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FIGURE 4. Example 5.1: vorticity contours at t = 0.8 obtained
by using moving mesh methods with resolution (b): 80 x 80, (c):
100 x 100, and (d): 160 x 160. A 160 x 160 static-mesh solution is
included in (a).

5.1.3. Numerical experiments.

EXAMPLE 5.1. Consider a double shear layer governed by the Navier-Stokes
equations (5.1), in a unit l-periodic domain, subject to the initial conditions:

{ tanh(p(y - 0.25)) for y $ 0.5;
(5.17) Uo(x,y) = tanh(p(0.75 - y)) for y > 0.5j

vo(x,y) = t5sin(27rx).

This problem is a canonical test problem for a scheme's accuracy and resolution
in incompressible flows. Brown & Minion [20] performed for this problem a system-
atic comparison between a number of schemes, concentrating on the effect of un-
derresolution. They demonstrated that a Godunov-projection method performs as
well as an accurate central difference method in cases where the smallest flow scales
are well resolved. However, in underresolved cases where centered methods com-
pute solutions badly polluted with mesh-scale oscillations, the Godunov-projection
method sometimes gives smooth, apparently physical solutions. It is observed in [20]
that these underresolved solutions, although convergent when the grid is refined,
contain spurious nonphysical vortices that are artifacts of the underresolution.
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FIGURE 5. Example 5.1. Thin shear layer problem: the mesh at
t = 0.8'with a 100 x 100-mesh.

In (5.17), the parameter p determines the slope of the shear layer, and <5 rep-
resents the size of the perturbation. The initial layer rolls up in time into strong
vortical structures. In [32}, the perturbation size used is <5 = 0.05, but the shear
layer width is varied to study the effect of the layer resolution on the computa-
tions. As in [20], the double layer shear is called a thick layer problem when p = 30
and v = 10-4 and a thin layer problem when p = 100 and v = 0.5 * 10-4. It was

demonstrated in [20] that the thin layer problem is a challenging one: If the mesh is
not fine enough then spurious vortices will be generated in the numerical solutions.
It was concluded in [20] that with the second-order Godunov-projection methods
about 512 x 512 cells have to be used in order to obtain reasonable resolutions.

In the thin-layer calculations, we tested the monitor functions (5.15) and (5.16).
Our goal is to use about 150 x 150 cells to resolve the thin-layer problem. However,
it is found that the monitor (5.15) does not perform well to achieve this goal, while
the monitor (5.16) works well. Three mesh resolutions are used: 80 x 80, 100 x 100
and the 160 x 160. The parameters (a, f3) in (5.16) used for the three meshes are
(5,2), (5,3), and (8,4), respectively.

Figure 4 shows vorticity contours at t =0.8 computed with the moving-mesh
method on the three mesh resolutions. For comparison, a uniform mesh solution
with a 160 x 160-mesh is also included. It is clear that on the coarser grid the
appearance of the moving-mesh solution is significant from the finest-mesh reference
solutions given in [20]. The 80 x 80 moving mesh solution and the 160 x 160 uniform
mesh solution both give spurious vortices, developing additional roll-ups in the shear
layer. This is clearly the underresolution effect. However, when the mesh is refined,
the spurious vortices disappear and the numerical solutions converge to a double
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FIGURE 6. Merging of two bubbles in moving 80 x 80 mesh: meshes
and solutions at t = 0.3,0.4 and 0.5 (from top to bottom).

(Jx, Jy) = (320,80) have similar resolution to the results obtained by the second-
order discontinuous Galerkin method with (Jx, Jy) = (960,240) (p.214, [29]) and
by the second-order central scheme with (Jx, Jy) = (960,240) (p.67, [29]).
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FIGURE 7. Example 6.1: 2D double Mach reflection at t = 0.2:
the contours of meshes. From top to bottom: (J"" Jy) = (160,40)
and (320,80).
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EXAMPLE 6.2. Consider a spherical explosion between two parallel walls at
z=O and z=l. Initially the gas is at rest with parameters (p, p)out=(l, 1) every-
where except in a sphere centered at (0,0,0.4) with radius 0.2. Inside the sphere
(p, P)in=(5, 1), "'1=1..4. This problem was proposed by LeVeque [56].

