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Abstract
Multiplicative noise removal problems have attracted much attention

in recent years. Unlike additive noise removal problems, the presence of
multiplicative noise to an image is in a way by multiplying itself to the
original image, so almost all information of the original image may disap-
pear in the observed image. The main aim of this paper is to propose and
study a strictly convex objective function for multiplicative noise removal
problems. We also incorporate the modi�ed total variation regularization
in the objective function to recover image edges. We develop an alternat-
ing minimization algorithm to �nd the minimizer of such objective func-
tion e�ciently, and also show the convergence of the minimizing method.
Our experimental results show that the quality of denoised images by the
proposed method is quite well.

Keywords: image denoising, multiplicative noise, total variation, convex
function

1 Introduction
Image denoising plays an important role in the areas of image processing. A
real recorded image may be distorted by many expected or unexpected ran-
dom factors, of which random noise is a unavoidable one. Random noise can
be caused by a wide range of sources, e.g., detector sensitivity, environmental
variations, nature of radiation, and transmission or quantization errors. The
additive noise is the mostly considered noise in literatures. Since additive noises
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are dominant for high frequencies, their e�ects can be removed using some kinds
of low-pass �lters, see for instance [7, 9, 11, 20]. In addition, many other vari-
ational methods are proposed to solve additive noise removal problems, see for
instance [1, 15, 16, 18].

In a multiplicative noise model, a recorded image g is the multiplication of
an original image u and a noise v:

g = uv. (1)

Here u, v and g are an n2-by-1 vector corresponding to an n-by-n image. With-
out loss of generality, we can assume each entry of u and v are positive in the
noise model (i.e., the record pixels in g are always positive). Because of this
degraded mechanism, almost all the information of the original image may dis-
appear when it is distorted by multiplicative noises. There are many practi-
cal applications involving multiplicative noise models [17]. For instance, when
monochromatic radiation is scattered from a surface whose roughness is of the
order of a wavelength, causing wave interference which results speckle or multi-
plicative noise in a image, it usually arises in the laser, microscope and synthetic
aperture radar (SAR) images.

In literatures, there exist several variational approaches devoted to multi-
plicative noise removal problems. One approach based on total variation is given
by Rudin et al. [17] and the other one is given by Aubert and Aujol [2]. Recently,
Shi and Osher [19] proposed to consider a noisy observation log g = log u+log v,
and derived the total variation minimization model for multiplicative noise re-
moval problems. On the other hand, Aubert and Aujol [2], used a maximum a
posteriori (MAP) regularization approach and derived a functional whose min-
imizer corresponds to the denoised image to be recovered. In their approach,
the Gamma noise with mean one is considered. Although their functional is not
convex, they still proved that the existence of a minimizer, gave a su�cient con-
dition ensuring uniqueness and showed that a comparison principle holds. They
further showed the capability of their model on some numerical examples. More
precisely, their functional in the discrete setting can be described as follows:

min
u

n2∑

i=1

(
log([u]i) +

[g]i
[u]i

)
+ λ‖u‖TV , (2)

where ‖u‖TV is the total variation (TV) regularization term and λ is the regu-
larization parameter which measures the trade o� between the �rst term in (2)
and a regularized solution. The discrete gradient operator ∇ : Rn2 → Rn2 is
de�ned by

(∇u)j,k = ((∇u)x
j,k, (∇u)y

j,k)

with

(∇u)x
j,k =

{
uj+1,k − uj,k if j < n,
0 if j = n,

(∇u)y
j,k =

{
uj,k+1 − uj,k if k < n,
0 if k = n

(3)
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for j, k = 1, . . . , n. Here uj,k refers to the (jn + k)th entry of the vector u (it
is the (j, k)th pixel location of the image). The discrete total variation of u is
de�ned by

‖u‖TV :=
∑

1≤j,k≤n

|(∇u)j,k|2 =
∑

1≤j,k≤n

√
|(∇u)x

j,k|2 + |(∇u)y
j,k|2.

