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Matching Pursuit Shrinkage in Hilbert Space
Tieyong Zeng, François Malgouyres

Abstract—This paper contains the study on a hybrid
algorithm combining Matching Pursuit (MP) and wavelet
shrinkage. In this algorithm, we propose to shrink the
scalar product of the element that best correlates with
the residue, before modifying the residue. The study
concerns for a rather broad family of shrinkage functions.
Using simple properties of these shrinkage functions, we
show that the algorithm converges towards the orthogonal
projection of the data on the linear space generated by
the dictionary, modulo a precision characterized by the
shrinkage function. Finally, under a mild assumption on
the shrinkage function (for instance, the hard shrinkage
satisfies this assumption), this algorithm converges in a
finite time which can be estimated from the properties of
the shrinkage function. Experimental results demonstrate
that in the presence of noise, our new algorithm outper-
forms the original MP algorithm when the the correlation
of dictionary with the noise is not negligible.

Index Terms—Dictionary, Matching Pursuit, shrinkage,
sparse representation.

I. INTRODUCTION

THE sparse representation of signal/image over
redundant dictionary has revoked remarkable at-

tention recently. In [1], the combination of sparse rep-
resentation with variational approach leads to a rather
effective image decomposition model. In [2], the sparse
representation over learned dictionary is a key step
to form an image denoising algorithm with leading
performance. In [3], sparse representation in structured
dictionaries was adopted in the application of synthetic
aperture radar.

Roughly speaking, the nowadays research on sparse
representation can be divided into two categories: the
investigation on dictionary and the investigation on
representation. The first one is that providing a certain
class of images, we look for a dictionary, usually
containing various typical patterns, which has potential
capability to represent those images sparsely (see [4]–
[7]); The second one is that providing a fixed dictionary,
we are interested in the algorithms which furnish sparse
representation for some specific image [8]. Usually, this
goal either could be achieved by minimization on an
energy of l1-norm (Basis Pursuit and their variants [1],
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[9]–[12]) or by greedy algorithms (Matching Pursuit
[13], Orthogonal Matching Pursuit [14] and their vari-
ants [8]).

As an important approach providing sparse represen-
tation solution, the Matching Pursuit (MP) algorithm is
widely adopted ever since its first introduction in image
processing by [13], [15]. Note that in the literature of
statistics, MP algorithm is regarded as a special case
of Projection Pursuit [16]. The efficiency of MP in
video coding is crucially illustrated in the MPEG-4
framework [17].

The main restriction of MP algorithm is its intrinsical
complexity [18]. At each iteration, the scalar products
of all dictionary atoms have to be computed and only
one atom can be processed. In practice, this poses a
serious problem when the size of the image and the
cardinal of the dictionary are both large. In order to
reduce the computation burden, a number of methods
have been proposed [18]–[25].

Meanwhile, the choice of dictionary also has a great
impact on the computational complexity. In [26], the
authors proved that for the so-called quasi-incoherent
dictionary, MP algorithm converges exponentially. Spe-
cial constructions of dictionary, such as separable Ga-
bor function [17], nonseparable basic function [27],
[28], geometric dictionary [29], usually lead to efficient
searching algorithms.

However, the point of view of this paper is rather dif-
ferent with all these approaches. In fact, our start point
is to consider the relation between MP and wavelet
shrinkage [30]. As a widely used method for image
denoising and image compression, wavelet shrinkage
has been extensively studied by many authors and is
still a fruitful area of research in image processing [31]–
[33].

Usually, the shrinkage function of wavelet shrinkage
has two possibilities: soft threshold and hard threshold.
In the upcoming section, we will see that if we take
the dictionary as wavelet basis, the MP algorithm
reduces to the wavelet shrinkage with hard threshold
method. In [34], the author pointed out that usually
soft threshold gives a better peak signal to noise ratio
(PSNR) compared to hard threshold. This inspires us to
consider the integration of the soft threshold into MP.
Indeed, the goal of this paper is to provide a general
framework which combines a very broad family of
threshold functions with MP algorithm. We also remark
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that the threshold approach in signal/image processing
is extremely attractive recently (see [35]–[39]).

The sketch of the paper is as follows. In Section
II, we first review the basic ideas of MP and wavelet
shrinkage and then explain briefly why we should adopt
shrinkage on dictionary. In Section III, we introduce
a fairly general family of shrinkage function. Then in
Section IV, we present the details of a MP shrinkage al-
gorithm which integrates the general shrinkage function
with MP. In Section V to VIII, we give some important
theoretical analysis on this algorithm. Finally, some
experiments are explained and commented in Section
IX. We compare our algorithm to the classical MP.
This comparison shows that in the presence of noise,
our new algorithm outperforms the existing MP if the
dictionary is revelent to represent the noise (this is true
in most cases). Some further research possibilities are
also explored.

II. PREPARATION

Let H be a Hilbert space and the analyzed sig-
nal/image v ∈ H contains some noise:

v = u + b, (1)

where u is a hidden clear image and b is a noise (usually
Gaussian).

We refer a dictionary as a collection D = (ψi)i∈I

of vectors in H, such that ∀i ∈ I , ‖ψi‖ = 1 (as usual,
‖x‖ =

√
〈x, x〉, for all x ∈ H, for the scalar product

〈., .〉). Usually, the element of D might be called atom.
Sometime we use normed dictionary to emphasize the
fact that all the atoms in the dictionary are normalized.

The goal of sparse representation is to find a linear
expansion, using as few elements of D as possible, to
approximate the analyzed signal/image v.

A. Matching Pursuit

The MP algorithm finds a sub-optimal solution to ap-
proximate the signal v in the dictionary D by iteration.
It performs as follows:
• Set R0v = v, n = 0.
• Iterate (loop in n)

1) find the best atom ψγn by:

γn = argsupi∈I |〈Rnv, ψi〉|;
2) sub-decompose:

Rn+1v = Rnv − 〈Rnv, ψγn〉ψγn .

