. However, the current model is more restrictive
than the original one in [126] since we now have an extra nonlinear constraint
imposed on I'. In the original formulation [126], the function d(x) is a data
matching function which equals to zero if x € § is one of a given data set and
is straightly positive for x ¢ S. A simple candidate is to set d(x) = g(x) where
g(x) = dist(x,S) : M — [0, 00] being the geodesic distance function on M to
the dataset §. Mathematically, this function can be obtained by solving the

following surface eikonal equation
Vgl =1 (2.4)

together with the boundary condition g(x) = 0 for x € S where V, is the
surface gradient operator defined on the manifold M. To have a more robust
algorithm, we propose to relax the above condition and define d(x) to be the
smoothed version of g(x) such that d(x) = G, * g(x) for some Gaussian kernel
G, with standard deviation 0. We will discuss a numerical algorithm to find the
geodesic distance g(x) and the justification of such a choice of d(x) in the next

section.
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The second term is a fidelity term which tries to enforce the estimated principal
direction p(x) to be perpendicular to the normal vector along the curve I' at
X. In the case when the data points are living in the three dimensional space,
i.e. m = 3, with the dimension of the manifold M being two, we can obtain a
vector on the tangent plane at x (denoted by 7xM) perpendicular to p(x). If
we denote this vector by pt(x) such that p*(x) € TyM and p(x) - p*(x) = 0,

the fidelity term can be rewritten as

{/ |1 —n(s)- pl(s)|2 ds ’

r

which is similar to some variational formulations for surface processing via normal
map [113, 114]. For a general scenario where both m and the dimension of M
are unknown, the normal direction of the reconstructed surface p might not be
readily available. It is therefore more natural to directly incorporate our model
with the vector p estimated immediately from the PCA, as introduced in this

work.

For the factor A, since the first term has the same unit as the geodesic distance,
we suggest to choose A\ of order of h, the space step in discretization form. A
here controls the weight between the two terms, larger A gives more weight to
the fidelity term. So for some situations where data points are missed in some
area, we can choose larger \ so that in the missing data area our solution follows

the trend of neighbour area with data points.

In the level set formulation, we represent the manifold M implicitly by a level set
function 1(x) for Vx € R™ such that ||[V¢| = 1. Moreover, following [8, 14, 23],
we introduce a second level set function ¢(x) so that the curve I on M = ¢~1(0)

is implicitly represented by the intersection of these level set functions, i.e.
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={xeR":¢(x)=0¢x)=0}.
Therefore, the minimization problem (2.3) can now be rewritten as

2

I e T

Rm

In(x) - p(I 585V dx}

1

- [/ dp<x>5<¢>6<w>||v¢||dx]”+A[/ |n<x>-p<x>|26<¢>6<w>||v¢||d@]5>

€ €

where the integral along I' is converted into an integral in the full m-dimensional
space R™ or an e-neighborhood of the manifold, denoted by M., using the Dirac
delta functions §(1(x)) and d(¢(x)). The normal vector n(s) along I' is now
converted into the normal vector n(x) along each level curve of ¢(x) and can be

easily computed using V¢/||[Vo||.

To minimize (2.5), we first derive the variation of E with respect to the level set

equation ¢ in a direction h. Formally, we obtain

oF
(@, h> = —71[1 — >\"}/2 (IQ + I3) s

where

no= [ s P3| he

n- {2(p- 100 ) T @00Ppl phax
b= {9 o (g s ) P s

1
P

/ dp<y>6<¢>5<w>nv¢udy] -0
M

Moo=

N

w =3/ |n<y>-p<y>|26<¢>6<¢>uv¢||dy] -0,
M.

and P = (I — n ® n) is the projection operator onto the direction orthogonal
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to n. Now, based on the gradient descent, we introduce an artificial time ¢ and
determine the steady state solution to the following time-dependent equation

with some initial guess,

%0~ 5007 {60 + e (- p)*] m6(W)} + 3V - 2 p)PPA()5()]

(2.6)
Both terms on the right hand side have factors d(¢) and §(¢)) which concentrate
the computations only near the curve I' on the manifold M. Following [124], we
can further replace (¢) by |[V¢||, and 6(¢0) by || V| = 1. If we reinitialize and
orthogonalize the level set functions such that |Vo¢|| = 1 and V¢ - Vi = 0, we
finally obtain
d¢

Fr V- md(x)n+ Mye(p +Pp)(p-n)

= V- -md'(x)Vé+Iy(p+Pp)p- Vo). (2.7)

We then solve this partial differential equation up to the steady state. The zero
level set of the solution gives an implicit representation of the reconstruction on

the given manifold M.

To end this section, we give the following properties and observations concerning

the functional which help us to understand the performance of the algorithm.

Observation 2.3.1. The two terms in the energy are of different units. The
first term has the unit of length and it has a scale depending on the manifold,
while the second term is an integral of a scalar function which has no unit. To
balance these two terms, one can pick A = O(L) for the length scale L for the

manifold.

Observation 2.3.2. Although the vector p estimated from the PCA is unique
only up to the sign, the factor (p+Pp)(p- Vo) remains unchanged if we replace

p by —p. This implies that the sign of p will not affect our result.
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Observation 2.3.3. Since ||p||* = (n-p)?+||Pp||* = (n-p)*+p- Pp, we have

Ip+Ppl*> = lpl*>+|Ppl*+2(p- Pp)
= 1+ [1-(m-p)?’]+2[1— (n-p)’]

= 4-3n-p)?>1.

Therefore, the term p + Pp can never be the zero vector. This implies that the
second term in the divergence operator cannot be zero, except when the normal
n = Vo is orthogonal to the directional vector p estimated from the PCA. In the
evolution of ¢, the component in the functional corresponding to the principal

direction always contributes to the functional unless T is tangent to p.

2.4 Implementation details

In this section, we explain the implementation details. As mentioned before,
the function d(z) in the functional depends on the geodesic distance function
g(x). We will first introduce a fast sweeping algorithm to numerically compute
g(x). Then we will discuss the choice of the function d(x). To improve the
computational complexity, we will discuss an approximation to the typical PCA
which can be efficiently determined. To improve the stability and accuracy of the
overall algorithm, we follow the standard regularization procedure in the level
set community using the level set reinitialization and orthogonalization. The
numerical implementations of these two algorithms will be given at the end of

this section.
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2.4.1 The geodesic function g(x)

We determine the geodesic function g(x) by solving the surface eikonal equa-
tion (2.4). In this work, we follow our recent embedding approach developed in
[121] which extends and improves the algorithm in [81]. Since the solution of the
surface eikonal equation on an implicit surface is the intrinsic weighted distance
function, we approximate such distance function by the Euclidean weighted dis-
tance function defined in a tubular neighbourhood of the implicit surface. In
other words, we replace the surface eikonal equation (2.4) by the typical eikonal
equation ||Vg|| = 1 defined in the small neighborhood of M, i.e. M., which
can be easily solved by the fast sweeping method developed based on the Lax-

Friedrichs Hamiltonian or the Godunov Hamiltonians [58, 123].

The fundamental idea of the fast sweeping method is to design an upwind, mono-
tone and consistent discretization for the nonlinear term ||Vg||. Furthermore, if
there is a simple local solver for the discretized system, one can then obtain an
efficient numerical algorithm for solving the nonlinear partial differential equa-
tion. The term sweeping comes from the fact that all methods in this class can be
easily incorporated with the symmetric Gauss-Seidel iterations which may lead
to an O(N) algorithm with N the total number of mesh points in the compu-
tational domain. In the two-dimensional space (m = 2), for example, the local
solver for the Godunov Hamiltonian can be explicitly constructed and it leads

to the iterative formula

min(Q%in? gfr/nin) + A.Z' lf |g§1in - ggﬂn‘ > AI’

9ig 1 2 .
5 | Iiin T Ginin + \/ 2022 — (g% — g2 ) otherwise.

(2.8)
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The corresponding local solver for the LxF Hamiltonian is given by

Git1j + 9i-1j + Gij+1 + Gij—1
4

AI‘ g. ¢ — gA . 2 g. . R gA . 2
= 1= i+1,j5 i—1,j i,7+1 i,j—1 . 29
2 < 2Azx ) * < 2Azx (2:9)

To correctly impose the boundary condition on the boundary dM. taking care

9ij +

of the causality, however, we have proposed to introduce an extra layer of com-

putational tube

OMo={xeR":e<(x) <€}

and impose an extension equation in this computational domain. In two dimen-
sions, for example, v-Vg = (p,q)- (92, g,) = 0, we can use the simple upwind dif-
ferencing to discretize the equation and derive the update formula [68, 20, 71, 72].
At each point (z;,y;), we define p* = %(pm- + |p;;|) and, therefore, obtain the

update formula given by

P i1, — D Giv1; T4 Gij-1 — 4 Gij+a
|pij| + 14i ;]

We summarize the overall fast sweeping method in Algorithm 1. For more details,

we refer interested readers to [121].

2.4.2 The function d(x)

The data mismatch function d(x) is crucial in the algorithm. Numerically, it
might not be a good idea to directly use d(x) = g(x) since such choice will give
d(x;) = 0 for any data x; € S and the evolution of ¢ will easily get stuck at
these local minimum when it touches any of these data points. The situation

will be worse if the dataset S contains noise because the interface reconstructed
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Algorithm 1: A fast sweeping method for |Vyg| =1 [121].

Data: The source location x,, the mesh size Ax, the level set
representation of the surface 1);, the inner tube radius € and the
outer tube radius €

Result: g; in the computational tube

Initialization: Set g; = 0 if x; is at the point source, otherwise g; = co

while not converges do

for each of the 2™ sweeping directions do
if |1;] <€ and g; # 0 then
update g; using (2.8) for the Godunov Hamiltonian or (2.9)

for the LxFF Hamiltonian
else if € < |¢);| < € then

| update g; using (2.10) with v = sgn(y)Vy /|| V||
end

end
end

will be significantly polluted by the perturbation. A simple example is shown in
Figure 2.1 (a). We consider M = R? and therefore the geodesic function d(x) is
now reduced back to the usual Euclidean distance function. We assume data are
given at the four corners of a square with extra points located on the side. The
reconstruction with the choice of d(x) = g(x) is plotted using the blue curve.

The level set function ¢ is stuck because of those outmost data points.

15 : : : : : 1.5

1t 1
0.5 1 05+

> 0 > 0
05F 1 05

1 1

15 15

15 -1 0.5 0 0.5 1 15 15 -1 0.5 0 05 1 15

(a) x (b) »

Figure 2.1: (a) Typical scenario when d(x) = g(x) with A = 0. (b) d(x) =
G, % g(x) with A = 0. The data points given in M = R? are plotted in black
dots while the reconstructed curve is plotted in blue.

Following the idea of edge-based segmentation algorithms [59, 18], we regularize
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g(x) by a simple low pass filter. This can be done easily by using the box filter
or simply convolving the geodesic distance function with a Gaussian, denoted
by

d(x) = G, * g(x) (2.11)

for some standard deviation o. Since the geodesic distance function is defined

in a small neighborhood of the manifold, i.e. M., the box filter implies

B fBr(x)mMe g(Y)dy

d(x)
fBr(x)ﬂMe dy

9

where B,.(x) is a ball of radius r centered at the point x € M, with r = O(e). We
plot in Figure 2.1 (b) the reconstruction based on this smoothed geodesic distance
function with the same dataset as in Figure 2.1 (a). Even though the solution is
now regularized with the corners significantly smoothened, such regularity would

be important in developing a robust algorithm when dealing with noised data.

1

0.8
0.6
=

0.4

0.2

% 0.5 1 15 2
r

Figure 2.2: Regularization using d(x) = G, x g(x) with g(x) = |||x|| — ro| and
ro = 1. The minimizer of d(r) for different o are plotted in black dash-dotted
line.

Having said that the smoothing is important for noisy data, the smoothing pa-
rameter o cannot be arbitrarily large since introducing an excessive amount of
regularization to the functional might lead to an over-smoothed and undesired

solution. To see this, we consider the case where g(x) is given by [||x|| — 7|
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representing infinitely many data points that are given on the circle of radius r
centered at the origin. We consider the function G, x g(x) for various magnitude
of o. The larger the value of o, the larger the averaging window and therefore
the solution d(x) will be smoother. Figure 2.2 shows the function d(r) = d(||x||)
as a function of r, the distance away from the origin. The solutions for various
o > 0 are plotted in red. As we can see, the minimum of d(r) shifts towards left
as we increase o. Although the overall energy (2.3) for a circular I' of radius r*
and A\ = 0 is given by E(r*) = [27rr*dp(7’*)]%, Figure 2.2 has clearly demonstrated
that the minimizer to (2.3) might be significantly perturbed if the data mismatch

function is over-smoothed.

Once we determine d(x) for all x € M., we further extend it to those grid points
adjacent to the computational tube by solving the extension equation n-Vd = 0

using the fast sweeping method as discussed in [68, 20, 71, 72, 121].

2.4.3 The estimation p(x) from the PCA

The standard way to determine the principal direction p consists of two steps.
The first step is to project all data points onto a tangent plane at x on M using
the log map. Then we can apply the typical PCA on the R™~! plane. In our
formulation, however, such approach is not directly applicable. The first concern
is about the computational efficiency. Since we need p at every grid point in
our computing tube M., the computational complexity is therefore O(N) when
N is the number of data points in §. Secondly, x is a grid point and it is not
necessarily on M. In particular, the point x; lives only on the (m—1)-dimensional

manifold {x € R™ : 1)(x) = ¢(x;)} but not necessarily in 1~*(0).

Motivated by [97], we propose to compute the principal direction p(x) in the
following way. At each grid point x, we first collect all data points within a

small neighbourhood, denoted by Sx = {x; € S : ||x — x;]|]2 < 0}. Then, we
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simply define p(x) to be the normalized eigenvector corresponding to the largest

magnitude eigenvalue of

> (xi—x)(xi—x)7. (2.12)

X; ESx

Note that this approach performs the standard PCA in the Euclidean space by
relaxing the nonlinear Riemannian constraint. It is different from the tangent
PCA which involves a projection of all data points onto the tangent plane at x
using the log map. For the ease of the discussion, we will denote the correspond-
ing principal direction on the tangent plane by Plog: In practice, however, it
might be numerically challenging to compute the log map on Riemannian mani-
folds. Instead, we simply replace the log map by the simple Euclidean orthogonal
projection and denote the resulting principal direction by p.(},- Indeed, we do

not expect to have the same p, and pq, ¢}, But we are going to show that

Plog
under some mild conditions on the data, we have p = p,}, which turns out to

be a good approximation to Plog-

Theorem 2.4.1. Given X,X1,Xs,....%X, € M C R3 forn > 0 and denote y; =
(x; —x). Let n be the unit normal of the tangent plane at x, and t; be the unit
tangent component of y; on the tangent plane. If y;-t; > /2 (y; -n) for all data

points, we have p = P,y

To show this theorem, we need the following two lemmas.

Lemma 2.4.1. The principal direction p ,,.4p, 1 the first or the second principal

direction of the standard PCA in the Fuclidean space.

Proof. Let {x1,Xa,...,X,} be the set of data points in a small neighbourhood of

x with x and x;, € M C R™ for all i = 1,--- ,n. Introducing y; = x; — x and

yi=(yi-t) ti+(y;-n) n
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where t; is the unit tangent component of y; on the tangent plane at x and n
is the corresponding unit normal vector of the tangent plane, we compute the
standard PCA of the Euclidean space by determining the principal eigenvector
of

n

M, = Z}’iyiT = Z [(yi - t) 2 tit! + (y; - n)’ mn'| = E, + F,
i—1

=1

with B, = 3" (v, - t;)* t:;t7 and

F,=Y (yi-n)’mn" = [Z (yi - nf] nn’ = ¢, nn”

i=1 i=1
where &, = > ", (vi - n)2 > 0. Note that p,,(}, is simply the principal eigenvec-
tor of E,. The component F, has only one non-zero eigenvalue given by &, with

the corresponding eigenvector n.

Let s; be the eigenvectors of E,, for j = 1,--- ,m with corresponding eigenvalues
Aj with Ay > Ay > -+ > A\, ie. Eys; = Ajs;. Since n is orthogonal to all t;, it
is clear that s,, = n is an eigenvector of E, with the corresponding eigenvalue

Am = 0. This implies that

Mmn=(E,+F,)n=0m+ F,n=¢,n,

and so n is also an eigenvector of M, with the corresponding eigenvalue given

by &,. For s; # n, we have

MnSj = Ensi + FnSj = Ensi + OSj = /\ij .

Therefore, the matrices M, and FE, have the same set of eigen-pairs, except for

the eigenvector n where the corresponding eigenvalue of F,, is 0 while that of M,
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is §,. Finally, if Ay > &,, we have p = pgp,. Otherwise, p1, is the second

principal direction of the standard PCA in the Euclidean space. O]

Lemma 2.4.2. Follow Lemma 2.4.1 and consider m = 3. If y;-t; > /2 (y; - n)

for all data points x;, we have \y > &,.

Proof. Recall that &, = Y"1, (y; - n)2 = n’M,n. First, we will show that for

any n > 0, there always exists two vectors g and h such that (g-h) =0 and
T T
g M,g+h" M,h > 2§, (2.13)

if y; - t; > V2 (y; - n) for all i.

We prove this by induction. When n = 1, we obtain

My = (y1-t1)° tit? + (y1 -n)°nn” .

One can simply choose g = t; and h to be a unit vector perpendicular to both g

and n. In the three dimensional case, i.e. m = 3, we can use h = Hgiﬁ”. Then

T T 2 2
g Mig+hMih = (y1 - £1) +0> [V2 (1 -m)| =26

Now, assuming that (2.13) holds when n = k and adding one more data point

into our data set so that the number of data is £ + 1, we have

k1
§pt1 = Z (i 0)* &+ (Y1 -n)*
i=1
k41
My = Z yz-yiT = My + (Yrs1 'tk+1)2 tk+1t£+1 + (Vi1 - n)2 nn’ .
i=1

Since {g,h} forms an orthonormal basis of the two dimensional tangent plane,

we have ||g7t)1]]? +||[h7txs1]|*> = |[txe1||* = 1 for any vector t4,1 on the tangent
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plane and so,

g' My11g +h" My 1h
= gTng + hTMkh + (Yk+1 : tk+1)2 (thkthﬂg + hTthrltth)
= g'Mig +h" Mph + (yiy: - tk+1)2 (g tral)® + bt |1?)

= g'Mig +h" Mph + (yiy: - tk+1)2

9 2
> 26+ (Yier - ter1)” > 26+ [V2 (yryr -n)| =264

To conclude, if we have y; - t; > v/2 (y; - n) for all 1 < i < n, then

g'M,g +h"M,h > 2¢, =2n" M,n.

So it gives either gl M, g, > n” M,n or h! M, h,, > n” M,n, and which implies

that n cannot be the principal direction of M,,. ]

Theorem 2.4.1 follows immediately by these two lemmas. In practice, however,

there could be grid points x far away from the data set S, i.e.

min [|x —xifl2 > ¢,

and so the set Sy is in fact empty. This implies that n = 0 in Theorem 2.4.1
and so we cannot use it to find an approximation of p. The fix to this problem
is not unique. Since we do not actually expect that the zero level set of ¢
would stay clear to such a location, we can maximize the contribution from the
fidelity term by setting p(x) using the unit normal vector of the level set surface
given by n(x) = V¢/||V¢||. Such choice, however, would lead to a nonlinear
optimization problem. Even though one might linearize the energy by requiring
p(x) to be V¢"/||V¢"|| where ¢™ is the level set function at the previous time step

at the gradient flow, we do not recommend this approach since the computational
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complexity of this step will be expensive. In this work instead, we propose to
simply randomly assign a unit vector to p(x) if x is far from S. Because adjacent
vectors are independent from each other, perturbation of the zero level set will
not alter the contribution from the fidelity term to the overall energy in general.
This implies that the change in the energy will be automatically contributed

mostly from the part with the data mismatch function.

2.4.4 Level set regularizations

In the previous derivation, we have assumed that the level set function ¢(x) is
a signed distance function such that ||[V¢| = 1 for all time ¢t > 0 to simplify
some computations. This property, however, cannot be satisfied automatically
in the gradient flow. This implies that ¢ may develop steep and flat gradients
at or near the zero level set as it evolves according to equation (2.7), making
the computed location of I' and further computations inaccurate. Therefore, we
use the following regularization procedure which consists of reinitialization and
orthogonalization. To restore the distance property for the level set functions,
the usual way is to make ¢ a signed distance function without moving its zero
level set appreciably. This can be done by the so-called reinitialization. There are
also many well-developed numerical methods to efficiently obtain their numerical
solutions. We refer all interested readers to [95] and thereafter for a more detailed

discussion.

Following the typical level set approach [95], we first reinitialize the level set func-
tions. We introduce an artificial time 7 and solve the following reinitialization

equation

¢r + sign(¢")([[Vol — 1) = 0 (2.14)

with the initial condition ¢(7 = 0) being the intermediate state given by ¢"

at the n-th iteration step for (2.7). Another regularization is the orthogonal

26



extension from ¢ = 0 so that two zero level set surfaces are perpendicular to
each other. This can reduce the error in extracting the curve explicitly when we
need to visualize the intersection of these surfaces. Mathematically, this can be

achieved by solving the following orthogonal extension equation

¢r + sign(¢")Vy - Vo =0, (2.15)

which is simply an advection equation with a discontinuous velocity u = sign(¢™) V1.
There are standard numerical implementations and packages available for solving

these two nonlinear equations of the Hamilton-Jacobi type nowadays.

2.4.5 Improving the computational efficiency

To improve the computational complexity of the algorithm, we also incorporate
the following two approaches. The first one is to localize the computations near
the zero level set in M.. In practice, we are interested only in the solution near
the zero level set. There is no reason why we need to solve the level set equation
in the whole computational domain M, up to the steady state. In the following
examples, we only solve these two regularization equations for one single A7 step
each and use these intermediate numerical solutions to replace the original level
set function ¢". To further reduce the computational cost, we also apply the local
level set strategy as developed in [98] which can concentrate all computational

power in the region near the zero level set within the small neighborhood M..

The second way to improve the computational efficiency of the proposed algo-
rithm is a two-stage strategy for the level set initialization. At the initial time
when the zero level set is far away from the dataset, we have proposed in Section
2.4.3 to assign a random vector to p(x). Because of the independence of any

neighboring vectors, we do not expect the fidelity term containing p(x) would
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have much influence on the level set evolution. To further speedup the compu-
tations, we propose the following two-stage strategy. Since the algorithm simply
does not want any contribution from p(x) when the zero level set is far from the
dataset, we start the whole algorithm by first turning the fidelity term off with
A = 0 and obtain the steady state solution. The zero level set of this first-stage
solution is expected to be already close to the dataset. Then, the second stage is
to use this steady state solution as the initial condition for the non-zero . Since
the zero level set of this solution is now near the dateset S, the contribution from

p(x) will provide extra information to better fit the data on the manifold M.

2.4.6 Numerical discretization

In this section, we discuss the numerical discretization of various equations in

the proposed algorithm.

Level set equations

We first discuss the discretization of the equation (2.7). The equation can be

expressed in the form

0¢ _

o7 =V 1ax) Vel + V- [(p(x) - Vo) b(x)],

where
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The diffusion term on the right hand side of the equation can be easily discretized

using the symmetric central difference given by

1 -

A2 |G- bikPi-Lik ~ (az—— gk T @iyl ]k) ik + az+2,a,k¢i+1vjvk]
1 -

+ NG _ai,jf%,k(élﬁj*l,k - (a’i,jf%,k + ai,j+%,lc) Gijr + ai,j+%,k¢i,j+1,k]
1 -

t X2 |Gk Pidk-1 — ( Wi jh—t T Qijryd > Pijk T az’,j,k—k%gbi,j:k*-l}

where

1

Girlik = ) [G(Xi,j,k) + a(xi:tl,j,k>]
1

Gijtzk = 5 [a(Xi k) + a(Xij+1k)]
1

Gjpey = 5 la(ige) +alXigre)] -

The second term on the right hand side is a little tedious since it consists of
nine mixed derivatives of ¢ including [b*p* .., [6°pYdyls, [0°D°0:)w, (VP 0uy,
YY)y, (0YD° D2y, [0°D7 )z, [b°DY0y]. and [b*p*¢.].. Numerically, we construct

the projection Pp; ;; in b(x; ;)

Ppi,j,k = Pp(xi,j,k) = Pijk — (ni,j,k : pi,j,k) n;;r

with n; ;. = V¢, computed using central difference. Then, we approximate
those mixed derivatives of ¢ using central difference. To simplify the following

notation, we introduce ¢** = b*p*, ¢®¥ = b"pY, and etc. Now, we have

1
T, _ . T . .
[C (bf]x - AI.Q |: z—— Js k¢z 1’.7’ < + C/L+ s k) ¢27]7k + Ci+%?j,k¢2+17]7k:|
1
[Cx’y%]x = NI [C?er1,j,k(¢i+l,j+1,k — Qit1j-1k) — Cfiyl,j,k(@—l,jﬂ,k - ¢i—1,j—17k>}

where C:I:é, k= (ciin + i) /2-

29



Finally, the temporal derivative is approximated by the forward Euler method

with the stability condition

1 Az?
A< S (G TB N

Level set regularizations

The reinitialization equation (2.14) and the orthogonal extension equation (2.15)
are both Hamilton-Jacobi equations. There are well-developed algorithms for ob-
taining highly accurate numerical solutions. In this work, we apply the TVDRK
[106] and the WENO [78, 56] for the temporal and the spatial derivatives, re-
spectively. The Hamiltonian is approximated by the Lax-Friedrichs Hamiltonian.
We will just briefly state the discretization procedure here but refer readers to
the above references and thereafter for some detail discussions. For simplicity,

we consider only the one-dimension Hamilton-Jacobi equation given by

9¢ 09\ _
% (%) <.

High dimensional generalization is straight forward. First, we discuss the spatial
discretization of the equation. We approximate the Hamiltonian by the Lax-

Friedrichs Hamiltonian given by

o v
g (PP, (PP
. 2 2

where the derivatives p* are approximated by the WENO strategy. The viscosity

S1LxF [ 09
H <8x

parameter o, is chosen so that for any x; we have the monotonicity requirements

given by
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oHXF (¢,)
06

Taking the third order WENO (i.e. WENO3) as an example, we have

o= (1—w) (¢i+1 - ¢i—1) o (3@- — 41 + ¢i—2) |

0, > max
¢7¢x

2Ax 2Ax
Gir1 — Qi1 —30; +4Piy1 — Pit2
Sa— _ R Nt
pi = (1 W+)( N +wy N ;
with we = (14 271)_1 and
0%+ (¢ — 20i1 + Pia)® 0% + (¢ — 2¢i41 + Pita)?

and v, =

0% + (Pir1 — 205 + ¢i1)? 6% + (dir1 — 2¢i + ¢i—1)?
for some small positive constant § to avoid division by zero. Concerning the

temporal derivative, we apply the method of line strategy. In particular, at each

CCICEi)

aém—i—l )

ox
Because of the CFL stability condition, the time marching step is chosen to be

AT = O(Ax).

grid point, we update the solution using

o™

¢2;ﬂ+1 = o™ — AT [A{LXF ( 5
i

¢2;ﬂ+2 _ $m+l — A7 F[LXF (

Pt =
K3

(o1 +d2) .

DN | —

2.4.7 The overall algorithm

The proposed method is summerized in Algorithm 2. Now, we discuss the com-
putational complexity of the overall algorithm. Let N, be the number of the

grid points in each physical dimension and N be the total number of grid points
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in the small neighborhood of the manifold M denoted by M.. We first discuss
the computational cost of the implicit representation of M used in the proposed
method and that by a typical explicit representation using triangulations. Since
M is a co-dimensional one surface in R?, we have N = O(N?2). Therefore the
order of these two costs are in fact the same which is in fact optimal. Now,
it takes O(N) operations to determine ¢g(x), d(x) and also p(x) because these
functions are defined in a point-wise fashion. For each iteration step, it also take
O(N) operations to update and regularize the level set function ¢ if we do not
implement the local level set approach but to update ¢ for all x € M,.. If we
further concentrate the computational power near the zero level set in M., the

computational complexity of each iteration can be further reduced to O(NV,).

Algorithm 2: The proposed algorithm with the two-stage strategy.

Data: The data set x,, the mesh size (Az, Ay, Az), the level set
representation of the manifold v;, the weight A for the data
fidelity

Result: T represented by the intersection of zero level set of ¢ and

Initialization: Set ¢ such that I' encloses all data points

Compute g(x) by Algorithm 1;

Determine d(x) by smoothing g(x) using (2.11);

Find p(x) by (2.12);

for ' =0 and then set N = X do

while E(¢; X) in (2.5) does not converge do

Update ¢ using (2.7) according to Section 2.4.6;

Regularize ¢ using (2.14) and (2.15) according to Section 2.4.6;
end

end

2.5 Reconstruction using an open curve

In the previous discussions, we have assumed that I' = {x € R™ : ¢(x) = ¢(x) =
0} is a closed co-dimensional one manifold of M. When we try to determine
an open curve on a two dimensional M, on the other hand, we cannot simply

implicitly represent I' by {x € R™ : ¢)(x) = ¢(x) = 0}. Instead, we follow [107]
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Figure 2.3: Reconstructing the data set using an open curve. The given data set
is given in the black dots. The black crosses is the given two end points. The red
points are trace of d we tested.The green curve represents the intersection of the
zero level set of p(x) and M where we identify regions where the intersection of
the zero level set function of ¢ and M, the blue curve, is updated.

and introduce a third level set function p to implicitly represent the end points
of ' by OI' = {x € R™ : 9)(x) = ¢(x) = p(x) = 0}. In particular, we define the
low dimension representation of the data set by I' = {x € R™ : ¢)(x) = ¢(x) =
0 and p(x) < 0}.

