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A Multiple Testing

Abstract. Tukey’s boxplot is a foundational tool for exploratory data analy-
sis, but its classic outlier-flagging rule does not account for the sample size,
and subsequent modifications have often been presented as separate, heuris-
tic adjustments. In this paper, we propose a unifying framework that recasts
the boxplot and its variants as graphical implementations of multiple testing
procedures. We demonstrate that Tukey’s original method is equivalent to an
unadjusted procedure, while existing sample-size-aware modifications corre-
spond to controlling the Family-Wise Error Rate (FWER) or the Per-Family
Error Rate (PFER). This perspective not only systematizes existing methods
but also naturally leads to new, more adaptive constructions. We introduce
a boxplot motivated by the False Discovery Rate (FDR), and show how our
framework provides a flexible pipeline for integrating state-of-the-art robust
estimation techniques directly into the boxplot’s graphical format. By con-
necting a classic graphical tool to the principles of multiple testing, our work
provides a principled language for comparing, critiquing, and extending out-
lier detection rules for modern exploratory analysis.

Key words and phrases: Boxplot, Multiple Testing, Outlier detection, Ex-

ploratory Data Analysis, False Discovery Rate.

1. INTRODUCTION

Tukey’s box-and-whisker plot remains a cornerstone of
exploratory data analysis celebrated for its elegant dis-
tillation of a sample’s key features [31]. Its outlier flag-
ging rule, however, based on a fixed multiple of the in-
terquartile range, does not account for the sample size.'
This property, while simple, leads to a procedural artifact
where the number of "outliers" detected in samples from a
pure normal distribution grows with the number of obser-
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Tt is worth noting that the interpretation of the boxplot’s fences
as a definitive rule for identifying "outliers" is a later development.
Tukey’s original proposal was more nuanced, distinguishing between
"outside" observations (those between 1.5 and 3 interquartile ranges
(IQRs) from the quartiles) and "far out" observations (more than 3
IQRs away), without explicitly labeling either as outliers. In its modern
application, both "outside" and "far out" points are typically flagged
simply as potential outliers.

vations, a behavior inconsistent with modern inferential
standards.

Over the decades, numerous authors have proposed
modifications to make the boxplots outlier-detection
mechanism adaptive to the sample size [2-4, 14, 26].
While these proposals vary in their approach, with some
replacing the fence rule entirely, many are introduced as
heuristic adjustments. For this latter group, a closer ex-
amination reveals a notable, though typically implicit, re-
lationship to the core principles of multiple hypothesis
testing. For example, procedures that control the "some-
outside rate per sample" the probability of incorrectly
flagging at least one non-outlying observation as an out-
lier are conceptually equivalent to controlling the Family-
Wise Error Rate (FWER) [13, 27, 28]. More recently,
the "Chauvenet-type boxplot" introduced by [20] implic-
itly aligns with the control of the Per-Family Error Rate
(PFER), as it aims to limit the expected number of false
positives to a small constant.

In this paper, we argue that these are not isolated paral-
lels but rather different manifestations of a single, unify-
ing idea: the boxplot can be viewed as a graphical imple-
mentation of a multiple testing procedure. This perspec-
tive provides a powerful and coherent framework for un-
derstanding, comparing, and extending boxplot method-
ologies. The classic Tukey boxplot represents an unad-
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justed procedure, while its successors correspond to dif-
ferent, more stringent modes of error control. The pri-
mary contribution of this work is the establishment of this
unifying framework. Once the boxplot is seen through
this lens, its potential is dramatically expanded. As a
first natural consequence, we demonstrate how to con-
struct a boxplot motivated by the False Discovery Rate
(FDR), the canonical error metric for modern large-scale
inference [5]. This yields fences that adapt not only to
the sample size but also to the data themselves. Perhaps
more importantly, this conceptual bridge connects a clas-
sic graphical tool to the rich and evolving literature on
multiple testing. It transforms the boxplot from a rigid
set of outlier-detection rules into a flexible and adaptive
inferential framework. By incorporating recent advances
in robust estimation and applying p-value-based multiple
testing procedures, researchers can readily tailor the box-
plot to their specific analytical needs, enhancing both its
relevance and effectiveness in modern data analysis.