In applications, such as image restoration and image
compression, usually we take the M -first terms as the
result u:

u =
M−1∑
n=0

〈Rnv, ψγn
〉ψγn

, (2)

where M is predefined. Another way to determine M is
to stop the MP procedure once the residue RMv attains
a certain predefined level δ,i.e.,

‖RMv‖2 ≤ δ.

The convergence of MP relies essentially on the
fact that the residue satisfies the "energy conservation"
equation:

‖v‖2 =
M−1∑
n=0

|〈Rnv, ψγn
〉|2 + ‖RMv‖2. (3)

Indeed, if we define

V = Span{D} (4)

the vector closure of the space spanned by the elements
of D, and V ⊥, the orthogonal complement of V in H,
we have,

Theorem 1: (Mallat and Zhang [13]) Let v ∈ H. The
residue RMv defined by the MP algorithm satisfies

lim
M→+∞

‖RMv − PW v‖ = 0. (5)

Hence

PV v =
+∞∑
n=0

〈Rnv, ψγn〉ψγn , (6)

and

‖PV v‖2 =
+∞∑
n=0

|〈Rnv, ψγn〉|2. (7)

B. Wavelet shrinkage

The idea of wavelet shrinkage is relatively simple.
Let D = (ψi)i∈I ⊂ H be a wavelet basis. For the
noisy image v, the wavelet shrinkage method considers
the following image as the denoised/compressed result:

u =
∑

i∈I

θτ (〈v, ψi〉)ψi, (8)

where τ is a fixed positive and θτ is a shrinkage
function. Typical examples of shrinkage functions are
the soft and the hard threshold function respectively
defined as:

ρτ (t) =
{

(|t| − τ)sgn(t), when |t| ≥ τ ;
0, otherwise, (9)

where sgn(.) denotes the sign of the number, and

hτ (t) =
{

t, when |t| ≥ τ ;
0, otherwise. (10)

As most of the small wavelet coefficients of natural
images are caused by noise, this method leads to a fairly
good result (see [31]).
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C. Why shrinkage on Dictionary

Now in MP algorithm, if D is an orthonormal wavelet
basis, it is easy to see that (2) becomes

u =
M−1∑
n=0

〈v, ψγn〉ψγn , (11)

where (γn)M−1
n=0 are the index of the first M -largest

modules of all the wavelet coefficients. Therefore, if we
take a suitable value for τ , MP is exactly the wavelet-
shrinkage with the hard threshold function.

For wavelet shrinkage, the shrinkage schemes can be
very general and the performance of these shrinkage
schemes highly depend on the statistical properties of
the ideal image u and noise b in Eq. (1). Therefore,
in the general case where the dictionary D is more
complex than the wavelet basis, there is no reason to
restrict ourselves to the hard shrinkage function. This
drives us to consider the integration of other shrinkage
functions into MP scheme. Indeed, at each iteration of
the MP, we define un as the information of ideal image
rested in the residual:

un def= Rnv − b.

As ψγn ∈ D is selected by MP, we have:

〈Rnv, ψγn〉ψγn = 〈un, ψγn〉ψγn + 〈b, ψγn〉ψγn .

In the spirit of greedy algorithm, ideally we should
transfer 〈un, ψγn〉ψγn from the residual Rnv to the
result image. Therefore, when the direction ψγn is
correlated heavily to the noise, i.e. the quantity 〈b, ψγn〉
is not negligible, the brutally replacing of 〈un, ψγn〉ψγn

by 〈Rnv, ψγn〉ψγn , which stands the philosophy of MP
revoked by Eq.(2), is obviously inappropriate. In order
to overcome this shortcoming, it is natural that we
propose to shrink 〈Rnv, ψγn〉 at each iteration of MP.

III. GENERAL SHRINKAGE FUNCTIONS

Before presenting the details of the MP shrinkage al-
gorithm, let us introduce a family of shrinkage function.

A. Definitions

Definition 1: A function θ(·) : R → R is called a
shrinkage function if and only if it satisfies:

1) θ(·) is nondecreasing, i.e,

∀t, t′ ∈ R, t ≤ t′ =⇒ θ(t) ≤ θ(t′);

2) θ(·) is a shrinkage, i.e,

∀t ∈ R, |θ(t)| ≤ |t|.
Notice that this implies

θ(0) = 0

and

θ(−t) ≤ 0 ≤ θ(t), ∀t ≥ 0. (12)

Therefore, for any shrinkage function θ(·) and any t ∈
R, we know that:

if t ≥ 0, 0 ≤ θ(t) ≤ t and 0 ≤ θ(t)(t− θ(t)),
if t ≤ 0, 0 ≥ θ(t) ≥ t and 0 ≤ θ(t)(t− θ(t)).

As a conclusion,

∀t ∈ R, θ(t)(t− θ(t)) ≥ 0. (13)

The inequality (12) also garantees that

∀t ∈ R, |t| |θ(t)| = tθ(t). (14)

Definition 2: Let θ(·) be a shrinkage function, we
call

• interior threshold: τ− def= inft:θ(t)6=0 |t|
• exterior threshold: τ+ def= supt:θ(t)=0 |t|.
Moreover, we say that θ(·) is a thresholding func-

tion if and only if: τ− > 0, i.e.

∃τ > 0, ∀x ∈ R, |x| ≤ τ ⇒ θ(x) = 0. (15)

If θ(·) is a thresholding function, we trivially have

0 < τ− ≤ τ+.

Since (13) holds for any shrinkage function, the
following definition is valid.

Definition 3: The gap of a shrinkage function θ(·) is
defined as:

gap(θ) def= inf
t:θ(t)6=0

√
θ2(t) + 2θ(t)(t− θ(t)). (16)

If gap(θ) > 0, the function is called gap shrinkage
function and if gap(θ) = 0, the function is called non-
gap shrinkage function.

The following relation exists between the gap of a
shrinkage function and its interior threshold. It proves
in particular that any gap shrinkage function is a thresh-
olding function.

Proposition 1: For any gap function θ(·), we have

gap(θ) ≤ τ−

where τ− is the interior threshold of θ(·).
Proof: The proof is given in Appendix.
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B. Examples

Let us illustrate the above definitions through some
examples.