The choice of p for the same curve is clearly not unique. Assuming that we are
given the locations of JI', we propose the following algorithm to initialize the
level set functions ¢ and p if the manifold M is the unit sphere S* with the
origin denoted by O. We denote the given two end points of I' by A and B. If
A and B are not on the opposite poles of the sphere, we find the midpoint along
the geodesic between A and B on S? and we denote that point by Cy. We let
P be the plane containing these points A, B and Cj. Clearly the intersection
of P and S? gives the unique great circle passing through both points A and B.
Now, we construct the plane ) which is perpendicular to P and passes through
Cy and the origin O. The intersection of @ and S? will give another great circle
on S?. We denote this great circle by C which can be parametrized by C(#) with

C(0) = Cy. A typical situation is shown in Figure 2.3. We plot the given data
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set on S? by black dots. The end points " are plot by black cross. The locations
of various C'(f) are plotted in red dots. For each particular 6, we can determine

unique signed distance function ¢y containing A, B and C(#), in the form of

Po(x) = [[x — x| =79

Finally, we gradually increase (or decrease) the value of 6 from 0 until we find
a value 0* such that ¢y«(x;) < 0 for all given data points x;. This implies
that the zero level set of ¢g- now enclosed all data points in S? and, therefore,
the intersection of {¢y« = 0} and S? gives a good initial condition of ¢. We
are plotting this intersection by the blue curve in Figure 2.3. Once we have ¢
constructed from 6*, we further increase (or decrease) the value of 6 by e and
we can use it to define p(x) = ¢9*+esign(9*)(x)' The zero level set of p on S? is
plotted by green solid line in Figure 2.3. The black dots is the given data set.
The black crosses is the given two end points. The red points are trace of d we
tested. The green circle is the intersection of the zero level set of p(x) and M
such that all data points on the black curve is in the interior. The intersection

of the zero level set function of ¢ and M is plotted in blue.

The overall algorithm for this case is almost the same like the one we developed
above, except only the way how we define I" and having an extra constraint on
where we update the level set function. The overall algorithm is summarized in

Algorithm 3.

2.6 Numerical examples and discussions

In this section, we consider various examples to demonstrate the effectiveness of
the proposed algorithm. Unless specific otherwise, we have chosen A = 0.01 in

all of our numerical experiments. In the following examples, we first analytically

34



Algorithm 3: The proposed algorithm for an open curve with the two-
stage strategy.

Data: The data set xg, the mesh size (Az, Ay, Az), the level set
representation of the manifold );, the weight A for the data
fidelity

Result: T represented by the intersection of zero level set of ¢ and

Initialization: Set ¢ such that I" encloses all data points, and p according

to Section 2.5

Compute g(x) by Algorithm 1;

Determine d(x) by smoothing g(x) using (2.11);

Find p(x) by (2.12);

for N =0 and then set X' = X\ do

while E(¢; X) in (2.5) does not converge do
if p(x;) < 0 then
| Update ¢ using (2.7) according to Section 2.4.6;
end
Regularize ¢ using (2.14) and (2.15) according to Section 2.4.6;
end

end

determine a target curve on the underlying manifold. These target solutions are
plotted in red solid lines. Then the data points are randomly drawn from an
exact target curves. In the case when we would like to test the robustness of the
proposed algorithm, we add random Gaussian noise with the standard deviation
equals to % to these data with a constraint that the perturbed locations are still
staying on the surface. These data sets are plotted using black dots while the

level set {¢ = 0} is shown in blue solid line.

In Section 2.6.1, we test our algorithm with closed curves. In Section 2.6.2, we
solve problems with the solution being open curves. For some examples, we com-
pare the performance of our algorithm and the Principal Flow method. In Section
2.6.3, we solve problems with outliers to show the robustness of our algorithm.
In Section 2.6.4 we consider problems with incomplete data to demonstrate the
effect of A. To end this section, in Section 2.6.5, we show the application our

algorithm on the real earthquake data.
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Figure 2.4: (Example 2.6.1) Ellipsoidal curves on a sphere. (a-c) Reconstruction
using A = 0. (a) The initial condition, (b) an intermediate solution and (c) the
final solution. (d-f) Reconstruction using A = 0.01. (d) The initial condition, (e)
an intermediate solution and (f) the final solution. (g) The dataset with noise.
Our reconstruction results using (h) A =0 and (i) A = 0.01.

2.6.1 Closed curves on a sphere and a torus

Figure 2.4 (a-f) show the reconstruction using the proposed algorithm without
and with the fidelity term using the estimation by the PCA. The variational
formulation can robustly determine a curve I which fits the data reasonably well
even when there is noise in the data, as shown in Figure 2.4 (c¢). In this example,
the fidelity term from the PCA does not contribute much new information for
the reconstruction. The iteration stops almost immediately when we switch

from A = 0 to a nonzero A in the two stage strategy. Therefore, for simply cases
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Figure 2.5: (Example 2.6.1) Reconstructing an ellipsoidal curve on a sphere.
The change in the energy for various tests for the clean data and noisy data with
A=0and A =0.01.

(a) (b)

Figure 2.6: (Example 2.6.1) A closed target curve on a torus. (a) Our initial
condition. (b) Result by our variational formula.

like these we are testing on, we simply start with a nonzero A immediately. In
Figure 2.5, we show the change in the energy in the iterations for all these cases.
It is clearly that the mismatch energy is gradually reduced to its steady state
as we evolve I' according to the proposed method. For this example, it takes

approximately 500 iterations to get to these final solutions.

The algorithm can be easily extended to manifolds other than a sphere. In
Figure 2.6, we consider the reconstruction of a circular curve on a torus. The

result by our algorithm can naturally estimate the target curve even when there
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are significant amount of noise in the given data.

Figure 2.7: (Example 2.6.1) Reconstructing a nonconvex curve. The zero level
set of ¢ is given in blue and is touching the target at the vertices.

One interesting example is to reconstruct a nonconvex object using the current
approach. As the zero level set shrinks, we would like to know if the total length
of the level curve would be able to increase itself to better fit the data at some
point of the evolution. Figure 2.7 shows a scenario where the zero level set of
¢(x) touches a six-folded star shape at its vertices. After this particular time,
the curve will further shrink a little until the total length has to increase if we

want to reach the global minimum of the functional.
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Figure 2.8: (Example 2.6.1) (a) The black semicircle with radius 1 is the data
set. The red arc is part of a circle centered at (0,w) with w < 0. And assume it
is the evolution of I' with end points being the same as the semi-circle and are
fixed. (b) Energy of the red arc for different w.
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(a) (b)

Figure 2.9: (Example 2.6.1) (a) A two-folded and (b) a six-folded curves on a
sphere. Our reconstructions are drawn in blue solid lines.

To simplify the discussion, we approximate one-sixth of the above curve by a
semi-circle of radius 1, as shown in Figure 2.8 (a). In this analysis, we determine
the resulting energy of various segments and try to conclude that the weight
based on the distance function d(x) indeed allows an elongation of the curve to
better fit the data. We consider the part of the smaller arc of a circle centered
at (0,w) touches the semi-circle at (£1,0) for some w < 0, denoted by the red
segment in Figure 2.8 (a). As w increases from —oo to 0, I' evolves from the
diameter of the semi-circle to the semi-circle itself. For each point z on this arc,
we define 6 to be the angle it made with the positive y-axis and r* to the its
distance from the origin. The shortest distance from z to the black semi-circle is

therefore given by d(z) = 1 — r* with

(r*)? =14 2w? — 2Jw|V1 + w2 cos b .

This implies that the corresponding energy associated to this arc is

arctan ——
E(w) =2V1+ w2/ | |(1 —r*)2df .
0

39



Figure 2.8 (b) shows the energy E(w) as we vary w. While the length of the
arc increases from 2 to m as w changes from —oo to 0, the energy decreases

monotonically to 0 reaching the global minimizer of the energy.

Two simple tests of the algorithm on non-convex shapes are shown in Figure
2.9. We first randomly draw some data points from a two-folded and a six-folded
curves, as shown in (a) and (b), respectively. Gaussian noise is added to these
points while constraining that the final location is still on S?. Our algorithm can

still reach the target curve reasonably well, as shown by the blue solid curve.

(c) (d)

Figure 2.10: (Example 2.6.1) Reconstructing two circular curves on a sphere with
A = 0.01. (a) The initial condition, (b-c) two intermediate solutions showing the
topological change in the level set evolution and (d) the final solution.

Because of the implicit representation of the reconstruction, the proposed method
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does not require any a priori information on the topology of the underlying
dataset. For example, in Figure 2.10, we are given some noisy data on a sphere
generated from two circular curves. Once again, we start with an initial zero
level set surrounding all data points, as shown in Figure 2.10 (a). As the level
set evolves according to the proposed algorithm, it automatically splits into two
disjoint curves without any user intervention as demonstrated in (b) and (c). The
test example is a challenging one for explicit methods like the original principle
flow method since user has to be able to segment the dataset into two disjoint

groups and then identify an initial point for each of these groups.

(b)

Figure 2.11: (Example 2.6.2) Open curves on a sphere. We plot the given data
points on the sphere using black dots. Our solutions I' are plotted in blue. (Left)
The initial condition and (b) the reconstructions.
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Figure 2.12: (Example 2.6.2) (a) Data sampled from a C-shape curve on a sphere
with noise. (b) The result by our proposed approach. (c) The result by the
principal flow method with the starting point being the Fréchet mean. (d) The
result by the principal flow method with the starting point being the mid-point
of the underlying clean C-shape curve.

2.6.2 Open curves on a sphere

In this example, we consider three cases where the target structures are repre-
sented by open curves given by a C-shape curve, a sine function and a noised
C-shape curve. The result for the first two cases are shown in Figure 2.11. We
can see that our variational formula can naturally handle these open curves. In
the case of the C'-shape curve, the initial condition does not actually prefer the
final solution since the curve I' has to increase his total length. Nevertheless

our computed solution represents very well the given data. For the case with the
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noised C-shape, we have also compared our result with that by the principal flow
method developed in [97]. The results are shown in Figure 2.12. We have used
two different ways to initialize the principal flow method. The first one is based
on the Fréchet mean of the dataset which gives a very rough initial starting point
of the tracing algorithm. Because of this, the solution from the principal flow
does not give a well-reconstruction of the data, as shown in Figure 2.12 (c¢). To
incorporate more information to the reconstruction, we also initialize the prin-
cipal flow method using the mid-point of the underlying clean C-shape curve.
The reconstruction result is shown in Figure 2.12 (d). The method can now
reconstruct the underlying manifold pretty well. In real applications, however,
the mid-point to the unknown underlying curve is unavailable. Comparing to
the original principle flow method, the proposed method can automatically drive
the evolution starting from an initial level set function enclosing the data to a

reasonably well reconstruction.

2.6.3 Examples with outlier

To further test the performance of our proposed algorithm under noise, we man-
ually add some outliers to the noisy data sets. We consider a circular target
curve and also an open curve on S?. We plot the evolutions of our reconstruction

under the datasets with and without outliers in Figure 2.13.

In these examples, we found that the steady state solutions do not heavily depend
on the choice of A\. For a zero A, the proposed method can already capture the
expected trend in the data on the manifold. When followed by a nonzero A in the
two stage strategy, the method stops almost immediately in a few extra iterations.
The corresponding energy evolutions are shown in Figure 2.14. We observe that
both red dashed lines take more iterations to reach the steady state. It implies

that more iterations are required to get over the outliners in the data set. But
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(d)

Figure 2.13: (Example 2.6.3) Data points with outlier are plotted in black. (a-b)
Evolutions of the zero level set for data sets without outliers. (c-d) Evolutions of
the zero level set for the corresponding data sets with outliers. The red curves
are final results from (a) and (b) respectively.

more importantly, the existence of outliers in the given data does not affect our
final reconstruction. The steady state solution seems to be the same like the one

obtained by the correpsonding dataset without the outliers, as demonstrated in
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Figure 2.14: (Example 2.6.3) Changes in the energy versus the iteration number.
(a) Energies corresponding to the test examples in Figure 2.13 (a) and (c). (b)
Energies corresponding to the test examples in Figure 2.13 (b) and (d).

Figure 2.13 and that the final energies are comparable in Figure 2.14.

2.6.4 Examples with incomplete information

It is in general not reasonable to assume that the given data can perfectly resolve
the underlying geometry on the manifold. In this problem, we assume that the
given data can only sample part of the target shape. In particular, we use only
partial data from a square on a sphere with missing data at all four corners.
The reconstruction from our algorithm for various A’s are shown in Figure 2.15.
Without the matching from the PCA, i.e. A = 0, our solution are not able to
recover the corner since the algorithm takes into account only the location of
the data points on the manifold. However, as we increase the value of A, from
0in (a) to A = 1 in (d), the contribution from the PCA gives a more realistic
reconstruction and helps the curve I' to predict a better trend in the data. Figure
2.16 shows the change in the energy with different A’s. In Figure 2.16 (a), we
show the energy in the first stage of the iterations when we have A = 0. It takes
around 540 iterations to reach the steady state solution. In the second stage of
the algorithm, we then use this steady state solution as the initial condition for

different nonzero A. This explains why there are jumps in the energies as shown
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Figure 2.15: (Example 2.6.4) An example when we miss data points at some
place on the original curve. Given data points are plotted in black dots. Our
reconstruction based on (a) A =0, (b) A =0.01, (¢c) A=0.1and (d) A=1. In
(d), we have also plotted the PCA vectors near the data points.
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Figure 2.16: (Example 2.6.4) The change in the energy with (a) A = 0 followed
by (b) A =0.01, A = 0.1 and A = 1, respectively.
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in Figure 2.16 (b).

2.6.5 Examples based on earthquake data

In this example, we test our algorithm using the earthquake data from the U.S.
geological survey. We consider two datasets containing the epicenter of the earth-
quakes with magnitude larger than or equal to 4 occurred between December 29,
2014 to January 1, 2016 in the Russia-Alaska region and in the Australia region,
as shown in Figure 2.17. Our initial conditions and results for these two data

sets are shown in Figure 2.18 (a) and (b), respectively.

2.7 Conclusion

In this chapter we proposed a variational formulation for dimension reduction on
Riemannian manifolds. The algorithm is developed based on the level set method
to obtain a fully implicit formulation so that the method does not require any a
prior knowledge on the topology of the structure we are reconstructing. We have
tested the algorithm on various numerical examples with different manifolds.
Even with given measurements with noise or outliers, the proposed algorithm

gives good and robust reconstructions.

There are several possible extensions of our proposed algorithm. Even though it
might need a careful study of the data structure such as [82, 22], the algorithm
can be extended to handle even higher dimensional problems. Furthermore, since
the method is a variational approach and does not require any labeled response
from the user, such unsupervised algorithm has the potential to be extended to

a manifold learning where the embedding is not necessarily known.
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(b)

Figure 2.17: (Example 2.6.5) The location of the epicenters of earthquake with
magnitude larger than between December 29, 2014 to January 1, 2016. (a)
Epicenters of the earthquake in the Russia-Alaska region. (b) Epicenters of the
earthquake in the Australia region.
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(b)

Figure 2.18: (Example 2.6.5) (a) Our initial condition and result for earthquake
in the Russia-Alaska region. (b) Initial condition and result in the Australia
region.
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Chapter 3

Operator-Splitting Method for
the Two Dimensional
Monge-Ampere Equation with
the Dirichlet Boundary

Condition

3.1 Introduction

Let Q be a bounded domain of R?. The Dirichlet problem for the canonical

Monge-Ampere equation reads as

det D%y = f in Q,

u =g on 0f),
D?u being the Hessian matrix of u, that is
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the functions f and g being given. If f > 0, problem (3.1) is a prototypical fully
nonlinear elliptic boundary value problem. The existence and regularity proper-
ties of the solutions to fully nonlinear elliptic problems have been discussed in
[41, 5, 17], a particular attention being given to the canonical Monge-Ampere
equation in [52]. As shown in, e.g., [16, 6, 87, 40] and [33], the Monge-Ampere
equation has a wide range of applications, differential geometry, optimal trans-

portation, physics and mechanics among them.

Starting with [93] various numerical methods have been developed for the numeri-
cal solution of fully nonlinear elliptic boundary problems, problem (3.1) being the
most investigated by far. The fast multiplication of these methods during the last
decade has made keeping track of all of them an almost impossible task. Several
of them have been reported in [33], but a visit to Google Scholar has become a
must to have a more complete view. Focusing on those approaches with which we
have some familiarity, we will classify them roughly into two families. The meth-
ods of the first family treat a finite difference or finite element approximation of
the equation under consideration (possibly coupled to a regularization procedure
as done in [34, 35]; see also [33]); such methods, and the iterative solution of the
resulting discrete problems, are discussed in, e.g.,[38, 39, 7, 79, 104, 11, 12, 3].
Another approach is to reformulate the nonlinear elliptic problem as an opti-
mization one; this can be done via least-squares or via the introduction of a
well-chosen augmented Lagrangian algorithm. Such optimization based meth-

ods are discussed in e.g.[26, 29, 28, 15, 27, 30, 31, 87, 43, 47].

The method discussed in this chapter concerns problem (3.1), specifically. Tt
relies on the following ingredients: (i) An equivalent divergence formulation of

problem (3.1). (ii) An equivalent mixed formulation of the above divergence
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formulation, with which we associate an initial value problem. (iii) The time-
discretization by operator-splitting of the above initial value problem. (iv) A
mixed finite element implementation of the above methodology. Another in-
gredient worth mentioning is the following one: In order to enforce the local
positivity of the approximate Hessian, we employ at each time step a simple
eigenvalue projection algorithm, similar to those widely used for low rank matrix
approximation or, more recently in matrix completion via the so-called singular
value shrinkage operator. Also, for those problems where the solution of problem
(3.1) has enough regularity, we propose a two-stage strategy to further improve
the speed of convergence: during the first stage, the dynamical system (flow) we
consider is associated with Ou/0t, while during the second stage we use 9Su/0t,
S being a well-chosen elliptic operator, giving to this second stage a Newton-like

flavor.

As reported in, e.g., various chapters of [47] (see also the references therein),
operator-splitting methods have a long history for providing efficient solution
methods for a very large variety of problems modelled by partial differential
equations and inequalities. Among the many applications of operator-splitting
methods (not necessarily differential equations related) let us mention low rank
approximation [80], stochastic differential equations, in finance and elsewhere
[47, 90], image processing [50, 47], high-frequency wave propagation [46], travel-
time tomography in seismic applications [45]. Implicit or explicit alternating
direction methods [66, 99, 47| are particular operator-splitting methods. For a
more complete discussion of operator-splitting methods and their many applica-
tions, we refer the interested readers to [47] and the references therein. To the
best of our knowledge, the first publication making use of an operator-splitting
method for the solution of a fully nonlinear elliptic problem is the celebrated arti-
cle [6] by Y. Brenier and J.D. Benamou on the solution of the Monge-Kantorovich

optimal mass transfer problem by the alternating direction methods of multipli-
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ers (ADMM), a particular operator-splitting method. The solution of problem
(3.1) by another ADMM algorithm is discussed in [26, 28, 29, 31, 44, 47].

To the best of our knowledge, the methodology discussed in the following sec-
tions is one of the very few able to handle unstructured meshes and domains €2
with curved boundary, using continuous piecewise affine approximations, while
preserving optimal, or nearly optimal, convergence orders for the approximation
errors. Preliminary promising results suggest that this methodology can be gen-
eralized to three dimensional problems, obstacle problems for the Monge-Ampeére
operator (like those discussed in [103]) and to the Gaussian curvature equation
det D2y = K (1 + [Vu|>)"™? with d = 2 or 3, K (the given curvature) being a

positive function. These work will be discussed in following chapters.

3.2 A divergence formulation of problem (3.1)

and an associated initial value problem

0%u 8%u
. . _2 T Oz 010
Let us denote by cof(D?u) the matrix valued function (%; 8218:”2 . One
0°u 0%u
T 921072 8_1%

can easily show that problem (3.1) is equivalent to

—V - (cof (D*u)Vu) +2f =0in Q,

u = g on 0.

Similarly, one can also easily show that (3.2) characterizes formally u as being

either a minimizer or a maximizer of the functional I over the space V, where

I(v):/Q(cof(DQU))Vv-Vvdx—l—6/vad:c,
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and

V, = {v|v smooth, v = g on 092}.

Assume that u is solution of problem (3.1), (3.2). Since the symmetric matrix-
valued functions u — D?u and u — cof(D?u) are either point-wise positive
definite or negative definite in the neighborhood of u, one can easily show that
functional [ is either convex or concave in the neighborhood of u, justifying using
a well-initialized descent type method to compute the solutions of problem (3.1),
(3.2); this can be achieved via the time integration of an initial value problem
associated with problem (3.2). To partly overcome the nonlinear coupling be-
tween u and its second order derivatives we introduce a matrix-valued function
p verifying the linear relation p = D?u. Problem (3.2) is clearly equivalent to

the following system of partial differential equations:

—V - (cof(p)Vu) +2f =01in Q,

u =g on 02, (3.3)

p—D?u=0.
\

To handle those situations where inf,cq f(z) = 0, or for the solution of obstacle
problems for the Monge-Ampere operator (as those considered in [103]), we found
that one is on the safe side if one considers the following variant of problem (3.3),

obtained by regularization:

—V - [(eI + cof(p)) Vu] +2f =0 in Q,

u = g on 0, (3.4)

p—D*u=0,
\
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where ¢ is a small positive number. In order to solve problem (3.4), we asso-
ciate with it the following initial value problem (flow in the dynamical system

terminology):

0u _ 7 [(e + cof(p)) Var] +2f = 0 in Q x (0, +00),
u =g on 0 x (0,+00),
%—i—fy(p—DQu):Oian (0, +00),

u(0) = uo, P(0) = po,

\

with v a positive constant (above and below, ¢(¢) denotes the function = —
o(,t)).

Before discussing (in Section 3.3) the time discretization of problem (3.5), we will
address two important issues, namely: (i) The choice of v, and (ii) the choice of
up and pg. Concerning 7, the idea is to pick a value so that p(t) evolves in time
roughly at the same speed than u(t). Taking advantage of the fact that p and

cof(p) have the same eigenvalues, we suggest taking

v =B (e +Va),

where \g is the smallest eigenvalue of operator —V? in H}(Q), « is the lower
bound of function f, and /3 is a constant of the order of 1. Assuming that we
are looking for the convex solutions of problem (3.1), several possibilities (which
do not exclude each other, in general) do exist in order to force this convexity
property. The simplest one is a proper choice of uy and pg in (3.5). Following
the discussion in [43, 44], we suggest taking for u the solution of the following

Poisson problem
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VZug = 2\/f in Q,

(3.6)
ug = g on 02,
with A(> 0) of the order of 1. Concerning py, an obvious choice is
Po = D?uy, (3.7)

a simpler alternative being po = A\/f L

3.3 Time discretization by operator-splitting method

The structure of system (3.5) suggests using operator-splitting for its time-
discretization. Among the many possible operator-splitting schemes (see, e.g.,
[47] for further information on operator-splitting methods) we advocate the par-
ticular Lie scheme described below, where At(> 0) is a time-discretization step

and " = nAt:

UO = Uop , pO = Po - (38)

For n > 0, {u",p"} — {u"*1/2, p"t1/2} — {u"+! p"t1} as follows

Fractional Step 1:
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Solve

9u — V- [(eI+ cof(p™)) Vu] + 2f = 0in Q x (7, t" 1),

u =g on dQ x (t" t"*),

(3.9)
0 . n o 4n
L —=0in Qx (" t"),
| u(t") =u", p(t") = p",
and set
un+1/2 _ u<tn+1) ’ pn+1/2 _ pn
Fractional Step 2:
Solve
(
Gu —0in Q x (1", 1),
%—II‘;’ +9p = D22 in Q x (7, ") (3.10)
ku(tn) — un+l/27 p<tn) — pn7
and set

un—l—l _ u(tn—H) ’ pn+1 — p(tn+1) )

Scheme (3.8)-(4.14) is first-order accurate at best, and semi-constructive since
we still have to solve the sub-initial value problems (4.13) and (4.14). There is
no difficulty with (4.14) since it has a closed form solution. To time-discretize
(4.13), we advocate just one step of the backward Euler scheme. The resulting
scheme (of the Markchuk-Yanenko type) reads as follows (using a more compact

notation):
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u’ = ug, p° = po. (3.11)

For n > 0, {u™, p"} — {u"™, p"™} as follows

un+it_un . v . [(61 + COf(pn)) vunJrl] + 2f =0in Q7
(3.12)
u" =g on 09,
pr ="+ (1 e7) DA (3.13)

If the matrix-valued function p” is pointwise positive semi-definite, then (3.12)
is a formally well-posed elliptic boundary value problem. In practice, in order to
force the positive semi-definiteness of matrix p", we complete (3.13) by a (kind
of) projection on the cone of the positive semi-definite symmetric matrices (see

Section 3.4.5 for details).

Remark 3.3.1. As already mentioned, (3.11)-(3.13) is not the only operator-
splitting scheme which can be used for the discretization of system (3.5). We can

use for example

UO = Uop , pO = Po- (314)

For n > 0, {u™, p"} — u"*"/2 — {u"*! p"*+'} as follows

WP [(eT + cof (pt)) V2] = 0 in Q (3.15)
w2 = g on 09,
p"t =P (e7p" + (1 — e 7R D2u"+1/2) ; (3.16)
un+1 _ un+1/2
29f — () 3.17
o 2 =0, (3.17)

where in (3.16), Py is a projection operator on the convex cone of the positive
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semi-definite symmetric matrices( see Section 3.4.5 for details).

3.4 On the finite element implementation of the

operator-splitting schemes

3.4.1 Synopsis

The equivalent divergence formulations (3.2) and (3.3) of problem (3.1) strongly
suggest employing space approximations based on variational principles. To
achieve that goal, we are going to use finite element spaces consisting of functions
which are globally continuous and piecewise affine on triangulations of €. As
in, e.g., [15, 44] (see also the references therein), we are going to use a mixed
finite element method, relying basically on the same finite dimensional spaces to
approximate u, its three second order derivatives, and the entries of the matrix-

valued function p.

3.4.2 The basic finite element spaces

We follow the presentations in [42, 29, 15, 44]: Assuming that 2 is a polygonal
domain of R? (or has been approximated by such a domain), we introduce a
family (75), of triangulations of €, like the ones in Figure 3.1; usually, one

denotes by h the length of the largest edge(s) of Tj,.

The first finite element space we introduce is the finite dimensional space V},
defined by
Vi = {vlv e C°(Q) ,v|r € PL,VT € Tp}, (3.18)

where P; is the space of the polynomials of two variables of degree < 1. Let
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us denote by X, the set of the vertices of the triangles of 7j; we have then
Yp = {Qj}jv:hl Next, we associate with each vertex @), the (shape) function wj,

uniquely defined by:

w; &€ Vh,
wj(Qj) = 17

\U@(Qk) :O,Vk’zl,,Nh,k#]

The set B, = {w; }jvzhl is a vector basis of the space V}; it verifies

Np

v = Zv(Qj)wj,Vv €V,

j=1
implying that dim V;, = N,. We observe that the support of the basis function

wj is the union of those triangles of 7;, which have ); as a common vertex.

Assuming that g € C°(99), we define V;, an affine subspace of V}, by

Vo = {v[v € Vi, v(Q;) = 9(Q;),VQ; € £ N 0N} .

Note that if g = 0, then Vi, = VW, where
Vor = {v|v € Vi, v =0 0on 0Q} (= V4, N Hy(Q)) .
Following [15, 44] we advocate the following vector space

di1 qi12
Qo = q4glg= € (V()h)QXQ Q12 = Qa1 (3.19)

g21 Q422

to approximate the matrix-valued function p. Indeed, as shown in [15, 44], good

numerical results were obtained approximating p in Qq,. However, unlike the
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collocation approach used in [15, 44], the divergence form approach associated
with formulations (3.2) and (3.3) requires an approximation of p which does not
vanish on the whole 02; this issue associated with the boundary conditions to

impose on p will be discussed in Section 3.4.3.

In Section 3.4.3, just below, we are going to address the approximation of

0?u/0x?, 0*u/0x3 and 0?u/dx10x,, a most important issue, indeed.