Here | · |2 is the Euclidean norm in R2.
One of the drawback of the objective function (2) is that it is not convex for

all u. The computed solution is not necessary to be a global optimal solution
for (2). Therefore, the quality of the restored image solution may not be good.
Also when iterative algorithm is used to solve the optimization problem, the
restored image depends on the initial guess of the solution. Moreover, as the
logarithm function appears in (2), we must force each entry of u to be positive in
the optimization process. Furthermore, a numerical di�culty arises in practice
due to the non-di�erentiability of the TV norm. This di�culty can be overcome
by introducing a small positive parameter ε in the TV norm [2], i.e.,

‖u‖TV,ε :=
∑

1≤j,k≤n

√
|(∇u)j,k|22 + ε.

This modi�ed TV norm is a di�erentiable function, and therefore the gradient
and the Hessian of the modi�ed objective function:

min
u

n2∑

i=1

(
log([u]i) +

[g]i
[u]i

)
+ λ‖u‖TV,ε, (4)

can be calculated straightforwardly. The trade-o� in choosing ε is the quality of
restoration of image edges versus the e�ciency of numerical methods for solving
(4) more precisely, the smaller ε is, the higher quality of the restoration of image
edges is. However, the e�ciency of numerical methods for solving (4) is low as
(4) is close to the original non-di�erentiable objective function in (2).

The main aim of this paper is to propose and study a strictly convex objective
function for multiplicative noise removal problems. We also incorporate another
way of modi�ed total variation regularization in the objective function to recover
image edges. We develop an alternating minimization algorithm to �nd the
minimizer of such objective function e�ciently, and also show the convergence
of the minimizing method. Our experimental results show that the quality of
denoised images by the proposed method is quite well.

The outline of the paper is as follows. In Section 2, we introduce our model
and the minimizing algorithm. In Section 3, we show the convergence of the
proposed method. In Section 4, we show experimental results to demonstrate
the quality of the denoised images and the e�ciency of our proposed method.
Finally, concluding remarks are given in Section 5.
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Figure 1: The edge preservation log u.

2 The Proposed Model
In this paper, we consider a new variable

z = log u

in the multiplicative noise removal model. It is clear that when u contains an
edge, z also contains an edge at the same location, i.e., the logarithm trans-
formation preserves image edges (for instance, see Figure 1). Based on this
idea, we can view z as an image in the logarithm domain. We can apply the
total variation regularization to z to recover its edges. Under the logarithm
transformation, we know that u = ez.

Based on the �rst term in (2), we propose the following term to remove
multiplicative noises:

min
z

n2∑

i=1

(
[z]i + [g]ie−[z]i

)
(5)

It is interesting to note that [u]i should be positive in the objective function (2).
However, in the new model (5), [z]i can be positive, zero or negative, and the
corresponding [u]i = e[z]i is still positive. When [z]i is a large negative value,
[u]i is just close to zero.

The main advantage of using the new term in (5) is that its second derivative
with respect to [z]i is equal to [g]i e−[z]i , which is always greater than zero. Here
we can always assume that [g]i > 0 in the multiplicative noise model (cf. (1)).
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Therefore the new term is strictly convex for all z. We remark that the objective
function in (2) may not be convex for all u.

In this paper, we study a fast total variation minimization method for mul-
tiplicative noise removal problems. By using the new term in (5), the proposed
unconstrained TV denoising problem is given as follows:

min
z,w

J (z,w) ≡ min
z,w

n2∑

i=1

(
[z]i + [g]ie−[z]i

)
+ α1||z −w||22 + α2||w||TV , (6)

where α1 and α2 are positive regularization parameters. Here we add a �tting
term ||z −w||22 in the new minimization method. The parameter α1 measures
the trade o� between an image obtained by a maximum likelihood estimation
from (5) and a total variation denoised image w. The parameter α2 measures
the amount of regularization to a denoising image w. The main advantage of
the proposed method is that the TV norm can be used in the noise removal
process with an e�cient manner (see Section 2.2 and the numerical results in
Section 4). Therefore the new method has the ability to preserve edges very well
in the denoised image. In Section 2.2, an alternating minimization algorithm is
employed to solve the proposed total variation minimization problem e�ciently.
Our experimental results in Section 4 show that the quality of restored images
by the proposed method is quite good.

2.1 Bayesian Formulation
In this subsection, we describe the above inverse problem from the statistical
perspective using Bayesian formulation. Given the observed image g, the aim is
to realize the estimate of the original image u. The estimate can be computed
by

û = argmaxu Pr(u|g).