1) For τ ≥ 0, the soft thresholding function ρτ (·)
defined in (9) is a thresholding function and
it is a non-gap shrinkage function, i.e, the gap
gap(ρτ ) = 0. The calculation of the gap is

gap(ρτ )

= inf
|t|>τ

√
(|t| − τ)2 + 2(|t| − τ)(|t| − |ρτ (t)|)

= 0,

since t can be arbitrarily close to τ .
2) For τ > 0, the hard thresholding function defined

in (10) is a thresholding function and it is a gap
shrinkage function with gap

gap(θ)(hτ ) = τ.

The calculation of the gap is

gap(hτ ) = inf
|t|>τ

√
(t)2 (17)

= τ. (18)

3) The identity function defined as:

i(t) = t,∀t ∈ R, (19)

is a non-gap shrinkage function. In fact it corre-
sponds to the soft-thresholding when τ = 0.

4) For τ > 0, the Non-Negative Garrote threshold
function (see [40]) defined as:

δG
τ (t) = tmax

(
0,

(
1− τ2

t2

))
,∀t ∈ R, (20)

is a thresholding function and it is non-gap.
5) For 0 < τ1 < τ2, the firm shrinkage function (see

[41]) defined as:

δτ1,τ2(t) =





0, if |t| ≤ τ1;
sgn(t) τ2(|t|−τ1)

τ2−τ1
if τ1 < |t| < τ2;

t, if |t| ≥ τ2,
(21)

is a thresholding function and it is non-gap.
6) For p ∈ N, τ > 0, the generalized threshold

function (see [42]) defined as:

δp
τ (t) =

{
t, if |t| ≤ τ ;
t− τp

tp−1 (sgn(t)p), if |t| > τ,
(22)

a thresholding function and it is non-gap.

IV. THE MP SHRINKAGE ALGORITHM

From now on, we always assume that the map θ :
R 7→ R is a shrinkage function.

The MP shrinkage algorithm is defined recursively.
Recall that v ∈ H is fixed. Let R0v = v. Suppose
that we have computed the n-th order residue Rnv for
n ≥ 0. We choose an element ψγn

∈ D which best
correlates with the residue Rnv up to a predefined factor
α such that 0 < α ≤ 1:

|〈ψγn , Rnv〉| ≥ α sup
i∈I

|〈Rnv, ψi〉|.

The residue Rnv is then sub-decomposed as

Rnv = θ(〈Rnv, ψγn
〉)ψγn

+ Rn+1v.

This defines the residue of order n + 1.
Notice that if we sum the above equalities for n =

0 . . . N − 1, we obtain after simplification

v =
N−1∑
n=0

snψγn + RNv, (23)

where sn = θ(Mn) with Mn = 〈Rnv, ψγn〉. This
explains the name of residue for RNv.

An algorithmic description of the MP shrinkage
algorithm is given in Table I. Let us illustrate it by
two simple examples:

• if θ is the identity function, the algorithm is the
usual MP;

• if D is a wavelet basis and θ is the hard/soft thresh-
olding function, the MP shrinkage is a wavelet
thresholding.

We also remark that in [26], the authors proposed a
much more general algorithm: Weak General MP. The
only difference is that instead of choosing sn = θ(Mn),
the Weak General MPs takes sn as any value in
R. Evidently, as the scope of the Weak General MP
algorithm is so vast, it is not strange that we only have
a few limited properties there.

V. CONVERGENCE OF THE MP SHRINKAGE FOR A
SHRINKAGE FUNCTION

The energy conservation (corresponding to (3) for
MP) becomes, for the MP Shrinkage:

Proposition 2: Let (ψi)i∈I be a normed dictionary
and θ(·) be a shrinkage function. For any M > 0 and
any v ∈ H, the quantities defined in Table I satisfy:

‖v‖2 =
M−1∑
n=0

(
s2

n + 2sn(Mn − sn)
)

+ ‖RMv‖2. (24)
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Task: MP shrinkage algorithm for a predefined constant α ∈
(0, 1], and a shrinkage function θ(·).

1) Initialize R0v = v.
2) Repeat for n = 0, . . . , +∞

- find an atom ψγn satisfying:

|〈ψγn , Rnv〉| ≥ α sup
i∈I

|〈Rnv, ψi〉|.

- sub-decompose the residue Rnv into

Rnv = snψγn + Rn+1v,

where sn = θ(Mn), for Mn = 〈Rnv, ψγn 〉.
3) Take:

u =

+∞∑

n=0

snψγn .

TABLE I
THE MP SHRINKAGE ALGORITHM.

As a consequence, we have

‖v‖2 ≥
M−1∑
n=0

s2
n + ‖RMv‖2, (25)

+∞∑
n=0

s2
n < +∞, (26)

+∞∑
n=0

|sn| |Mn| < +∞, (27)

(‖Rn‖)n∈N is nonincreasing. (28)

Proof: We can deduce from

Rn+1v = Rnv − snψγn ,

and 〈ψγn , ψγn〉 = 1 that

‖Rn+1v‖2 = ‖Rnv‖2 − 2sn〈Rnv, ψγn〉+ s2
n

= ‖Rnv‖2 − 2sn(Mn − sn)− s2
n.

Summing these equalities for all n = 0, . . . , M − 1,
we obtain after simplification

‖RMv‖2 = ‖R0v‖2 −
M−1∑
n=0

(s2
n + 2sn(Mn − sn)).

We then obtain (24) from R0v = v.
Equations (25) is easily deduced from (24) since,

using (13), we know that

sn(Mn − sn) = θ(Mn)(Mn − θ(Mn)) ≥ 0.

Notice that this also provides (28).
Moreover, (25) garantees that (

∑M
n=0 s2

n)M∈N is a
bounded increasing sequence. It converges and (26)
holds.

We also have

2
M−1∑
n=0

|sn| |Mn| = 2
+∞∑
n=0

snMn from (14)

= ‖v‖2 − ‖RMv‖2 +
M−1∑
n=0

s2
n

from (24)

≤ ‖v‖2 +
+∞∑
n=0

s2
n.