3.4.3 Finite element approximation of the three second

order derivatives

In the context of the numerical solution of the Monge-Ampeére problem (3.1), one
has discussed in, e.g., [15, 44] the finite element approximation of 9*u/0x?, 0*u/dz3
and 0*u/0x10z5. In the following sub-sections we will start our discussion by
assuming that the discrete analogues of the second order derivatives are taken
in Vg, which is consistent with approximating p by p, € Qon, with Qg defined
by (3.19).

Approximating the second order derivatives in V{,

Let us consider a function ¢ € H?(f2); it follows then from the divergence theorem

that V¢ € H}(Q), one has

(
9% — oy 9¢
Jo Grdde = — [ 55 5rde,
%y oy 3¢
fQ aTngd - fQ dz3 8x2 L5 (3.20)
0%y _ 1 oy 96 |, 0% 96
\fQ Ber0m; 04T = —3 Ja |:81’1 Bes T Bz 52y | AT

Let us consider now a function v € Vj; inspired by the relations (3.20), we

02

define D?,,, D3,, and D3, (= D32,,), the respective approximations of -2 a 970 03
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62
and e by

Vi = 1727 D?zh@)) < ‘/0}“
(3.21)

fQ sn(v)wdr = —fQ g” ow Ldx,Yw € Vo,

z; Oz;

D%%(U) € Von, (3 22)

fQ D3y (v)wdz = _l [88;1 By T axvg 6_1”} dz,Yw € Von.

T

The above discrete variational problems are well-posed.

Remark 3.4.1. The numerical experiments reported in [15] show that, in gen-
eral, the approzimate second order derivatives computed via (3.21), (5.22) have
poor convergence properties for finite element spaces like V;, defined by (3.18).
Two possible cures are: (i) Use continuous approzimations of order higher than
one (piecewise quadratic for example), (ii) Combine with a regularization proce-
dure (as done in [15]). The above nuisance disappears if Q is a rectangle and
that one uses uniform triangulations, like the one in Figure 3.1(a); in such a
case the approzimations defined by (3.21) and (3.22) are second order accurate
for interior points, as are the related approximate solutions of problem (5.1),

obtained by the collocation method discussed in [15, 44].

Remark 3.4.2. As mentioned above, the functions th( v) are uniquely defined
by relations (3.21) and (3.22). Howewver, in order to simplify the computation
of the above discrete second order partial derivatives, we will use the trapezoidal
rule to evaluate the integrals in the left-hand sides of (3.21) and (3.22). Owing

to their practical importance, let us detail these calculations:

1. Let us denote by oy, the set of the vertices of the triangles of the triangu-

lation T, which are not located on 0). We assume that

N
Yon = {Qr 1.2,
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implying that dimVy, = Nop,.

. Af Q€ X, let us denote by wy the polygonal union of those triangles of Ty,
which have Q. as a common vertex, and by |wg| the area of wy. We clearly

have:

support of wy = wg.

. Applying the trapezoidal rule to the integrals in the left hand side of (3.21)
and (3.22) we obtain:

(

(3.23)
D7y (v)(Qr) = M| fwk 59;’1 %ﬁf Vk=1,..., Non,
(
Dy, (v) (= D3,,,(v)) € Von,
S (3.24)
Do (v)(Qr) = 2\wk| fwk [68;1 ?;al:); + 925 au 8wk dx,Vk =1,..., Nop.
\

Computing the integrals in the right hand sides of (3.23) and (3.24) is quite
simple since the first order derivatives of v and wy, are piecewise constant,
and wy 1s the union of a small number of triangles in general (6 triangles

for the triangulation in Figure 3.1(a)).

Remark 3.4.3. Suppose that Q = (0,1)? and that the triangulation Ty, is of the

same type as the one in Figure 3.1(a). Suppose that h =

I+1’ I being an integer

greater than 1. In this particular case, the sets ¥, and Xop are given by

Eh - {Qz]|@w {Zh jh} O < ’L ] < I—|— 1}

Son = {Qij|Qi; = {ih, jh}, 1 <i,j < I},

implying that Ny = (I +1)* and Ny, = I2. It follows then from relation (3.23)

and (3.24) that (with obvious notation):
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Viy1j + Vi—1; — 205

D%lh(v) (Q”L]) = h2 ) (325)
Vijp1 + Vij—1 — 2045
Doy (Qi) = = hjz z (3.26)
Dy, (v)(Qi) = (3.27)
(Vig1j41 + Vic1j—1 + 2045) — (Vi1 + Vic1j + Vi1 + V1) (3.28)
2h? o

Relations (3.25)-(3.28) are exact for the two variable polynomials of degree < 2.

Also, as expected,

Vit1j + Vim1j + Vi1 + Vij—1 — 4y

DY, (0)(Qig) + D3, (0)(Qij) = 2 ;

we have recovered thus the 5-point discretization formula for the finite difference

approzimation of the Laplace operator.

A smoothing procedure for the approximation of the second order

derivatives

In [15, 44], one solves problem (3.1) numerically using a least-squares/collocation
method relying on the approximations (3.23), (3.24) of the second order deriva-
tives. As reported in the two references above the convergence properties of
the approximate solutions are highly dependent on the triangulations, triangula-
tions like the one shown in Figure 3.1(a) (resp., 3.1(b)) having very good (resp.,
very poor) convergence properties. Albeit quite different, the solution methods
discussed in this article suffer from the same drawback. To overcome the above

difficulty and allow a large variety of triangulations of €2, one advocated in [15, 44]
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a regularization procedure where one replaces (3.22) by

(

\

Vi=1,2, j=1,2, D?,(v) € Vo,

/D”h Jwdr +C Y |T]/VDW -V dx (3.29)

TeTh

Oov Ow ov Ow
n __/ {3% oz + 8_9@-8% dx] VW € Von,

where in (3.29), C' is a positive constant of the order of 1 and |T'| = measure of

T.

Remark 3.4.4. Denote by hy, the length of the smallest edge(s) of Ty, if the

ratio h/hyin &

(

\

1, it is reasonable to replace (3.29) by

Vi=1,2, j=1,2, D%,(v) € Vin,
/D?jh(v)wdx+el/VD§jh(v)-vwdg; (3.30)
Q Q

ov ow  Ov Ow
= Uy
/ [axz ox; * dxj Ox; 4 YW € Von,

with €1(> 0) of the order of h?. The numerical results reported in [15], obtained

with C' = 1, show that the reqularization procedure associated with (3.30) produces

accurate results, for a variety of domains Q (including some with curved bound-

ary) and triangulations, when combined with the least-squares/collocation method

discussed there.

However, numerical experiments show that the finite element re-

alization of the operator-splitting scheme (3.11)-(3.13), relying on (3.21), (3.22)

or (3.23), (3.24) and (3.29), (3.30) to approximate the second order derivatives,

leads to approrimate solutions which do not converge to the exact ones as h — 0.

Possible cures will be discussed in Section 3.4.3 just below.
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On the boundary conditions to impose on the discrete second order

derivatives

Unlike the collocation method discussed in [15], the values taken on 02 by the
discrete second order derivatives affect the approximate solution. From that
point of view, enforcing these discrete derivatives to vanish on 0 leads to large
approximation errors on the solutions of problem (3.12), a consequence of the
poor approximation of cof(p”) in the neighborhood of 9€2. To overcome this
difficulty several approaches can be considered. The first one is to observe that

the divergence theorem implies:
(
Vi, j =1,2,Yv € H*(Q),

wdz = —1 [ 2 ou g—g_w} dz (3.31)

fQ 8:@035]

5 foo |2+ 2| wd(00), Y € H'(9),

\

where n; and ns are the two components of n, the unit outward normal vector

at 0. Following Section 3.4.3 and 3.4.3 we approximate (3.31) by

(
Vi, j=1,2,Vv € Vh,D?jh(v) €V}, and

Jo D3 (wywds = —1 [, [ 2222 4 22 20 ] gy (3.32)

+% Lo [(%)hnj + (%)hni} wd(092),Yw € Vy,

or by its regularized variant

\

(
Vi,j =1,2,Yv € Vi, D}, (v) € Vj, and
CZTeTh T fT Vngh v) - Vwdz + fg D?jh(v)wdx = _% fQ [@a_w + gyl de

Dz; 0x; | Bz, Oz,
| il [(3), i+ (&), n] wd09) ve e vi,

(3.33)
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The finite dimensional problems (3.32) and (3.33) are both well posed and Re-

mark 3.4.4 still applies here. The simplest choice for ( g;’_) is obviously the first
i/h

order accurate one given by ( aﬁ) = 88—;’39, making the computation of the
boundary integrals in (3.32), (3.33) very easy (since the above derivatives are
piecewise constant). More sophisticated (and accurate) approximations of these
derivative traces do exist.

Suppose that as in Section 3.4.3 (whose notation we keep) we use the trapezoidal

rule to compute [, D, (v)wdz; the associated variants of (3.32) and (3.33) are

4
Vi.j = 1,2, D (v) = 33t Dy, (v) (Qu)wy with
D7 (0)(Qr) = =571 /. [3; sz a;va_tz,‘f] do
. e [ (3.34)
3 Ov v
+m famawk [(T%)hnj + (£>hnl] wkd(aQ),
Vk — ]-7'-'7Nh7

and

(

VZ ‘] o 1 2 Dl]h( ) chhl Dz]h( )(Qk)wk Wlth
C Y pere IT] [ VD2, (0) - Vugda + 44D2, (0)(Q1) =
v Ow v Ow v v
_% wi [g_mﬁ + gTja_J] dzx +- % famawk [(%i)h”j + <§97j)hnz‘] wid(052),

Vk = 1, ceey Nh;

\

(3.35)
respectively. In (3.35), 7,¥ denotes the subset of T, consisting of the triangles

which have @)y as a vertex.

In the second approach we considered, we imposed (approximately) the condition

2 D2, (v) = 0 on 99 by requiring

0
/ al’lijh( )wkd(aQ) = O,Vk = N()h + 1, ceey Nh. (336)
0Q2Nowy,
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This leads us to compute D7, (v) via the solution of the following linear systems:

Vi,j =1,2,Yv € Vi, D%, (v) = S0, D2, (v)(Qr)wy, with

Jo, Din(0)wyde = —3 [ [5’—;%%; + %%—2? dx,Vk =1, ..., Nop, (3.37)
\famawk Z 3a Diin (0)wrd(0Q) = 0,Yk = Nop + 1, ..., Np,

(non regularized case) and

(
Vi,j =1,2,Yv € Vi, D%, (v) = S0, D2, (v)(Qp)wy, with

O reqy |T] 1 VDG (v) - Vwgde + [, Dy (v)wyde = (3.38)

_1 v Owy, Qv Owy, _
2 Juwy |:8:ci (9_:vj + (%:j _axi] dﬂf,Vk = 1, '--7N0h>

8D2

ijh

( )wkd(ﬁQ) = O,Vl{? = N()h + 1, ...,Nh,

\ faﬂﬂéwk

(reqularized case). Deriving the variants of (3.37), (3.38) obtained by applying
the trapezoidal rule to the computation of fQ B 2, (v)wgdx is quite easy and will

not be further detailed here.

Remark 3.4.5. The relations faﬂﬂawk 2 aaDin(v

( )wkd(ﬁﬁ) = O,Vk = N()h—l—l, ceey Nh,
involve clearly two triangles of T, at most (the four corners of the triangulation
of Figure 3.1(c) involve one triangle only, making things simpler). Let us con-

sider the two triangle situation and denote by TF and T¥ these two triangles. We

have then

0 k k
2 /8 - anD”h ) wid(99) ZVDW )gs - 102N OT| =0,  (3.39)
where in (3.39), nf denotes the unit outward normal vector at T} and |0QNITF|
the length of the edge O N ATF. It is very simple to modify (5.39) if relation
D2

2 n(0)wrd(02) = 0 involves only one triangle: just take T = Ty

faﬂﬁawk on
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Remark 3.4.6. In practice, instead of using

0
/ D2 (0)urd(0) = 0,V = Ny + 1,0 Ny
00N dwy,

to force (approximately) the condition a%Dz'th(U) =0 on 09, we employed in this
article

/ VD?jh(u"H/z) -Vwy dx = 0, (3.40)
"

a condition easier to implement. Let us (try to) justify this alternate approximate

homogeneous Neumann condition: We have

/ g_ﬁwkd(aﬁ)z / V¥pwydr + / VY - Vwyde, ¥ € H*(Q).  (3.41)
Owy, Wk “k

Suppose now that v is harmonic (that is V21 = 0); then, relation (3.41) reduces

to

‘;_ﬁwkd(asz) = /w VY- Vuids. (3.42)

Owy,
Albeit the function ijh is piecewise harmonic only (since it is a piecewise affine
function), we use (3.42) to impose, approximately, the Neumann condition %D?jh(v) =
0 on 0%, explaining where (3.40) comes from. It is clear that replacing relation
famawk B%ijh(v)wkd((?@) =0 by (3.40) is a typical example of variational crime
(in the sense of [109]). However, the numerical experiments reported in Section
3.6 show that the results obtained with (3.40) are as accurate as those obtained

using (3.35) (if no more).

3.4.4 Finite element implementation of the operator-splitting

schemes (3.11)-(3.13) and (3.14)-(3.17)

Let us recall that the set ¢, of the vertices of Tj, interior to 2 has been ordered

so that X, = {Qk}ffi’i and X, = Yo, U {Qk}g:h%h“. In the sequel, the space
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{alqg € (V4)**%,q = qT} will be denoted by Qj,.

Implementation of scheme (3.11)-(3.13)

A fully discrete analogue of scheme (3.11)-(3.13) reads as

u’ = uon (€ V;;h) ,po = por (€ Qn) - (3.43)

For n > 0, {u",p"} — {u"™! p"™'} as follows:

Solve
)

un+1 c ‘/gh;

Jou T ude + At [, (eI 4 cof(p™)) Vu! - Vuda (3.44)

= fQ uvdr — 2At fQ frvdz,Yv € Vo,

\

and compute p"*! via

(

D%l n+1 Q D%Q nil Q
pH(Qu) = e ip(y) 4 (1 ey | T (@) D (T (@)

D%2h (Unﬂ) (Qr) Dg% (Unﬂ) (Qr)

where in (3.44), fn(> 0) is a continuous approximation of f, and where in (3.45),

the discrete second order derivatives of u™*!

are computed using the methods
discussed in Section 3.4.3.
The initialization of scheme (3.43)-(3.45) and the solution of the discrete varia-

tional problem (3.44) will be discussed in Section 4.6 and Section 3.4.4, respec-

tively.
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Implementation of scheme (3.14)-(3.17)

A fully discrete analogue of scheme (3.14)-(3.17) reads as

u’ = uon (€ ‘/gh) ,po = pon (€ Qn) - (3.46)

For n > 0, {u™,p"} — u"*'/2 = {u"*! p"*'} as follows:

1. Solve

(

un+1/2 c ‘/gha
Jou ™ ?vdx + At [, (eI + cof (p™)) Vu" /2 . Voda (3.47)

= fQ u"vdx,Yv € Vo, .

2. Compute p"*! and u"*! via

(

\
(

\

" (Qr) = e Ap™(Qr)
+(1— Bt DYy, (u2) (Qk) - Dy, (u"172) (@) (3.48)
D%% (Un+1/2) (Qk) D%Qh (Un+1/2> (Qx)

Vk=1,...,N,,

WHQR) = utTV(Qr) — 2At£0(Qu),

szl,...,NOh.

(3.49)
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Initialization of schemes (3.43)-(3.45) and (3.46)-(3.49)

Our starting point will be problem (3.6) defining ug. The most natural discrete

analogue of problem (3.6) is given by

Uon € Vg, (3.50)

Jo Vuoy - Vode = =2X [,/ fuvdz, Yo € Vi

From a practical point of view, we advocate using the trapezoidal rule to compute
(approximately) the integral [, +/fyvdz. We obtain then (using notation from

previous sections):

/Q\/ﬁvdx ~ %zj.v:og|wj| F(Q)v(Q;). (3.51)

Suppose now that Q = (0,1)? and that the triangulation we employ is of the type
of the one depicted in Figure 3.1(a). Denoting ugs(Qi;) by Uij, the combination
(3.50), (3.51) reduces to (with @Q;; = {ih,jh}):

(

AUij = Uiyrj — Uiy — Ui — Ui = =200/ fi(Qi5),

1<u,j<1, (3.52)

| Uni = 9(Qu) if Qu € O
Problem (3.52) can be solved by a fast Poisson solver.

The solution of (3.50) for more general domains €2 and triangulations 7, will be

discussed in Section 3.4.4.

Once ug, has been computed we use the methods discussed in Section 3.4.3 to
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define pop by

pthg”: D11 (uon)(Qr)  Dian(uon)(Qr)
k=1 \ Dion(uon)(Qr) Dozn(uon)(Qr)

wp. (3.53)

An alternative to (3.53) is to define pgy, from py = A\\/f1, that is

Np,
Por = AV [n(Qi)Tw, (3.54)
k=1

a discrete analogue of pg = A\/fL.

On the solution of problems (3.44), (3.47) and of related linear varia-

tional problems

What follows is closely related to [42]. Problems (3.44), (3.47) and (3.50) are all
particular cases of the following finite dimensional linear variational problem (of

the Dirichlet type):

Y€ Vi,

a [y ¢dr + [ MV - Vode = [, f*¢dx, Yo € Vip,

(3.55)

where in (3.55), a is a non-negative constant, M is a piecewise affine uniformly
positive definite symmetric matrix-valued function, and f* is a continuous given

function.

From the positivity of matrix M, problem (3.55) has a unique solution. We will

return on the matrix M positivity issue in Section 3.4.5.

Using the trapezoidal rule to approximate the first and third integrals in (3.55),
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the above problem takes the following formulation:

;

@Dquh,

Non
2l 9(Q09(Q) + | M9 o (3.56)

Non

= 23 el F(@)6(@0). ¥ € Vi
=1

The set {wk}gi’i being a vector basis of Vy,, there is equivalence between (3.56)

and
.

Y € Vg,

2 || Y(Qr) + [, MV - Vugda = 1 |wi| f*(Qr), (3.57)

k=1, Non.

Problem (3.57) can be written as a linear system associated with a symmetric

positive definite matrix. To derive this system we take advantage of the fact that

Non Np,
=) v(@)w+ > g(@Q)w. (3.58)
=1 I=Non+1

Let us denote 1(Q;) by 1y; vector {1 }o2 is clearly the solution to the following

linear system:

,
2 okl 0+ SN ([ MV Vanda )

= 3wkl £5(Qk) = X np <fwkmwl MVuwy - walx) g(Q)),  (3.59)

Since, in practice, h is small compared to the diameter of €2, the matrix associated
with the linear system (3.59) is sparse. Moreover, since the symmetric matrix-
valued function M is uniformly positive definite, the matrix associated with
the linear system (3.59) is symmetric and positive definite, implying that one

can solve (3.59) using a sparse Cholesky solver, or a diagonally preconditioned
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conjugate gradient algorithm.

It follows from the above discussion that the main issue needing to be addressed is
the computation of fwmwz MV wy, - Vwdx. Since M is piecewise affine, Vwy, - Vuy
is piecewise constant, and wy N w; consisting of a small number of triangles (two
at most if k£ # [), the above computation is conceptually simple. Indeed, let
us consider a triangle T = A; A5 Az, the vertices A;, Ay and Az being oriented

counter-clockwise. Suppose now that one wants to compute
/ MV - Védz, (3.60)
T

where ¢ and 6 are both real-valued functions affine over 7', and M is a matrix-
valued function affine over 7T'. Since the two vectors V¢ and V@ are constant

over T', we have

/TMqu -Vldx = @ (; M(AZ-)> Vo - V6. (3.61)

For i = 1,2, and 3, let us uniquely define the affine function w; by

w; € P,
(3.62)
Since ¢ = 320 ¢(A))w; and 6 = 32 0(A;)w;, one has
3 3
Vo => ¢(A)Vw; and VO =Y " 0(A;) V. (3.63)

i=1 i=1

Let a; and b; denote the two coordinates of vertex A;. We can easily show that

1 [ba—0b 1 [b3—0 1 [bi—0
Vu, = — ? ’ ,Vwy = — ¥ ! , and Vws = — ! 2
21T\ o5 — 0y 2T\ o) — ag 21T\ 4, — a

(3.64)
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Combining (3.62), (3.63) and (3.64), we can easily compute the integrals in (3.59),
and therefore those in (3.57) since, in practice, the integration sets are union of
(a small number of) triangles of 7,. These computations further simplify if 7}, is

a triangulation of the same type as those considered in Figure 3.1(a).

3.4.5 Enforcing the local positive semi-definiteness of p

by eigenvalue projection

In this section, we describe a classical method to force the positive semi-definiteness

of p. Assume that p;(= p(Q;)) has the following diagonalization p; = V;A; V™,

AL
where A; = ‘ , Al and A\? being the eigenvalues of p;. Let us denote
0 A
| Ao k
by A} the matrix A} = , where \Jt = max(\¥,0), Vk = 1,2. In
0 A

practice we use (with obvious notation) the following variant of (3.45) (resp.,

(3.48)) to update p™ in scheme (3.11)-(3.13) (resp., (3.14)-(3.17)):

(

Vizl,...,Nh,
pn+1/2(Qi) = e 7Ap Qi) + (1 — e*’YAt) D%lh (w") (Q2) D%2h (u™1) (Qs) ’
D%Qh (u™1) (Qs) Dg% (u"*1) (Q:)

P Q) = ViAS (P Vi

\

(resp.,

.

Vizl,...,Nh,
Diyy, (u™12) (Q:)  Diy, (u™*'/%) (Qs)

D3y, (unH/Q) (Qi) D3y, (un+1/2) (@)

an/Q(Qi) — ef’yAtpn(Qi) + (1 _ ef'yAt)

anrl(Qi) — VZAZ-I—(anrl/Q)VZ—l)
\
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3.5 A two-stage convergence acceleration strat-

egy

In this section, we propose a simple strategy to speed up the convergence of
schemes (3.11)-(3.13) and (3.14)-(3.17). Instead of (3.5), we consider the follow-

ing initial value problem

)
_w — V- [(el + cof(p)) Vu] + 2f =0, in 2 x (0, +00),

u =g on df2 x (0,400),

g_r;qu(p_DQu):OinQX(OaJFOO)’

u(0) = u1, p(0) = p1,
(3.65)

where 7 is an artificial time. In (3.65), M is a time independent matrix-valued
function, which is supposed to be reasonably close to cof(D?u*), u* being the

convex solution of problem (3.1) (assuming it exists).

We have the following theorem about the convergence order of a general form of

(3.65):

Theorem 3.5.1. Let u* be the solution to

Au+ f = 0. (3.66)

where A is a linear operator applied on w. Assume A can be discretized as a
positive definite matriz with largest eigenvalue larger than 2. Starting from an

initial condition u°, solve

ou
oA+ =0 (3.67)
or
agu fAu+ f=0 (3.68)

7



to steady state to get an approximation of u*. Denote the discretization of M
and A by M and A respectively. In (3.68), M is an approzimation of A in the
sense that the range of eigenvalues of M, A are similar. If (3.67) and (3.68) are
solved by forward Euler method, then the stability time restriction of (3.68) is

more relazable than (3.67), especially when A has large eigenvalues.

Proof. Using the forward Euler method, (3.67) can be discretized as

n+1 n

u"t —
n ) )
— R +AuU + =0 (3.69)

Using the condition u* is the exact solution, (3.69) is equivalent to

(u™t —u*) — (u" — u*)

A7 + A" —u")=0 (3.70)

which can be written as

et = (I — AtA)el. (3.71)

el = u" — u* is the error of u" when solving (3.69) at time level ¢t". Denote the
largest and smallest eigenvalue of A by \,... and A,.;, respectively. Then to get
a convergent scheme, we need |1 — AtA,..| < 1. So we need At < ﬁ The
time restriction of (3.69) is of order O( ﬁ) It can be very small when A, is

large.

Similarly, (3.67) can be discretized as

Myt — Mu™
A" =0. 3.72
A7 + AU+ f ( )
and we have
eht = (I— AtM ™' A)el. (3.73)

el = u™ —u* is the error of u™ when solving (3.70) at time level t". Denote the

largest and smallest eigenvalue of A by a4, and a,,;, respectively. The stability
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condition on the time step is |1 — Atnq.| < 1. Since we assume M approximates
A well, apin, Qmae should be close to 1. So the time step restriction of (3.72) is

of order O(1). O

Remark 3.5.1. Although Theorem 3.5.1 is about explicit scheme, in our exper-
iment, this technique also provides extra stability for implicit scheme. We can

use a much larger time step with faster convergence rate.

Scheme (3.11)-(3.13) can be easily modified in order to accommodate (3.65): we

just have to replace utt ot gy (3.12) by

At

+1

V. {(5I+M)V(%)].

Compared to (3.12), the above preconditioning allows the use of a larger (pseudo)
time step A7, typically of the order of 1 if v &~ 1, and u; and p; are well-chosen.
If convergence takes place, we expect that lim, ,,.u” = u*. To guarantee

convergence, a proper choice of {uy, p1} is in order: a simple way to achieve that

goal is to proceed as follows:

(i) Start iterating with scheme (3.11)-(3.13) for a small value of At, then stop
time-stepping after a sufficiently (but not too) large number of time steps,

denoting by {u1,p1} the pair produced by scheme (3.11)-(3.13).

(i) Take for M the matrix-valued function cof(D?u;), and, using {u;,p;} as
initializer, switch until convergence to the variant of scheme (3.11)-(3.13)

associated with the initial value-problem (3.65).

A similar strategy can be used to speed up the convergence of scheme (3.14)-

(3.17).

It is shown in particular that if M is close to cof(D?u*), where u* is solution to

problem (3.1), large values of 7 can be used leading to fast convergence properties.
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Remark 3.5.2. As shown in Section 3.6, the above two-stage strategy can im-
prove significantly the computational efficiency, particularly for those situations
where the Monge-Ampére problem (3.1) has smooth, sufficiently isotropic, clas-
sical solutions. On the other hand, this two-stage strateqy does not speed up
significantly convergence if the solution s either strongly anisotropic, or non-
smooth, or of the viscosity type. The readers will notice the Newton-like flavor

of the above two-stage strategy.

Remark 3.5.3. In Theorem 3.5.1, we assume M is close to A. In our experi-
ments, this is not so restrictive. M, no far from A, provides very good results.

Only a few steps in Stage 1 is enough.

3.6 Numerical experiments

3.6.1 Generalities

In this section we will apply the algorithms discussed in Section 3.3 to 3.5, to
the solution of a variety of test problems, with or without classical or smooth
solutions. The associated domains 2 will be in particular the unit square (0, 1)?
(a popular one as one can guess) and the disk of radius 1/2, centered at (1/2,1/2).
Triangulations of these two domains have been visualised in Figures 3.1(a), (b),
(c), and (d): The mesh in Figure 3.1(a) will be called the regular mesh, while the
mesh on Figure 3.1(b) will be called the symmetric mesh (it has five symmetries,
while the mesh in Figure 3.1(a) has three symmetries ‘only’). The meshes on
Figures 3.1(c) and 3.1(d) will be the non-regular (or non-uniform) ones, although
they are fairly isotropic. It is worth mentioning that the meshes shown in Figures
3.1(c) and (d) have been generated using distmesh [99]. As expected (from the
experiments reported in [15]), of all the triangulations we tested, those as the

one shown in Figure 3.1(a), were the only ones not requiring a smoothing of the
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Figure 3.1: Four meshes for the two different domains used in the numerical
experiments. (a) A regular mesh on a square. (b) A (highly) symmetric mesh

on a square. (c) A non-regular mesh on a square. (d) A non-regular mesh on
the half-unit disk.

discrete second order derivatives to produce accurate results.

Our main goal with the first two examples was to test and compare the perfor-
mances of the original one-stage algorithm (3.11)-(3.13) (actually of a finite ele-
ment variant of it, including the projection operation on the cone of the positive
semi-definite matrices as discussed in Section 3.4.5) with those of the two-stage
algorithm discussed in Section 3.5 . We took e = ¢; = h% 3 = 1/4 and At = 2h?
in the discrete analogue of (3.11)-(3.13). In the first stage of the two-stage algo-

rithm we used ||D?u™ — p"|| < 10 as the criterion to switch to stage 2 (above,
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the matrix-function norm || - || is defined by

1 Np

ISI* =3 > lrllIS(@u)I1%, VS € Qu,

k=1

the matrix norm of S(Q)x) being the Frébenius one). In stage 2, we used A7 = 1/2
and took |[u"™! — u"||; < 1075, typically, as stopping criterion (|| - ||z being a
trapezoidal rule based approximation of the Ly— norm). When using only the
discrete analog of scheme (3.11)-(3.13), we use a stopping criterion similar to the
one used in stage-2, but with a smaller tolerance to compensate the fact that

At(= 2h?) is quite small (this appears clearly on Figure 3.3).

Remark 3.6.1. A smaller stopping criterion can be used for stage 2, but this
is not necessary since (as visible on Figure 3.2) the Ly and Lo distances to the
exact solution do not decrease anymore for n sufficiently large (likely an effect

of the various regularizations we employ); this appears clearly on Figures 3.2(b),

(c) and (d).