2. A MULTIPLE TESTING FRAMEWORK FOR
BOXPLOTS: A CONCEPTUAL REVIEW

The core observation of this short paper is that the evo-
lution of the boxplot’s outlier-detection rules can be sys-
tematically understood as the application of different mul-
tiple testing error-control standards. To formalize this, let
us consider a sample of observations {X,...,X,}. To
motivate our framework, we assume these are indepen-
dent and identically distributed (iid) draws from a contin-
uous distribution. This allows us to conceptually model
the sample as a potential mixture: the bulk of the data
drawn from one distribution, with a small fraction of out-
liers arising from one or more contaminating distribu-
tions.

For each observation, we can define a null hypothesis,
Hy;, that states " X; is not an outlier", meaning it is drawn
from the same underlying distribution as the bulk of the
data. The act of flagging X; as a potential outlier is then
equivalent to rejecting Hop;. With n such tests being per-
formed simultaneously, the central question becomes how
to manage the rate of Type I errors. Let V' be the number
of non-outlying observations that are incorrectly flagged
as outliers, i.e., the number of true null hypotheses that
are rejected. Let also Q1 and Q3 be the 1st and 3rd quar-
tiles of the samples,” respectively, and IQR = Q3 — Q1 be
the interquartile range. We can now map existing boxplot
variations to specific strategies for controlling V.

’There are multiple ways to define sample quartiles. Throughout
this paper, we use the sample quartile definition corresponding to Def-
inition 7 in [17], as it is the default in the R function quantile and
widely adopted in practice.

2.1 The Unadjusted Procedure: Tukey’s Classic
Boxplot

Tukey’s original boxplot defines its lower and upper in-
ner fences at LF = Q1 — 1.5 x IQR and UF = Q3+ 1.5 x
IQR, respectively. For data from a normal distribution,
the probability of an observation falling outside these two
fences is approximately 0.7%. In the language of hypoth-
esis testing, this corresponds to setting a Per-Comparison
Error Rate (PCER)—the probability of a Type I error for
a single test—at a fixed level of 0.007.

Critically, this procedure makes no adjustment for mul-
tiplicity. The threshold is constant regardless of the num-
ber of tests, n. Consequently, the expected number of
falsely flagged outliers, E(V), is approximately 0.007n,
which grows linearly with the sample size. This lack of
adjustment is the defining feature of an unadjusted mul-
tiple testing procedure and explains the well-known ten-
dency of the classic boxplot to flag an excessive number
of points in large datasets.

2.2 Controlling the FWER

The most stringent form of multiple testing control is
the management of the FWER, defined as the probability
of making at least one Type I error:

FWER = P(V > 1).

This is precisely the conceptual goal of boxplot modi-
fications that seek to control the "some-outside rate per
sample" [13, 28]. These methods derive a sample-size-
dependent fence coefficient, k,,, to define the outlier re-
gion O,, = (—oo, LF,,) U (UF,,, 00), where

LF,=Q; —k, xIQR and UF, = Qs+ k, x IQR.

Considerable effort has been dedicated to numerically
solving for the value of k,, that ensures

P(at least one of X1,..., X, € 0,) <q,

for some given «, assuming the bulk of the data are drawn
from a normal distribution [12, 28].

2.3 Controlling the PFER

A less conservative Type I error notion is the PFER,
which controls the expected number of Type I errors:

PFER = E(V).

The Chauvenet-type boxplot recently proposed by [20] is
a direct implementation of this principle. The method’s
fence coefficient, k,,, is derived from Chauvenet’s crite-
rion, which historically identifies an observation as an
outlier if its p-value is less than 0.5/n. For n tests,
this corresponds to controlling the PFER at a level of
n x (0.5/n) = 0.5. The fence coefficient is set to

d~1(1-0.25/n)
1.35

fep = —0.5,
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where ®~! is the quantile function of the standard nor-
mal distribution, and the constants 0.5 and 1.35 arise from
using quartiles to estimate the mean and standard devia-
tion. By construction, assuming the non-outlying data are
normally distributed, this method aims to produce, on av-
erage, half a false positive per dataset, regardless of the
sample size.