This garantees that (27) holds.
Theorem 2: Let (ψi)i∈I be a normed dictionary,

v ∈ H and θ(·) be a shrinkage function. The sequences
defined in Table I satisfy:

(Rnv)n∈N converges.

As a consequence,

+∞∑
n=0

snψγn exists.

We denote the limit of (Rnv)n∈N by R+∞v and we
trivially have

v =
+∞∑
n=0

snψγn + R+∞v.

Proof: The proof is based on Jones’ proof for the
convergence of projection pursuit regressions (see [16])
and the proof of Theorem 1 in [13].

First notice that the statement of the proposition is
trivial is v = 0. We further assume that u 6= 0.

In order to prove the theorem, we prove that the
sequence (Rnv)n∈N is a Cauchy sequence. Before
doing so, let us start with some preliminaries.

Notice first that for all w1, w2 ∈ H, we have:

‖w1 − w2‖2 = ‖w1‖2 − ‖w2‖2 − 2〈w2, w1 − w2〉
≤ ‖w1‖2 − ‖w2‖2 + 2|〈w2, w1 − w2〉|. (29)

Also, for N2 > N1 ≥ 0, we have from (23)

RN1v −RN2v =
N2−1∑

n=N1

snψγn . (30)

Finally, for any n ≥ 0 and any m ≥ 0,

|〈Rmv, snψγn〉| = |sn| |〈ψγn , Rmv〉|
≤ |sn| sup

i∈I
|〈ψi, R

mv〉|

≤ 1
α
|sn| |Mm|. (31)
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Let us now consider N2 > N1 ≥ 0, we obtain using
(29), (30) and (31)

‖RN1v −RN2v‖2

≤ ‖RN1v‖2 − ‖RN2v‖2 + 2|〈RN2v,

N2−1∑

n=N1

snψγn
〉|

≤ ‖RN1v‖2 − ‖RN2v‖2 +
2
α
|MN2 |

N2−1∑

n=N1

|sn|. (32)

Using (28), in Proposition 2, we know that
the sequence (‖Rnv‖)n∈N is non-negative and non-
increasing. It therefore converges to some value R∞
and for any ε > 0, there exits K > 0 such that for all
m > K,

R2
∞ ≤ ‖Rmv‖2 ≤ R2

∞ + ε2.

As a consequence, for any N2 > N1 ≥ K,

‖RN1v −RN2v‖2 ≤ ε2 +
2
α
|MN2 |

N2∑

n=N1

|sn| (33)

Using (27), we know that
∑+∞

n=0 |Mn||sn| < +∞.
Moreover, 0 ≤ |sn| ≤ |Mn| for all n ∈ N. So Lemma
2 (see Appendix) can be applied with xn ≡ |sn| and
yn ≡ |Mn|. Two situations might occur :
• If

∑+∞
n=0 |sn| < +∞ : We know that there is K ′ >

0 such that for any N2 > N1 ≥ K ′

N2∑

n=N1

|sn| ≤ α

2‖v‖ε2.

Also, we know from (24) that

|MN2 | = |〈RN2v, ψγN2
〉| ≤ ‖RN2v‖ ≤ ‖v‖.

So (33) becomes : for any ε > 0 there are K and
K ′ > 0 such that for any N2 > N1 ≥ max(K, K ′)

‖RN1v −RN2v‖2 ≤ ε2 + ε2.

As a conclusion (Rnv)n∈N is a Cauchy sequence.
• If lim infq→+∞ |Mq|

∑q
n=0 |sn| = 0: Let ε > 0

and let p > 0 be an integer. We are going to
estimate ‖Rmv−Rm+pv‖, for m > K (K is such
that (33) holds).
First, there is q > m + p such that

|Mq|
q∑

n=0

|sn| ≤ α

2
ε2. (34)

Moreover, we can decompose

‖Rmv−Rm+pv‖ ≤ ‖Rmv−Rqv‖+‖Rm+pv−Rqv‖.
Applying (33) with N1 = m and N2 = q and
using (34) we obtain

‖Rmv −Rqv‖2 ≤ ε2 + ε2.

Similarly, applying (33) for N1 = m+p and N2 =
q and using (34) we obtain

‖Rm+pv −Rqv‖2 ≤ ε2 + ε2.

Hence, we finally obtain

‖Rmv −Rm+pv‖ ≤ 2
√

2ε,

which proves that (Rnv)n∈N is a Cauchy se-
quence.

As a conclusion, (Rnv)n∈N converges. The second
statement directly follows from (23).

Proposition 2 garantees that
+∞∑
n=0

|sn|2 (35)

exists. However, in general when H is an infinite
dimensional space, we have no guarantee that

+∞∑
n=0

|sn| (36)

exists. A simple counter example consists in consider-
ing (ψi)i∈I a Riesz basis of H, v =

∑
i∈I siψi ∈ H

such that
∑

i∈I |si| diverges and θ(t) ≡ t.
The existence of (36) is important for two reasons :
• (36) provides a stronger guarantee for the “smooth-

ness” 1 of
∑+∞

n=0 snψγn than (35).
• (36) would provide a simple guarantee that the

coordinates

λi =
∑

n∈N:γn=i

sn , ∀i ∈ I

exist. This is important since these are the coordi-
nates built by the algorithm.2

The next section proves that this weakness, when MP
shrinkage is defined by a shrinkage function (without
any further assumption), is solved when a threholding
function is used.

VI. BOUND ON l1 REGULARITY, FOR A
THRESHOLDING FUNCTION

Theorem 3: Let (ψi)i∈I be a normed dictionary , v ∈
H and θ(·) be a thresholding function. The quantities
defined in Table I satisfy:

+∞∑
n=0

|sn| ≤ ‖v‖2 − ‖R+∞v‖2
τ−

≤ ‖v‖2
τ−

, (37)

where τ− > 0 denotes the interior threshold as defined
in the Definition 2.

1Here the notion of smoothness is understood in vague sense.
Typically one can think of Besov-like regularity when the dictionary
contains wavelet-like atoms.

2Another proof of existence might of course exist for these
coordinates.
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Proof: Let M ∈ N be such that sM 6= 0. First, we
know that for all n = 0, . . . , M , |Mn| ≥ τ− > 0.