Applying Bayes' rule, it becomes

û = argmaxu

Pr(g|u)Pr(u)
Pr(g)

.

By considering a logarithm transformation, we describe the image prior Pr(u)
in the logarithm domain as follows:

Pr(u) = Pr(u|w)Pr(w)

with

Pr(u|w) ∝ exp(−α1‖ log u−w‖22) and Pr(w) ∝ exp(−α2‖w‖TV ),

where α1 and α2 are two positive scalars. Here we assume that the di�erence
between log u and w follows a Gaussian distribution (their di�erence is assumed
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to be governed by a Gaussian distribution), and w follows a total-variation prior.
Therefore, we have

Pr(u) ∝ exp(−α1‖ log u−w‖22) exp(−α2‖w‖TV ).

Since Pr(g) is a constant, the posterior distribution of u can be rewritten as
follows:

Pr(g|u)Pr(u|w)Pr(w).

We assume that the multiplicative noise in each pixel follows a Gamma
distribution of mean one with its probability density function given by

p(v) =





LLvL−1

Γ(L)
e−Lv, v > 0,

0 v ≤ 0,

(7)

where L is the number of looks (in general an integer coe�cient) and Γ(·) is
a Gamma function, see for reference in speckle imagery for instance a seminal
paper by Goodman [10]. In [2], Aubert and Aujol derived

− log Pr(g|u) =
n2∑

i=1

L

(
log([u]i) +

[g]i
[u]i

)
,

By using this result and z = log u, the estimate û can be determined by min-
imizing the minus logarithm of the posterior distribution of u. It is straight-
forward to check that this is equivalent to solving the minimization problem in
(6).

2.2 The iterative algorithm
In this paper, we propose to use an alternating minimization algorithm to solve
(6). Starting from an initial guess w(0), this method computes a sequence of
iterates

z(1),w(1),z(2), w(2), . . . , z(m), w(m), . . . .

such that




R(w(m−1)) := z(m) = argminz

n2∑

i=1

(
[z]i + [g]ie−[z]i

)
+

α1||z −w(m−1)||22

S(z(m)) := w(m) = argminw α1‖z(m) −w‖22 + α2||w||TV

for m = 1, 2, · · · . Therefore, we can express the following relationship between
w(m) and w(m−1):

w(m) = S(R(w(m−1))), m = 1, 2, · · · .
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For simplicity, we denote

w(m) = T
(
w(m−1)

)
, (8)

where
T (·) = S(R(·)).

In the next section, we will analyze the convergence of w(m) under T .
Let us �rst study the computational cost of the alternating minimization

algorithm.
The �rst step of the method is to solve a part of the optimization problem.

The minimizer of this problem:

minz

n2∑

i=1

(
[z]i + [g]ie−[z]i

)
+ α1||z −w(m−1)||22

is equivalent to solving the following nonlinear systems:

1− [g]ie−[z]i + 2α1

(
[z]i − [w(m−1)]i

)
= 0, i = 1, 2, · · · , n2. (9)

There are n2 decoupled nonlinear equations to be solved. As the original ob-
jective function

(
[z]i + [g]ie−[z]i

)
+ α1([z]i − [w(m−1)]i)2 is strictly convex, the

corresponding nonlinear equation has a unique solution, and the solution can
be determined by using the Newton method very e�ciently.

The second step of the method is to apply a TV denoising scheme to the im-
age generated by the previous multiplicative noise removal step. The minimizer
of the optimization problem

α1‖z(m) −w‖22 + α2||w||TV

can be solved by many TV denoising methods like Chambolle's projection algo-
rithm [4], semismooth Newton's method [13], multilevel optimization method [6]
and graph-based optimization method [5]. In this paper, we employ the Cham-
bolle projection algorithm in the denoising step. In the Chambolle scheme, we
solve the following constrained minimization problem:

min
p

∥∥∥∥z(m) − α2

α1
divp

∥∥∥∥
2

2

(10)

subject to
|pj,k| ≤ 1, ∀1 ≤ j, k ≤ n.