3. A UNIFIED p-VALUE PIPELINE FOR BOXPLOT
CONSTRUCTION

The conceptual framework above, which connects box-
plots to multiple testing, naturally leads to a unified and
flexible methodology for the fence construction. Instead
of deriving fence coefficients k, for each error metric,
we propose a general pipeline that transforms the outlier
detection problem into a standard p-value-based multiple
testing problem. This approach is not only conceptually
simpler but also vastly more extensible. The pipeline con-
sists of four steps as follows.

1. Parameter Estimation. First, we obtain robust es-
timates of the parameters governing the distribution
of the non-outlying data. Assuming the bulk of the
data follows a normal distribution, we can robustly
estimate its location p and scale o using the sample
quartiles as recommended by [11, 31]%:

ﬂ_Q1+Q3 . Q33—
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2. p-value Calculation. Next, we convert each obser-
vation X; into a two-sided p-value based on the es-
timated null distribution:

w(i-e(2))

This transforms the raw data into a set of p-values
{p1,...,pn}, which serve as standardized evidence
against the null hypothesis of not being an outlier.

3. Multiple Testing Adjustment. The set of n p-
values is fed into any standard p-value-based multi-
ple testing procedure to control a desired error rate
(e.g., FWER, PFER, FDR) at a level a. The pro-
cedure returns a significance threshold, ¢,4j;, which
is potentially data-dependent. Any hypothesis Hy;
with p; < t,q4; 18 rejected by the chosen testing pro-
cedure.

3In the case where @1 = @3, which implies IQR = 0, our esti-
mator & becomes zero. This typically occurs with discrete or heavily
rounded data. When this happens, we recommend using a scale es-
timator based on the Median Absolute Deviation (MAD) to ensure
a non-zero denominator whenever the IQR is zero but the data are
not all identical [23]. That is, & = MAD/0.675, where MAD =
median (]| X; — median(X71, ..., Xn)|).

4. Fence Construction. Finally, to translate this de-
cision rule back into the graphical language of a
boxplot, we determine the z-score corresponding to
the p-value threshold, z,qj = 11 - tagj/2). The
fences are then defined directly on the original data
scale:

LFn = ﬂ — Zadj o= Ql — (Zadj/1-35 — 05) X IQR,
UF,, = i+ Zagi - 6 = Q3 + (2ag7/1.35 — 0.5) x IQR.

If prior knowledge suggests that outliers are likely to
appear only on one side of the distribution, the procedure
can be adapted by using one-sided p-values. For example,
to detect large outliers, the p-value calculation in Step 2
would be modified to p; =1 — ®((X; — f1)/5). Conse-
quently, the fence construction in Step 4 becomes asym-
metric. The z-score threshold is now z,qj = o-1(1— tadj)s
which defines an upper fence at UF,, = [i + z,qj - 6. No
lower fence is statistically defined by this test, so the
lower whisker simply extends to the sample minimum.

This pipeline provides a principled way to construct
boxplots. The choice of error metric and control proce-
dure in Step 3 directly determines the behavior of the re-
sulting outlier-flagging rule, allowing for transparent de-
sign and easy extension.

3.1 The FWER Boxplot

To create a boxplot that controls the FWER, we simply
apply a standard FWER-controlling procedure in Step 3
of our pipeline. For instance, using the Bonferroni or the
more powerful Holm method [15] on the calculated p-
values at level « will yield a threshold tpwgr. The result-
ing fences will graphically represent the rejection region
of the chosen FWER procedure. This approach elegantly
circumvents the need for complex numerical simulations
to find k,, and connects the boxplot directly to established
inferential machinery.

3.2 The PFER Boxplot

The principle behind the Chauvenet-type boxplot can
also be implemented through our pipeline. To control the
PFER at a level v (e.g., v = 0.5), one would reject any
p-value smaller than tppgr = y/n. This is equivalent to
taking the z-value threshold z,q; in Step 4 of the general
pipeline to be ®~1(1 —~/(2n)). If 1 and o are estimated
using Eq. (1), we recover the Chauvenet-type boxplot as
in [20].