Also, using (25), we know that

M−1∑
n=0

s2
n ≤ ‖v‖2 − ‖RMv‖2.

Together with (24), this leads to

M−1∑
n=0

snMn =
1
2

(
‖v‖2 +

M−1∑
n=0

s2
n − ‖RMv‖2

)

≤ ‖v‖2 − ‖RMv‖2.
Using (14) and the fact that θ(·) is a thresholding
function, we obtain

snMn = |sn||Mn| ≥ τ−|sn|,
for all n = 0, . . . , M .

As a conclusion for all M ∈ N such that sM 6= 0 we
have

M−1∑
n=0

|sn| ≤ ‖v‖2 − ‖RMv‖2
τ−

. (38)

In particular, if for all M ∈ N, sM 6= 0, then (38)
holds for all M ∈ N. Letting M go to infinity, we
obtain (37).

Conversely, if there is M ∈ N such that sM = 0, it
is easy to see that for all

∀n ≥ M, Rnv = RMv and sn = 0. (39)

Moreover, (38) holds for M = M0 − 1, with

M0 = inf
M :sM=0

M.

Together with (39), this leads to (37).
Remark 1: This theorem says that we can control∑+∞
n=0 |sn| when θ(·) is a thresholding function. An

important aspect of the theorem is that the right term
in (37) does NOT depend on the dictionary.

Remark 2: Another important aspect is that it garan-
tees the existence of the coordinates of the result :

λi =
∑

n∈N:γn=i

sn , ∀i ∈ I.

Moreover, we obviously have

∑

i∈I

|λi| ≤
∑

i∈I

∑

n∈N:γn=i

|sn| =
+∞∑
n=0

|sn|.

So the theorem gives a way to control the norm which
is used to define the regularity term in the standard
model Basis Pursuit Denoising (see [9] and the papers
referencing it).

VII. BOUND ON SPARSITY, FOR A GAP SHRINKAGE
FUNCTION

In fact, if θ(·) is a gap shrinkage function, the MP
shrinkage will stop automatically after a finite number
of iterations.

Theorem 4: Let (ψi)i∈I be a normed dictionary, v ∈
H and θ(·) be a gap shrinkage function (i.e. gap(θ) >
0). The sequence (sn)n∈N defined in Table I satisfies:

sn = 0, ∀n ≥ Mmax,

for
Mmax

def= b ‖v‖2
gap(θ)2

c.

where b·c denotes the floor function.
Proof: If the MP shrinkage algorithm has not

stopped at the iteration M , we have sn 6= 0, for all
n = 0, . . . , M . Therefore, (see Definition 3) for any
n = 0, . . . , M

s2
n + 2sn(Mn − sn) ≥ gap(θ)2,

where we recall that Mn = 〈Rnv, ψγn〉, sn = θ(Mn).
From (24), we know that:

‖v‖2 ≥
M∑

n=0

(
s2

n + 2sn(Mn − sn)
) ≥ (M+1) gap(θ)2.

Thus,

M ≤ ‖v‖2
gap(θ)2

− 1

and since M is an integer, we have:

M ≤ b ‖v‖2
gap(θ)2

c − 1.

Remark 3: Again, an interesting aspect of the the-
orem is that the number of iteration does not depend
on the dictionary. It only depends on the norm of the
datum v and the shrinkage function.

Remark 4: Theorem 4 gives another guarantee that
(36) exists. In fact, the theorem implies that the norm
of (sn)n∈N is finite for any norm defined for sequences.

Remark 5: A even more important consequence of
the proposition is the following. If we denote (again)
the coordinates of the result

λi =
∑

n∈N:γn=i

sn ,∀i ∈ I

and define

l0 ((λi)i∈I)
def= #{i ∈ I, λi 6= 0},

where # denotes the cardinal of a set. The proposition
garantees that

l0 ((λi)i∈I) ≤ b ‖v‖2
gap(θ)2

c.
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In words, v is approximated with less than b ‖v‖2
gap(θ)2 c

non-zero coordinates. A rather surprising fact is that
the latter upper bound contain squares. The result will
therefore be very sparse when ‖v‖

gap(θ) is small. It tends

however to be less sparse as ‖v‖
gap(θ) increases.

VIII. BOUND ON THE RESIDUAL NORM, FOR A
SHRINKAGE FUNCTION

Lemma 1: Let (ψi)i∈I be a normed dictionary, v ∈
H and θ(·) be a shrinkage function whose exterior
threshold is finite (i.e. τ+ < +∞). The sequence
(Mn)n∈N defined in Table I satisfies:

lim sup
n→+∞

Mn ≤ sup
t:θ(t)=0

t, (40)

and
inf

t:θ(t)=0
t ≤ lim inf

n→+∞
Mn. (41)

Proof: In order to prove the first statement, we
assume that (40) does not hold. Then there exists ε > 0
and an increasing sequence (kn)n∈N ∈ NN such that

Mkn ≥ sup
t:θ(t)=0

t + ε, ∀n ∈ N.

So, there exists an increasing sequence (kn)n∈N ∈ NN
such that

skn = θ(Mkn) ≥ θ( sup
t:θ(t)=0

t + ε) > 0

This means that

lim sup
n→+∞

sn > 0.

The latter statement is impossible since, from (26), we
know that limn→+∞ sn = 0. This proves (40).

The proof of (41) is similar.
In particular, if the exterior threshold of θ(·) is zero

(i.e. τ+ = 0),
lim

n→+∞
Mn = 0,

since supt:θ(t)=0 t = inft:θ(t)=0 t = 0.
Let us define the semi-norm on H

‖u‖D def= sup
i∈I

|〈u, ψi〉|, ∀u ∈ H.

Notice that ‖ · ‖D is a norm as soon as D is complete
(i.e. D generates H). For τ ≥ 0, we also denote the τ
level set of ‖ · ‖D by

L‖·‖D (τ) def= {u ∈ H, ‖u‖D ≤ τ}.
Geometrically, L‖·‖D (τ) is a polyhedral set.