The above problem was computed using the moving mesh scheme proposed
in [8]. The moving mesh method uses a second-order Godunov-type solver to solve
the hyperbolic system. The main strategies of this approach are two folds. First, a
second-order finite-volume flow solver is employed to update the flow parameters at
the new time level directly on the adaptive grid without using interpolation. This
PDE solver involves two level grids at tn and tn+l, so after mesh redistribution
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FIGURE 10. Example 6.2: pressure contours computed with a
200 x 250 uniform (top) and movine: (bottom) meshes.
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FIGURE 11. Reactive flow computations: adapted mesh (a) and
close-up (b) at t=61.59.

(iii) Make one iteration to compute the new grid coordinates (x, Y)i at tn+l
(iv) Repeat steps (ii) and (iii) using a given number of iterations.
(v) Compute the final gas dynamics values at tn+l.

It is pointed out that the above procedure does not require interpolation from
the old mesh solution to the new mesh solution. The reason is that the numerical
scheme for obtaining the solution of 6.1 uses the meshes on levels tn and tn+ls by
utilizing the integral conservation laws in R3 space (x, y, t), see, e.g., [7-9].

We now present the results of modeling the 2D unsteady detonation, when
the cellular structure arises, a$ considered in [18]. In Fig. 11 the adapted mesh
at t=61.59 is presented. We draw only 120 front cells in the x-direction. We
observe that two main triple points are resolved by grid lines very accurately, see
the fragment of the mesh in Fig. 11 b. The burning zone takes 7-8 cells, conversely
the shock wave, emanating from the triple points, takes only 3 cells. The thickness
of the detonation wave on the adapted mesh is significantly smaller than that on
the uniform mesh. The mesh also" feels" the triple points, arising due to instability
in the solution. In Fig. 12 the pressure contours at t=61.59 are plotted, obtained on
the uniform and adapted meshes. It is observed in the vicinity of the triple points
the resolution is much higher with the adaptive grid, the difference can be better
seen by comparing Fig. 12c and Fig. 12d. The details of the above computations
can be found in [9].
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FIGURE 12. Reactive flow computations: pressure contours at
t=61.59 computed on the uniform (a) and adapted (b) mesh.
Close-up for the uniform (c) and adapted (d) mesh (domain, de-
picted in Fig lib).

6.3. Moving mesh discontinuous Galerkin method. In [60], a moving
mesh discontinuous Galerkin (DG) method is developed for solving the nonlinear
conservation laws. In the mesh adaptation part, two issues have received much
attention. One is about the construction of the monitor function which is used
to guide the mesh redistribution. In [60], a heuristic posteriori error estimator is
used in constructing the monitor function. The second issue is concerned with the
solution interpolation which is used to interpolates the numerical solution from the
old mesh to the updated mesh. This is done by using a scheme that mimics the
DG method for linear conservation laws. Appropriate limiters are used on seriously
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FIGURE 13. Double Mach reflection problem using moving mesh
DG method: Mesh and density contour obtained on a 96 x 24 grid.
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4. Same as Fig. 13, except on a 192 x 48 gridFIGURE

distorted meshes generated by the moving mesh approach to suppress the numerical
oscillations.

As a numerical example, the double Mach problem Example 6.1 is re-computed
using the moving mesh DG methods. We calculate this problem on 96 x 24 and
192 x 48 meshes to time t = 0.2. The mesh and density contours using the two
meshes are plotted in Figs. 13 and 14, respectively. The density contour is plotted
on [0,3] x [0, 1]. It can be seen that the mesh grid points are clustered in the regions
wh~r~ th~ "h()~k" Ann th~ n~tAil~n "trll~tllr~" A,r~ l()~A,t~n.
