3.3 A Natural Extension: The FDR Boxplot

Having established this flexible pipeline, a natural and
powerful extension is to construct a boxplot that controls
the False Discovery Rate (FDR), the canonical error met-
ric for modern large-scale inference [5]. The FDR is the
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expected proportion of false discoveries among all re-
jected hypotheses. Let R be the total number of obser-
vations flagged as outliers and V' be the number of non-
outlying observations that are incorrectly flagged as such.
The FDR is defined as

FDR=F [;} ) with%EOifR:O.

To construct an FDR-controlling boxplot, we apply an
FDR procedure, such as the Benjamini-Hochberg (BH)
method, in Step 3 of our pipeline. This yields a data-
dependent threshold ¢gpr. The fences are then set based
on this threshold:

LFn — [L — ZFDR °* a’ - Q]_ - (ZFDR/1'35 - 0.5) X IQR
UF, = /i + 2o - 6 = Q3 + (2me/1.35 — 0.5) x IQR,

where zppr = @71 (1 — tppr /2).

The key advantage of the FDR boxplot is its adaptiv-
ity. If the data contain many true outliers with very small
p-values, the BH procedure will yield a larger thresh-
old tgpr. This results in narrower fences and thus greater
power to detect additional outliers. Conversely, if the data
contain few or no outliers, the threshold will be small, re-
sulting in wider, more conservative fences. This dynamic
behavior makes the FDR boxplot a uniquely powerful tool
for modern exploratory analysis, and its straightforward
derivation showcases the practical utility of our unifying
framework.

3.4 A Toy Example: From Data to Fences

To make this pipeline concrete, consider a small dataset
of n =11 observations as

X ={9,16,18,20,20,22,22,24,26,36,50}.

In this dataset, the observation 50 is well-separated from
the bulk of the data, while 9 and 36 can be regarded as
borderline cases. We will walk through the pipeline to
see how the FWER, PFER, and FDR controls yield dif-
ferent flagged outliers and significance threshold ¢,4; with
the control levels being a = 0.01 for FWER/FDR and
~v = 0.5 for PFER.

Steps 1-2: Parameter Estimation and p-value Calcula-
tion.

¢ The sample quartiles are ()1 = 19 and Q3 = 25,
giving IQR = 6.

* From Eq. (1), we have /i = (19 + 25)/2 = 22 and
6=6/1.35~4.44.

» The eleven p-values, sorted in ascending order, are:

p1) & 2.98 x 10717 (for 50),
P(2) ~ 1.63 x 1072 (for 36),
p3) ~ 3.44 x 1072 (for 9),
p(ay = 0.177 (for 16), ...

The rest of the p-values are all greater than 0.36.

Steps 3-4: Multiple Testing and Fence Construction.
Now we apply different adjustment procedures to find the
significance threshold ¢,q;.

¢ PFER (Chauvenet): The threshold is fixed: tppgr =
v/n = 0.5/11 = 0.045. The first three p-values
(P(1),P(2):P(3)) are all well below this threshold.
This flags {50,36,9} as outliers.

* FDR (BH) at o = 0.01: The BH procedure finds
the largest 7 such that p;) <ia/n =i(0.01)/11.
We have p(;) < 1(0.01)/11, p(2y <2(0.01)/11, and
p(3) ~0.00344 £ 3(0.01)/11. That is, the largest
is 2. The procedure rejects the first two hypotheses,
flagging {50, 36}, and the significance threshold is
1.63 x 1073,

* FWER (Holm) at o = 0.01: The Holm procedure
compares p(;) to a/(n—i+1) =0.01/(12 —i). We
have p(1) < 0.01/11 and p(9) £ 0.01/10. It thus re-
jects only the first hypothesis, flagging just {50} as
outlier. The significance threshold is 2.98 x 10710,

Summary of Results. This toy example clearly illustrates
the distinct behaviors of boxplots under different error-
control philosophies. In this example with small n, the
PFER approach is the most liberal. The FDR method,
even at a strict o = 0.01, is adaptive enough to detect
two outliers due to the strong evidence from the first. The
FWER method, being the most conservative, stops short
and only flags 50 as an outlier at this strict « level. The re-
sulting fences, shown in Table 1, are starkly different. For
reference, Tukey’s classic method, which relies on a fixed
1.5 xIQR rule (corresponding to t,q; = 0.007) rather than
a statistical adjustment, would have flagged {50, 36,9} in
this instance.