Here
pj,k =

[
px

j,k

py
j,k

]

is the dual variable at the (j, k)th pixel location, p is the concatenation of all
pj,k, and the discrete divergence of p is de�ned such that

(divp)j,k ≡ px
j,k − px

j−1,k + py
j,k − py

j,k−1
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with px
0,k = py

j,0 = 0. The vector divp is the concatenation of all (divp)j,k. For
simplicity, we denote β = 2α2/α1. When the minimizer p∗ of the constrained
optimization problem in (10) is determined, the denoised image w(m) can be
generated as follows:

w(m) = z(m) − β divp∗.

In [4], the iterative scheme for computing the optimal solution p is given as
follows:

p
(l+1,x)
j,k =

p
(l,x)
j,k + γβ∇ (

β divp(l) − z(m)
)x

j,k

1 + γβ|∇ (
β divp(l) − z(m)

)
j,k
| , ∀1 ≤ j, k ≤ n

and

p
(l+1,y)
j,k =

p
(l,y)
j,k + γβ∇ (

β divp(l) − z(m)
)y

j,k

1 + γβ|∇ (
β divp(l) − z(m)

)
j,k
| , ∀1 ≤ j, k ≤ n

where p
(l,t)
j,k (t ∈ {x, y}) is the lth iterate of the iterative method for the mini-

mizer, ∇(·)t
j,k (t ∈ {x, y}) is de�ned as in (3), and γ is the step size introduced

in the projection gradient method, see [4] for details.

3 The Convergence Analysis
In this section, we study the convergence of the alternating minimization al-
gorithm. We make use of the Opial theorem [14] to show that the algorithm
converges to a minimizer of J . In order to use the theorem, we need to show
that J in (6) is coercive and T in (8) is non-expansive and asymptotically
regular.

In addition, the notion of a proximity operator which was introduced by
Moreau [12], is a generalization of the notion of a convex projection operator.
For any proper, convex, lower semi-continuous function ϕ which takes its values
in (−∞,+∞], its proximal operator is de�ned by

proxϕ(y) = argminx

1
2
‖y − x‖22 + ϕ(x). (11)

The proximal operator is single-valued and continuous [12]. We note that the
operators R and S are proximal operators of 1

2α1

∑n2

i=1

(
[z]i + [g]ie−[z]i

)
and

α2
2α1

||w||TV respectively.

De�nition 3.1 An operator P is called non-expansive if for any x1, x2 ∈ Rn2 ,
we have

||P(x1)− P(x2)||2 ≤ ||x1 − x2||2.
If there exists some non-expansive operator A and α ∈ (0, 1) such that P =
(1− α)I + αA, then P is called α�averaged non-expansive.

Next we show that the operator R is non-expansive.
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Lemma 3.1 The operator R is non-expansive.

Proof: For any wi (i = 1, 2), let zi = R (wi) (i = 1, 2), we have

1− ge−z1 + 2α1 (z1 −w1) = 1− ge−z2 + 2α1 (z2 −w2) = 0,

where each mathematical operation in the above equation is pointwise. Since
z → e−z is a monotonic decreasing function for z, we know that if z1 > z2 then
e−z2 > e−z1 , and if z1 < z2 then e−z2 < e−z1 . By using α1 > 0 and [g]i > 0
for all i, we obtain

‖z1 − z2‖2 ≤
∥∥∥∥z1 − z2 +

1
2α1

g
(
e−z2 − e−z1

)∥∥∥∥
2

= ‖w1 −w2‖2 .

The result follows.

The next lemma states that the operator S is also non-expansive by using
the Yosida-Moreau transform [8, 12].

Lemma 3.2 [8, Lemma 2.4] The operator S is 1
2 -averaged non-expansive.

By combining Lemmas 3.1 and 3.2, we know that T (·) = S(R(·)) is non-
expansive.

Lemma 3.3 Let w(m) be generated by (8). Then
∑∞

m=1

∥∥w(m−1) −w(m)
∥∥2

2
converges.