3.6.2 Example 1

For the first example, we took as exact solution the function u* defined by

Y ) —g 1 2+1 1\? .
u(zy,20) =8 || 1 — = —(xo— = —
1, T2 175 o\ 275

with the parameter o > 1, g = u*|sq and f = 256.

The first case we consider is a = 1, corresponding clearly to an isotropic solution
u*. On Table 3.1, we have reported some of the results obtained when applying
the two-stage scheme to the solution of the related Monge-Ampere problem (3.1),
indeed, for various meshes of the unit square and half-unit disk, we have shown

the number of iterations (time steps) necessary to achieve convergence, the Lo
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h Tterations | ||u™™ —u™[|y || Lo norm | rate | L. norm | rate

(a) 0.1414 16 6.78x107° 3.87x10~* 6.93x10~*
Y 0.0707 15 5.30x107° 9.75%107° | 1.99 || 1.99x10~% | 2.00
0.0354 28 6.71x107° 2.79x107° | 1.81 || 4.74x107° | 1.88
h | Iterations | ||[u"™* — ™|y | Ls norm | rate | Lo norm | rate

(b) 0.1 13 8.10x107° || 7.89x10~° 1.40x10~2
0.05 17 4.18x107° 1.98x1073 | 1.99 || 3.52x1073 | 1.99
0.025 23 4.49%107° 4.92x107* | 2.01 || 8.72x107% | 2.01
h | Iterations | ||[u"*t —u™||y | Ly norm | rate | L. norm | rate

(© 0.1 17 5.05x10°° [ 4.56x10°7 1.41x1072
“170.05 15 5.19x107° 1.01x1073 | 2.17 || 3.94x1072 | 1.84
0.025 21 8.37x107° 2.25x107% | 2.17 || 1.30x1073 | 1.60
h | Tterations | [[u"™ —u"||y || Lo norm | rate | Lo norm | rate

(d) 0.1 17 4.90x107° 1.93x1073 1.22x1072
0.05 14 6.86x107° 6.46x107* | 1.58 || 2.96x1073 | 2.04
0.025 20 7.56x107° 1.14x107% | 2.5 || 8.30x10~* | 1.83

Table 3.1: (Example 1, @ = 1) Number of iterations necessary for the con-

vergence of the 2-stage scheme, approximation errors and space approximation
convergence rates for: (a) the unit square regular mesh, (b) the unit square sym-
metric mesh, (c) the unit square non-uniform mesh, and (d) the half-unit disk
triangulation.

h Iterations | ||[u™™ —u™[]; | Ly norm | L norm
(i) | 0.0354 38 1.45x107% | 6.36x107° | 1.30x10~*
(i) | 0.0354 28 6.71x107% | 2.79x107° | 4.74x107°
(iii) | 0.025 48 1.00x10™° | 5.20x10~% | 1.09x10~*
(iv) | 0.025 23 4.49%107% | 4.92x107* | 8.72x1074

Table 3.2: (Example 1, & = 1) Comparison between the original one-stage scheme
(i.e., the discrete analogue of scheme (3.11)-(3.13)) and the two-stage scheme for
the meshes shown in Figure 3.1(a) and Figure 3.1(b): (i) Mesh (a) with the
original one-stage scheme. (ii) Mesh (a) with the two-stage strategy. (iii) Mesh
(b) with the original one-stage scheme. (iv) Mesh (b) with the two-stage strategy.

and L., approximation errors and the corresponding convergence rates (roughly
of the order of two, which is generically optimal for continuous piecewise affine
finite element approximations). On Figure 3.2, we have visualized the graphs of
the computed solutions, together with the related convergence and approxima-

tion errors histories for the four type of meshes considered here. We clearly see
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Figure 3.2: (Example 1, « = 1) Graphs of the computed solutions obtained
via the two-stage strategy and related convergence behaviors for: (a) the unit
square regular mesh, (b) the unit square symmetric mesh, (c¢) the unit square
non-uniform mesh, and (d) the half-unit disk triangulation.

that the L, and L., approximation errors reach a plateau for n large enough.

On Table 3.2 we have compared for meshes (a) and (b) of the unit square, the
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Figure 3.3: (Example 1, a = 1) Convergence histories of the original one stage
and two-stage schemes on (a) the unit square regular mesh and (b) the unit
square symmetric mesh. Note that the red curves on these figures are the same

as the corresponding ones in
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Figure 3.4: (Example 1, @ = 1) Error history for the original one-stage algorithm
with € = ¢; = 0, dt = h? (unit square regular mesh).
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Figure 3.5: (Example 1, a = 5) Convergence histories of the original one-stage
and two-stage schemes for (a) the unit square regular mesh and (b) the unit

square symmetric mesh.
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convergence behaviors of the original one-stage and two-stage schemes, with the
corresponding convergence indicators reported in Figure 3.3. Actually, Figure
3.3 shows very clearly the dramatic speed of convergence increase provided by

the two-stage strategy (a Newton-like approach).

Suppose that one takes ¢ = ¢; = 0 and focus on the regular mesh (a) for the
unit square. Since the solution u* of this test problem is a polynomial function
of degree 2, relations (3.25) to (3.28) are exact for u* if one employs a regular
mesh like the one in Figure 3.1(a). Since ;ZD%u* = 0, one expects to reach
machine precision if one takes a sufficiently large number of time steps. This
prediction is confirmed by the results reported in Figure 3.4, obtained using
scheme 1 (the original one-stage scheme) with At = h? and h = 0.0354; these
results show indeed that both the L, and L., approximation errors converge to

0 with machine precision.

Next, still in the context of Example 1 test problem, we used our Monge-Ampeére
solver to investigate how varying the parameter a affects the convergence. Our
approach works well on the regular mesh, even without regularization. On the
other hand, we found that for the other meshes the proposed algorithms do not
converge if one does not regularize (as shown in Section 3.4.3 and 3.4.3) the
discrete second order derivatives (this was already mentioned in [15], so that
the least-squares solution method discussed there produce converging solutions
when h — 0). Beyond o = 5, the two-stage method does not bring notable
improvement to the speed of convergence. In that direction, we have compared
on Figure 3.5, the convergence properties of the original one-stage and two-stage
schemes, for a = 5, A7 = 1/8 in stage-2 of the second scheme, the meshes we
used for this comparison being the unit square regular mesh with A = 0.0354,
and the unit square symmetric mesh with A = 0.025. From Figure 3.5, the

convergence histories of both schemes are quite similar.

Remark 3.6.2. All the results reported in the current Section 3.6.2 have been
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6ph —
on

obtained using relation (3.40) to impose (approzimately) the condition
on 0N). The results obtained using relations (3.34), (3.35) are very close to those
obtained via (3.40), from both the number of iterations and approximation error
points of view, this property still holding for the other test problems considered in

this article. Since the relation (3.40) based approach is easier to implement it will

be the only one to be considered concerning the results reported in the following

sections.

h Tterations | ||u™™ —u™[|y || Lo norm | rate | L. norm | rate

(a) 0.1414 10 7.37x1077 || 1.64x107* 3.75x10~*
0.0707 17 6.51x107% || 4.95x1073 | 1.73 || 1.07x107% | 1.81
0.0354 23 7.11x107° 1.28x107% | 1.95 || 2.67x1073 | 2.00
h | Tterations | [[u"™ —u"||y || L, norm | rate | Lo norm | rate

(b) 0.1 11 2.47x107° 2.43x1072 5.04x1072
0.05 20 5.51x107° 8.33x1073 | 1.54 || 1.60x1072 | 1.66
0.025 22 8.10x107° 2.70x1073 | 1.63 || 4.76x1073 | 1.75
h | Tterations | [[u"™ —u"||y || L, norm | rate | L. norm | rate

(c) 0.1 10 2.43x107° 1.83x1072 4.19x1072
“70.05 17 6.53x107° 5.20x1073 [ 1.82 || 1.18x1072 | 1.83
0.025 22 5.47x107° 1.39x107% | 1.90 || 3.12x1073 | 1.92
h | Tterations | [[u"™ —u"||y || Lo norm | rate | Lo norm | rate

(d) 0.1 10 4.15x1078 1.14x1072 2.93x1072
0.05 17 510x107°% |/ 3.25x107% | 1.81 || 7.54x107° | 1.96
0.025 22 4.41x10°° [ 8.83x10~* | 1.88 || 2.09x10~* | 1.85

Table 3.3: (Example 2) Number of iterations necessary for the convergence of the
two-stage scheme, approximation errors and space approximation convergence
rates for (a) the unit square regular mesh, (b) the unit square symmetric mesh,
(¢) the unit square non-uniform mesh, and (d) the half-unit disk triangulation.

3.6.3 Example 2

In this example, we take f(zy,x5) = 64e* (14 2r?) and g = u*|sq with

2

u*(xy, x0) = 4’ —

N ©
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Figure 3.6: (Example 2) Graphs of the computed solutions obtained via the two-
stage scheme and visualization of the convergence behaviors obtained on the unit
square for the regular mesh (a), the symmetric mesh (b), the non-uniform mesh
(¢), and on the half-unit disk for a triangulation of type (d).

with 2 = (21 — 1/2)% + (22 — 1/2)? so that det D*u* = f. We have visualised

in Figure 5.4 both the numerical solutions obtained by the two-stage strategy
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h Iterations | ||u™™ —u"||s | Ls norm | L. norm

(i) | 0.0354 65 9.74x107% | 1.29x1073 | 2.69x 1073
i . 11x10™ 28%10~ 67x10~
(i) | 0.0354 23 7.11x107% | 1.28x1072 | 2.67x1073
iii . 64x10~ .61x10~ 6810~
(iii) | 0.025 93 9.64x107°% | 2.61x107% | 4.68x1073
iv . 10x10™ .70x10™ 76x10~
(iv) | 0.025 22 8.10x107% | 2.70x1073 | 4.76x1073

Table 3.4: (Example 2) Comparison of the original one-stage and two-stage
schemes for the meshes of Figure 3.1(a) and 3.1(b): (i) Mesh (a) with the original
one-stage scheme. (ii) Mesh (a) with the two-stage strategy. (iii) Mesh (b) with
the original one-stage scheme. (iv) Mesh (b) with the two-stage strategy.

AT

two-stage L, \ K | S~ two-stage L,
——-—twosstage L _ -2
original L,

———— two-stage L -
original L,

———— original L . ———— original LX

log(error)
&

-9

0 10 20 30 40 50 60 70 0 20 40 60 80 100
(a) number of iterations (b) number of iterations

Figure 3.7: (Example 2) Convergence histories of the original one-stage and
two-stage schemes for (a) the unit square regular mesh and (b) the unit square
symmetric mesh. Note that the red curves on these figures are the same as the
corresponding ones in Figure 5.4(a) and (b).

and also the convergence histories. Numerical results obtained for various values
of h are shown in Table 3.3. We observe that the convergence rates for the Lo-
and the L.-errors have slightly dropped from 2 (to approximately 1.8). For this
example where problem (3.1) has a smooth classical convex solution, we expect
the two-stage strategy to significantly improve the speed of convergence (as it
did for the Example 1 test problem for « close to 1). This is indeed the case as

shown by the results reported in Figure 3.7 and Tables 3.3 and 4.5.

3.6.4 Example 3

In this example, we consider a particular case of problem (3.1) defined by
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[D?u”—p"]

h Tterations | |Ju™* — u™[|y | [|D?*u™ — p"|| o
(a) [ 01414 40 781x10°7 | 6.43x10°% |2.90x10 2
0.0707 139 9.14x107 | 1.72x10° " | 6.76x10 2
0.0354 | 531 9.79x10°7 | 2.33x10°" | 8.90x102
h | Tterations | [[u™™ —u"|y | ||D?*u™ — p"|| HD?T}?—,L_HPW
()| 01 58 8.99x10~7 | 357x10° T [ 1.53x10° "
0.05 152 8.55x 1077 3.66x107! | 1.49x107!
0.025 710 9.87x10°7 | 3.59x10° " | 1.40x10°"
h | Tterations | [[u"*! —u”|l; | [D%u" —p| | 52l
() 0.1 37 9.25x 1077 6.54x1072 | 2.98x1072
0.05 144 9.99x10~7 | 1.38x10°" | 5.50x102
0.025 562 9.92x10~" | 246x1071 | 9.30x102

Table 3.5: (Example 3 with = (0, 1)?) Matching errors for the solutions com-
puted on (a) the unit square regular mesh, (b) the unit square symmetric mesh,
and (c) the unit square non-uniform mesh.

Ql Ql QQ QQ
2un_ n n n Qun_ n
h HD2u” _ an ID Hp"”p I HD2u —p H ID ”anp H‘
(a)[ 0.1414 | 1.49x10~3 | 1.16x1073 || 8.12x10~% |1.10x1073
0.0707 | 6.50x10~% [595x107% || 4.73x107%* | 5.57x107%
0.0354 | 1.27x1073 [1.23x1073 || 8.82x10°% | 1.10x1073
Ql Ql QQ QQ
ZU"— n n n 2un_ n
h ||D2u” _ an D Hp"||p I ||D2u —p || D ”anP Il
M) 0.1 1.48x1073 [ 1.33x107 %[ 5.54x107% | 7.41x107°4
0.05 | 2.06x1073 [1.93x1073 [ 1.80x1072% [ 2.19%x1073
0.025 | 6.50x103 [6.36x1073 || 3.32x1073 | 4.20x1073
Ql Ql QQ QQ
h ||D2un _ an D |rp;;Hp l HDQU" _ an ID “uPnf”p Al
() 0.1 5.92x10°% [ 5.78x10° % || 2.98x10°% | 4.06x10°*
0.05 | 3.51x107* |3.74x107* || 2.51x10~* | 3.30x10~*
0.025 | 1.30x107% | 1.33x107% || 8.30x10~* | 1.10x107°

Table 3.6: (Example 3 with Q@ = (0,1)?) L? norms of the computed discrete
analogues of the gap D?*u — p restricted to the subdomains ; = (0.2,0.8)2
and Qy = (0.25,0.75)? for (a) the unit square regular mesh, (b) the unit square
symmetric mesh, and (c) the non-uniform mesh on the unit square.

det D?u =1 in Q,
(3.74)

u = 0 on 0f2.
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Figure 3.8: (Example 3 with Q = (0,1)?) Graphs and contours of the computed
solutions obtained by the original one-stage method for (a) the unit square reg-
ular mesh with ~ = 0.0354, (b) the unit square symmetric mesh with h = 0.025,
and (c) the unit square non-uniform mesh with A = 0.025.

If O = (0,1)% this example (introduced in [15]), has become a classical test
problem for Monge-Ampere solvers, despite the fact it has no classical solutions,
a consequence of the non-strict convexity of domain (see the related discussion
in [29]). This section has two parts: In the first part, we test our method using
Q = (0,1)%. In the second part, we solve (3.74) for a series of strictly convex

domains which converge to (0,1)? to further test the performance of our method.
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Figure 3.9: (Example 3 with Q = (0, 1)?) Cross sections for several values of h of
the approximate solutions along (a) the line x; = 1/2 and (b) the first bisector
r1 = x9 (regular meshes).

Example 3 with Q = (0,1)?

With Q = (0,1)?, although (3.74) has no classical solutions, it has however
viscosity solutions, and also least-squares solutions in the sense of [27, 15, 30, 44].
To solve this challenging problem, we gave the value 1072 to the two smoothing
parameters. It seems that for this test problem the two-stage strategy does
not improve the convergence to the steady state solutions, explaining why we
employed only the original one-stage operator-splitting scheme, using ||u"*! —
u"|ls < 107° as stopping criterion. We have reported in Table 3.5, for various
values of h and types of triangulations of the unit square, the number of time steps
necessary to achieve convergence according to the above stopping criterion, and
the Lo-norm of the computed discrete analogue of the gap D?u—p. On Figure 3.8,
we have visualized the graphs and contours of the computed solutions obtained
with various types of triangulations of €2; these various approximate solutions

are very close to each other.

The results reported in Table 3.6 and Figure 3.9 are particularly interesting.
Starting with Figure 3.9, we observe that the computed solutions converge to a
smooth limit when A — 0 and that the convergence is super-linear with respect to

h; actually, this limit matches very accurately the least-squares solution obtained
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Figure 3.10: (Example 3 for a series of strictly convex domains) Finite element
triangulation of €2, for h = 1/80 and (a) a = 1/7, (b)a = 1/16m.

in [27, 15, 30, 44] for the same test problem. Figure 3.9(b) shows also that the

above limit is concave close to the corners. On the other hand, Table 3.6 shows

that sufficiently far way from the boundary, but not that far, the gap D?u — p

is fairly small, implying in turn a similar property for the relation det D?u = 1.

Example 3 for a series of strictly convex domains

Since the non-existence of classical solutions to problem (3.74) stems form the

non-strict convexity of domain = (0, 1), we were wondering what happens if 2

is approximated by a converging family of strictly convex domains. To investigate

this issue, we introduced a family {€,},~0 of bounded two-dimensional domains

whose boundary 0}, is defined by 02, = U?ZlFi with

I, = {{x17$2}|0 <z <129 = —asinmcl},

F2 — {{$1,$2}|J;1 =1 +CLSin7TI‘2,0 S X2 S 1}7
(3.75)

3 ={{x;,22}|0 <2y < 1,29 = 1 +asinma, },

T, = {{z1, 22} |x1 = —asinmay, 0 < xy < 1}.

Domain €, is strictly convex if a € (0,1/7] and we clearly have lim, .o 2, = €.
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Figure 3.11: (Example 3 for a series of strictly convex domains) Contours of the
computed solutions of problem (3.76): (a) a = 1/7, (b) a = 1/4x, (¢) a = 1/16m,

(d) a = 1/327 (h = 1/80).
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Figure 3.12: (Example 3 for a series of strictly convex domains) Restriction of
the computed solution of the problem (3.76) to: (a) the line x; = 1/2, (b) the
line z1 = x5 (h = 1/80).
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We applied the one-stage algorithm discussed in the preceding sections to the

solution of problem

det D?u =1 in Q,
(3.76)

u =0 on 0f),,
for a = 1/m,1/4mw,1/167 and 1/327, the common mesh size of the triangulations
of these four domains being h = 1/80 (the triangulation corresponding to a =

1/167 has been visualized on Figure 3.10).

On Figure 3.11 (resp., Figure 3.12) we have visualized the contours of the com-
puted solutions of problem (3.76) (resp., the graphs of the restriction of the
computed solutions of problem (3.76) to the lines x; = 1/2 and x; = z5). Figure
3.12 shows that for a = 1/167 and 1/32m, the computed solutions of problem
(3.76) are very close to those visualized in Figure 3.9 for h = 0.0354 and 0.0177.
Figure 3.12 suggests also that the restriction to €2 of the solution w, of prob-
lem (3.76) converges super-linearly to the generalized solution of problem (3.74)

obtained in Section 3.6.4.

log(error)

0 200 400 600 800 1000 1200
number of iterations

Figure 3.13: (Example 4) Graphs of the computed solution for A = 0.0442 and
related convergence histories and approximation error behaviors(regular mesh).

3.6.5 Example 4

The fourth test problem that we consider is the following particular case of

problem (3.1):
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h Iterations | [|u™™ — u™|, Ly rate Leo rate
0.1768 106 9.69x107°% | 9.23x1073 8.75x1073
0.0884 311 9.83x107% | 3.71x107% | 1.31 | 3.59x 1073 | 1.29
0.0442 1115 9.96x107° 1.56x1073 | 1.25 | 1.79x1073 | 1.00

Grid Size Error rate | M1 | M2
(b) 16 2.50 x 1072 564 | 601

32 1.60 x 1072 | 0.64 | 585 | 651
64 1.10 x 1072 | 0.54 | 976 | 1037

—~
53
~—

Table 3.7: (Example 4)Number of iterations and errors on regular meshes for
different mesh sizes.(a) Results by the method discussed in the current article.

(b) Results by the two methods discussed in [104] (M1 and M2 are the numbers of
iterations needed by the two methods discussed in [104] to achieve convergence).

0 500 1000 1500 2000 2500 3000
number of iterations

Figure 3.14: (Example 4) Graphs of the computed solution for h = 0.0156 and re-
lated convergence histories and approximation error behaviors(symmetric mesh).

h Iterations | [|u™™ — u™|, Ly rate Ly rate
0.1768 271 9.78x107" | 6.24x1073 7.97x1073
0.0884 866 9.98x107" | 2.68x107% | 1.22 | 3.41x1073 | 1.22
0.0156 2820 9.99x10~7 | 1.51x1072 [ 0.83 | 1.79x1073 | 0.93

Table 3.8: (Example 4)Number of iterations and errors on symmetric meshes for
different mesh sizes.

det D?u = 1/r in Q,
(3.77)

u= %51“3/4 on 01,

with Q@ = (—1,1)? and r = /2% + 2. Problem (3.77) has a unique convex solu-
tion given by u = %57“3/4; we observe that f = 1/r blowsup at x = (0,0). All our

computations have been done with regular meshes (like the one in Figure 3.1(a)),
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using € = ¢; = 2h? as regularization parameters, and ||[u"™ — u"||s < 107° as
stopping criterion. Due (very likely) to the non-smoothness of f, the two-stage
strategy does not pay off for problem (3.77), explaining why the results reported
below have been obtained via the finite element analogue of scheme (3.11)-(3.13).
The graph of the computed solution and the convergence history have been visu-
alized on Figure 3.13, for h = 0.0442 (which corresponds to 64 grid points in each
direction). In Table 3.7(a) we have reported for h = 0.1768,0.0884 and 0.0442
(which correspond, respectively, to 16, 32, and 64 grid points in each direction)
the number of iterations (time steps) necessary to achieve convergence, the L
and L..-norms of the approximation errors and the related rates of convergence.
In [104] one discusses two methods for the numerical solution of fully nonlinear
elliptic equations. These methods rely on those large stencil finite difference dis-
cretization schemes discussed in [38], and on accelerated gradient type algorithms
a la Nesterov ([89, 111]) whose convergence rate is O(1/k?) where k denotes the
number of iterations. For comparison purpose we have reported in Table 3.7(b)
the results obtained by the two methods discussed in [104] using meshes of the
same size as our finite element meshes. Actually the two methods discussed
in [104] are also cascadic since a first approximate solution is computed on a
coarse mesh and then interpolated on a mesh twice finer to initialize an iterative
method. Tables 3.7(a) and 3.7(b) suggest that, for this test problem at least, our

method is faster and more accurate than the ones discussed in [104].

In order to study the influence of the mesh on the solution process, we have
used symmetric meshes (like the one in Figure 3.1(b)) to solve problem (3.77).
The related results are reported in Table 3.8 and Figure 3.14, they have been

obtained using ||u"*! — u"||y < 107% as stopping criterion.
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Figure 3.15: (Example 5) Graphs of the computed solutions obtained via the
discrete variant of scheme (3.11)-(3.13) and visualization of the convergence be-
haviors obtained on: (a) (resp., (b)), the unit square for the regular mesh with
h = 0.0354 and approximation (3.79) (resp., ((3.80)), (¢) (resp., (d)) the half-
unit disk for a non-uniform mesh with h = 0.025 and approximation (3.79) (resp.,
(3.80)).
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h Iterations | ||u™™ — u™||, Ly rate Lo rate

(a) 0.1414 66 9.68x107" | 2.32x1072 1.63x1071
0.0707 295 9.89x10~" | 7.85x1073 | 1.56 | 8.76x1072 | 0.90
0.0354 2989 8.58x107" | 4.86x107% | 0.69 | 4.52x1072 | 0.95
h Iterations | [Ju™™! — u"||, Ly rate Lo rate

(b) 0.1414 208 9.86x107% | 6.85x10~° 2.15x1072
0.0707 1352 9.97x107% | 3.52x107% | 0.96 | 1.72x1072 | 0.32
0.0354 8112 1.00x10~" | 2.93x1073 | 0.26 | 1.33x1072 | 0.37
h | Tterations | [[u"™ —u™|| Ly rate Lo rate

0.1 60 9.46x107" | 2.16x107* 1.61x107"
(c) 0.05 305 9.92x107" | 6.54x107% | 1.72 | 8.71x1072 | 0.88
0.025 1290 9.99x107" | 2.29x1072 | 1.51 | 4.57x1072 | 0.93
h | Iterations | [|u™*t —u™||, Ly rate Lo rate

(d) 0.1 65 9.15x107" | 6.54x1073 1.89x1072
0.05 465 9.98x10~" | 2.68x1073 | 1.29 | 8.80x1073 | 1.10
0.025 2724 1.00x107% | 8.37x107* | 1.68 | 5.13x1073 | 0.78

Table 3.9: (Example 5) Number of iterations necessary to achieve convergence
and related approximation errors for various values of h. (a) (resp., (b)) On
the unit square with approximation (3.79) (resp., (3.80)) of the Dirac measure
(regular meshes). (c) (resp., (d)) On the half-unit disk with approximation (3.79)
(resp., (3.80)) of the Dirac measure (non-uniform meshes).
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Figure 3.16: (Example 5) Graphs of the restriction of the half-unit disk computed
solutions to the line z; = 1/2 for different values of h. (a) Using approximation

(3.79). (b) Using approximation (3.80).
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3.6.6 Example 5

In order to further investigate the capabilities of our methodology, we have ap-

plied it to the solution of what we consider a demanding test problem, namely

det D2u = 7T(5(1/271/2) in Q,
(3.78)

u(wy, we) = \/(v1 — 1/2)2 + (x9 — 1/2)2,¥(x1, 29) € OS2,

where in (3.78), 6(1/2,1/2) is the Dirac measure at (1/2,1/2) and 2 is either the
square (0, 1)? or the disk of radius 1/2 centered at (1/2,1/2). The unique convex

solution u of problem (3.78) is given by

w(xy, 29) = /(21 — 1/2)2 + (29 — 1/2)2,V(x1, 25) € Q.

Two different approximations of the Dirac measure have been employed. The

first one is defined by

3 : 1
(W+62)7r if 1 =29 = 3,

f(zy,x9) = (3.79)

€9 otherwise

where |wy| denotes the area of the polygonal wy, union of those triangle of 7,

which have (1/2,1/2) as a common vertex.

To define the second approximation, we recall that

~V?In (1/\/(1: —1/2)2+ (y — 1/2)2> = 2m(1 1) (in the sense of distributions).

Introducing a small parameter €3 we have

2
2es5

(G + (x = 1/2) + (y — 1/2)2)"

- (1 + o 12+ 12 -
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suggesting as second approximation of the Dirac measure the function f., defined

by
e

(G + (21 = 1/2)% + (22 — 1/2)%)°

fes(x1, ) = (3.80)

Our methodology has been tested, for several values of h, on two domains,
namely, the square (0,1) x (0,1) (with ¢ = h%,e; = h% ey = h,e3 = h) on
regular meshes, and then the disk of radius 1/2 centered at (1/2,1/2) (with
e = h% e, = h® ey = h,e3 = h) on non-uniform meshes. For the disk, one
has u|gpo = 1/2 as boundary condition. When solving problem (3.78) on the
unit square, using the approximation (3.80) of the Dirac measure, we took

1 ym|l; < 1077 as stopping criterion; for the other situations associated

[
with problem (3.78) we investigated, we used the less demanding stopping cri-
terion |lu™* — u™|]; < 107° since it was bringing results of comparable quality.
The graphs of the computed solutions and the related convergence histories have
been reported on Figure 3.15. The number of iterations necessary to achieve
convergence and the behaviors of the L? and approximation errors have been
reported on Table 3.9. Approximation (3.79) of the Dirac measure provides a
faster convergence, if measured in number of iterations, however, approximation

(3.80) provides a significantly smaller approximation error, particularly close to

the point (1/2,1/2) as shown in Figure 3.16.

Remark 3.6.3. Approximation (3.80) of the Dirac measure involves only one
small parameter, namely €3, necessarily a distance. Resolution considerations
strongly suggest taking €3 =~ h. The good quality of the results obtained with

€3 = h confirm the soundness of our analysis.
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(d)

Figure 3.17: (Example 6) Graphs and contours of the computed approximate
concave solutions of problem (72) for (a) a = 1/7, (b) a = 1/4x, (c) a = 1/16m,
(d) a =1/327 and h = 1/40.
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Figure 3.18: (Example 6) Graphs of the restrictions of the computed approximate
convex solutions of problem (72) to (a) the line z; = 1/2, and (b) the line z; = x,
fora = 1/m,1/47,1/16m,1/327m and h = 1/40.
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3.6.7 Example 6

We investigate the solution of the following variant of problem (3.78) in Section

3.6.6

det D2u = 7T5(1/271/2) in Q,
(3.81)

u =0 on 0,
with Q = (0,1)?. Problem (3.81) is challenging to our methodology since the
right-hand side of the related Monge-Ampere equation is not a function but a
measure vanishing in Q\{1/2,1/2}, the non-strict convexity of {2 creating addi-
tional problems. Indeed, when applying the one-stage algorithm, we discussed in
the preceding sections, to the solution of the variant of problem (3.81) obtained
by replacing md(1/2,1/2) by its approximation defined by (3.80) (with e3 = h), we
could not obtain convergence. Since the divergence was mostly taking place at
the corners of 2, an obvious attempt at rescuing the situation was to replace the
above domain by the family {2, }, defined by (3.75), still using the approximation
(3.80) of m(1/2,1/2). This (kind of) regularization of 2 seems to work, as shown
by the results we obtained for a = 1/m,1/4m,1/167,1/327 and h = 1/40. These
results have been visualized on Figure 3.17 (resp., Figure 3.18) which shows the
graphs and contours of the computed concave solutions (resp., the graphs of the

computed convex solutions restricted to the lines 1 = 1/2 and x; = x3). These
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Figure 3.19: Eye-shape mesh with A = 0.025.

results strongly suggest that when a — 0, one has convergence of the computed

solutions to a piecewise affine function whose graph is an inverted pyramid.