4. NUMERICAL EXPERIMENTS

To visually demonstrate the distinct behaviors of differ-
ent outlier detection rules, we conduct simulation studies
that compare five types of boxplots. We compare the un-
adjusted Tukey boxplot, the three boxplots derived from
our framework (controlling FWER, PFER, and FDR), and
the method proposed by [4] (hereafter, BGL).

4.1 Implementation Details

The five methods are implemented as follows. The
FWER, PFER, and FDR methods all rely on the same p-
value generation pipeline, differing only in the final mul-
tiple testing adjustment.

* PCER-type (Tukey): The classic boxplot with
fences defined at (1 — 1.5 x IQR and @3 + 1.5 x
IQR.

* FWER-type (Holm): The Holm procedure [15] is
used for testing at a target FWER level of o = 0.01.
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TABLE 1
Comparison of significance threshold and outliers flagged for the toy example.

Method Ladj Outliers Flagged  Lower/Upper Fences

PCER (Tukey) 0.007 {50, 36,9} [10, 34]

PFER (Chauvenet) at 0.5 0.05 {50, 36,9} [13.3,30.7]

FDR (BH) at 0.01 P(2) = 0.00163 {50, 36} [8,36]

FWER (Holm) at0.01  p(1y ~2.98 x 1071 {50} [—6,50]
TABLE 2

* PFER-type (Chauvenet): We use the Chauvenet-
type boxplot from [20], which is constructed to
control the PFER at a target level of 0.5.

* FDR-type (BH): The BH procedure [5] is used for
testing at a target FDR level of o = 0.01.

* BGL-type: The method from [4], which makes the
fences sample-size-dependent. The two fences are
defined at Q1 — 1.5 x IQR x [1 + 0.1log(n/10)]
and Q3 + 1.5 x IQR x [1 4 0.1log(n/10)].

For the three p-value-based methods (Holm, Chauvenet,
and BH), the p-value for each observation is calcu-
lated relative to an assumed normal distribution. The pa-
rameters of this distribution are defined by the robust
quartile-based estimators from Eq. (1). The implemen-
tations of the FWER-type (Holm) and FDR-type (BH)
boxplots are available in our newly developed R package
AdaptiveBoxplot, which can be found on GitHub at
https://github.com/bgang92/AdaptiveBoxplot.

4.2 Normally Distributed Majority

We generate data from a normal mixture model to sim-
ulate a common scenario: the bulk of the observations are
drawn from a standard normal N (0,1) distribution, but
1% are contaminating "true outliers" from a N (5,1) dis-
tribution. The formal model is as follows:

0; < Bernoulli(0.01),

X,10; 7 (1 — 0,)N(0,1) + ;N (5,1),

where ¢ = 1,...,n. We simulate datasets with sample
sizesn =15 x 10* for k=1, 2, 3.

Figure 1 provides a visual confirmation of our frame-
work. The failure of the Tukey-type boxplot at large sam-
ple sizes is evident. As n increases from 50 to 5000, the
number of observations flagged from the N(0,1) distri-
bution explodes, flooding the plot with false positives and
obscuring the true outliers. In contrast, all four adjusted
methods adapt their fences to account for the sample size,
preventing the flood of false discoveries seen with the
fixed coefficient approach.

While the figure gives a qualitative overview, a deeper
analysis of the fence coefficients in Table 2 reveals the
core mechanistic differences between the methods. This
table highlights two distinct levels of adaptivity. The

Comparison of fence coefficients for data from a normal mixture
model. The coefficients are averaged over 5000 simulation replicates.

Method k=1 k=2 k=3
PFER (Chauvenet) at 0.5  1.41 1.93 2.38
FDR (BH) at 0.01 2.08 2.82 2.46
FWER (Holm) at 0.01 2.11 3.02 3.06
BGL 1.60 1.75 1.90

Chauvenet (PFER) and BGL boxplots illustrate the first
level: their fence coefficients are deterministic functions
of the sample size n. Both become more conservative as n
grows, a clear improvement over the fixed Tukey fences,
but they remain blind to the actual content of the data.