Proof: Denote J1(z, w) = ||z −w||22 and J2(w) = ||w||TV . Hence we have

J (z(m),w(m))− J (z(m), w(m+1))

= α1

[
J1(z(m),w(m))− J1(z(m), w(m+1))

]
+

α2

[
J2(w(m))− J2(w(m))

]
. (12)

We consider the Taylor series expansion of J1(z,w) in the second variable,

J1(z(m), w(m))

= J1(z(m), w(m+1)) +
(
w(m+1) −w(m)

)t ∂J1

∂w
(z(m),w(m+1)) +

1
2

(
w(m+1) −w(m)

)t ∂2J1

∂w2
(z(m), w(m+1))

(
w(m+1) −w(m)

)
. (13)

Here we note that J1 is quadratic in w and xt denotes a transpose of x. On
the other hand, as J2 is a convex function, we have

J2(w(m)) ≥ J2(w(m+1)) +
(
w(m) −w(m+1)

)t ∂J2

∂w
(w(m+1)). (14)
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By considering ∂2J1
∂w2 = I and substituting (13) and (14) into (12), we obtain

J (z(m), w(m))− J (z(m), w(m+1))

≥
(
w(m+1) −w(m)

)t
(

α1
∂J1

∂w
(z(m),w(m+1)) + α2

∂J2

∂w
(w(m+1))

)
+

α1

2
||w(m+1) −w(m)||22. (15)

We note that the sub-di�erential of the sum of convex functions is equal to the
vector sum of the corresponding sub-di�erentials, i.e.,

∂J
∂w

= α1
∂J1

∂w
+ α2

∂J2

∂w
.

As w(m+1) is the minimizer of J (z(m), w), we obtain

∂J
∂w

(z(m),w(m+1)) = 0.

or
α1

∂J1

∂w
(z(m), w(m+1)) + α2

∂J2

∂w
(w(m+1)) = 0.

Therefore, the �rst term in right hand of (15) is equal to zero. Next we use the
fact that J (z(m),w(m+1)) ≥ J (z(m+1),w(m+1)), and show that

J (z(m),w(m))− J (z(m+1),w(m+1)) ≥ J (z(m),w(m))− J (z(m), w(m+1))

≥ α1

2
||w(m+1) −w(m)||22.

It follows that
∑∞

m=0

∥∥w(m+1) −w(m)
∥∥2

2
is bounded, and

∑∞
m=0

∥∥w(m+1) −w(m)
∥∥2

2
converges.

Based on Lemma 3.3, we have the following results.

Lemma 3.4 For any initial guess w(0) ∈ Rn2 , suppose w(m) is generated by
(8), then T is asymptotically regular, i.e.,

lim
m→∞

∥∥∥w(m+1) −w(m)
∥∥∥

2
= lim

m→∞

∥∥∥T m+1
(
w(0)

)
− T m

(
w(0)

)∥∥∥
2

= 0

To show the coerciveness of J , we introduce the following de�nitions.

De�nition 3.2 A function φ : Rn2 → R is proper over a set X ⊂ Rn2 if
φ(x) < ∞ for at least one x ∈ X and φ(x) > −∞ for all x ∈ X. A function
φ : Rn2 → R is coercive over a set X ⊂ Rn2 if for every sequence {xk} ⊂ X
such that ||xk||2 →∞, we have

lim
k→∞

φ(xk) = ∞.

When X = Rn2 , we say that φ is coercive on Rn2 .
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Lemma 3.5 [3, Proposition 2.1.1] Let φ : Rn2 → R be a closed, proper and
coercive function. Then the set of minima of φ over Rn2 is nonempty and
compact.

The following lemma states the objective function J (z, w) is coercive.

Lemma 3.6 The function J (z, w) is coercive.

Proof: Denote Lh and Lv be the one-side di�erence matrix on the horizontal
direction and the vertical direction respectively, and

L =
(

Lh

Lv

)
.

The matrix L is not a full rank matrix. The null space of L is the set {c1} with
c being a scalar. The lower bound of the discrete total variation is given by

‖w‖TV =
∑

1≤j,k≤n

|(∇w)j,k|

=
∑

1≤j,k≤n

√
((∇w)x

j,k)2 + ((∇w)y
j,k)2

≥ 1√
2

∑

1≤j,k≤n

∣∣(∇w)x
j,k

∣∣ +
∣∣∣(∇w)y

j,k

∣∣∣ =
1√
2
‖Lw‖1 .