3.6.8 Example 7

We will conclude our numerical experiments with the solution of (3.76) and (3.81)

on the following eye-shape domain:

0= {{x1,$2}| — I1<1 — l’1> <X < .’131(1 — xl),O < < 1}

This domain is strictly convex and with two corners. The graph of the domain
with h = 0.025 is shown in Figure 3.19. When solving (3.81), the delta function
is modified to be supported at (1/2,0) and the two approximations (3.79) and
(3.80) are tested. The figures and contours of the three problems are shown
in Figure 3.20. In Figure 3.20, the result of (3.76) is very smooth. For (3.81),
similar phenomenon of the two approximation observed in Section 3.6.6 can be
seen: a pin point appears by approximation (3.79) whereas approximation (3.80)

provides more smooth solution.
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0.3

()

Figure 3.20: (Example 7, h = 0.025) Graph of the computed solution and its
contours of (a) (3.76), (b)(3.81) with approximation (3.79), (c) (3.81) with ap-
proximation (3.80).
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3.6.9 Further comments

More or less at the same time we started investigating the additional problems
discussed in Section 3.6.4 and 3.6.7, our colleague X.C. Tai suggested us to have
a look at the so-called ‘heavy ball’ method introduced by B.T. Polyak in [102], as
a possible tool to speed up the convergence of our time stepping methods to the
solution of the discrete analogues of problem (3.1). To give an idea of the Polyak

method, let us consider the following unconstrained minimization problem

r e X,
(3.82)

J(z) < J(y),

with J : X — R convex and differentiable over the real Hilbert space X. As-

suming it exists, the solution of problem (3.82) is characterized by
DJ(z) =0, (3.83)

where DJ is the differential of functional J. Suppose we use the gradient flow
approach to solve (3.82) via (3.83): we associate thus to (3.83) the following

initial value problem

(Zz_f + DJ(z) =0 on (0, +00),
(3.84)

z(0) = .

The steady state solutions of (3.84) are solutions of (3.82), (3.83), justifying
using (3.84) to solve (3.82), (3.83). Let 7(> 0) be a time discretization step; the

simplest scheme we can think about for the time discretization of (3.84) is the
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forward Euler one; it leads to the following algorithm of the gradient type:

(

2 = xp.

For n > 0,2" — 2" as follows: (3.85)

st D J(am) = 0.

\

In [102], B.T. Polyak suggested replacing (3.85) by

(

2% = xo, 27! = 21(= ¢ for example).

For n > 0, {z" ! 2"} — z"*! as follows: (3.86)

| =+ DJ (") — fE=E— =0,

with 8 € (0,1). Actually (3.86) can be rewritten as

¢

2% = 29, 27! = x1(= x0 for example).

For n > 0, {z" ! 2"} — 2" as follows: (3.87)

|(1+ @) =te =2t 4 (1 - B)=ne2 4 DJ(a") = 0,

T2

a discrete analog of

d’x dx :
e+ (1—-06)%%+ DJ(x) =01in (0, +00),
dt? dt (3.88)

ZU(O) = Zo, %(0> = Do,

with € = (1 + )7 and py = 0 if 21 = x¢ (another possibility is to take
po = —DJ(xp)). When we modify the final version of our draft, we find that
(3.88) is pretty similar to what is proposed in [111], which is the limit of Nes-
terov’s accelerated gradient method mentioned in Section 3.6.5 with the same
convergence rate O(1/k*). From (3.88), it is clear that the Polyak trick intro-
duces inertia in the numerical model, the added mass being (14 3)3. It is shown

in [102] that there are situations where, for a well-chosen value of 3, the Polyak
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modification of algorithm (3.85) dramatically improves the speed of convergence
to steady state solutions. Unfortunately, the improvements it brings to the al-
gorithms discussed in the preceding sections are marginal (if any). This may
be due to the fact that our algorithms are based on the implicit/explicit time
discretization schemes, unlike the algorithms in [102] which are all related to
fully explicit schemes. On the other hand, from the numerical results reported
there, it seems that the algorithms discussed in [104] significantly benefited from
convergence acceleration techniques strongly related to those discussed in [102]

and made popular by Nesterov [89]

3.7 Conclusion

In this chapter, we have developed a relatively easy to implement finite ele-
ment and operator-splitting based methodology for the numerical solution of the
Monge-Ampere equation. The related method has been working well for vari-
ous types of triangulations (structured and unstructured) and can handle curved
boundary quite easily. We introduced also a Newton-like two-stage variant of
our methodology, which accelerates significantly the convergence if the problem
under consideration has a smooth convex solution. In the following chapters,
a series of variant of this method is introduced to solve other problems of the

Monge-Ampere type.
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Chapter 4

The Minkowski Problem

4.1 Introduction

The Minkowski problem, named after Hermann Minkowski, is a fundamental
problem in differential geometry. It asks for the construction of a strictly convex

function with prescribed Gauss curvature.

Given a compact, strictly convex hypersurface u in R", the Gaussian map G(x)
is a diffeomorphism from u to S™ such that G(z) is the unit outward normal
direction of u at x. Then the Gauss-Kronecker curvature K is the Jacobian

determinant of the Gauss map of u. Minkowski stated that we must have

/n oK' =0 (4.1)

with x; being the coordinate function. Minkowski problem is the converse of the
above problem: If a positive function K defined on S™ satisfies relation (4.1),
can we find such hypersurface u? The existence and uniqueness of solutions
were analyzed by Minkowski in [84, 85]. The regularity of the solution in two

dimensions were proved by Lewy in [69, 70], Nirenberg in [91] and Pogorelov in
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[100]. In high diemnsion, the regularity was analyzed by Cheng and Yau in [24],
and Pogorelov in [101].

For this problem, only a few numerical algorithm can be found. The earliest
one we can find is in [76, 77|, which solved a related problem: reconstructing
the surface from the extended Gaussian image. In [63], after a generalization
of Minkowski’s proof, the Minkowski problem is converted to an optimization
problem and the algorithm solves a polyhedral version of the Minkowski prob-
lem. In [64], an algorithm based on Minkowski’s isoperimetric inequality was
introduced. The Minkowski problem is solved in finite function space in which
truncated spherical harmonics series are used. In a more recent work, in [21], a
level set based PDE method was designed. In this method, a flow is introduced.
Given an initial implicitly defined surface, it evolves to the solution of the Min-
skowski problem under the level set framework. The method is discretized by

finite difference method.

In the above description and analysis, the manifold described by wu is assumed
to be closed. Another type of the Minkowski problem is a Dirichlet problem. In
the Dirichlet Minkowski problem, u is open and a Dirichelt boundary condition
is given. This problem has been studied by many authors. The existence and
uniqueness of the solution was studied by Bakelman in [4], Lions in [75] and
Urbas in [117, 118, 119]. A necessary and sufficient condition of the classical

solvability was proved by Trudinger and Urbas in [115].

In this work, we use an equivalent formulation of the Minkowksi problem and
consider the Dirichlet problem. Let K be a given Gauss-Kronecker curvature
and u be the solution to the corresponding Minkowski problem. Then u must

satisfies
det(D?u)
(1 + [Vul2)(nt2)/2

- K. (4.2)

(4.2) is one type of the Monge-Ampeére equation which in general can be written
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as

det(D?u) = f. (4.3)

In this chapter, based on the operator-splitting method introduced before, we

introduce a new algorithm to solve the Dirichlet Minkowski problem.

This chapter is organized as follows: In Section 4.2, we state some theoretical
results on the solution of the Dirichlet Minkowski problem. In Section 4.3, we
show the divergence formulation of the problem and introduce the equivalent
time dependent PDE system. The system is time discretized in Section 4.4 and
space discretized in Section 4.5. The initialization and algorithm is summarized
in Section 4.6. In Section 4.7, we show our numerical results of the performance

of the algorithm. Conclusion follows in Section 4.8.

4.2 Problem description

The Minkowski problem tries to find a strictly convex surface with prescribed
Gaussian curvature. In this work, we focus on the Minkowski problem with

Dirichlet boundary condition:

det(D?u) = K(1 + |Vu[?)2)/2,
(4.4)

u = g on 0,

where Q is the domain on which u is defined, K € C1(Q) N C%(Q) is a given
positive function (the prescribed curvature), g € C! is the boundary of the u

and D?u is the Hessian matrix:

Pu_Pu

D2u — 8:1:% 0x10x2
Pu_ o
Ox10x2 0x3
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Here we state some theory regarding the existence, uniqueness and regularity of
the solution to (4.4). The first one, from [115], regards on the classical solvability
of (4.4)

Theorem 4.2.1. Let Q be a uniformly convex CY' domain in R™ and K a
positive function in CY1 N C%Y(Q). Then the classical Dirichlet problem (4.4) is
uniquely solvable for arbitrary g € CY1(Q), with convex solution u € C?(2) N

COL(Q), if and only if the following two conditions hold:

/ Kdr < / (1 + [p]?) Y+ dp, (4.5)
Q n

K =0 on 09. (4.6)

To make sure the existence of the solution for arbitrary g, condition (4.6) is
necessary. In [115], the authors stated that if K does not vanish on the boundary,

there exists one g such that (4.4) has no solution.

For the limit case of condition (4.5):

/ Kdr = / (1+ )"+ 2)dp, (4.7)
Q n

the regularity of the solution is studied in [117, 118, 119] and we have the fol-

lowing theorem:

Theorem 4.2.2. Let Q be a uniformly convex domain with C*' smooth bound-
ary, and K a positive, C* smooth function, satisfying (4.7). Let u be a solution

to the Dirichlet problem (4.4). Then

(i) u € CY?(Q);
(i) the graph of u is C** smooth for some o € (0,1);

(iii) the restriction of u on 9K is C* smooth;
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(iv) if 0Q € CF 1 and K € Ck—12 k > 2, then the graph of u is C*T1* smooth

and the restriction of u on 9 is C*¥*1 smooth.

Concerning on the solution to the Minskowski problem, we refer interested read-

ers to [116] for a complete discussion.

Remark 4.2.1. In the above theorems, the conditions are restrictive and not
easy to satisfy. To test the performance of our algorithm, we just choose some

settings such that the smooth exact solution exists.

4.3 A divergence formulation of problem and

an associated initial value problem

In this work, we consider the two dimensional Minkowski problem

det(D?u) = K(1+ |Vul?)?,

(4.8)
u = g on 0f),
Note that (4.8) can be rewritten as
det(D?u) = K(1 + |Vul?)?,
(4.9)

u = g on 0f),

which is a kind of the Monge-Ampere type equation. Instead of solving (4.9)
directly, we take advantage of the equivalence between (4.9) and a divergence

form

—V - (cof (D*u)Vu) + 2K (1 + |Vul?)? = 0,
(4.10)

u = g on Of).
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In (4.10), cof(D?u) is the cofactor matrix of D?u defined as

2%u __0%
2 0x10
cof (D*u) = O3 T
__9%u 2%u
Ox10z2 Oz

Introducing the matrix valued variable p and the viscosity term —eV?u and

notice that
Viu =V - (Vu),
we solve the regularized problem

.

—V - ((eI + cof(p)) Vu) + 2K (1 + |[Vul?)? = 0,

u = g on Jf, (4.11)

p — D?u=0.
\

To solve (4.11), we associate it with time derivatives with of u and p to get an
initial value problem:

Given ug and pg, solve

(

9u — V- ((eI + cof(p)) Vu) + 2K (1 + [Vul?)? = 0,

u = g on 0f, (4.12)

@ +v(p—D%)=0
\

to steady state. In (4.12), 7 is a factor controlling the evolution speed of p. In
the evolution, we want p to evolve at approximately the same speed of u. A

reasonable choice is

7:5)\0(5‘1‘\/5)7

where \g is the smallest eigenvalue of operator —V? in H}(Q), « is the lower

bound of K, and  is a constant of the order of 1.
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4.4 Time discretization by operator splitting method

We use operator splitting method to discretize (4.12) in time. Among various
splitting schemes, we adopt the famous Lie type splitting. Denote the time step
by At,t" = nAt and u" = u(nAt). From {u",p"} to {u", p"T'} we evolve u
and p in three steps: {u”,p"} — {u"*/2 pn+1/2} — [yt p"t1}. The steps

are described as follows:

Step 1:

Solve

B - (e 4 cof(p")) V] + 26 (1 + [VuR ) = 0 in © x (17, 4771),
u=gon 0N x (t" "),
92— in Q x (1", ")),

ot

u(t™) =u™, p(t") = p",

\

(4.13)
and set
Ut = (i pntl/2 = pn (4.14)
Solve
(% =0in Q x ("¢,
%—? +9p = YD%u" /2 in Q x (¢, "), (4.15)
u(t") = umt12,p(t") = p",
and set
ut =2 prt = P [p(tth)] (4.16)
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In (4.15), P.(-) is a projection operator which will be discussed later.
After this splitting, we still need to solve subproblems (4.13) and (4.15). There

is no difficulty to solve (4.15) since we have the exact solution:

p(tn—O—l) — e—'yAtpn + (1 . e—'yAt) D2Un+1.

To solve (4.13), we use the semi-implicit scheme. We take the linear part of u

implicitly and the nonlinear part of u explicitly. The treatment reads as follows:

“nz;“n — V- [(el + cof (p™)) Vu"™| + 2K (1 + |Vu"|?)?* =0 in Q,

u"! = g on 0.

Then our operator splitting scheme can be summarized as follows:

u’ =ug, P’ =po. (4.17)

For n > 0, {u™, p"} — {u"™, p"™} as

“nz;“n — V- [(el + cof (p™)) Vu" ] + 2K (1 + |[Vu™|*)? = 0 in €,

(4.18)
u"! = g on 09,

pn+1 — P+ [efﬁfAtpn + (1 . ef'yAt) D2un+1] ) (419)
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4.5 Finite element implementation

The divergence form strongly suggests using finite element method to implement
(4.18)-(4.19). Here we use the so called mixed finite element method: we use the
same function space to approximate u, Vu, D?u and p. We use the same finite
element spaces in Chapter 3, piecewise affine functions. Details are the same in
Chapter 3. Here we only mention how to approximate the first order derivatives

using the same piecewise affine space.
4.5.1 Approximations of the two first order derivatives of
u

For any v € V}, denote the approximation of 88—; by D;n(v) for i = 1,2. We use

the following relations:

/ Dy (v)wdx = / Ov wdz,i=1,2. (4.20)
Q o 0;

For practice importance, we state the calculations:

Denote the area of wy, by |wk|. Since wy, is only supported on wy, we have

Dip(v) € Vi, Vi = 1,2,
(4.21)

Dlh(v>(Qk) = ﬁ fw @U)kdl’,Vk = 1727 "'7Nh-

k O;

Remark 4.5.1. On the regular mesh, (4.21) recovers the central difference ap-
prozimation in the finite difference method on interior node and one sided ap-

proximation on boundary note.
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4.5.2 Implementation of scheme (4.17)-(4.19)

A fully discretized analogue of scheme (4.17)-(4.19) reads as:

u’ = ug € Vi, p° = po € Qu. (4.22)

For n > 0, {u",p"} — {u"*! p"*'} as follows Solve

p
1
utt e ‘/gha

Jouude + At [, (eI 4 cof(p™)) Vu! - Voda (4.23)

= [quvdr — 2ALK [ (1 + |Vu"?)?dx, Vv € Vg,

and compute p"*! via

(

Vi =1,.., Ny,

Diy, (u™) (@Qk) - Dy (u™) (Q)

D%Zh (UnH) (Qk) D§2h (UHH) (Qr)

P2 (Q) = e AP (Qr) + (1 — e71Y)

" (Qr) = Py [p"T2(Q4)]

\

(4.24)
In (4.23), all integrations are computed using the trapezoidal rule. To compute
the integration [, (1 + [Vu"|?)*dz, we first compute Vu" using approximation
(4.21) pointwise. Then we compute (14 |Vu"|?)? at all nodes and use trapezoidal
rule to do the integration. In (4.24), D, (u"*!),i,j = 1,2 is computed using
approximation (3.38),(3.42).
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4.6 Initialization

To initialize ug and pg, we solve the standard Monge-Ampere equation

ug = g on 0f2.

We use the method in [48] to solve (4.25). The method solves the initial value

problem

9u — V- ((eI + cof(p))Vu) + 2K =0,

u = g on 0f), (4.26)

\%—ﬁ’ +v(p — D%*u) =0,
to stead state. Denote the steady state of (4.26) by {u.,p«}. We set uy = u,.

Po is then computed as

Po = DQ’U/O,
(4.27)

QJlQJ
=He]

= 0.

Our algorithm can be summarized as a two stage method:

Stage 1

In the algorithm in [48], set e, = &3 = h% dt = 2h%. Solve (4.26) until
|u™t — u"||o < tol to get u;. Compute py by (4.27).

Stage 2

With initial condition us, py, solve (4.17)-(4.19) until steady state.

In the above algorithm, tol is some positive small number. The two-stage algo-
rithm works but is inefficient. When we design this scheme, we want to use &,
and &, of order O(h?). To use this setting and to make the two-stage algorithm
converges, we need to set tol very small, say h*, and we need to use a small time

step in Stage-2, say h?. To accelerate it, we propose a three stage algorithm:
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Stage 1

In the algorithm in [48], set &, = g9 = h?, dt = 2h*. Solve (4.26) until
|u"™ — um||y < tol to get u;. Compute p; by (4.27).

Stage 2

With initial condition uy, pi, set e = &3 = h,dt = h®. Solve (4.17)-
(4.19) until |Ju™™ — u™||y < tol to get uy. Compute py by (4.27).

Stage 3

With initial condition usg, ps, set €, = &, = h%, dt = 2h?. Solve (4.17)-

(4.19) until steady state.

4.7 Numerical experiments

In this section, we test the performance of our algorithm. Four different domains
shown in Figure 3.1 are tested: (a) the regular mesh on a unit square, (b) the
symmetric mesh on a unit square, (c) the unstructured mesh on a unit square and
(d) the unstructured mesh on a half-unit circle. In all of our experiments, in stage
1, we use the method introduced in [48] to get the initial condition. We choose

At = 2h? g1 = g9 = h? and tol = h®. In stage 2, we use At = 2h? e, = 9 = h2.

4.7.1 Example 1

For the first example, we choose the exact solution u* as a quadratic equation:

1\? 1 1\?2
. _ 4t 2z _ = 4.2
U a(m 2> +a<$2 2) ) ( 8)

with boundary condition g = u*|sq and

K =
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For all of the tests, we use the stopping criterion [|u"™! — u™|| < 1078.

In the first test, we choose a@ = 1, then u* is an isotropic function. The graph
and error behavior of the 3-stage algorithm on different mesh is shown in Figure
4.1. The number of iteration and accuracy orders are shown in Table 4.1. The
accuracy order for the L, and L, norm is in general larger than 1.5. The
performance comparison between the 2-stage algorithm and the 3-stage algorithm
is shown in Table 4.2. We can see the L, and L., errors are almost the same for
both algorithms. But the number of iteration required by the 3-stage algorithm

is only 60% of that of the 2-stage algorithm.

Then we use the two-stage algorithm with €; = 9 = 0 in both stage. With this
setting, the regularization effect is removed. For the quadratic function, the zero-
Neumann boundary condition is exact for the three second order derivatives of
u*. So we expect our algorithm provides a more accurate result. Since we remove
the regularization, we need a smaller time step. We choose dt = h? in both stage.
On the unit square regular mesh with h = 0.0354, the error behavior is shown in

Figure 4.2. We can see both L, and L, errors converge to the machine precision.

In the third test, we choose @ = 5. Then u* is highly anisotropic. We solve this
problem on the unit square regular mesh by the three-stage algorithm. For this
problem, we need a smaller stopping criterion, [[u"™! — u"||y < 1079, to achieve
the best accuracy. The number of iterations necessary to satisfy the stopping
criterion and approximation error accuracy is shown in Table 4.3. Its graph of

the computed solution and its error behavior is shown in Figure 4.3
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Figure 4.1: (Example 1, @ = 1) Graphs of the computed solution by the 3-stage
algorithm and related error behavior on (a) unit square regular mesh, (b) unite
square symmetric mesh, (¢) unite square unstructured mesh, (d) half-unit circle

triangulation.
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h N | [Ju"™ —u™|| || Ly norm | ratio | L. norm | ratio

(a) 0.1414 | 138 | 9.59x107Y || 6.07x10~* 9.86x10~*
0.0707 | 476 | 9.91x107Y || 1.66x10~* | 1.87 | 2.72x10~% | 2.12
0.0354 | 1679 | 9.78x107Y || 4.47x107> | 1.89 | 7.28x107° | 1.64
h N | lu"™ —u"|| || Ly norm | ratio | L. norm | ratio

(b) 0.1 231 9.92x107% || 1.37x1073 2.64x1073
0.05 | 762 | 9.99x107Y | 3.54x107* | 1.95 || 6.89x10~* | 1.94
0.025 | 2439 | 9.99x107° | 9.30x107° | 1.93 | 1.79x10~* | 1.94
h N | |[u"™ —u"|| | Ly norm | ratio | L. norm | ratio

0.1 | 138 | 3.59x107° [ 8.30x10~* 2.11x1073
(c) 0.05 | 474 | 9.16x107? | 1.68x10~% | 2.30 || 5.60x10~* | 1.91
0.025 | 1688 | 9.71x107Y || 5.38x107° | 1.64 | 1.58x10~* | 1.83
h N | |lu"™ —wu"|| | Le norm |ratio | Ls norm | ratio

(d) 0.1 95 7.52x107Y | 6.10x107* 1.20x1073
0.05 | 297 | 8.02x107" | 1.64x107*| 1.90 || 4.55x10~% | 1.40
0.025 | 1017 | 9.42x107% | 3.77x107° | 2.12 | 1.02x10~* | 2.16

Table 4.1: (Example 1, « = 1) Number of iterations necessary to converge,
approximation errors and accuracy orders on (a) the unit square regular mesh,
(b) the unit square symmetric mesh, (c) the unit square unstructured mesh and
(d) the half-unit disk mesh.

h Iterations | ||u"™ —u"||s | Lg norm | L., norm
(i) [0.0354 | 2811 9.65x1079 | 3.40x107° | 5.79x10~°
(ii) | 0.0354 | 1679 9.78x107% | 4.47x107° | 7.28x1073
(iii) | 0.025 4403 9.98x107% | 9.32x107° | 1.79x10~*
(iv) | 0.025 2439 9.99x107% [9.30x107° | 1.79x10~*

Table 4.2: (Example 1) Comparison of the two-stage and three-stage algorithms
for the meshes of Figure 3.1(a) and 3.1(b): (i) Mesh (a) with the two-stage
scheme. (ii) Mesh (a) with the three-stage strategy. (iii) Mesh (b) with the
two-stage scheme. (iv) Mesh (b) with the three-stage strategy.

h N | |Ju"™ —u"| | Ly norm |ratio | L. norm | ratio
0.1414 | 1321 | 9.96x1071Y | 4.10x10~* 6.63x1074
0.0707 | 4514 | 9.98x107' [ 1.05x10~* | 1.97 || 1.66x10~* | 2.00
0.0354 | 15169 | 9.99x107Y | 2.73x107> | 2.00 || 4.15x10~° | 2.00

Table 4.3: (Example 1, « = 5) Number of iterations necessary to converge,
approximation errors and accuracy orders on the unit square regular mesh.
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Figure 4.2: (Example 1, « = 1) The error behavior by the two-stage algorithm
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Figure 4.3: (Example 1, « = 5) Graph of the computed result by the three-stage
algorithm and the associated error behavior on the unit square regular mesh.

4.7.2 Example 2

In the second example, we choose the exact solution u* as an exponential func-
tion:

ut=e", (4.29)
with g = u*|q and

4e2* (1 4 2r2)
B (1 + 47,26%2)2 )
In (4.29), r* = (1 — 1/2)* 4 (x5 — 1/2)%. For this example, we use stopping
criterion [|[u™™! —u™||y < 1077, The graph of the computed solution by the three-
stage algorithm and spatial approximation error behavior is shown in Figure 4.4.

The errors and our results are shown in Table 4.4. Generally the accuracy orders

are larger than 1.5.

For this example, the comparison between the performance of the two-stage
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algorithm and the three stage algorithm on the regular mesh and symmetric
mesh is shown in Table 4.5. The L, and L., errors are similar by the number

of iteration required by the three-stage algorithm is almost half of that of the

two-stage algorithm.

h N | [Ju"™ —u™]| || Ly norm | ratio | Ls norm | ratio

(a) 0.1414 | 130 | 6.09x107% || 8.04x1073 1.52x 1072
0.0707 | 519 | 8.82x107® || 2.78x107% | 1.53 || 4.99x1072 | 1.61
0.0354 | 1963 | 9.80x107° || 7.39x10~* | 1.91 || 1.32x107° | 1.92
h N | |Ju"™ —u"|| || Ly norm | ratio | L. norm | ratio

(b) 0.1 176 | 9.99x107% | 1.11x1072 1.95x1072
0.05 | 575 | 9.77x107% | 4.01x1073 | 1.47 || 6.66x1073 | 1.55
0.025 | 2430 | 9.47x107° | 1.17x107° | 1.78 || 1.88x107° | 1.82
h N | [Ju"™ —u"|| || Lg norm | ratio || Lo, norm | ratio

() 0.1 129 | 6.05x107° | 8.97x1073 1.66x1072
0.05 | 516 | 9.32x107% | 2.92x1073 | 1.62 || 5.47x1072 | 1.60
0.025 | 1961 | 9.51x10~° || 8.09x10~* | 1.85 | 1.48x10~* | 1.89
h N | Ju"™ —u™|| | Lg norm | ratio | L. norm | ratio

(d) 0.1 69 8.74x107% | 5.30x107° 1.15x1072
0.05 | 312 | 7.83x107% | 1.78x1072 | 1.57 | 3.65x1073 | 1.66
0.025 | 1284 | 9.40x10~° || 4.88x10~" | 1.87 | 9.75x10~* | 1.90

Table 4.4: (Example 2) Number of iterations necessary to converge, approxi-
mation errors and accuracy orders on (a) the unit square regular mesh, (b) the
unit square symmetric mesh, (c¢) the unit square unstructured mesh and (d) the

half-unit disk mesh.

h Iterations | ||[u"™ —u™[]; | Ly norm | L norm
(i) | 0.0354 3853 9.90x107% | 7.35x107* | 1.31x107*
(i) | 0.0354 1963 9.80x10~% | 7.39x10~* | 1.32x107*
(iii) | 0.025 4251 9.99x107% | 1.14x1073 | 1.85x107*
(iv) | 0.025 2430 9.47x107% | 1.17x1073 | 1.88x107*

Table 4.5: (Example 2) Comparison of the two-stage and three-stage algorithms
for the meshes of Figure 3.1(a) and 3.1(b): (i) Mesh (a) with the two-stage
scheme. (ii) Mesh (a) with the three-stage strategy. (iii) Mesh (b) with the
two-stage scheme. (iv) Mesh (b) with the three-stage strategy.
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4.7.3 Example 3

In this example,

g =0 on 092,
(4.30)

K =),
with A varies from 0.1 to 1 with 0.1 increment each time. As A increases, the
curvature of the solution should goes larger, or the minimum value of the solution
should go smaller. On the regular mesh with i = 0.0354, the figure of the solution
of each A\ is shown in Figure 4.5. In Figure 4.5, we also show the cross sections
of some selected A along x; = x5 and x; = 1/2. The same to our expectation, as

A increases, the minimum value of the solution goes smaller.

4.8 Conclusion

In this work, we have proposed two algorithms to solve the Dirichlet Minkowski
problem in dimension two. Our algorithms are easy to implement since only
a linear PDE system is to be solved and the basis function is piecewise linear
function. In our numerical experiments, when the exact solution is given, the
accuracy order of the Ly and L., error is larger than 1.5. To achieve the same
accuracy, the number of iterations needed by the three-stage algorithm is only 60
percent of that of the two-stage algorithm. This algorithm can be easily extended

to high dimension problem.
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Chapter 5

The Obstacle Monge-Ampere

Equation

The obstacle problem for Monge-Ampere equation with Dirichlet boundary con-

dition is defined as

det D*u = fx(u > 0) in Q,
(5.1)
u = g on 0,

where in (5.1):

e 2 is bounded convex domain of R? and 02 is the boundary of €.
o f e L>(Q) and verifies 0 < a < f < < +00.

e x(u > 0) is the characteristic function of the set {z|xr € Q,u(x) > 0}.

