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DECAY IN FUNCTIONS OF MULTI-BAND MATRICES

N. MASTRONARDI ∗, M. NG † , AND E. E. TYRTYSHNIKOV ‡

Abstract. The Benzi–Golub result on decay properties for matrix functions of a banded Her-
mitian matrix is extended to the case of multi-band and certain other sparse multilevel matrices.
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1. Introduction. Decay properties of the entries of inverses to banded diago-
nally dominant matrices are known for a long time: exponential decay away from the
main diagonal is granted, the actual rate depending on the band-width [3]. Then,
a similar observation was established for infinite Hermitian positive definite matrices
[4], with some care to be taken about the constant factor when applied to finite ma-
trices. Further, a far reaching generalization was made in [2]: same decay properties
turn out to hold for a wide class of functions of a given banded Hermitian positive
definite matrix, rather than only inverses. Importance of the latter result is amplified
by a conspicuous growth of interest to computations with matrix functions [1, 5].

However, multidimensional problems naturally give rise to multilevel sparse ma-
trices with a band-width depending on the matrix size. As a consequence, the decay
rates of the previous results depend on the matrix size. Nevertheless, the same matri-
ces usually can be viewed as multilevel multi-band matrices with the multi-band sizes
independent of the order of matrix. In this paper we propose that the decay results
for such matrices can be more suitably presented in the multi-index notation, for the
decay takes place at every level of a given multilevel matrix.

We use a definition of multilevel matrix suggested in [10]: a matrix A of order
n is said to have p levels of sizes n1, ..., np if n = n1...np and A is viewed as a block
n1 × n1 matrix with every block considered as a block n2 × n2 matrix, the same
construction of getting to matrices with smaller blocks being repeated hierarchically
p times. The row and column indices of A are in the one-to-one correspondence with
p-tuple indices:

i ↔ i = (i1, ..., ip), j ↔ j = (j1, ..., jp),

where, by definition,

i = (i1 − 1)n2...np + (i2 − 1)n3...np + ... + (ip−1 − 1)np + ip,
j = (j1 − 1)n2...np + (j2 − 1)n3...np + ... + (jp−1 − 1)np + jp.

Thus, for the entries of A we shall write

aij = aij = a(i1, ...ip; j1, ..., jp).
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In this case we say that A is a matrix of multi-order n = (n1, ..., np).
A p-level matrix A is called multi-band of multi-width m = (m1, ..., mp) if it is

granted that

a(i1, ..., ip; j1, ..., jp) = 0

whenever

|il − jl| > ml/2

at least for one value of l ∈ {1, ..., p}. Each number ml is assumed odd and referred
to as the band-width of level l.

Multi-band matrices are sparse with a special sparsity pattern. This pertains to
a more general type of linear structure expounded in [7].

We present certain conditions under which the entries of a p-level matrix B = f(A)
are estimated in the following way:

|b(i1, ..., ip; j1, ..., jp)| ≤ cqmaxl |il−jl|, 0 < q < 1.

Note that exponential decrease is ascertained in the estimate rather than entries, and
the estimate is not necessarily sharp. In many cases, however, c does not depend on
the multi-order. This makes the estimate very useful for proof and construction of
low-parametric approximations to typical matrix functions of A.

2. Main results. Consider a sequence S0 ⊂ S1 ⊂ ... of non-empty subsets of

S = {(i, j) : i, j = 1, 2, ... }.

For any matrix A, denote by NZ(A) the set of all index pairs (i, j) ∈ S such that
aij 6= 0.

Define ||A||C as the maximal in modulus entry of A.
Lemma 2.1. Given a matrix A, assume that NZ(Ak) ⊂ Sk for k = 0, 1, ... ,

and consider a matrix B and a function E(d) with the following property: for any
d = 0, 1, ... there exists a polynomial pd(x) such that deg(pd) ≤ d and

||B − pd(A)||C ≤ E(d).

Then

|bij | ≤ E(d)

whenever

(i, j) /∈ Sd.

Proof. All nonzero entries of pd(A) occupy positions (i, j) ∈ Sd. Hence, from
(i, j) /∈ Sd we conclude that |bij | = |(B − pd(A))ij | ≤ E(d).

Lemma 2.2. Let A be a p-level multi-band matrix with level band-widths m1, ..., mp.
Then

NZ(Ak) ⊂ Sk,
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where

Sk = {(i, j) = (i, j) : |il − jl| < (kml − k + 1)/2}.

Proof. It follows from the observation that the product AB of two matrices
with band-widths m(A) and m(B) is a band matrix with the band-width m(AB) =
m(A) + m(B)− 1.

Lemma 2.3. Let A be a p-level multi-band matrix with level band-widths m1, ..., mp.
Assume that a matrix B and polynomials pd(x) are such that deg(pd) ≤ d and

||B − pd(A)||C ≤ E(d)

with the monotonicity property

E(d + 1) ≤ E(d), d = 0, 1, ... .

Then B can be considered as p-level matrix with the same level sizes as those of A,
and the entries of B outside the multi-band of A are bounded as follows:

|bij | = |bij| ≤ E (t(i, j)) ,

where

t(i, j) = max
1≤l≤p

[
2|il − jl|

ml

]
.

Proof. Consider a position (i, j), choose level l and find a positive integer d such
that

(dml − d + 1)/2 < |il − jl| ≤ dml/2.

Then (i, j) /∈ Sd, and hence,

|bij | ≤ E(d) ≤ E

([
2|il − jl|

ml

])
,

Using monotonicity of E(d) we diminish the right-hand side by maximizing the argu-
ment.