In contrast, the FWER and FDR boxplots exhibit a
more profound, data-driven adaptivity. Their fence coef-
ficients are not fixed by n alone but are determined by
the empirical distribution of the p-values from the sam-
ple. This is powerfully illustrated by the fence coefficient
for FDR (BH) in Table 2. As n increases from 50 (k = 1)
to 500 (k = 2), the coefficient increases to guard against
false positives. However, as n grows to 5000 (k = 3), the
coefficient surprisingly decreases. This is the signature of
FDR’s adaptivity: at n = 5000, there are approximately
50 strong outlier signals. The BH procedure detects this
abundance of outliers, becomes more powerful, and sets
a more liberal threshold (a smaller z-score), resulting in
tighter fences to capture additional, less extreme outliers.
The Holm-FWER method, bound by its goal of prevent-
ing even a single error, cannot leverage this information
as efficiently as BH-FDR.

This analysis shows that the choice is not merely be-
tween fixed and adaptive fences, but between different
philosophies of adaptation: one that is pre-determined by
the sample size, and another that dynamically responds to
the evidence within the data itself.

4.3 Performance on Skewed Data

We now consider a scenario where the data are drawn
from a single, skewed distribution. We generate n obser-
vations directly from a chi-square distribution with 10 de-
grees of freedom, x7,. This distribution is right-skewed,
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FIG 1. A visual comparison of the five boxplot methodologies across different sample sizes. The data are from a normal mixture model with 1% true
outliers. The behavior of each boxplot aligns perfectly with its underlying error control principle.

meaning that even without true mixture-model outliers,
there is a heavy upper tail that can be taken for outliers.

Crucially, for the FWER, PFER, and FDR-type box-
plots, we deliberately maintain the simple, normal-based
procedure from the previous section. That is, we continue
to estimate the location and scale parameters using Eq. (1)
and proceed as if the majority of the data were sampled
from a normal distribution. This allows us to investigate
the practical performance of the methods under model
misspecification. We again simulate datasets with sample
sizes n =5 x 10F for k = 1,2, 3. The results are summa-
rized in Figure 2 and Table 3.

As the sample size n increases, all five methods be-
gin to flag a growing number of points in the upper tail
as outliers. This is the expected outcome when a sym-
metric model is imposed on an asymmetric distribution.
The right skewness ensures that many genuine, albeit ex-
treme, observations from the x?3, distribution will fall far
above the symmetrically-placed upper fence. We observe
a similar hierarchy of conservatism as in the normal case.
The Tukey-type boxplot, being unadjusted, flags the most
points. The Holm-type boxplot is the most conservative,

flagging the fewest points due to its stringent FWER con-
trol, which results in the widest fences. The Chauvenet-
type, BH-type, and BGL boxplots lie in between.

Table 3 quantifies this and reveals deeper insights when
compared to the results from the normal case (Table 2).
The PFER and BGL fence coefficients are identical in
both tables, this is not surprising given the two methods
are blind to the data’s distribution and depend only on
the sample size. In contrast, the FDR and FWER methods
are clearly responsive. The FDR boxplot, in particular, is
more adaptive than the FWER boxplot. It interprets the
flood of small p-values from the heavy tail as evidence
of abundant "outliers", causing it to become more liberal.
Consequently, its fence coefficient only increases slightly
when the sample size increases from 500 to 5000. This
demonstrates that the FDR procedure is working as de-
signed.

This simulation reveals the diagnostic power of our
framework. When a normal-based procedure is applied to
skewed data, all methods are naturally affected. However,
the problem is not a flaw in the multiple testing logic it-
self, but rather in the initial model of the data used to gen-
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FIG 2. Performance of the five boxplot methodologies on right-skewed data generated from a X%O distribution.

TABLE 3
Comparison of fence coefficients for X%O data, fence coefficients
computed by averaging results over 5000 simulation replicates.

Method k=1 k=2 k=3
PFER (Chauvenet) at 0.5  1.41 1.93 2.38
FDR (BH) at 0.01 1.82 2.65 2.78
FWER (Holm) at 0.01 1.84 2.73 3.17
BGL 1.60 1.75 1.90

erate p-values. The challenge of improving the boxplot
for non-normal data is thus cleanly reframed as a more fa-
miliar statistical task: selecting a more appropriate prob-
ability distribution for the main body of the data. The ad-
justment machinery is sound; its inputs must simply be
more accurate.