Let J1(z, w) = ||z −w||22 and J̃2(w) = ‖Lw‖1. Denote

Ω = {(z, w) | J1(z,w) + α2J̃2(w) = 0}.
Next we consider two cases: (i) (z, w) /∈ Ω with ‖(z,w)‖2 → ∞ and (ii)

(z, w) ∈ Ω with ‖(z, w)‖2 →∞.
For (i), we note that

∑n2

i=1

(
[z]i + [g]ie−[z]i

)
is a strictly convex function in

z, therefore we obtain
n2∑

i=1

(
[z]i + [g]ie−[z]i

)
≥

n2∑

i=1

(ln[g]i + 1) .

By using the above inequality, we have

J (z, w) ≥
n2∑

i=1

(ln[g]i + 1) + α1J1(z,w) + α2J̃2(w).

Consider (z, w) /∈ Ω with ‖(z, w)‖2 →∞, it is clear that α1J1(z, w)+α2J̃2(w) →
∞. Therefore, we obtain that J (z, w) →∞.

For (ii), consider (z, w) ∈ Ω, we obtain that z = w = c1. As ‖(z, w)‖2 →
∞, i.e., |c| → ∞, we have

J (z, w) ≥
n2∑

i=1

(
[z]i + [g]ie−[z]i

)
→∞.
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Now we show that the set of �xed points of T is non-empty.

Lemma 3.7 The set of �xed points of T is non-empty.

Proof: Since the objective function J is coercive, the set of minimizers of J
is non-empty. Assume (z, w) is a minimizer of J (z, w), i.e.,




∂J
∂z

(z, w)
∂J
∂w

(z, w)


 =

(
0
0

)
.

Therefore we have
∂J
∂z

(z, w) = 0 and
∂J
∂w

(z, w) = 0.

It implies that {
z = R(w) = argminJ (·, w)
w = S(z) = argminJ (z, ·)

Thus we obtain w = S(R(w)) = T (w) and w is a �xed point of T . The result
follows by Lemma 3.5.

Since the �rst term of the objective function (6) is strictly convex, the pro-
posed objective function is also strictly convex. We note that J is di�erentiable
with respect to its �rst variable z. Therefore, the set of �xed points are just
minimizers of J , and indeed there is one and only one minimizer of J . Ac-
cording to the Opial theorem [14], the sequence w converges to the unique �xed
point of T , i.e., the unique minimizer of J .

Theorem 3.1 For any initial guess w(0) ∈ Rn2 , suppose w(m) is generated by
(8), then w(m) converges to the unique minimizer of J .

About the convergence of z(m), we let w = limm→∞w(m), and therefore we
have

R(w) = lim
m→∞

R(w(m)).

Since the operator R is non-expansive, we have

||z(m) −R(w)||2 = ||R(w(m−1))−R(w)||2 ≤ ||w(m−1) −R(w)||2.

It implies that limm→∞ z(m) = R(w), i.e., the sequence {z(m)} also converges
to a unique �xed point.
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4 Numerical results
In this section, numerical results are presented to demonstrate the performance
of our proposed algorithm. The results are compared with those obtained by
�AA� method proposed by Aubert and Aujol [2]. In the tests, each pixel of an
original image is degraded by a Gamma noise with mean one (see (7)), and the
noise level is controlled by the value of L in the experiments.

A relative error of a restored image is used to measure the quality of the
restoration, it is de�ned as follows:

ReErr =
||ũ− u||22
||u||22

where u and ũ are the original image and the restored image respectively. The
restored image ũ is computed by exp(w) where w is the solution of the proposed
model in (6). Since w is the total variation denoised image, the visual quality
of exp(w) is better. In the following �gures, we report the restored images by
exp(w).

The solution for (4) of the �AA� method is obtained by using the following
explicit iterative scheme [2]:

u(m+1) = u(m) + ∆t

[
div

(
∇u(m)

√
|∇u(m)|2 + ε

)
− λ

(
g − u(m)

(u(m))2

)]
. (16)

Here ε is set to be 10−4 and ∆t is set to be a small positive number to ensure the
convergence of the iterative scheme. The regularization parameter λ is selected
to make the relative error of the restored image with respect to the original
image is the smallest.

The stopping criterion of both the proposed method and the �AA� method is
that the relative di�erence between the successive iterate of the restored image
should satisfy the following inequality:

||u(m+1) − u(m)||2
||u(m)||2

< 10−4.