The obstacle here is the plane z3 = 0 and convex solution u is expected. This
obstacle problem is studied by O. Savin in [103] and the regularity of the free
boundary d{u = 0} is proved to be C'* with «a being positive small. With
the existence of the characteristic function of u on the right hand side, u will

always be non-negative. Applications of the obstacle problem for Monge-Ampere
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equation can also be found in [103].

5.1 A divergence formulation of problem and

an associated initial value problem

For the obstacle problem, an alternative formula to (5.1) is given as

det D*u = 95 (u) in €,
(5.2)

u = g on 0f),

where 07, (u) is the sub-differential at u of the convex functional j, defined as

j+(v):/va+d:E.

with v = max(0,v). Using the identity v* = % (v + |v]), (5.2) can be further
simplified as

det D*u = 1 [f + 0j(u)] in Q,
(5.3)
u = g on 0f),

where the convex functional j(v) is defined by

(o) = / floldz.

Assume u has enough regularity, using the cofactor function, (5.3) can be written

in the variational form

ue HY(Q),u= g on 09,
(5.4)

o, cof (D?u) Vu - Vudz + [, fodx 4 (9j(u),v) = 0,Yv € Hg(Q).
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To decouple differential operators and the Monge-Ampere nonlinearity, we take

advantage of the equivalence between (5.3) and the following system:

"

-V - (cof(p)Vu) + f + 9j(u) 3 0,

u = g on 0, (5.5)

p — D?u=0.
\

Since the elliptic operator in (5.3), (5.4), and (5.5) may degenerate at those parts
of Q) where the graph of u touches the obstacle, we regularize the problem by
addition of —eV?u(boundary layer considerations suggest taking e of the order

of h?, h being a space discretizatoin step). After regularization, (5.5) becomes

p

—eV2u — V- (cof (p)Vu) + f + 9j(u) 3 0,

u = g on 0, (5.6)

p — D?u = 0.
\

In order to capture the solution of (5.6),we associate the following initial value

problem (flow in the Dynamic System terminology):

(

2 _ 7 [(] + cof(p)) V] + f + j(u) 5 0, ( for t > 0),

u =g on J x (0,400), (57)
5.7

8a_rt)%—V(P—DQu):Oian(0,+OO)>

u(0) = ug, p(0) = po,

\

with v a positive constant (above and below, ¢(t) denotes the function z —

¢(z,t)). Problem (5.7) has a visco-elasticity flavor.

Concerning v, the idea is to pick its value so that p evolves roughly at the

same speed as u. Taking advantage of the fact that p and cof(p) have the same
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eigenvalues we suggest to take

Y= 5)\0\/a

where 3 is some coefficient, )\ is the smallest eigenvalues of —V? operator in

H;(Q2) and « is the lowest bound of the function f over .

For the initial condition {ug, po} we suggest to take wuy the solution of the fol-

lowing linear Dirichlet problem:

V2uy = 2X\/f in Q,

(5.8)
ug = g on OS2,
with proper A.
Concerning py an obvious choice is to take
po = D?uy. (5.9)

An alternative choice being pp = A\/fL

5.2 Time discretization by operator-splitting method

Given a function u, the operator splitting scheme of the Lie type is stated in

the following(where At(> 0) is a time-discretization step and t" = nAt):

UO = Uy, pO = Po- (510)
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For n > 0, {u", p"} — {un+1/37pn+1/3} N {un+2/37pn+2/3} — {umt, pt} as
follows

Fractional Step 1:

Solve
)
% — V- [(el + cof (p™)) Vu] + f =0 in Q x (t",t"),
u =g on 90N x (t", ") (5.11)
P —0in Q x (¢, 1),
\u(t”) =u",p(t") = p"
and set
Wt = gy (Y, prtl/3 = pn (5.12)
Fractional Step 2:
Solve )
9u —0in Q x (t", "),
& P =D i Q x (¢, ), (5.13)
Lu(t) = w173, (i) = pr1/2
and set
WTT/B — L3 /3 gty (5.14)
Fractional Step 3:
Solve
(g_? + 9j(u) 2 0in Q x (¢, "),
% —0in Q x (£, "), (5.15)
() = w2 p(er) = pre,
and set
= () = P (p40), 510
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P, (-) is the eigenvalue projection operator as before. Scheme (8.14)-(5.16) is

first-order in time at best. To use this scheme, we have to solve the sub-initial

value problems (5.11),

(5.13) and (5.15). For (5.13), solving it is easy since it

has a closed form solution. To discretize the other two, we advocate using the

backward Euler scheme for better stability and larger time step. The resulting

scheme reads as follows (using a more compact notation):

At

For n > 0, {u", p"} — u"*Y/2 — {u"+! p"1} as follows

un+1/2_un

A (5.18)
w2 = g on 09,
pn+1 — ef'yAtpn + (1 . e*fyAt) D2un+1/27 (519)
n+l _ , n+1/2
. R ) (5.20)

UO = Up, pO = Po- (517)

— V- [(eI + cof(p")) Vu" /2] + f =0 in ©,

If the matrix-valued function p™ is positive semi-definite, the elliptic problem

(5.18) is formally well-posed. To enforce the positivity of p™, we apply eigenvalue

projection to (5.19). Then we have our first algorithm:
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Algorithm OB1

u® = ug, p° = po. (5.21)

For n >0, {u", p"} — u"™/2 — {u"*! p"*!} as follows

n+1/2_,n .
= V- (eI + cof(p")) Va2 + f =0 in Q,
A [ ] o)

u" /2 = g on 09,

= P (e (1) D) (52
un+1 o un+1/2
< +9j(u"t) 3 0. (5.24)

where P, (+) is the projection operator which will be discussed later. The good
news is that the unique solution of problem (5.24) has a closed form representa-

tion given by:

u" T (x) = w2 (x —L T +ae in
(x) ( )<1 |u”+1/2(x)|f( )) .e. in Q. (5.25)

It follows from (5.25) that u™ ™ (z) = 0 if |u"*'/2| < Atf(x).

Remark 5.2.1. The rich structure of problem (5.7) implies that various operator-
splitting schemes are applicable to its numerical solution. Among them, we would

like to mention the following variant of scheme (5.21)-(5.24):
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Algorithm OB2
’LLO = Uy, pO = Po- (526)

For n > 0, {u®, p"} — u"*/2 — {y"+1 p"*1} as follows

n+1/2__,n .
W= V- [(eI + cof (pt)) Vurt2] = 0 in Q,
= | } (5.27)

w2 = g on 09,

Pt =Py (7" + (L—e ) DXM2) L (5.28)
un+1 . un+1/2
= + (w4 f 30, (5.29)

The solution of (5.29) is given by

max [u"T/2(z) — 2Atf(x),0] , if untY2 >0,
u"t(z) = : ] (5.30)
un+1/2 ’ if un+1/2 <0.

Comparing (5.30) to (5.25), the truncation region is shifted from (—Atf(x), Atf(z))
to (0,2Atf(x)).

Remark 5.2.2. When we solve (5.24) in Algorithm OB1 using (5.25) or solve
(5.29) in Algorithm OB2 using (5.30), the dependence of error on time step
s obvious for points near the boundary. There are three reasons lead to this

phenomenon:

1. the starting point "2 is smooth(result by solving linear system (5.21) or

(5.26)),

2. we are using a Dirichlet boundary condition,

3. only interior points’ value are modified.

The above three reasons make the discontinuity more obvious on the boundary.
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The space discretization is the same as that mentioned in Chapter 3 and we do

not repeat it here.

5.3 Numerical experiments

In this section, several examples are tested on different meshes: regular mesh on
square, symmetric mesh on square, irregular mesh on square and irregular mesh
on the unit disk. In our experiments, we choose A = 1,7 = 1/4 with time step

dt = h?/8. Without specification, Algorithm 1 is used.

5.3.1 Example 1

In our first test problem, we use f = 256, g is defined by g = ug|sq where

wte = fa(s-3) 4 2 (5= 1) ] -

« is a parameter no less than 1. We have det D?uy = 256(= f). uy is the exact
solution to the standard Monge-Ampere equation without obstacle.

First we choose @ = 1. Then ug is an isotropic function. We did test of this
problem on the four meshes listed in Figure (3.1). The results and error behavior
are shown in Figure (5.1). The contour and plot of cross section of our results
on a square with regular mesh and on a disk is shown in Figure 5.2. We can see
our result is smooth and above the obstacle. Then we choose o = 1.2 and test
our algorithm on regular mesh and symmetric mesh. The results, contour and

cross section is shown in Figure 5.3.
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cut along x1=1/2

1 1
2.5
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2
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15 o4t
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ol
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0 0.2 0.4 0.6 0.8 1
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(b) 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 5.2: (Example 1, @ = 1) Contour and cross section along x; = 1/2 of the
computed result on (a) a unit square with regular mesh and (b) a half unit disk
with unstructured mesh.
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Figure 5.4

5.3.2 Example 2

Compared to the first test problem the two modifications we are making are
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cut along x1=1/2
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cut along x1=1/2
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(b) 0 02 04 06 038 1 0 0.2 04 06 08 1

Figure 5.5: (Example 2) Contour and cross section along z; = 1/2 of the com-
puted result on (a) a unit square with regular mesh and (b) a half unit disk with
unstructured mesh.
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Figure 5.6: (Example 3) Computed results on (a) a unit square with regular
mesh and (b) a unit square with symmetric mesh.
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Figure 5.7: (Example 3) Contour and cross section along z; = 1/2 of the com-
puted result on regular mesh.

5.3.3 Example 3

In this test, we use

f=1onQ,g=0.1on 0.

Without obstacle, his problem has no classic solution but has a viscosity solution.
Following the discussion in [48], we set € = ¢; = 1073. The result is shown in
Figure 5.6. The contour and cross section on regular mesh is shown in Figure

5.7.

143



5.3.4 Example 4

We test

N RTINS

11
272

In this example, f has a singular point at ( ) We approximate f at this point
by % The results by Algorithm OB1 on different mesh is shown in Figure 5.8.
The contour and cross section on a square and on a disk is shown in Figure 5.9.
Overall, the results are good. But from the cross section in Figure 5.9, there are
some oscillations near the singular point. This oscillation disappear if we use
Algorithm OB2. The cross section of the result by Algorithm OB2 on a square
and on a disk is shown in Figure 5.9. Viewing from the bottom, the comparison

of the results between the two algorithms are shown in Figure 5.11.

5.4 Conclusion

We have applied the operator-splitting finite element based method to solve the
two dimensional obstacle Monge-Ampere problem with the Dirichlet boundary
condition. According to different splitting ideas, two algorithms are introduced.
If f and g are smooth, then both Algorithms provides good smooth result. The
obstacle of the computed solution is the plane x3 = 0 as expected. But if f has
singularity in the obstacle region of the solution, Algorithm OB1 may have small

oscillation in that region and Algorithm OB2 is better.
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cut along x1=1l2

1 0.09
& 0.08
09 / \
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Figure 5.9: (Example 4) By Algorithm OB1, contour and cross section along
x1 = 1/2 of the computed result on (a) a unit square with regular mesh and (b)
a half unit disk with unstructured mesh.

cut along x1=1/2 cut along x1=l/2
0.09 T T T T 0.09

0.08 0.08

0.07 - 0.07 -
0.06 0.06
0.05 0.05
0.04 - 0.04 -
0.03 0.03 -
0.02 - 0.02 -

0.01r 0.01r

or or

0.01 I I I I 0.01 I I I I
(a) 0 0.2 0.4 0.6 0.8 1 (b) 0 0.2 0.4 0.6 0.8 1

Figure 5.10: (Example 4) By Algorithm OB2, contour and cross section along
x1 = 1/2 on (a) a unit square with regular mesh and (b) a half unit disk with
unstructured mesh.
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(Example 4) Computed results on different mesh. (a) Results by
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Algorithm OB1 on a unit square with regular mesh. (b) Results by Algorithm
OB2 on a unit square with regular mesh. (c) Results by Algorithm OB1 on a
half unit disk with unstructured mesh. (d) Results by Algorithm OB2 on a half

unit disk with unstructured mesh.

Figure 5.11:



Chapter 6

The Degenerate Monge-Ampere

Equation

The degenerate Monge-Ampere equation reads as follows:

det D?u = v* in Q,
(6.1)

u = g on 0f),

with 0 < s < 2. wu is required to be a non-negative weakly convex function.
Here () is assumed to be a strictly convex smooth domain. When the solution
u is strictly positive, then (6.1) is strictly elliptic and the solution is proved to
be C* on €, see [17]. If u = 0 on a convex subdomain A(u) of €2, denote the
free boundary by I'(u) = JA(u), it has been proved that u is C*° on Q\A(u).
And the regularity of I'(u) and the optimal regularity of u up to the interface is

proved in [25].

(6.1) is a more general equation of the obstacle problem (5.1). Letting s — 07,

(6.1) converges to (5.1) with f = 1.
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6.1 A divergence formulation of problem and

an associated initial value problem

Taking advantage of the equivalence between the canonical Monge-Ampere equa-

tion and the divergence form formulation, (6.1) can be written as

—V - [cof (D?u) Vu] 4+ 2u* =0 in Q,
(6.2)

u = g on 0,

Introduce regularization term and the time derivative of u and p, we get the

initial value PDE system:

(

% — - [(=T + cof(p)) V] +2u® = 0, for ¢ > 0),

u =g on J§ x (0, 400), (63)
6.3

%—i’—i—q/(p—DQu):OinQX (0, +00),

u(0) = uo, P(0) = po,

We use the same initial condition in the obstacle problem to initialize (6.3).

6.2 Time discretization by operator-splitting method

Problem (6.3) is time discretized by operator-splitting method. Each iteration

consists of three sub-steps:

u® = o, p0 = Po. (6.4)
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For n > 0’ {unjpn} N {un+1/37pn+1/3} N {un+2/37pn+2/3} N {un-i-l’pn—i-l} as

follows

Fractional Step 1:

Solve
9 _ 7. (el + cof(p")) Vau] = 0 in Q x (£7,#7+1),
u =g on IO x (t" ")
% —0in Qx (1", "),
() = p(") = b7
and set

un+1/3 _ u(tn—ﬁ-l)?pn—i-l/f} _ pn‘

Fractional Step 2:

Solve )
9u — 0 in Q x (¢, "),
%t yp = D23 in Q x (¢7, ¢+,
i) = w13, p(en) = prt2,
and set
WS = U3 g2/ gyl

Fractional Step 3:

Solve )
0u 4 9ys = 0 in Q x (i, 7+,
% — () in Q x (7, "),
u(t") = w2, p(tm) = s,
and set

un—‘,—l — U(tn+1), pn+1 — P+ (pn+2/3) )

(6.5)

(6.6)

(6.8)

(6.9)

(6.10)
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P, (-) is the eigenvalue projection operator as before. To discretize (6.4)-(6.10),
we need to solve three PDE’s: (6.5), (6.7) and (6.9). (6.5) and (6.7) appears in
the algorithm of the obstacle problem and we use the same way to handle it. For

(6.9), we use the backward Euler method to discretize it:

+2(u"t)* =0 (6.11)

Then the discretized algorithm is

u® = ug, p° = po. (6.12)

For n >0, {u", p"} — u"™/2 — {u"*! p"*!} as follows

w7 (e + cof(p") Vur 2] = 0 in Q,

At (6.13)
w2 = g on 09,
P = Py (T (1) D) (61
n+1 _ n+1/2
YT oty =0 (6.15)

At

Concerning on the non-negative solution of (6.15) , we have the following theorem

Theorem 6.2.1. If u"*'/2 is non-negative, (6.11) has only one non-negative

solution.

Proof. The proof is simple. (6.11) can be rewritten as

2AL(u"T)S 4 T — T2 = .

Define h(u™') = 2At(u"*)* 4w+ — 4"T1/2. Then the non-negative solution

of (6.11) is the non-negative root of h(u™™'). We first prove that h has at most
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one non-negative root. Computing the derivative of h we get

R (u") = 2sAt(u" )+ 1.

So k' is positive for non-negative u™*! and thus h is strictly increasing for non-

negative u"*1. h at most have one positive root.

n+1/2 > () and we only

Now we prove h has at least one non-negative root. Since u
care the value of h for u"*' > 0, we have h(0) = —u"*%/2 < 0. From the above
proof, we know h(u™*!) is monotonic increasing for «"*! > 0 and h(u"*') — 400

as u"™ — 400, there must be a u™*! such that A(u"*1) = 0. So h(u""') at least

has one non-negative root. So h(u""!) has only one non-negative root. ]

Since we want to find non-negative solution u, we enforce the non-negativity of

u"*1/2 by replacing (6.11) by

untl (un+1/2)+

2(u"t)s = 1
A7 +2u")* =0 (6.16)

where (u"*'/?), = max(u""'/2,0). We use the Newton’s method to find the pos-
itive root of (6.16) in each iteration. If At is small, u"*! should not be too far
away from u". So a good initialization of the Newton’s method is (u"*/2) . In-
corporating the eigenvalue projection procedure on p, the scheme is summarized

as
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Algorithm DG

UO = Uy, pO = Po- (617)

For n >0, {u", p"} — u"™/2 — {u"*! p"*!} as follows

“MX# — V- [(eI + cof(p™)) Vu™™/2] =0 in €,

(6.18)
w2 = g on 09,
P = Py (e (1m0 D), (6.9
n+1 n+1/2
U X; )+ + 2"y = 0, (6.20)

6.3 Relation to the obstacle problem

In the above discussion, we assume 0 < s < 2. Since the obstacle problem (with
f =1) discussed in Chapter 5 is the limit case of s — 07, we analyze the limit
of Algorithm DG in this section. We only need to discuss the limit case of the

solution to (6.20).

(6.20) can be written as

"t 2AH (U = (w1, (6.21)

If w"*1/2 < 0, then (u"*/?), = 0 and w™™' = 0. If w2 > 2A¢, u"t =
w2 —2At > 0. If 0 < u" /2 < 2At, for given u" /2, let u"*! satisfies (6.21).

we have u"*! goes to 0 as s goes to 0F. So in this case we just assign u"*! = 0.

Remark 6.3.1. Given u"t!' > 0, we have

0, if u"tt =0,
lim w4 2At(u" ) = (6.22)

s—0t
- umtt - 2AE, ifu™tt > 0.
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So actually there is no u™' satisfies (6.21) in the limit for 0 < u™t1/2 < 2At.

The above strategy has error of order O(At).
Then the solution of (6.20) as s — 07 can be summarized as follows

w2 oAt if w2 > 2AE,
u"t = (6.23)

0, if unt1/2 < 2At.

Recall the solution (5.30) (with f = 1) of the third step of Algorithm OB2 can

be written as

w2 AL, if 2At < w2,
"x) = qo, if 0 < w2 < 2At (6.24)

un+1/27 if un+1/2 <0.

\

(6.23) is a truncated version of (6.24) to keep the strictly positivity of u"*!.

The algorithm for the obstacle problem (5.1) induced from Algorithm DG is
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Algorithm DGOB

u’ = ug, p° = po. (6.25)

For n > 0, {u", p"} — u"*/2 — {u"*! p"*1} as follows

WP g [(el 4 cof (p™)) V2] = 0 in Q,

(6.26)
u"t? = g on 09,
p"tt =P (e7p" + (1—e ) D) (6.27)
w2 —2Atf, i w2 > 2A¢,
u'"t = (6.28)

0, if unt1/2 < 2AL.

6.4 Numerical experiments
In this section, we test the performance of Algorithm DG and Algorithm DGOB.

Four meshes shown in Figure 3.1 are used. In the first example, we choose

e =&, = h% At = 8h?. In the second example, we use € = &1 = h% At = h?/8.

6.4.1 Example 1

In the first example, we test the accuracy order of the algorithm. Since we have

det(D?u) =
where u = u(r) with r = |z — zo|. We choose

g =180"2/5. (6.29)
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Then g is the exact solution to (6.29) with £ = 4/3. The graph of the computed
solutions on different mesh are shown in Figure 6.1. The number of iterations

necessary to converge, Ly and L, errors and accuracy orders are shown in Table

6.1. Generally, our algorithm is better than first order.

h N | [Ju"™ —u"|| || Ly norm | ratio | Lo, norm | ratio

(a) 0.2828 | 73 9.16x107° | 6.30x10~* 4.57x1074
101414 [ 434 | 9.86x107° [ 3.11x10~* [ 1.02 | 2.42x10~* | 0.92
0.0707 | 1955 | 9.98x107Y || 1.16x107* | 1.42 | 8.74x107° | 1.47
h N | Ju"™ —u"|| || Lg norm | ratio | L., norm | ratio

(b) 0.1 73 9.34x107Y | 6.55x10~* 4.72x1074
0.05 | 435 | 9.89x107Y | 3.12x107* | 1.07 | 2.47x10=* | 0.93
0.025 | 1961 | 9.99x107° || 1.10x10~* | 1.50 | 8.32x107° | 1.57
h N | Ju"™ —u"|| || Lg norm | ratio || L., norm | ratio

() 0.1 73 9.39x107Y || 6.40x10~* 4.67x1074
170.05 | 434 | 9.84x107° | 3.15x107* | 1.02 | 2.47x10~* | 0.92
0.025 | 1954 | 9.99x107° || 1.17x107* | 1.42 | 8.76x107° | 1.50
h N | Ju"™" —u"|] || Lg norm | ratio | L., norm | ratio

(d) 0.1 66 9.03x107Y | 3.62x10~* 2.48x107*
0.05 | 414 | 9.91x107% || 1.90x10~* | 0.93 || 1.35x10* | 0.88
0.025 [ 1965 | 9.99x107° || 4.14x107° | 2.20 || 3.33x107° | 2.02

Table 6.1: (Example 1) Number of iterations necessary to converge, approxima-
tion errors and accuracy orders on (a) the square with regular mesh, (b) the
square with symmetric mesh, (c¢) the square unstructured mesh and (d) the unit
disk with unstructured mesh.

6.4.2 Example 2

In the second example, we test Algorithm DGOB to see its performance to solve

the obstacle problem. We set f = 256, g = ug|aq where

1\* 1 1\?
=38 - = —(y—= — 1.
uo(x,y) [a (w 2) + - (y 2> ]
This is the first test example in Chapter 5. The computed results by Algorithm

DGOB on different meshes are shown in Figure 6.2. The performance is as good
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6.5 Conclusion

In this chapter, we have developed and operator-splitting finite element based
method, Algorithm DG, to solve the degenerate Mogne-Ampere equation. Our
method is easy to implement and the L, and L. accuracy order are better
than 1. For the extreme case of the degenerate equation, the obstacle problem,
another algorithm, Algorithm DGOB, is also designed in the sense of the limit
case of Algorithm DG. This new algorithm can be taken as an truncated version
of Algorithm OB2 in Chapter 5. Its performance is similar to our results in

Chapter 5.
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Chapter 7

The Monge-Ampere Equation
with the Neumann Boundary

Condition

7.1 Introduction

In previous chapters, we introduced operator-splitting algorithm for various Monge-
Ampere problems with the Dirichlet boundary condition. In this chapter, we con-
sider the two dimensional Monge-Ampere equation with the Neumann boundary
condition. As we mentioned before, Monge-Ampere equation arises in differen-
tial geometry and optimal transport. The Minkowski problem is a problem in
differential geometry and it has the Dirichlet boundary condition. The optimal

transport has a similar formulation but with the Neumann boundary condition.

The L, optimal transport problem is as follows: Given two density pi,ps in

R? d > 1. The Ly optimal transport is a map y = ¢(x),x,y € R? transport p;
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to po and minimize the cost functional

() = /R 1600) — Xl prdx. (7.1)

Since ¢(x) transport a density distribution to another one, it should be mass

conservative:

/ p1(x)dx = / p2(y)dy,VQ € R
¢~ 1(Q) Q

If ¢ is bijective, it can be shown that ¢ satisfies

pa(6()) det (%) () x € Q (7.2)

where % is the Jacobian matrix of ¢ and 2 is a set containing the support of p;
and po. The existence and properties of the solution is discussed in [61, 10] and

is summarized in the following theorem:

Theorem 7.1.1. There is a unique optimal transport mapping ¢(x) from p; to
p2. Moreover, there is a convex potential u(x) such that ¢(x) = Vu(x) and

problem (7.2) can be written as a Monge-Amére equation

det(D?u) = - (”%u). (7.3)

The optimal transport has been applied on various problems. Since most as-
sumptions are made on the mapping ¢ instead of the potential u, when we solve
(7.3), the boundary conditions are always the Neumann boundary condition.
In this chapter, we introduce an operator-splitting algorithm for the simplest
Monge-Ampere equation. The algorithm can be easily extended to more general

problems.
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7.2 Two initial value PDE systems with diver-

gence form

In this work, we consider the canonical two dimensional Monge-Ampere problem

with the Neumann boundary condition:

det D?u = f,
(7.4)

ou __
%—ZODQ.

In (7.4), © is our computational domain, f is some positive function, n is the
outward normal vector of €, [ is some given function defined on 9Q and D?u is

the Hessian matrix of wu:

Pu & u

DQU — 813% 0x10x2
Fu_ o
Ox10xz2 o0x3

To solve (7.4), we recall the divergence initial value PDE system for the two di-
mensional canonical Monge-Ampere equation with the Dirichlet boundary con-

dition (3.5), but replace the boundary condition by the Neumann one:

88_1; — V- [(eI + cof(p)) Vu] + 2f = 0 in Q x (0, +00),

9u =] on 09 x (0, +00),

(7.5)
% 4 4 (p—D%)=0inQ x (0,+00),

u(0) = ug, P(0) = Ppo,

\

Remark 7.2.1. The idea of (7.5) is the same to our previous algorithm. But
we cannot directly use integration by parts to implement the Neumann boundary
condition since we have a matriz multiplication inside the divergence form. Our

strateqy is introduced in the following subsections.
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7.2.1 The first formulation

In (7.5), it is difficult to implement the boundary condition using integration by
parts, as what has been used by most traditional finite element based algorithm.
Our first try is to replace the Neumann boundary problem in (7.5) by two time

dependent Dirichlet boundary problem:

(

% — V- ((eI + cof(p)) Vu) = —2f in Q,

9 4+ p(Vu-n—1)=0ondQ, (7.6)

\%Jrv(p—D?u):O.

Here we use ) to denote the interior area of . The general idea is to solve
(7.6) iteratively to steady state. In each iteration, u is updated in the prey-
predator sense: first fix the value of u on boundary and update its interior value
by solving the first PDE for At, the discrete time step. This is the first Dirichlet
problem. Then fix the interior value of u and update its boundary value by
solving the second PDE for At. This is the second Dirichlet problem. Details

will be discussed in the next section.

Remark 7.2.2. By this formulation, since the boundary value of u evolves in

time, it may not strictly satisfy the Neumann boundary condition.

7.2.2 The second formulation

In some applications of the Monge-Ampere equation, u is the potential of some

G —1

quantity and what one cares is Vu instead of u. Sometimes the condition 3 =

must be satisfied, for example in the moving mesh application, nodes (represented
as Vu) on the boundary are assumed to move along the boundary. In the second

formulation, we want the Neumann boundary condition to be strictly satisfied.
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The simplest way to achieve that is to replace the second equation in (7.6) by

ou

— =1 7.7

on (7.7)
By using (7.7), we enforce u to strictly satisfy the Neumann boundary condition

after each iteration. Then the PDE system becomes

(

2 (1 + cof (p)) Vu) = —2f in €,

Vu-n =1 on 0, (7.8)

\%Jrv(p—D?u):O.

The Neumann boundary problem of u is now converted to a time-dependent and

a time-independent Dirichlet boundary problem.