Recall that in (4) we denote V
def= Span((ψi)i∈I),

the closure of vector space spanned by the dictionary
(ψi)i∈I , and V ⊥ its orthogonal complement. We now
denote the orthogonal projection onto V and V ⊥ by
PV and PV ⊥ respectively.

Theorem 5: Let (ψi)i∈I be a normed dictionary, v ∈
H and θ(·) be a shrinkage function. The limits defined
in Theorem 2 satisfy

∥∥R+∞v − PV ⊥v
∥∥
D ≤

τ+

α
,

and ∥∥∥∥∥
+∞∑
n=0

snψγn − PV v

∥∥∥∥∥
D
≤ τ+

α
,

where τ+ is the exterior threshold of θ(·), as defined
in Definition 2.

Proof: Let ε > 0, from Lemma 1, we know that
for any k ≥ 0 there is nk ≥ k

inf
t:θ(t)=0

t− ε ≤ Mnk
≤ sup

t:θ(t)=0

t + ε.

Given the definition of τ+, we therefore know that

−τ+ − ε ≤ Mnk
≤ τ+ + ε.

We rewrite
|Mnk

| ≤ τ+ + ε.

Moreover, since PV is contractive and given the
construction of Mnk

, we know that

|Mnk
| ≥ α sup

i∈I
|〈Rnkv, ψi〉| ≥ α sup

i∈I
|〈PV (Rnkv), ψi〉|.

Therefore, for all i ∈ I ,

|〈PV (Rnkv), ψi〉| ≤ τ+

α
+

ε

α
.

Since (Rnkv)k∈N converges to R+∞v (see Theorem 2),
we finally have

|〈PV (R+∞v), ψi〉| ≤ τ+

α
+

ε

α
,

for all i ∈ I .
Since the above inequalities hold for any ε > 0, we

obtain ∥∥PV (R+∞v)
∥∥
D ≤

τ+

α
.

Moreover, using Theorem 2, we know that

PV ⊥
(
R+∞v

)
= PV ⊥ (v)− PV ⊥

(
+∞∑
n=0

snψγn

)

= PV ⊥ (v) .

We therefore obtain
∥∥R+∞v − PV ⊥v

∥∥
D =

∥∥PV (R+∞v)
∥∥
D ≤

τ+

α
.

Using Theorem 2 (again), we also know that
+∞∑
n=0

snψγn = PV

(
+∞∑
n=0

snψγn

)

= PV (v)− PV (R+∞v)
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Fig. 1. Basic filters to construct the dictionary. Each filter is extended
to the same size as the underlying noisy image by zero-padding and
then translate over the plan. Left: DCT filters; right: nine letter filters.

So,∥∥∥∥∥
+∞∑
n=0

snψγn − PV (v)

∥∥∥∥∥
D

=
∥∥PV (R+∞v)

∥∥
D ≤

τ+

α
.

This finishes the proof of the theorem.

IX. EXPERIMENTAL RESULTS

The goal of this section is to illustrate the perfor-
mance of MP and MP shrinkage. In all the experiments,
the predefined constant α in Table I is always set as 1
and we use translated-invariant dictionaries based on
three different basic ones:
• DCT dictionary

This contains all the translations of the 64 local
DCT filters defined as, for (ξ, η) ∈ {0, . . . , 7}2:

ψξ,η
m,n =

1√
Cξ,η

cos
(

ξ(2m + 1)π
16

)
cos

(
η(2n + 1)π

16

)
,

if 0 ≤ m,n ≤ 7, otherwise

ψξ,η
m,n = 0,

where Cξ,η is the normalization factor. The 64
small filters are shown in the left of Fig. 1.

• Wavelet dictionary
This is composed of all the translations of the 13
wavelet filters of Daubechie 3 for 4 decomposition
levels.

• Letter dictionary
This is formed by all the translations of the 9
letters shown in right part of Fig. 1. Note that these
letters are all centered and then normalized.

The purpose of Section IX-A to IX-C is to denoise
a noisy image v containing a Gaussian white noise of
standard deviation 20. The soft-thresholding functions
for various threshold values τ = 0, 10, 50 and 100 are
considered. Remember that when τ = 0, the algorithm
boils down to the usual MP. The iteration number is

Fig. 2. Slice of Barbara. Left: initial image; right: noisy image
(additive Gaussian white noise of standard deviation 20).
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τ=100

Fig. 3. The l0-norm (y-axis) as a function of the iteration number n
(x-axis). These are for the MP shrinkage with the soft thresholding
function for τ = 0 (i.e MP), τ = 10, 50 and 100.

fixed as 4000 since we observe that usually, after 4000
iterations, the algorithm converges.

The purpose of Section IX-D is for detecting.

A. Convergence analysis

Our first experiment is for a slice of Barbara with the
size 64 × 64. The original image and the noisy image
are shown on Fig. 2.

First we are interested in the l0-norm of (si)0≤i<n:

n−1∑

i=0

1si 6=0,

which are presented in Fig. 3 for various τ . This shows
that when the threshold is small, the l0-norm increases
nearly linearly with the iteration number n. Only when
the threshold τ is rather big (say, τ = 100), the l0-norm
attains its maximum after about 1500 iterations.

Second we consider the l1-norm of (si)0≤i<n:
n−1∑

i=0

|si|.
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Fig. 4. The quantity

√∑n−1
i=0 |si|
‖v‖ (y-axis) as a function of iteration

number n (x-axis). These are for the MP shrinkage with the soft
thresholding function for τ = 0 (i.e MP), τ = 10, 50 and 100. Note
that 1√

10
= 0.32, 1√

50
= 0.14, 1√

100
= 0.10.

By Eq.(37), we know that
√∑+∞

i=0 |si|
‖v‖ ≤ 1√

τ
. (42)

This relation is explained through Fig. 4, which also
tells us that when τ is big, the increasing of l1-norm is
nearly flat after about 2500 iterations.

Third we present the l2-norm of the residual

‖
n−1∑

i=0

siψγi − PV v‖

on Fig. 5. This shows that once the algorithm converges,
the l2-norm of the residual also converges to a certain
value which increases with τ . However, when τ is
small, the convergence might be slow.