5. GENERALIZING THE FRAMEWORK: BEYOND
NORMALITY

So far our analysis has proceeded under the working as-
sumption that the bulk of the data is drawn from a normal

distribution. This is not an arbitrary choice, but rather a
robust and pragmatic starting point for exploratory analy-
sis. Its justification is rooted in Winsor’s principle, which
famously states that "All distributions are normal in the
middle" [30]. However, the power of the p-value pipeline
lies in its flexibility, not its adherence to a single distri-
bution. If prior knowledge suggests that the bulk of the
data is better described by a different parametric family,
which we denote generally as F'(+;6), the framework can
and should be adapted. Here, F' is the cumulative distri-
bution function and 6 is the vector of its parameters (e.g.,
location, scale, shape). The procedure is generalized as
follows:

1. Parameter Estimation: We obtain robust esti-
mates of the parameters of the chosen parametric
family, denoted as 6.

2. p-value Calculation: We compute p-value for each
observation using the estimated distribution func-
tion, F'(X;;0).

3. Multiple Testing Adjustment: With the new set of
p-values, we apply the chosen multiple testing pro-
cedure (e.g., FWER, PFER, FDR) to obtain an ad-



justed significance threshold, t,4;. Any hypothesis
for which p; <t,q; is rejected.

4. Fence Construction: Finally, the decision rule is
translated back into the graphical language of the
boxplot. The fences are constructed directly from
the quantiles of the fitted distribution F(-,). When
two-sided p-value is used, the rejection region is

split between both tails:
LF,, = F " (t,/2;6),
UF, = F7L(1 — t,4/2;0).

As noted in Section 3, this pipeline can be made more
appropriate for skewed data by using one-sided p-values.
In the general case, the p-value calculation in Step 2
is modified to test for outliers in a specific tail. For a
right-sided test (to detect large outliers), the p-value is
pi =1 — F(X;;0). Consequently, the fence construction
in Step 4 is asymmetric, defining only an upper fence at
UF,, = F71(1 — t,4;;0). For a left-sided test (to detect
small outliers), the p-value is p; = F'(Xj; é), which de-
fines only a lower fence at LF,, = F‘l(tadj; é) In either
one-sided case, the whisker on the non-tested side simply
extends to the sample minimum or maximum.

To demonstrate the practical utility of this generalized
framework, we now conduct a simulation study. We use
the same data generating process from Section 4.3, where
datasets are drawn from a x?3, distribution and contain no
contaminating outliers. An ideal outlier detection proce-
dure should therefore flag very few, if any, observations.
We compare the performance of the five methods men-
tioned in Section 4.1.

To estimate the degrees of freedom parameter, we use a
robust estimator based on the highly accurate Wilson Hil-
ferty approximation for the median of a y? variable [32],
which states that median(x?) ~ k(1 —2/(9k))3. Accord-
ingly, k is estimated by numerically solving the equation

. 2\°
7Xn):k<1—A> .
9k
To compute p-values, since the x% distribution is skewed

to the right, we use the one-sided p-value

pi=1—F(X;;k),

median( X7, ...

where F(-, k) is the distribution function of the X% ran-
dom variable. These p-values are then used to construct
two boxplots: one using the Holm procedure to control
the FWER and another using the BH procedure to control
the FDR, both at a target level of 0.01. For the Chauvenet-
type boxplot, we define the upper fence at F~1(1 —
0.5/n, k) and the lower fence at min{X1, ..., X,}. The
results are summarized in Figure 3.

The figure provides a striking and unambiguous confir-
mation of our generalized framework’s utility. The Tukey

and BGL boxplots, which are both based on an assump-
tion of symmetry, consequently flag a substantial num-
ber of observations in the upper tail. This effect becomes
more pronounced with increasing sample size, leading to
a visualization containing numerous false positives that
can obscure the true structure of the data. In stark contrast,
the methods based on the correctly specified x? model
perform exceptionally well. The Holm-type and BH-type
boxplots achieve near-perfect performance, flagging no
observations as outliers. The Chauvenet-type boxplot is
also highly effective, flagging only a small number of
the most extreme observations. All three methods demon-
strate a vast improvement over the normal-based ap-
proaches because they use an appropriate reference dis-
tribution, correctly recognizing that the heavy upper tail
is an intrinsic feature of the data.