7.3 Time discretization by operator-splitting method

We first show the discretized scheme for (7.6). Each iteration is decomposed into

three steps:

u®’ = ug, p° = po. (7.9)

For n > 0, {un’pn} N {un+l/37pn+l/3} N {un+2/37pn+2/3} N {un-i-l’pn—i-l} as
follows

Fractional Step 1:
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Solve

% 7 [(eI + cof(p™) Vu] +2f = 0 in Q x (¢7, *F1),

u=u" on 9N x (", t"+1)

(7.10)
% —0in Q x (¢, 1),
| u(t") =", p(t") = p"
and set
oy — u(t”“),pnﬂ/‘o’ =p". (7.11)
Fractional Step 2:
Solve )
% +n(Vu-n) =11in 0Q x (¢, "),
w=u"3 on Q x (7, ),
(7.12)
% —0in Q x ("¢,
L u(t") = w5, p(er) = pr
and set
W = (1Y), prt/3 = p(nth), (7.13)
Fractional Step 3:
Solve )
9u —0in Q x (¢, "),
Y %+ P = D% in Qo (7, 1), (7.14)
| ul(t") = w3 p(tr) = prt/2,
and set
u"L = (), prt = Py (p(ttth) . (7.15)
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P, () is the eigenvalue projection operator as before. Steps (7.9)-(7.15) can

be discretized in usual ways as those previous discussed algorithms. Since the

solution of (7.4) is not unique, we need to fix some point to make sure our

algorithm converge to some solution. So we choose a point Xy to make sure

u(xg) = 0. To achieve that, after each iteration, we subtract u"*!(xq) from "

un—l—l — un—l—l

— u"(xg). The resulting algorithm is summarized as follows:

+1

Algorithm NU1

0 0
U” = uop,p = Po-

For n > 0, {u™, p"} — u"*¥/2 — {u"*! p"*'} as follows

(

G =V [(ET - cof(p) Ve 2] 2 = 0 in

w2 = " on 09,
\
(

un+17un+1/2

N +n(Vu" . n) =1 in 09,

w1 = 4"1/2 on Q,

\

pn+1 _ P+ (e—q/Atpn + (1 o e—vAt) D2un+1/2) ’

unJrl — unJrl - un+1 (X())‘

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)

To discretize the second system (7.8), we only need to replace the second sub-

step (7.12) of the first system by

Fractional Step 2 of the Second System.:
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Solve

(
Vut/3 . n =1in 09,

u = u"t/3 on Q, aa_? =01in Q x (¢, t"T1), (7.21)

u(tn) — un+1/37 p<tn) — pn+1/3’

\
and set

W3 = (1), pr/3 = p(nH), (7.22)

The second algorithm is

Algorithm NU2

u’ = u, p° = po. (7.23)

For n > 0, {u™, p"} — u"*¥/2 — {u"*! p"*'} as follows

(

LG = V- [T cof (p) Vurt 2] 42f = 0in ©,
(7.24)
w2 = " on 09,
?
Vu't-n =1 in 09,
(7.25)
untt = /2 on Q)
\
p"tt =P, (e_vmp” + (1 — e_vm) D2u”+1/2) ) (7.26)
unJrl — unJrl - un+1 (X0> (727)

7.4 Finite element implementation

We use the same finite element space as previous sections. The discretization of

the first and third step of the two algorithms, (7.17), (7.19), and (7.25), (7.26),
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are the same to some previous discussed algorithms. Here we only discuss how

to implement the two second steps (7.18) and (7.25).

The key point is to implement the dot product. Then a linear system can be
formed and solved implicitly. The method we use here in some sense is a kind of
mixed finite element method. In general, the first derivatives of u is approximated
by piecewise linear polynomials. Use {bj, b2} to denote the approximation of
{ug, uy}:

Jo bi(w)wdz = [, uy(v)wdz,

Jo bo(v)wdz = [, uy(v)wde,

(7.28)

for any w € H'(2). v can be any nodes in our discretization and w is basis
function. So {b, be} are linear combinations of u on the nodes. Then Vu - n can
be approximated as

Vu-n= b1n1 + b2n2

which is linear combination of b; and by. The normal direction (ny,ns) is ap-

proximated by (71, 12):

Jog(w)wds =[5, m(v)wds,

(7.29)
Joq P2 (v)wds = [, na(v)wds,
for any w € H'(Q). Then we use the approximation
Vu-n=~ blfbl + bQﬁQ. (730)

Following (7.28)-(7.30), we can derive a matrix M such that (7.30) can be com-
puted as
Vu-n= bl'fll + bzﬁg = Mu. (731)

Then (7.18) and (7.25) can be solved easily.
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7.5 Numerical experiments
In this section, we test the performance of the two algorithms. Most examples

are solved by Algorithm NU1. For some selected tests we compare the two

algorithms.

7.5.1 Example 1

In this example, the domain is Q = (0,1)2. We set the example such that the

cosl(m-3) e (meg) |0 72

Then ¢(0,0) = 0 and f = 256. The boundary condition is computed from the

exact solution is

exact solution. During our computation, we force u(0,0) = «*(0,0) = 0. First we
set € = &, = h'5. The stopping criterion is chosen as |[u"™! — u™||y < 1077. But
for the Algorithm NU on the regular mesh on unit square with h = 0.0354, we
need |Ju™™ — u™||y < 1078 to achieve the best accuracy. The computed solution
and the convergence behavior on different mesh is shown in Figure 7.1. The L,
and L., error and their corresponding convergence rate is shown in Table 7.1.
Generally the convergence rate is larger than 1.5. Only on the unstructured
mesh on a unit square the negative convergence rate appears. We think that
maybe due to the mesh is too coarse. With this setting, Algorithm NU2 does
not converge on all kinds of meshes. To compare the performance of the two
algorithms, we set € = £; = h. The comparison is shown in Table 3.2. Algorithm
NU1 has higher accuracy but needs more iterations to achieve the best accuracy
than Algorithm NU2. But Algorithm NUT1 is more robust and we can use smaller

€ and £; to get better accuracy and convergence rate.
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Figure 7.1: (Example 1, ¢ = ¢ = h!5) Graphs of the computed solutions of
Algorithm NU1 and related convergence behaviors on: (a) the unit square regular
mesh, (b) the unit square symmetric mesh, (c) the unit square non-uniform mesh,
and (d) the half-unit disk triangulation.
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h(h?) | Iterations | ||u"** — ™|y | Lo norm | rate | Lo norm | rate

(a) 0.1414 286 9.76x10~" 4.61x1073 1.39x1072
0.0707 864 9.98x10~" 7.45%x107% [ 2.63 || 1.81x1073 | 2.94
0.0354 3417 9.99x10~8 1.45x107% | 2.36 || 2.80x10~* | 2.69
h(h) | Iterations | |[[u™™ —u™||y || Ly norm | rate | L., norm | rate

(b) 0.1 194 9.68x10~" [/ 2.26x10~° 3.66x1072
0.05 YU 9.87x10~" 5.38x1073 | 2.07 || 8.06x1073 | 2.18
0.025 2257 9.95x1078 1.26x1073 | 2.09 || 1.83x107° | 2.14
h(h) | Tterations | |[|[u™™ —u™||s || Ly norm | rate || L. norm | rate

0.1 234 9.86x10~" [ 1.48x10°° 6.12x10°2
() 0.05 793 9.97x10~" 1.59%1072 | -0.10 || 4.00x1072 | 0.61
0.025 2412 9.99x10~" 2.10x1072 | 2.92 || 7.42x1073 | 2.43
h(h) | Iterations | ||[u"*' —u"||s | Le norm | rate | L. norm | rate

(d) 0.1 154 9.74x10~7 4.89x1072 8.24x1072
0.05 452 9.92x10~" 6.97x1073 | 2.81 || 2.79x1072 | 1.56
0.025 612 9.99x10~" 2.42x1073 | 1.53 || 9.63x1073 | 1.53

Table 7.1: (Example 1, ¢ = ¢ = h'®) Number of iterations necessary for the
convergence of the scheme, approximation errors and space approximation con-
vergence rates for: (a) the unit square regular mesh, (b) the unit square sym-
metric mesh, (c¢) the unit square unstructured mesh, and (d) the half-unit disk
triangulation.

h Iterations | ||[u™™ —u™[|; | Ly norm | L norm
(i) | 0.0354 3486 9.99x1078 | 2.70x1072% | 3.21x1073
(ii) | 0.0354 460 9.98x10~" | 5.40x1073 | 1.00x 1072
(iii) | 0.025 1997 9.99x10~" | 3.68x1073 | 5.28x107%
(iv) | 0.025 | 1708 | 9.99x107 | LOIx10 ! | L87x10 T

Table 7.2: (Example 1, ¢ = ¢ = h) Comparison between Algorithm NU1 and
Algorithm NU2 on the unit square regular mesh with A = 0.0354 and the unit
square symmetric mesh with A = 0.025: (i) Regular mesh with Algorithm NUI.
(ii) Regular mesh with Algorithm NU2. (iii) Symmetric mesh with Algorithm
NU1. (iv) Symmetric mesh with Algorithm NU2.

7.5.2 Example 2

In the second example, we test problem with exact solution being the exponential

function

2

ut = 4e” — dez (7.33)
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where r = [(z; — 1/2)% + (2o — 1/2)2]1/2. Then we have f = 64¢*”(1+2r). The
boundary condition is computed from the exact solution. During the iterations,
we force u(0,0) = u*(0,0) = 0. First we test the performance of Algorithm NU1
with ¢ = ¢; = h'” and stopping criterion ||Ju"™! — u"||y < 107%. The computed
result and convergence behavior is shown in Figure 7.2. The Ly and L., errors
and their corresponding convergence rate are shown in Table 7.3. Generally the
convergence rate is larger than 1. For this example, with e = e; = h!® Algorithm
NU2 works but a smaller time step is required and it converges very slow. To
compare the performance, we use ¢ = ¢; = h. The comparison on regular and
symmetric mesh on a unit square is shown in Table 7.4. There is no big difference
on accuracy between these two algorithm. Algorithm NU2 is more efficient on

solving this example on regular mesh.

h(h?) | Tterations | ||u"** —u"|ly | Lo norm | rate | L. norm | rate

(a) 0.1414 246 9.71x107" | 9.57x102 2.13x107*
0.0707 732 9.89x 1077 3.98x1072 | 1.27 || 9.25x1072 | 1.20
0.0354 2106 9.99x10~8 2.77x107% | 0.52 || 4.49%x1072 | 1.04
h(h) | Tterations | |[[u"™ —u™[|y || Ly norm | rate | L., norm | rate

(b) 0.1 159 9.79x10°" || 8.59x10°* 1.46x107"
0.05 466 9.89x 1077 3.80x107% | 1.18 || 6.44x1072 | 1.18
0.025 1421 9.96x10~" 1.11x1072 | 1.78 || 2.04x1072 | 1.66
h(h) | Iterations | ||[u"™ —u"|| | Lp norm | rate | Lo norm | rate

© 0.1 226 9.70x1077 | 7.73x107° 1.30x107"
0.05 753 9.94x10~7 1.61x1072 | 2.26 || 3.64x1072 | 1.84
0.025 1798 9.99x10~" | 6.04x107% | 1.41 | 1.60x1072 | 1.19
h(h) | Iterations | ||[u"™' —u"||s | Ls norm | rate | L. norm | rate

(@) 0.1 150 9.92x10°7 || 3.32x10°? 6.78x 102
0.05 426 9.91x10°7 1.13x1072 | 1.55 || 2.60x1072 | 1.38
0.025 549 9.97x1077 || 3.91x1072 | 1.53 || 1.06x107% | 1.29

Table 7.3: (Example 2, ¢ = ¢ = h'®) Number of iterations necessary for the
convergence of the scheme, approximation errors and space approximation con-
vergence rates for: (a) the unit square regular mesh, (b) the unit square sym-
metric mesh, (c¢) the unit square unstructured mesh, and (d) the half-unit disk
triangulation.
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h Iterations | ||u™™ —u"||s | Ls norm | L. norm
(@ [0.0354| 2146 | 9.98x10 " |3.82x10 2| 7.85x10 2
(i) | 0.0354 450 9.98x10~" | 3.17x1072 | 6.59x 1072
(iii) | 0.025 1598 9.99x10~" | 6.53x107% | 1.13x107*
(v) | 0025 | 1371 | 9.96x10 7 |9.69x10 2 | L.44x10 !

Table 7.4: (Example 2, ¢ = ¢; = h) Comparison between Algorithm NU1 and
Algorithm NU 2 on the unit square regular mesh with h = 0.0354 and the unit
square symmetric mesh with h = 0.025: (i) Regular mesh with Algorithm NUIL.
(ii) Regular mesh with Algorithm NU2. (iii) Symmetric mesh with Algorithm
NUL. (iv) Symmetric mesh with Algorithm NU2.

7.5.3 Example 3

In this example, we show an application of our algorithms. We use our algorithm
to generate adaptive mesh. The adaptive mesh generated using the Monge-
Ampere equation was introduced in [112]. Here we test one of their examples. In
this problem, two mesh grid density distributions py, po are given. We are given
the grids location following p; and want to transport it to follow py. We choose

Q= (0,1)% pi(x) =1 Vx € Q. Define

k =1+ 2exp <—C’ (x1 — 5) + (29 — 5)2 -0 OQD (7.34)
Then we choose
k
= — 7.35

This choice of ps has largest density on a circle centered at (1/2,1/2). Here C
is a parameter controlling the distribution, the larger C' is, the larger density on

the circle.

Since the regular mesh and the Cartesian mesh uses the same grid points, we
only consider regular mesh. We solve (7.3) with Vu = (z1,22) in (7.35). So we

have




The strategy used here is similar to the our method solving the Minkowski prob-
lem. We use u” from the previous step to compute f and then apply Algorithm
NU1 or NU2 to update ©™*t. Our initial condition is computed from the standard

Cartesian mesh {z;}Y ;:

where z; = (z;1, 2;2) is the location of the i'" grid point. Then we have z; =
Vu(z;). The grid points and mesh computed from the initial condition is shown
in Figure 7.3. When computing the gradient on the boundary, we only have
information on one side, so the error is larger than interior value. The boundary

condition used here is the Neumann boundary condition:

Vu-n=z-n, Vz on 0f),

where n is the unit outward direction. With this boundary condition, grid points
on the boundary is only allowed to move along the boundary. Before and after

the transportation, we keep the connectivity between the grid points.

0.8

0.6

0.4

0.2

0 0.2 0.4 0.6 0.8 1 0 0.2 04 06 0.8 1

Figure 7.3: (Example 3) Grid points and mesh computed from u°.

First we use a small C = 10. With ¢ = & = A5, both algorithms works.
The resulting grid points and meshes are shown in Figure 7.4. Both algorithm
generate the adaptive mesh well. Although Algorithm NU1 cannot make the
solution strictly satisfy the boundary condition, the error is very small. Grid

points on the boundary almost stay on the boundary after the transportation.
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Figure 7.4: (Example 3, C' = 10) Adaptive grid points and mesh generated by
(a) Algorithm NU1, (b) Algorithm NU2.

Then we use a larger C' = 50 to see the performance of the two algorithms. With
e = g = h'5, both algorithms works. The resulting grid points and meshes
are shown in Figure 7.5. With this C, the grid points are more dense near the
circle in the results by both algorithms. By Algorithm NU1, grid points on the
boundary also almost stay on the boundary. For both choices of C, there is no

line cross in the mesh plot by both algorithms.

7.6 Conclusion

In this chapter, we applied our previous introduced Monge-Ampere equation
solver on the Neumann Monge-Ampere equation problems. We design two algo-
rithms: one is robust and works with smaller smoothing factor, ¢, 1, on all kinds
of meshes. But the solution may not strictly satisfy the boundary condition. The

accuracy order is larger than one in general. The other one is less robust but its

175



1 1
A HHHHH
0.8 08| IH HH
06 06 I FH
0.4 0.4 H
02 02 H
m H
H HH B
0 0 1T T TEEETT
( ) 0 02 0.4 06 08 1 0 02 04 06 08 1
! 1 T AT
E 1T
0.8 0.8 - =
H ;
H RaR H
06 06 H
0.4 04 H
02 02 H e f
\\\\\ T
R ol
(b) 0 02 0.4 06 0.8 1 0 02 0.4 06 08 1

Figure 7.5: (Example 3, C' = 10) Adaptive grid points and mesh generated by
(a) Algorithm NU1, (b) Algorithm NU2.

solution strictly satisfies the boundary condition. We have used both algorithms

to generate adaptive mesh. Both of them perform good.
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Chapter 8

Three Dimensional

Monge-Ampere Equation

8.1 Introduction

In previous chapters, all methods are proposed to solve two dimensional Monge-
Amere related problems. In this chapter, we consider the Monge-Ampere equa-
tion in three dimension. Consider the Monge-Ampere equation with Dirichlet

boundary condtion in dimension three:

det D%y = f in Q,

U|aQ =4

where ) is a bounded domain in R?, D?u is the Hessian matrix of u:

8% 0% 0%
8%% Ox10xe  Or10x3
D2 U = 9%u d%u 9%u
0x10x2 6$% Ox20x3 ’
9%u 9%u du
Ox30xr1  Ox3z0xs 8m§
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f and g are given functions with f > 0.

Due to the importance of the Monge-Ampere equation, lots of numerical algo-
rithms has been developed recently. But most of them focus on the two dimen-
sional problem. The three dimensional is more complicated since it includes cubic
terms whereas there are only quadratic terms in the two dimensional problem.
Here is a brief literature review on numerical methods solving three dimensional
Monge-Ampere equations. In [35], a vanishing moment method is introduced to
solve second order fully nonlinear PDEs. Similar to the viscosity solution idea, a
biharmonic term is added to the PDE and then solved by preconditioned Newton
method. In [12], solved by vanishing moment method with Newton method, a
penalization method is designed by extending the ideas in [11]. The error bound
is proved with polynomial finite element space with order equal or larger than
3. Another vanishing moment based method using Morley finite element [83]
is proposed in [88]. The estimation of error bound is given with condition on
mesh size. In [38, 39], two finite difference method based on wide stencil [92] is
proposed for solving Monge-Ampere equation in dimension two and three. But
due to the employment of the wide-stencil, they are not simple to solve problem
on irregular domain. In [86], a hybrid method using the wide-stencil and power
diagrams [2] is designed. In [108], a least square method for oy problem(which
can be written as three dimensional Monge-Ampére equation) is proposed by
extending idea in [29]. In [9], a projection method is introduced using C" finite

element. But it is difficult to construct C* finite element spaces in 3 dimension.

The idea here is simple. First we rewrite (8.1) in another form using the co-
factor matrix of D?u. Then the new equation is solved in an operator-splitting
way discretized by finite element method. To enforce the convexity, an eigen-
value projection method using hard thresholding is used. The implementation
is pretty easy. Our method can solve Monge-Ampere equation with smooth

classical solution or with singularities in dimension three.
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This work is an extension of the idea in Chapter 3. Among those methods
mentioned above, most numerical experiments are conducted on a cube. Only
in [12] an experiment on an ellipsoid is mentioned. Using our method, problem
on regular domain such as a cube or irregular domain such as a sphere can be

solved easily.

8.2 A divergence formulation of problem and

an associated initial value problem

In this section, we derive our initial value problem associated to (8.1). Let

A ={a;;},i,5 = 1,2,3. The cofactor matrix associated to A is defined as

A220a33 — (23032 Q23431 — Q21433 A21032 — A22031
1
cof (A) = det(A) 13032 — 12033 A11033 — 13031 G12031 — A11032 | - (8.2)
a12G23 — A13Q22 Q13Q21 — A11A23 Q11022 — Q12021

Using (8.2), the left hand side of (8.1) can be written in divergence form:
2 1 2
det D u = §V . (cof (D u) Vu) .
The Monge-Ampere equation in dimension 3 can then be written as

—V - (cof (D?u) Vu) +3f =0 in €,
(8.3)

u|aQ =4

By some steps of integration by parts, it can be easily shown that the solution

to (8.3) is a stationary point of the energy
I(u) = / cof (D*u) Vu - Vudz + 12/ fudzx. (8.4)
Q 0
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The simplest Hilbert space to solve for u is H2. Define

Vg = {U|U S H27U‘8Q:g}~

Let ¢ be a stationary point of I(u). We have I'(u) = 0 which leads to the weak

formulation of (8.1):

Va,
"€ (8.5)

Jo cof (D?¢) V¢ - Vuda + 3 [, fode = 0,Yv € V.

We have the following theorem on the positive definiteness preserve of the cofac-

tor operator:

Theorem 8.2.1. Let p be a 3 X 3 matriz and cof(p) be the cofactor matriz of p.
cof(p) is positive definite if and only if p is either positive definite or negative

definite.

Proof. Denote the eigenvalues of p by [y, [, [3 with eigenvectors vy, v, v3 respec-
tively. Denote eigenvalues of cof(p) by ki, ko, k3. Since cof(p) is the cofactor

matrix of p, we have

1
-1 = f(p). 8.6
P = G ) (5.6)
Since
PY; lzvzy
we have
P V= ;i
fori=1,2,3.

Multiply (8.6) by v; on the right, we have

1 1 1
S = . = ——cof ;
liv P v ot( )co (p)v
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for i = 1,2, 3.

The above equation implies
ki=——"=i=1,2,3. (8.7)

First we prove the sufficient part.
. oy . . . o det( )
If p is positive definite, det(p) > 0 and I; > 0 for i = 1,2,3. So k; = Tp >0

for i = 1,2,3 and cof (p) is positive definite. If p is negative definite, det(p) < 0

and [; < 0 fori=1,2,3. So k; = de%p) > (0 for i = 1,2,3 and cof(p) is positive

definite.
For the necessary part, assume cof(p) is positive definite. Then k; > 0 for

i =1,2,3. Since (8.7),
det(p)
Li

>0 (8-8)

and [;’s have the same sign for ¢ = 1,2, 3. If they all are positive, det(p) > 0 and
(8.8) is satisfied. p is positive definite. If they all are negative, det(p) < 0 and

(8.8) is satisfied. p is negative definite. O

If u is convex, then D?u is positive definite and cof(D?u) is positive definite.

Remark 8.2.1. By solving (8.1), we want to find convex solution u. Since we

have f > 0 on Q, u must be strictly convexr and D*u is positive definite.

Remark 8.2.2. Let py = (a,b,c) € R®. Definer? = (z1—a)*+(z2—b)*+(z3—c)?

and u(r) is a function of r. Then we have

I\ 2
det(D?u) = u” (£> :

r

When solving the Monge-Ampere equation, we want to find convex solution. So
D2y is positive definite and (8.3) is an elliptic PDE of u. Before go to the initial

value problem, we work on the nonlinearity of (8.3) first.
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To handle the nonlinearity in (8.3), we use a new variable p to replace D?u.

Then solving (8.3) is equivalent to solve the following system:

(

-V - (pVu) +3f =0,

p — D%u =0, (8.9)

\U|8Q =4g.

Introducing artificial time ¢ and viscosity term —Auwu, we get the initial value
problem:

9 — eAu—V - (pVu) +3f =0,

% +7(p-D)=0, 510,

U|aQ =9,

\U(O) = g, p(0) = po,

where € is a small positive number and 7 is a positive parameter. The solution

to the original Monge-Ampeére equation is the steady state of u in (8.10).

Note that —Au = —V - (Vu), (8.10) can be rewritten as

9u _ V. (el+pVu)+3f =0,

Jp 2 _
¢ +7(p—D%u) =0,
” (8.11)

U|aﬂ =9,

U(O) = Uo, p<0) = Po-

When solving (8.11), we want p to evolve roughly with the same rate as that of
u. Denote the three eigenvalues of D?u by [y, l5, l5. Denote the arithmetic mean

and algebraic mean of these three eigenvalues by [ and [ respectively:

L+l+1s
3

[ = = (Iylyls)'3.
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Also, denote the algebraic mean of the eigenvalues of cof (p) by k. Since

L1

P = (p)cof (p),

we have

det (cof (p)) = (det (p))2

S B osh=P

Let Ag be the smallest eigenvalue of —A and « be the smallest value of f. From

(8.1), we have I3 = llyl3 = f. Then the smallest rate at which u evolves is

Aokmin = Aol2 . = Aoas,
where ki, and [;;, are the smallest value of k£ and [ in {2 respectively. We

choose ¥ = kAga3 where £ is some parameter of order O(1).

To enforce the convexity of u, we use two techniques:

e Use good initial condition uy and py.

e Enforce the positivity of p”, p™ being intermediate state.

We now discus how to choose our initial condition. Enforcing the positivity of
p"” will be discussed in Section 8.4.7.
For the initial condition wuo, it is reasonable to approximate [ by . Consider the

Laplacian operator A, we have
Au:l1+l2+l3 :3l_% 3[2 3f1/3.
So we choose ug as solution to the following Laplace equation:

Au = 363, (8.12)
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where [ is some factor. And we choose pg as the Hessian matrix of ug:

po = D?uy. (8.13)

8.3 Time discretization by operator-splitting method

Operator splitting method is very useful in solving complicate PDE. A great
variety of schemes have be designed. For a deep discussion on Operator splitting
method, we refer interested readers to [47]. In this work to solve (8.11), we use

the Lie type operator splitting:

u® = ug, p° = po. (8.14)

For n >0, {u",p"} — {u" /2, p"+1/2} — Ly pt1} as follows

Fractional Step 1:

Solve
)
9u _ V- [(eI+ cof(p™)) V] + 3f = 0 in Q x (", t"+1),
u =g on 0N x (t", "),
(8.15)
% —0in Q x (¢, 1Y),
| u(t") =", p(t") =p"
and set
utE = (), pt 2 = p (). (8.16)
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Fractional Step 2:

Solve

and set

9u — 0 in Q x (¢, 1),

%+ yp = D22 in Q x (¢7, ¢+,

u(t") = w2, p(r) = pr

un—i—l — U(tn),pn+1 — p(tn+1).

(8.17)

(8.18)

System (8.15)-(8.17) is first order accurate. The crucial problem is to solve (8.15)

and (8.17). There is no difficulty in solving (8.17) since the analytical solution

can be found. (8.15) is linear in u and can be solved implicitly. Here we advocate

Backward Euler method. The resulting scheme is as follows:

UO = Uy, pO = Po- (819)

For n > 0, {u™, p"} — {u", p"™!} as follows

w7 [(e1 4+ cof (p™)) Va4 3f = 0 in Q
(8.20)

u"! = g on 09,

p"tl = e Ap" + (1 — e %) D22 (8.21)

To enforce the positivity of p”, we modify (8.21) by projecting it to a 3 x 3

semi-positive definite matrix space. Denote such projection operator by P, (-),

our scheme becomes
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u® = ug, p° = po. (8.22)

For n > 0, {u™, p"} — {u"™, p"™} as follows

u"+Alt_un . v . [(5]: + Cof(pn)) Vun+1] _|_ Sf — O in Q,
(8.23)
u™ = g on 09,
pt = P, (e—’YAtpn + (1 _ e—’yAt) Dzun+1/2) ' (8.24)

The definition of P (-) will be discussed in Section 8.4.7 which is similar to its

definition in dimension two.

8.4 Finite element implementation

The divergence form in (8.20) suggests to use finite element method to imple-
ment system(8.20)-(8.21). In this work, we use tetrahedral mesh with piecewise
affine basis function. In this section, we first define some finite element spaces
which will be used, then we derive the finite element implementation of the

approximation of the second order derivatives and scheme (8.23)-(8.24)

8.4.1 Basic finite element spaces

Assume € is a polyhedra domain, we divide €2 into small tetrahedrons with edges
around A(in our experiments the edge length is between 0.8h ~ 1.9h). Denote
the collection of these tetrahedron by 7,. Then the finite dimensional vector

space V}, is defined as

Vi = {vlv € C°Q),v|r € P,VT € T},
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where P; is the space of polynomials with three variables of degree< 1.

Denote the set of vertices of tetrahedral in 7, by X:

Yy = {Qz}fvzhl

where @); is vertex of tetrahedron and N}, is the number of vertex. Associate

each (); the unique basis function w; defined in €2:

w; € Vh,
wz(@z) =1,

We have

Np

v = Zv(@i)wi,Vv eV,

i=1
which shows dim Vj;, = N,. Note that the support of w; is the collection of
tetrahedrons with the common vertex @);.

Assume g € C°(99), define Vy, as
Vor = {vlv € Vi, v(Q:) = g(Qi)} if vertex @Q; € 0.

v € Vg, is equivalent to v € Vj, with v = g on 0§
We define another finite dimensional matrix-valued space Q) to approximate the

(symmetric) matrix value function p

qi1 Q12 13
Qon = { dla = Q21 Q22 Qo3 | € (Vc)h)3X3, Q12 = 21,413 = ¢31,423 = (32

31 432 (433
where Vj, is equivalent to Vi, with g = 0.

Remark 8.4.1. The space Qg s not a good space to approximation to p since
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most problem does not have zero Dirichlet boundary condition. This issue will be

discussed in Section 8.4.3. Here we use it temporally to derive our formulation.

8.4.2 Finite element approximation of second order deriva-

tives
Consider a function ¢ € H?(Q), according to divergence theorem, we have

. Vi=1,2,3, j=1,2,3, 5.25)
Vo € Hy(S2), 8.25
5> oY 9 oY 0

v 2f9[ 2 06 4 0 9] g

Q 8331-82:] Ox; Ox; 82:]- ox;

Now consider v € V},, we use DU ;, to denote the discrete approximation of —%—

8:1: 6m
According to (8.25), we approximate 82 8”%_ by
¢
Vi=1,2,3 j=1,2,3,
ngh( v) € Vor, Yw € Vo, (8.26)
| Jo D2y (0)wde = —1 [, [5’; Qu g oo ou] gy

For a given function f, the trapzoidal rule in on a tetrahedral E with vertex

q1, G2, g3, qs 1s given as

/fd (@) + f(q2) + f(Q3)+f(Q4)‘E|

4

where |E| denotes the volume of F.
We use trapezoidal rule to approximate the integral on the left hand side in
(8.26). Denote the set of vertices of tetrahedron in 7 which are not on 909 by
Yon:

on = {Qi}%
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If Q; € ¥, denote the union of tetrahedron in 7, having (); as a common vertex

by w; and denote the volume of w; by |w;|. Then we have

support of w; = w;.