Forth we demonstrate the relation of |sn| with the
iteration number n in Fig. 6. Clearly we can see
that when τ is big, |sn| decreases dramatically to 0.
Moreover, in the case of soft-shrinkage, we have:

∥∥∥∥∥
n−1∑

i=0

siψγi − PV v

∥∥∥∥∥
D

=

∥∥∥∥∥
n−1∑

i=0

siψγi − v

∥∥∥∥∥
D

= |Mn| ≤ |sn|+ τ.

Therefore, this also illustrates that the residual norm
∥∥∥∥∥

n−1∑

i=0

siψγi − PV v

∥∥∥∥∥
D

converges to a certain value less than τ , which is
consistent with Theorem 5.

Overall, the convergence of MP shrinkage algorithm
is re-confirmed experimentally. Roughly speaking, the
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Fig. 5. The l2-norm (y-axis) of the residual as a function of the
iteration number n (x-axis). These are for the MP shrinkage with the
soft thresholding function for τ = 0 (i.e MP), τ = 10, 50 and 100.
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Fig. 6. The quantity |sn| (y-axis) as a function of the iteration
number n (x-axis). These are for the MP shrinkage with the soft
thresholding function for τ = 0 (i.e MP), τ = 10, 50 and 100.

higher the threshold value τ , the better the convergence
speed. In [26], it is proved that for the so called
quasi-incoherent dictionary, the convergence of MP
is exponential. Therefore, one can expect that under
similarly condition, the convergence MP shrinkage is
also exponential. We leave this to interested readers.

B. Denoising by wavelet dictionary

Now we report the experiments on Pepper image by
wavelet dictionary. The original image and noisy image
(Gaussian noise of standard variation 20) are displayed
in Fig. 7.

Fig. 8 illustrates the PSNR value of the n-term
reconstruction image, for various τ . This demonstrates
that when n is small (say n < 1000), the performances
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Fig. 7. Experiments on Pepper with wavelet dictionary. Top-left:
clean image; top-right: noisy image, PSNR = 22.10; bottom-left:
MP result after 4000 iterations, PSNR = 25.44; bottom-right: MP
shrinkage after 4000 iterations with τ = 50, PSNR = 27.16.

of different τ are nearly the same. However, once the
iteration number n bypasses 2500, the performance of
τ = 10, 50 is better than the original MP. The final
results after 4000 iterations of MP and MP shrinkage
with τ = 50 are displayed in the bottom part of Fig.
7. We can see that for MP, the reconstruction image is
still noisy. However, the result image of MP shrinkage
is much cleaner. The maximum of the blue line (it is
for MP) is 26.45 (whereas n = 2057), which is smaller
than the final step of MP shrinkage with τ = 50 as the
latter is 27.16. Hence, even we know where to stop for
the usual MP (which is rather tough), the MP shrinkage
is better in this example.

From our point of view, the energy of the filters
in the wavelet dictionary are concentrated both on
low frequencies and high ones, in each step of the
MP procedure, the contribution of the noise to the
coefficient

〈ψγn , Rnv〉
is not negligible. Therefore, it is reasonable that we
should shrink the above coefficient toward zero in this
case.

C. Denoising by letter dictionary

Our next experiment is carried on Lena image for
letter dictionary. The results are reported in Fig. 9. The
top-left, top-right are respectively the original image
and the noisy image (Gaussian noise of variation 20).
The bottom-left is of MP and the bottom-right is of MP
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Fig. 8. Experiments on Pepper with wavelet dictionary, the PSNR as
a function of the iteration number n. These are for the MP shrinkage
with the soft thresholding function for τ = 0 (i.e MP), τ = 10, 50
and 100.

shrinkage wih τ = 50, both are after 4000 iterations.
The result of MP is better than that of MP shrinkage
with τ = 50. Fig. 10 illustrates the PSNR of the n-term
reconstruction image for various τ . This time it is the
usual MP who wins.

Indeed, as the energy of the filters in the letter
dictionary are concentrated on low frequencies, it is
very difficult to use them to represent noise. In each
step of the MP procedure, most part of the coefficient

〈ψγn , Rnv〉
is revoked by the real image and the contribution of
noise is negligible. Therefore, there is no need to shrink
the above coefficient this time.

D. Detection by letter dictionary

We turn to considering the detecting problem. Sup-
pose that we have a noisy image (top-left of Fig.11)
which is degraded by a Gaussian noise of standard
variation 150 on the clean image (top-right of Fig.11).
We are also assumed to know that the noisy image
contains several letters whose forms are already known
(see right of Fig.1). Our task is to detect these letters
and their positions.

An intuitively idea is that one can denoise the noisy
image to inspect some useful information. However,
as the noisy image is highly degraded, this approach
does not work. Indeed, in the middle-left and middle-
right of Fig.11, we exhibit the results of two popular
denoising methods: Rudin-Osher-Fatemi model [43],
[44] and wavelet soft-shrinkage. The parameters are
carefully tuned to obtain better result. For both methods,
one can observe that the letter information is totally lost.
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Fig. 9. Experiments on Lena with letter dictionary. Top-left: clean
image; top-right: noisy image, PSNR = 22.15; bottom-left: MP
result after 4000 iterations, PSNR = 22.68; bottom-right: MP
shrinkage after 4000 iterations with τ = 50, PSNR = 20.82.
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Fig. 10. Experiments on Lena with letter dictionary, the PSNR (y-
axis) as a function of the iteration number n (x-axis). These are for
the MP shrinkage with the soft thresholding function for τ = 0 (i.e
MP), τ = 10, 50 and 100.

However, this is a different story for MP/MP shrink-
age. Indeed, for MP shrinkage, we use the soft-
shrinkage function with τ = 400 ∈ [2.5σ, 3σ] and we
iterate 500 times whereas the highest correlation of the
dictionary elements with the residual image is smaller
than 10−6. In order to compare, we also take 500-
terms for MP. As for detection problem, the negative
coefficient is due to the background or noise, we then
drop the negative coefficients of MP/MP shrinkage. The
reconstruction images are thus reported in bottom of
Fig.11.