6. CONCLUDING REMARKS

This paper reframes the boxplot, transforming it from a
collection of disparate, heuristic rules into a coherent and
extensible statistical methodology. For decades, the evo-
lution of the boxplot has been characterized by ad-hoc,
sample-size-specific adjustments. We have shown that
many seemingly isolated modifications can be understood
and improved through the unified lens of multiple hypoth-
esis testing. Our primary contribution is the development
of a general p-value pipeline that operationalizes this in-
sight. This pipeline reveals a powerful underlying unity:
it shows that all major boxplot variations can be gener-
ated by a single fence formula (2,4j/1.35 — 0.5) x IQR,
whose sensitivity is governed solely by an effective z-
score, z,4j- Remarkably, Tukey’s classic 1.5 x IQR rule
can be regarded as a special case, corresponding to a fixed
Zadj = 2.7. Our pipeline, therefore, not only systematizes
existing methods by mapping them to explicit error con-
trol principles (PCER, FWER, PFER) but, more impor-
tantly, provides an engine for creating new, more powerful
diagnostic tools. The power of this unified methodology
is demonstrated through its immediate practical payoffs.
We introduced the FDR boxplot, a novel construction that
brings the canonical error metric of modern large-scale
science to a classic exploratory data analysis tool.

The practical utility of this framework lies in its modu-
larity and flexibility. As we demonstrated in Section 4.3,
the pipeline is not limited to the assumption of normality
but provides a flexible scaffold for building principled,
context-aware outlier detection tools for any parametric
family. This transforms the boxplot from a static summary
graphic into a dynamic diagnostic tool, where its perfor-
mance offers direct insight into the appropriateness of the
underlying distributional assumptions.

Further refinements to our p-value pipeline are read-
ily available by incorporating more advanced estimation
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FIG 3. Performance of the five boxplot methodologies on right-skewed data generated from a X%O distribution, assuming the model is correctly

specified.

techniques in Step 1. While our analysis relied on sim-
ple, robust quartile-based estimators, the framework can
be significantly enhanced by employing methods from the
rich literature on robust statistics. This field provides a
wealth of tools designed to yield reliable parameter es-
timates in the presence of data contamination. For com-
prehensive treatments of robust methods, from founda-
tional theory to modern applications, see, for example,
[10, 16, 21]. In the specific but common case where the
bulk of the data is assumed to follow a normal distribu-
tion, a powerful alternative is the empirical null method-
ology. This data-adaptive approach, developed for large-
scale inference, provides a suite of tools for accurately
estimating the parameters of the majority normal distri-
bution directly from the data [8, 9, 19].

Despite the power of these refinements, it is impor-
tant to contextualize the role of the boxplots discussed
here. They remain, at their heart, tools for exploratory
data analysis. While their designs are motivated by and
aligned with formal notions of Type I error, we do not
claim that they rigorously control these error rates in a
formal inferential sense. The procedures we have outlined

rely on robust but simple estimates of an assumed distri-
bution for the bulk of the data, and true statistical con-
trol would require a more formal handling of parameter
estimation uncertainty and potential dependencies among
observations. Such challenges are best addressed in sub-
sequent, more formal modeling stages rather than at the
exploratory phase.

Acknowledging this important distinction, the concep-
tual bridge we have drawn between graphical diagnostics
and multiple testing remains powerful. It provides a prin-
cipled language for discussing, comparing, and critiquing
different outlier detection rules. More broadly, this frame-
work offers a powerful lens for innovation that extends in
two key directions. First, its principles can be applied to
other graphical diagnostics; many plots, from Q-Q plots
to residual plots, involve multiple visual comparisons that
could be enhanced with ideas from adaptive error control.
Second, while this paper has focused on univariate data,
the core pipeline is highly general. We believe it offers
a promising path for creating sample-size-aware boxplots
for more complex data structures, such as functional data
[7, 18, 24, 29], circular data [1, 6], and curve data or paths
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[22, 25]. Exploring these avenues is a rich direction for
future research and lies beyond the scope of this paper.
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