Applying trapezoidal rule to the integral on the left in (8.26), we get

Vi=1,2,3, j=1,2,3,

D%h( v) € Von, Yw € Vgp, (8.27)
| D20)(@Qn) = 5 [, |20 + 2292 | de, ¥k = 1,2,..., Now,

In (8.27), since v and wy, are piecewise linear in €2, their first order derivatives are
piecewise constants. h is very small compared with the size of 2, wy is the union
of a small number of tetrahedrons. It is very simple to compute D}, (v)(Qk). In
[15], the author mentioned that using approximation (8.27) in 2D to solve Monge-
Ampere equation, the convergence properties of their method strongly depends
on the triangulation of the domain. Similar phenomenon is observed in Chapter
3 for 2D Monge-Ampere equation. To resolve this problem, a smoothed version
of the approximation is used. In this work, for 3D Monge-Ampere problem with
classical solution, approximation (8.27) is fine, our scheme works well on various
domain but a small time step is needed. With the smoothness, we can use a large
time step and our algorithm converges much faster. For solution with singular
point, the smoothness on the approximation on the second order derivatives is
necessary to make our scheme convergent. Here we introduce the smoothing
procedure in 3D situation. Instead of solving (8.26), we add a viscosity term on

the left hand side:

Vi=1,2,3, j=1,2,3, D, € Vi,

fQ zgh wdm + € fQ VDZ]h( ) Vwdr = —3 f [g;g_z + aﬁzv Tw ,‘v’w € VE)hu
(8.28)
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where €, is a positive small parameter. Note that the order of complexity of
solving (8.28) is the same as that of solving (8.20), so the complexity order does

not change.

8.4.3 On the boundary condition of the approximation of

the second derivatives

As we mentioned before, Qg is not a good space to approximate p since it
assumes zero Dirichlet boundary condition of p which is not appropriate for most
situation. We need to propose a more natural boundary condition. Following
our another work on 2D Monge-Ampere equation, we use the zero Neumann

boundary condition:
anjh( )

o =0,Yz € 00 (8.29)

where n is the outward normal of 0). Therefore, we modify (8.26) to

Vi=1,2,3, j=1,2,3,

DZ2 ( )E %h,VwE Vi
7Y (8.30)

- v dw Qv dw
Jo D (wywdz = =3 [, |:8:131 92, T w; ow; | 4T

BDijh(v
\ on

=0,Vzx € 012.

Similar to what has been done in [48], we compute the interior point and bound-
ary point of D}, (v) using different conditions,
For interior point, we compute D, (v) according to (8.27) or (8.28). For bound-

ary point, we compute it according to (8.29):

= / %wdaﬂ—/v VD, (v)w) dx (8.31)
00 on zyh :
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Assume D2, is harmonic, AD};, = 0, in each tetrahedral, the formula to compute

boundary points reduces to
/QVDinh(U) - Vwdz = 0.
The idea is summarized as follows:
1. At an interior point, solve

oia =L [[200n o000
/g)Dijh@)wdx_ 2 Ja 8xi8xj+8a:j8xi da

for (8.26) or solve

Vi=1,2,3, j=1,2,3, D3, € Vi,

oy D2y (0)wdz + € [, VD2, (v) - Vwde = 3 [, [ﬂa_w

2 Ox; Ox;

for (8.28).

2. At a boundary point, solve

/ VDinh(U) - Vwdz = 0.
0

(8.33)

(8.34)

+ ﬂa—w] ,Yw € Vi,

Ox; Ox;
(8.35)

(8.36)

Equation (8.34)-(8.36) form a linear system of D?;, (v) and can be solved easily.

Remark 8.4.2. Similar to the two dimensional problem, ijh s not harmonic

here. This is a kind of variational crime.
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8.4.4 Finite element implementation of scheme (8.22)-

(8.24)

We use backward Euler method to discretize (8.23) and approximate D?u™*! in
(8.24) using (8.28) and (8.33). The discrete analogue of scheme (8.22)-(8.24) is

given as

u® = ugn(€ Vyn), P’ = Pon(€ Qu). (8.37)
For n > 0, {u", p"} — {u"*! p"*1} as

(
n+1
untt € Vi,

Jouvdz + At [, (eI + cof(p™)) Vu"t! - Vudx = (8.38)

Jo u"vdz — 3At [, frudz,Yv € Vi,

p"H(Qi) = Py (e p™M(Qi) + (1 — e 72D (u")(Q)))
(8.39)

VZ — 1, ceey NOha

\

where in (8.38) f, is a continuous approximation of f and in (8.39)

D3, (u™)(Q:) Dl (w1 (Q1) Dl (u™)(Qs)
D, (u")(Qi) = | D2y, (w ) (Q)) Dy, (W )(Qi) Dy (u)(Q:)
D?Z,lh(un+1)(Qi) D§2h(u”+1)(Qi) D§3h(u”+1)(Qi)

computed using (8.34) and (8.35). The solution to (8.38) will be discussed in

Section 8.4.6 and details of projection P, (-) will be discussed in Section 8.4.7.
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8.4.5 Initialization of scheme (8.37)-(8.39)

The initialization of (8.37)-(8.39) is the discrete analogue of (8.12) and (8.13):

Uop € V;;hy (8 4())

Jo Vg, - Vodz = =38 [ f,?%dx,Vv € Von,

for ug;, and

[ Plin(uon)(@x) - Diy(uon)(@x)  Disy(uon) (@)
pOh:Z D%lh(UOh)(Qk) Dgzh(UOhXQk) D%Sh(“Oh)(Qk) W (8.41)
 \ D3, (uon)(Qi) Dy (uon)(Qr) D, (uon)(Qr)

for po.
In (8.40), the integral on the right hand side can be approximated by the trape-

zoidal rule:
Non

/in/gvdx ~ i; wil £/ (Qu)v(Qu).

In (8.41), D7, (uon)(Qr)’s are computed using (8.34)-(8.36) for i = 1,2,3, j =
1,2,3.

8.4.6 Solution to variational problem (8.38)

The general form of variational problem (8.38) can be written as

e Vg

a [y edr + B [, MV - Vodr = v [, fode, Y € Vo

(8.42)

In (8.42), f is a continuous given function, a(> 0), (> 0) and v are constants.
M is a continuous piecewise affine symmetric matrix-valued function.

If M is pointwise positive semi definite, then (8.42) has a unique solution. Here
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we assume M has such property.

Applying trapezoidal rule to the first and third integral,we get

we%ha

@ SO i (Qi)d(Qs) + B [y MV - Vpda = T SN [wi] F(Qi)p(Qs), Vo € Vi

(8.43)
Let {w;} be a vector basis of Vp,, then (8.43) is equivalent to
Y € Vo,
! (8.44)
Swi|V(Qs) + B Jo MV - Vwide = T |w;| f(Qi), Vi = 1,2, ..., Nop.
Consider that ¢ can be written as
Nop, Np,
V= B(@Q)wi+ Y g(Q)wj, (8.45)
Jj=1 J=Non+1
denote 1(Q;) by v, the vector {1;}X is the solution of
( N,
@ el i+ B0 ([, MV - Viida) 15 =
$onl F(Q) = BN, 1 (fp, MV - Vurde ) 9(Qy), (8.46)
1= 1, . ,N()h.

Since h is small, w; N w; is a small area and the matrix associated to linear
system (8.46) is sparse. Further more assume M is symmetric positive semi
definite matrix defined on €2, then the associated matrix is symmetric positive
definite and the existence and uniqueness of solution can be proved.

Now let’s discuss how to compute [

MVw, - Vw,dz. Since w; is piecewise
w;Nw;

linear, Vw; is piece wise constant and w; N w; consists only a small number of

tetrahedrons, the computation should be simple. Consider a tetrahedron 7" with
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vertices A1 A>AzA,. We want to approximate
/ MYV - Vodz, (8.47)
T

with ¢, 0 being real-valued linear functions on 7" and M being symmetric real
matrix-valued linear function on 7. First we approximate the integral using

Trapezoidal rule:

/T MV¢ - Vodr = (immg) Vo - V0. (8.48)

Define the basis function {w;}?_; as

w; € Pl;
(8.49)
We have ¢ = 377, ¢(A)w; and 0 = 37, O(A;)w;, and so
4 4
Vo= ¢(A)Vw; and VO =Y " 0(A;) V. (8.50)
i=1 i=1
Let x;,y;, z; be the three coordinates of A;. Define
L oy ph o=
1 «x z
W = det 2 Y2 2 ,
I z3 ys 23
I x4 ys 2z
and
Iy 2 I 2y 2 Iz y

a=—det |1 Ys 23 ,b:det 1 x5 23 ,c:—det 1 x3 Y3

1 ys 2z 1 2y 2 1z oy
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We have

a

1
VUHZW b
c

Vws, Vws, Vwy can be derived using similar formula. Then integral (8.48) can

be computed and linear system (8.46) can be solved.
8.4.7 Enforcing the local positive semi definiteness of p
(eigenvalue projection)

In this section, we talk about the projection P, (-) to enforce the semi-positivity

of p. Assume p(Q;) has eigenvalue decomposition:

p(Qi) = SiRiSi_l

ri 0 0
where R; = | 0 r2 0 with r}, r? r? being p;’s eigenvalues. Let
0o 0 3

rt0 0
Ri=]0 % 0
0 0 7t

with 7 = max(r¥, 0) for k = 1,2,3. Then P,(-) is defined as

P, (p"(Q:) = S;RfS; ', Vi=1,2,...,N.
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(8.39) can also be written as

pn+1/2(Qi) — e*’YAtpn(Qi) +(1— ef'yAt)Di(un+l)(Qi)
P (Q:) = SRS, (8.51)

Vi=1,2,.. N.

\

Remark 8.4.3. Since the solution to the Monge-Ampére equation is strictly
convex, p" will is positive definite if it is close enough to the Hessian matriz of
the solution. There are some N such that Py(-) will have no effect on p™ for

n>N.

8.4.8 A two-stage strategy

In [48] when solving 2D Monge-Ampere problem with classical solution, a two-
stage strategy is used to accelerate the algorithm. In 3D problems, the two-stage
strategy still works but the improvement depends on problems. We state the
two-stage strategy here. Consider the following initial value problem:
—w — V- [(eI + cof(p)) Vu] +2f =0, (for t > 0),

u =g on 02 x (0,+00), (52)

g—f+fy(p—D2u):OinQX(O,+oo),

u(0) = uy, p(0) = p1,

where 7 is an artificial time. M is a constant symmetric positive definite matrix
which can be taken as the approximation of D*u* with u* being the solution to
(8.1). (8.52) is similar to (8.11), it can be solved using steps discussed before
with minor modifications. Solving (8.52) needs good initial condition, otherwise
it does not converge. We first solve (8.11) for some small number iterations to

get good initial conditions {u;,p;}. We use M = D?u; to approximate D?u*.
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Figure 8.1: Finite element in a cube and a sphere. (a) figure of a cube and its
cross section. (b) figure of a sphere and its cross section.

Then we solve (8.52). The two-stage strategy is summarized as follows:

Stage 1

Compute {ug, po} according to (8.12) and (8.13).
Solve (8.11) for a small number of iterations.
Denote the result by {«’,p'}.

Stage 2

Set {uy,p1} = {v,p'},M = D%/

Solve (8.52) up to the steady state.
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8.5 Numerical examples

In this section, we test our algorithm on different domains: a cube and a sphere.
The graph of our domain and their cross section are shown in Figure 8.1. In
our experiments, we choose k = [ = 0.5 where k is the coefficient used when
computing 7, 3 is the coefficient used when initializing u°. € = ¢; = h? is used.
Without specification, stopping criteria ”]32”?—[”1’71” < 107* and time step dt = 2h?

is used, where

Np,
1
IS|I* = 3 > lwxlIS(@R)I1P, VS € Qy.
k=1

Several examples are solved by our original algorithm on both domain with dif-
ferent mesh size.

The two-stage strategy is tested for the first two examples. When using the
two-stage strategy, for the first stage we use time step dt = 2h? with stop-

2, N _n
[D2u"—p"|] < 1071.

K For the second stage, since ||[D?*u™ — p"|| and
[

ping criteria

[D?u"—p"|

e e always very small, we use time step dr = 1/2 with stopping cri-

teria ||u"* — u"|| < 107%. For uniformity, when comparing the performance of
the two algorithms, we use stopping criteria ||u"*! — v"|| < 107% and time step

dt = 2h? for the original algorithm.

h n | |lu"™ —u"|| | Ly norm |ratio| L. norm | ratio

1/8 | 64 | 4.74x107° | 1.99 x 1074 4.49 x 10~*
() /16132 [ 487 x 107 [4.63 x 10 | 210 | 1.06 x 107 | 2.08
1/32 ] 153 | 1.04 x 107% [ 1.20 x 107° | 1.95 | 2.71 x 107° | 1.97
h n | |[u"™ —u"| | Ly norm |ratio| L. norm | ratio

(b) 1/8 | 14 | 289 x 1077 | 8.71 x 107 5.00 x 1073
1/16 | 30 | 1.22x 1078 | 1.91 x 107* | 2.19 | 1.35 x 1073 | 1.89
1/32 ] 134 | 9.45 x 1072 | 5.08 x 107° | 1.91 | 2.97 x 10~* | 2.18

Table 8.1: (Example 1) Number of iterations and errors on a cube and sphere
with different mesh size, dt = 2h%. (a) is on a cube with different mesh size. (b)

is on a sphere with different mesh size. In (b) for h = 1/8, dt = h? is used.
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Figure 8.4: (Example 1) Error behavior with h = 1/32,¢ = ¢; = 0.

8.5.1 Example 1

For the first example, we use

g= (21 —1/2)* + (w3 — 1/2)* + (w3 — 1/2)?, (8.53)

f=s. (8.54)

The error for different h on both domain are shown in Table 8.1. The error
behavior with h = 1/32 for different € is shown in Figure 8.3. For h = 1/8,
dt = 2h?% is too large. On a cube, if we use dt = h?, only 13 iterations is
needed to satisfy the stopping criteria with the same accuracy. On a sphere,
our algorithm does not converge if we use dt = 2h%. In Table 8.1b for h = 1/8,
dt = h? is used. Generally, on both domain second order accuracy is observed.

The comparison of error history of the original algorithm and the two-stage
strategy with h = 1/32 on different domain is shown in Figure 8.2. On the cube,
the improvement of the two-stage strategy is obvious. We can see a sudden
decrease of the Lo- and Lo,-error. On the sphere, since the Lo- and L.,-error are
already very close to the best accuracy when the algorithm switches to the second
stage, the improvement is not so obvious as on the cube. On both domain, in
the second stage the result converges to the steady state much faster than the

original algorithm.
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For this example, since the zero Neumann boundary condition is exact, both Lo-

and L., error converges to machine precision if we choose ¢ = ¢; = 0. The error

history is shown in Figure 8.4.

h n | [u™ —u"|| | Ly norm | ratio | L. norm | ratio

1/8 | 17 | 1.12x 107 | 2.37T x 1073 7.27 x 1073
(&) 16 T67 T1.65 x 105 [ 7.99 x 10 | 157 [2.22 x 107 | 171
1/32 360 | 331x10° | 212x 10 7| 1.0l | 571 x 10 *| 1.96
h n | [Ju"™ —u"|| | Ly norm | ratio | L. norm | ratio

(b) 1/8 | 14 | 478 x107°% | 1.27 x 107° 5.43 x 1073
1/16 | 57 | 2.69 x 1077 | 4.18 x 10~* | 1.60 | 1.70 x 1073 | 1.68
1/32 [ 318 | 310x 107 | 110 x 10 * | 1.93 | 419 x 10 * | 2.02

Table 8.2: (Example 2) Number of iterations and errors on a cube and sphere
with different mesh size. (a) is on a cube with different mesh size. (b) is on a
sphere with different mesh size.

8.5.2 Example 2

For the second example, define

we use

12 = (31— 1/2)% + (22 — 1/2)? + (25 — 1/2)?,

(8.55)

(8.56)

(8.57)

The error for different A on both domain is shown in Table 8.2. The error history

for h = 1/32 on both domain is shown in Figure 8.5. On average, the conver-

gence rate is about 1.7 on a cube and 1.3 on a sphere.

202



. U™
5r o DT
Sa. R ST
of N D% 1p"
5
k)
{=2
K<}
20 . . . . . . )
0 50 100 150 200 250 300 350
(a) number of iterations
101
”unurunH
5 [ e S
RREY - IpPu™p"|
ok T ID%"-p"1/11p")|
5
o
j=2
o
0 50 100 150 200 250 300 350
(b) number of iterations

Figure 8.5: (Example 2) Error behavior with h=1/32. (a) is on a cube. (b) is on
a sphere.

203



N —== two-stage [|lu™"-u"|
0 two-stage L,
|
———— two-stage LX
2 —= == original [ju™!-u"|
> original L,,
4k h ———— original L)L
_ i
o 6 4 T
5 P
9 L
8
. H
N
e Nk
\\‘ \\
121 ‘\ A
\ A SN
\ \
-14 L L L \ L > Il
0 50 100 150 200 250
(a) number of iterations
P
0 \ — == two-stage [|u™"-u"|

two-stage L2

— — — — two-stage L‘L

—=== original [lu™"-u"|
original L2

———— original L’c

log(error)

0 50 100 150 200 250
(b) number of iterations

Figure 8.6: (Example 2) Comparison of the two algorithms: error behavior with
h=1/32 (a) on a cube, (b) on a sphere.

204



For this example, the comparison of the error history between the original al-
gorithm and the two-stage strategy is shown in Figure 8.6. In this example, on

both domain there is no big improvements by the two-stage strategy.

h n | [u™ —u"|| | Ly norm | ratio | L. norm | ratio

1/8 | 31 | 2.67x 107" | 3.13 x 1073 1.39 x 1072
(2) 1/16 | 52 | 544 x 1077 | 1.07 x 1072 | 1.55 | 7.29 x 1073 | 0.93
1/32 1182 | 9.64 x 1077 | 291 x 107* | 1.88 | 2.99 x 1073 | 1.29
h n | [Ju"™ —u"|| | Ly norm | ratio | L. norm | ratio

(b) 1/8 | 15 | 414 x 1077 | 2.81 x 107° 1.56 x 1072
1/16 | 41 | 849 x 1077 [ 879 x 1073 | 1.68 | 6.60 x 1073 | 1.24
1/32 149 | 9.47 x 1077 | 257 x 107* | 1.77 | 2.54 x 1073 | 1.38
h n | [|[u"™ —u"|| | Ly norm |ratio | L. norm | ratio

1/8 | 13 | 8.67x 1077 | 3.87 x 1073 2.46 x 1072
(c) 1/16 | 41 | 8.03x 1077 [ 1.09 x 107% | 1.83 | 1.25 x 102 | 0.98
1/32 | 156 | 9.87 x 1077 | 2.96 x 107* | 1.88 | 5.36 x 1073 | 1.22

Table 8.3: (Example 3) Number of iterations and errors on cube and sphere with
different mesh size. (a) is on a cube with (
a sphere with (

being a grid point.

111
27272

8.5.3 Example 3

111
27272

) being a grid point. (b) is on
) being a grid point. (c) is on a sphere with (

111
27272

) not

For the third example, we test the function such that there is a singular point in

f:

(8.58)

(8.59)

where similar to Example 2, r? = (1 — 1/2)? + (2o — 1/2)* + (3 — 1/2)?. In this

example, f (%, %, %) is infinity. In our experiment, if (%, %, %) is a grid point, we
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Figure 8.7: (Example 3) Error behavior with h=1/32. (a) is on a cube with
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(c) is on a sphere with (%, %, %) not being a grid point.
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use
111 1
Z - )y=_= 8.60
Gy =7 (5.60)
to approximate it. If (%, %, %) is not a grid point, we do not use any approxi-
mation. Because of the existence of the singular point in f, [[D?*u™ — p"|| and

2, m_pn . . .
D™ Pl cannot go to very small. We use stopping criteria [[u"™ —u™|| < 107°.

[
Our experiments are conducted on three domains: cube with (%, %, %) being a
grid point, sphere with (%, %, %) being a grid point and sphere with (%, %, %) not

being a grid point. The number of iterations and errors with different mesh size
is shown in Table 8.3. The error history with A = 1/32 on different mesh is
shown in Figure 8.7. The convergence rate is more than 1.5 for Ls-error and
more than 1.0 for Ly.-error. On the sphere, the mesh with (%, %, %) being a grid

point provides smaller error than mesh with (3,1, 1) not being a grid point.

h n | |lu"™ —w"|| | Lynorm |ratio | L. norm | ratio
(a) 1/8 65 | 9.79 x 1077 | 2.58 x 1072 1.90 x 1071
1/16 | 361 | 9.95x 1077 [ 9.92 x 1073 | 1.38 | 1.17 x 107" | 0.70
1/32 | 3156 | 9.98 x 1077 | 4.93 x 1073 | 1.01 | 6.91 x 107% | 0.76
h n | |Ju"™ —u"|| | Ly norm |ratio| L, norm | ratio
(b) 1/8 | 29 | 958 x 1077 | 1.95 x 1072 1.18 x 107!
1/16 | 116 | 9.77 x 1077 | 7.05 x 1073 | 1.47 [ 9.73 x 1072 | 0.28
1/32 1585 | 9.99 x 1077 | 3.78 x 1073 | 0.90 | 7.02 x 1072 | 0.47
h n | [[u"™ —u"|| | Ly norm |ratio| L. norm | ratio
(c) 1/8 | 28 | 7.68 x 1077 | 2.00 x 1072 1.24 x 1071
1/16 | 109 | 9.66 x 1077 | 6.34 x 1073 | 1.66 | 8.82 x 1072 | 0.49
1/32 {576 | 9.98 x 1077 | 1.95 x 1073 | 1.70 | 5.59 x 1072 | 0.66

Table 8.4: (Example 4) Number of iterations and errors on cube and sphere with
different mesh size. (a) is on a cube with (3,3, 3) being a grid point. (b) is on
a sphere with (%, %, %) being a grid point. (c) is on a sphere with (%, %, %) not
being a grid point.
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(%, %, %) being a grid point. (b) is on a sphere with (%, %, %) being a grid point.

(c) is on a sphere with (%, %, %) not being a grid point.
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8.5.4 Example 4

In the last example, we solve the problem with f being a delta function:

u=3"3(r - 2), (8.61)

(8.62)

where

r? = (z1 — 1/2)* + (w2 — 1/2)* + (23 — 1/2)*.

To approximate f, we use the fundamental solution of Laplacian equation in 3D:

A(l/r) = 47“5( 1,1) (8.63)

t\.’)\»—t

Introduce a small parameter €5, we have

f=4drd =~ —-A <1/ e%—l—ﬂ)

N (8.64)
- (r2 + e2)5/2
Because of the non-smoothness of f, [[D?*u"™ — p"|| and HDQHn—anH cannot go to

very small. A smaller time step is required to make our algorithm converges. In
our experiment, we choose dt = h? with stopping criteria ||u"™! — u™|| < 107°.
Similar to example 3, we test our algorithm on three different meshes: cube with

being a grid point and sphere

(%,% 2) being a grid point, sphere with (2, 55 2)
1
bR

with ( %, %) not being a grid point. The number of iterations and errors is
shown in Table 8.4. With h = 1/32, the error history is shown in Figure 8.8.

Our algorithm can solve this problem. The convergence rate for Ly-norm is above

1. For L., norm, the convergence rate is below 1 and depends on the mesh.
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8.5.5 Example 5

In this example, we test our algorithm on a cylinder domain Q = {(zy, x9, z3)|23+
32 < 1,0 < w3 < H}. The figure of the domain and its cross section with

H =1.5,h =1/8 is shown in Figure 8.9.

On this domain, first we solve

det D%y =1 in ,
(8.65)

u = 0 on 99.

We choose h = 1/8 and H = 1,1.5,2. We set the stopping criterion as |Ju"*! —
u"|ls < 1077, The comparison of the cross section along {z; = 0,25 = 0} and
{z2 = 0,23 = H/2} is shown in Figure 8.10. In all figures, these cross sections
are convex. As H increases, the minimum value along these two lines become

smaller.

Then we solve the exponential function on this cylinder mesh:

det D2u = (1 +72)e2™ in Q,
(8.66)

uw=e"'2 on 09,

In this example, 72 = (21— 3)?+ (22— 3 )2+ (23— )% and r? = 23+ 23+ (23— 3)?

are used. The exact solution is given as u* = e”/2. The Ly and Lo, errors and
accuracy orders are shown in Table 8.5. For both cases, if the mesh is not too

coarse, the accuracy order of the L, and L, order is around 1.5.
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Figure 8.9: The cylinder domain and its cross section.

8.5.6 Example 6

The this example, we use a strictly convex domain with two singularities:

Q = {{z1, 2o, w3}/ 2 + 23 + 2} < 23(1 — 23),0 < x5 < 1}.

This domain looks like American football which is shown in Figure 8.11. On this
domain we solve (8.65) with h = 1/32. The cross sections between the solution
with the plane x3 = 0.5 and x5 = 0 are shown in Figure 8.12. Our solution is

smooth and convex.

h n | |Ju"™ —u"|| | Ly norm |ratio| L. norm | ratio

1/4 | 31 | 6.24x 107% | 7.08 x 1072 9.56 x 1072
1/8 | 46 | 9.66 x 107 | 3.49 x 1072 | 1.02 | 5.58 x 1072 | 0.78
(2) 1/12 | 34 | 7.03x 1078 | 1.89 x 1072 | 1.51 | 4.18 x 1072 | 0.71
1/16 | 57 | 420x10°° | 1.09x 102 | 1.91 | 2.95 x 102 | L.21
1/24 1209 | 9.64 x 107® | 5.06 x 1073 | 1.64 | 1.60 x 1072 | 1.51
h n | |lu"™ —u"|| | Ly norm |ratio| L. norm | ratio

1/4 | 32 [ 975 x 107° | 3.22 x 1072 4.78 x 1072
(b) 1/8 | 40 | 894 x 107 | 1.61 x 1072 | 1.00 | 2.33 x 1072 | 1.04
11/12 ] 38 | 6.54 x 1078 [ 825 x 1073 | 1.65 | 1.10 x 1072 | 1.85
1/16 | 261 | 9.67 x 107° | 4.80 x 1073 | 1.88 | 6.36 x 1073 | 1.90
1/24 | 115 | 9.88 x 10°° | 2.26 x 102 | 1.86 | 2.97 x 10 | 1.88

Table 8.5: (Example 5) Ly and L errors of solving (8.66) with H = 1 and (a)

r? = (21 — %>2 + (@9 — %)2 + (73 — %)2 and (b) r? = 27 + 23 + (23 — %)2'
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Figure 8.10: (Example 5) Cross sections of solutions along {1 = 0,25 = 0} (left)
and {xo = 0,23 = H/2} (right) with (a) H=1, (b) H=1.5, (c) H=2.

Figure 8.11: Mesh on the American football domain.
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04 04

Figure 8.12: (Example 6) Cross sections between the result of (8.65) and the
plane x3 = 0.5 and x5 = 0 on the American football mesh.

8.6 Conclusion

In this chapter, we have extended the operator-splitting method to solve the
Monge-Ampere equation in three dimension. Our algorithm works well for dif-
ferent types of problem: problem with classical solution, problem with a singular
point on the right hand side and when the right hand side contains the Dirac
Delta function. Our algorithm can solve Monge-Ampere equation on various

types of domains and meshes.
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Chapter 9

Conclusion

This thesis discussed the application of two numerical methods on geometric
problems: the level set method for dimension reduction problem and the operator

splitting method for the Monge-Ampere equation.

In the first part, Chapter 2, a variational formulation for dimension reduction
on Riemannian manifolds is proposed. Our algorithm is based on the level set
method in a fully implicit formulation. So we do not need any a prior knowledge
of the structure of the constructed curve. In the case that we want to construct
an open curve, a modified algorithm is provided. We have tested the algorithm
on various types of numerical examples with different manifolds. If the data has
two patterns, we only need to initialize a curve large enough to enclose all data
set, then it can auto-split into two patterns. Even with given measurements with

noise or outliers, the proposed algorithm gives good and robust reconstructions.

In the second part, Chapter 3 to Chapter 8, a series of operator-splitting algo-
rithms are proposed to solve Monge-Ampere type problems. The Monge-Ampere
equation originates from the so called Minkowski problem from differential ge-
ometry. The algorithm in Chapter 3 is the basis of other chapters. In Chapter

3, a relatively easy to implement finite element and operator-splitting based
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method for the numerical solution of the classical two dimensional Dirichlet
Monge-Ampere equation is proposed. This method is based on an equivalent
divergence form of the Monge-Ampere equation. The solution is obtained by
solving a time dependent PDE system until steady state. The problem is dis-
cretized by the operator-splitting method in time and by the mixed finite element
method in space. The related method has been working well for various types
of triangulations (structured and unstructured) and can handle curved bound-
ary quite easily. We introduced also a Newton-like two-stage variant of our
methodology, which accelerates significantly the convergence if the problem un-
der consideration has a smooth convex solution. In Chapter 4, the algorithm
in Chapter 3 is modified to solve the Minkowski problem. Our method works
well for various examples. Then our algorithm is modified to solve a series of
variant of the classical Monge-Ampere equation: the obstacle Monge-Ampere
problem, the degenerate Monge-Ampere problem, the Neumann Monge-Ampere
problem and the three dimensional Monge-Ampere problem in Chapter 5, Chap-
ter 6, Chapter 7 and Chapter 8 respectively. For all problems, our algorithms
can provide smooth convex solutions. Among most of them, the convergence

rate is computed and varies form 1 to 2.
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