We remark that there are two regularization parameters α1 and α2 in the
proposed algorithm. In order to reduce the computational time in the search of
good regularization parameters, we �x α1 = 19 in all the tests. Therefore, we
only need to determine the best value of α2 from their tested values such that
the relative error of the restored image u(α2) with respect to the original image
u is the smallest, i.e.,

‖u(α2)− u‖2
‖u‖2

is the smallest among all tested values of α2.
In our experiments, we show the restoration of �Lena� image and �Camera-

man� image. The �Lena� image in Figure 2 (left) is distorted by a gamma noise
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(a) (b)

(c) (d) (e)

Figure 2: (a) The original �Lena� image; (b) the original �Cameraman� image;
(c) the synthetic image �SynImag1�; (d) the synthetic image �SynImag2�; (e)
the synthetic image �SynImag3�.

with L = 33 and L = 5. Their noisy images are shown in Figure 3 (left) and
Figure 3 (right) respectively. The �Cameraman� image in Figure 2 (right) is
distorted by a gamma noise with L = 13 and L = 3. Their noisy images are
shown in Figure 4 (left) and Figure 4 (right) respectively. As L is smaller, the
pictures are more noisy. There are three synthetic images shown in Figure 2
to be tested in the experiments. Their degraded synthetic images with L = 2,
L = 1 and L = 2 are shown in Figure 5.

We �rst demonstrate the proposed objective function in (6) is strictly convex,
and therefore the restored images should not be sensitive to initial guesses of
images. However, the objective function in (4) is not convex, and we expect the
restored images can be sensitive to initial image guesses of images. We use two
di�erent initial guesses in the proposed method and in �AA� method. The �rst
initial guess is set to be w(0) = log g in the proposed method, and u(0) = g in
�AA� method, where g is the recorded image. The second initial guess is set

14



Figure 3: The degraded �Lena� image with L = 33 (left) and the degraded
�Lena� image with L = 5 (right).

Figure 4: The degraded �Cameraman� image with L = 13 (left) and the de-
graded �Cameraman� image with L = 3 (right).

Figure 5: The degraded synthetic images with L = 2 (left), L = 1 (middle) and
L = 2 (right).
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Proposed Method �AA� Method
Image recorded image mean image recorded image mean image
�Lena� 0.0710 0.0709 0.0912 0.0748
in Figure 3(left) (α2 = 0.0049) (α2 = 0.0045) (λ = 0.0100) (λ = 2.000)
�Lena� 0.1180 0.1183 0.1334 0.1516
in Figure 3(right) (α2 = 0.0160) (α2 = 0.0150) (λ = 0.3000) (λ = 0.5000)
�Cameraman� 0.0990 0.0989 0.1248 0.1079
in Figure 4(left) (α2 = 0.0095) (α2 = 0.0090) (λ = 0.0100) (λ = 1.000)
�Cameraman� 0.1507 0.1509 0.1875 0.2296
in Figure 4(right) (α2 = 0.0250) (α2 = 0.0250) (λ = 0.0010) (λ = 0.4500)
�SynImag1� 0.1428 0.1428 0.1590 0.3705
in Figure 5(left) (α2 = 0.0380) (α2 = 0.0380) (λ = 0.0200) (λ = 0.0770)
�SynImag2� 0.0837 0.0827 0.0856 0.1152
in Figure 5(middle) (α2 = 0.0480) (α2 = 0.0480) (λ = 0.0050) (λ = 0.1600)
�SynImag3� 0.1736 0.1742 0.2076 0.1957
in Figure 5(right) (α2 = 0.0400) (α2 = 0.0400) (λ = 0.0050) (λ = 0.1900)

Table 1: The relative errors (ReErrs) of the restored images using two di�erent
initial guesses.

to be a constant image where the constant is the mean of the recorded image.
Table 1 shows the ReErrs of the proposed method and �AA� method using two
di�erent initial guesses. We �nd that the proposed method can restore about
the same images using two di�erent initial guesses. Their relative errors are
also about the same. In Figures 6-7 and 10-11, we show the restored �Lena�
and �Cameraman� images as examples to demonstrate these results. However,
�AA� method would restore two di�erent images for using two di�erent initial
guesses. The relative errors of the restored images using two di�erent initial
guesses are also di�erent. In Figures 8-9 and 12-13, we show the restored �Lena�
and �Cameraman� images as examples to show this phenomenon.