Fig. 11. Detecting letters in heavily noisy image. Top-left: clean
image; top-right: noisy image obtained by adding a Gaussian noise
of standard variation 150 on the clean image; middle-left: denoised-
image by Rudin-Osher-Fatemi (λ = 1

300
); middle-right: wavelet soft-

shrinkage (τ = 400); bottom left: MP by letter dictionary; bottom
right: MP shrinkage by letter dictionary (soft-shrinkage with τ =
400).

It seems that both methods work rather well as we
can detect most part of the letters and their positions
correctly. However, comparing to MP, the performance
of MP shrinkage is much better as it provides a result
much cleaner. This phoneme is natural for us. Indeed,
for MP shrinkage, only when the correlation between
the dictionary element with the residual image bypasses
the threshold τ , a letter will be considered as detected.
Therefore, this schema will significantly reduce the
false alarms revoked by random noise. Moreover, as
the coefficient of correlation is then shrinked, the effect
of false alarm is also diluted. More important, in
MP shrinkage, the false alarms are mostly caused by
structures in the image, so they are concentrated along
structures such as face and hair. This even makes it
possible to remove/reduce the false alarms by typical
cluster techniques. On the contrary, the false alarm of
MP appears randomly in any position, which makes its
result image somewhat noisy.
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X. CONCLUSION AND DISCUSSION

In this paper, we presented a Matching Pursuit
shrinkage algorithm which integrates a rather general
family of shrinkage function with Matching Pursuit.
Some important theoretical analysis on this algorithm
are carefully investigated. We are specially interested in
the bound on l1 regularity, sparsity and residual norm.
Finally, several experiments on different dictionaries
and images for MP and MP shrinkage are explained
and commented. Indeed, we illustrated experimentally
that the convergence of MP shrinkage is better than
MP, especially when the threshold value is rather big.
The denoising performance of both methods are then
compared. This comparison clearly showed that in the
presence of noise, the new one outperforms the existing
MP if the dictionary is correlated to represent the noise,
which is most of the case. The experiments of detecting
letters from heavily noisy structured image by MP and
MP shrinkage were also presented. The performance of
MP shrinkage is much better as it provides result with
less false alarm. This implies the potential use of our
new method for image/signal processing.

We also remark that the denoising performance of
MP shrinkage, similarly to all the other dictionary
based methods such as the original MP, OMP, Basis
Pursuit, wavelet shrinkage, strongly depends on the
choice of the dictionary and the statistical properties of
the analyzed image and the noise. Therefore, the simply
application of any of these methods alone, without
carefully selection of the dictionary or total variation
like regularization, usually can not drive satisfactory
visual effect for image restoration. This is the essential
reason that the data-driven dictionary learning, the task
of the first category of sparse representation research is
so important.

Moreover, as the idea of MP shrinkage is totally
new, the future works include various possibilities. For
instance, we might consider the convergence speed of
this algorithm for dictionaries with special structure and
thus to conduct some similar results paralleling to [26].
The choice of dictionary and shrinkage function based
on the statistical point of view are also crucial aspects
for application.
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APPENDIX

Proof of Proposition 1

Proof of gap(θ) ≤ inft:θ(t)6=0 |t|. Let t0 ∈ R be such
that t0 > inft:θ(t)6=0 |t|. We cannot simultaneously have

θ(t0) = 0 and θ(−t0) = 0, since θ(·) is nondecreasing.
Let us denote

t =
{

t0 , if θ(t0) 6= 0
−t0 , if θ(t0) = 0

We have θ(t) 6= 0 and given the definition of the gap,
we know that

gap(θ)2 ≤ θ(t)2 + 2θ(t)(t− θ(t)),
= t2 − (t− θ(t))2,
≤ t2 = t20.

As a conclusion, for any t0 such that t0 > inft:θ(t)6=0 |t|,
we have gap(θ) ≤ t0. So

gap(θ) ≤ inf
t:θ(t)6=0

|t|.

Lemma used in the proof of Theorem 2

This lemma is a variation on the Lemma used in the
proof of Theorem 1 in [13].

Lemma 2: Let (xk)k∈N and (yk)k∈N be two se-
quences such that

∀k ∈ N, 0 ≤ xk ≤ yk (43)

and
+∞∑

k=0

xkyk < +∞.

One of the following alternatives holds :
• either

+∞∑

k=0

xk < +∞

• or

lim inf
j→+∞

yj

j∑

k=0

xk = 0.

Proof: First, since (yk)k∈N is a sequence of non-
negative real numbers, its inferior limit always exists.
We
• either have lim infk→+∞ yk > 0,
• or lim infk→+∞ yk = 0
Let us first assume that

lim inf
k→+∞

yk > 0.

There exists ε > 0 and n > 0 such that for any k ≥ n,
yk ≥ ε. Therefore, we have

ε

+∞∑

k=n

xk ≤
+∞∑

k=n

xkyk < +∞

and finally
+∞∑

k=0

xk < +∞.
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The first alternative holds.
Let us from now on assume that

lim inf
k→+∞

yk = 0

and consider ε > 0 and m ≥ 0. Since
∑+∞

k=0 xkyk <
+∞, there is n ≥ m such that

+∞∑

k=n

xkyk <
ε

2
. (44)

Since lim infk→+∞ yk = 0, there is p ≥ 0 such that

yn+p <
1

2
∑n−1

k=0 xk

ε. (45)

Let j ∈ {n, . . . n + p} be such that

yj ≤ yk, ∀k ∈ {n, . . . n + p}. (46)

We have

yj

j∑

k=0

xk = yj

n−1∑

k=0

xk + yj

j∑

k=n

xk

≤ yn+p

n−1∑

k=0

xk + yj

j∑

k=n

xk from (46)

<
ε

2
+

+∞∑

k=n

xkyk from (45) and (43)

< ε from (44).

As a conclusion, for any ε > 0 and any m ≥ 0, there
is j ≥ m such that

yj

j∑

k=0

xk < ε.

This means that the second alternative holds.
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