We see from Table 1 that the relative errors of the restored images by using
the proposed method are less than those by using �AA� method. It is clear that
the restoration results by the proposed method are visually much better than
those by �AA� method, especially when the noise variance is large, i.e., when
L is small (we can compare Figures 7 and 9, and Figures 11 and 13). Next we
check the homogeneity of regions of interest in the image and analyze the loss
(or the preservation) of contrast. In Figures 14-16, we show several lines of the
original, noisy and restored images. It is clear from the �gures that the restored
lines by the proposed method is better than those by �AA� method.

In addition to the quality of the restored images, we also �nd that the
proposed algorithm is quite e�cient. Table 2 shows the number of iterations
required for convergence and the computational times required by the proposed
method and �AA� method. According to the table, the computation time re-
quired by the proposed method is quite competitive with �AA� method.
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Figure 6: The restored images using the observed image (left) and the mean
image (right) as initial guesses for denoising Figure 3(left) by the proposed
method.

Figure 7: The restored images using the observed image (left) and the mean
image (right) as initial guesses for denoising Figure 3(right) by the proposed
method.

Proposed Method �AA� Method
Image recorded image mean image recorded image mean image
�Lena� 113 178 671 379
in Figure 3(left) 22.86 36.41 37.48 22.45
�Lena� 115 176 652 720
in Figure 3(right) 25.61 39.31 47.33 53.20
�Cameraman� 133 196 950 1638
in Figure 4(left) 26.77 40.05 53.52 92.08
�Cameraman� 182 208 1340 2678
in Figure 4(right) 37.13 43.08 67.39 123.52
�SynImag1� 165 206 1513 3186
in Figure 5(left) 5.75 7.22 54.23 113.61
�SynImag2� 193 166 776 1109
in Figure 5(middle) 58.64 50.20 54.12 70.14
�SynImag3� 187 165 1693 1060
in Figure 5(right) 56.98 49.41 112.30 69.47

Table 2: The number of iterations and computational times of two methods.
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Figure 8: The restored images using the observed image (left) and the mean
image (right) as initial guesses for denoising Figure 3(left) by �AA� method.

Figure 9: The restored images using the observed image (left) and the mean
image (right) as initial guesses for denoising Figure 3(right) by �AA� method.
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Figure 10: The restored images using the observed image (left) and the mean
image (right) as initial guesses for denoising Figure 4(left) by the proposed
method.

Figure 11: The restored images using the observed image (left) and the mean
image (right) as initial guesses for denoising Figure 4(right) by the proposed
method.
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Figure 12: The restored images using the observed image (left) and the mean
image (right) as initial guesses for denoising Figure 4(left) by �AA� method.

Figure 13: The restored images using the observed image (left) and the mean
image (right) as initial guesses for denoising Figure 4(right) by �AA� method.
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Figure 14: The 60th line of the original, noisy and restored images of �Lena�
image. (a) the noisy slice; (b) the restored slice exp(z); (c) the restored slice
exp(w); (d) the restored slice by �AA� method. Here the solid line is the restored
line and the dotted line is the original line.
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Figure 15: The 100th line of the original, noisy and restored images of �Lena�
image. (a) the noisy slice; (b) the restored slice exp(z); (c) the restored slice
exp(w); (d) the restored slice by �AA� method. Here the solid line is the restored
line and the dotted line is the original line.
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Figure 16: The 79th line of the original, noisy and restored images of �SynImag1�
image. (a) the noisy slice; (b) the restored slice exp(z); (c) the restored slice
exp(w); (d) the restored slice by �AA� method. Here the solid line is the restored
line and the dotted line is the original line.
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5 Concluding Remarks
In this paper, we have studied total variation minimization method for multi-
plicative noise removal problems. By adopting a transformation, a new model
is proposed. An alternating minimization algorithm is employed to solve the
proposed total variation minimization problem. Our experimental results have
shown that the quality of restored images by the proposed method is quite well
and the proposed algorithm is also quite e�cient.
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