These lemmas help us to derive estimates for the entries of those matrices B that
can be approximated by a polynomial of a multi-band matrix A. The decay properties
are determined by the behavior of approximation accuracy in regard with the degree
of polynomial.

A simple polynomial approximation result for B = (I + F )−1 is easily available
in the case ||F ||2 < 1. The latter inequality implies the convergence of the Neumann
series

(I + F )−1 =
∞∑

s=0

(−1)sF s.

Upon truncation down to d + 1 terms, we obtain a polynomial

pd(F ) =
d∑

s=0

(−1)sF s
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with the estimate

||B − pd(A)||C ≤ cρρ
d, cρ =

ρ

1− ρ
.

This leads us immediately to the following theorem.
Theorem 2.4. Let A be a p-level multi-band matrix with level band-widths

m1, ..., mp, and assume that A is diagonally dominant in rows:

ρ|aii| ≥
∑

j 6=i

|aij |, 1 ≤ i ≤ n, 0 < ρ < 1.

Then the entries of A−1 outside the multi-band of A satisfy the bounds

|(A−1)ij | ≤ cρt(i,j), t(i, j) = max
1≤l≤p

[
2|il − jl|

ml

]
,

with

c =
(
max

i
|a−1

ii |
) ρ

1− ρ
.

Proof. Let D = diag(A) denote the main diagonal of A. Then D−1A = I + F
with ||F ||2 ≤ ||F ||∞ ≤ ρ. It remains to note that A−1 = (I + F )−1D−1 and apply
the above polynomial approximations to (I + F )−1.

Similar results can be obtained for matrices of the form B = f(A), where the
function f is well-approximated by polynomials around the spectrum of A. A rather
straightforward generalization of Theorem 2.4 is as follows.

Theorem 2.5. Assume that f(z) is analytic in a bounded simply connected
domain with a piece-wise smooth boundary Γ, and a matrix A and a number 0 < ρ < 1
are such that

ρ|aii − z| ≥
∑

j 6=i

|aij |, 1 ≤ i ≤ n, z ∈ Γ.

Let A be a p-level multi-band matrix with level band-widths m1, ..., mp. Then the
entries of f(A) outside the multi-band of A are bounded as follows:

|{f(A)}ij | ≤ cρt(i,j), t(i, j) = max
1≤l≤p

[
2|il − jl|

ml

]
,

with

c =
2πρ

1− ρ
max
z∈Γ

min
1≤i≤n

|aii − z|−1

∫

z∈Γ

|f(z)|d|z|.

Proof. ¿From the Gershgorin theorem, all the eigenvalues of A are strictly inside
the domain encircled by Γ. Hence,

f(A) =
1

2πi

∫

Γ

(A− zI)−1f(ζ)dζ.

Observe that A− zI keep the multi-band structure of A for all z. Then, the claimed
estimate follows by direct application of Theorem 2.4.

A more sophisticated result can be obtained by direct adjustment of the method
suggested in [2]. Note that the symmetry assumption of [2] is not crucial and can be
replaced by the two requirements:

4



(a) A is diagonalizable: A = PΛP−1, where Λ = diag(λ1, ..., λn) is a diagonal
matrix of the eigenvalues and P is the eigenvector matrix;

(b) all the eigenvalues belong to the interval [a, b] ⊂ R.

Suppose that f(z) is an analytic function in a domain around the interval [a, b].
Then

f(A) = Pf(Λ)P−1.

Thus, the function approximation estimates are converted into matrix approximation
estimates of the same appearance but with a factor of the form ||P ||2||P−1||2.

As in [2], we can use the Bernstein ellipses Γρ. By definition, Γρ is the ellipse
with foci at the points −1, 1 and the sum of half-axes ρ + ρ−1. Let us agree that
0 < ρ < 1. Let us assume that f(z) with

z =
a + b

2
+

b− a

2
ζ

is analytic as a function of ζ for all ζ ∈ Γρ. Then there exist polynomials pd(x) such
that deg pd ≤ d and

|f(x)− pd(x)| ≤ c(f, ρ)ρd, a ≤ x ≤ b. (2.1)

It can be shown that c(f, ρ) depends actually on the maximal modulus of f(z) for
ζ ∈ Γρ and as well on the length of Γρ and the very ρ.

Theorem 2.6. A be a p-level multi-band matrix with level band-widths m1, ..., mp,
and let the requirements (a) and (b) be fulfilled. Assume that f(z) admits polynomial
approximations with the estimate (2.1). Then the entries of f(A) outside the multi-
band of A are bounded as follows:

|{f(A)}ij | ≤ cρt(i,j), t(i, j) = max
1≤l≤p

[
2|il − jl|

ml

]
, (2.2)

with

c = c(f)||P ||2||P−1||2.

3. Numerical Examples. Consider first one-level matrices. Set q = 0.1 and
let An be of order n with the entries

aij =
{

exp{−q(i− j)2}, i 6= j,
2, i = j.

Let Amn be a matrix of order n and of band-width m with the same nonzero entries
as An. Note that An is not diagonally dominant for n ≥ 5 , neither Amn for m ≥ 2.

First of all, we can regard Amn as a banded approximation to An. In Table 1,
we give approximation errors in the Frobenius norm for ||f(A)mn − f(A)n||F for the
following matrix functions:

f(A) = A, f(A) = A−1, f(A) = log(A), f(A) = exp{−A}.
Table 1 demonstrates the decay properties in functions of the dense matrix An.

Formally, these are not covered by the above theorems. However, we see that An can
5



Band-width 7 9 11 13 15 17 19
A 8.E-02 2.E-03 2.E-05 1.E-07 3.E-10 4.E-13 2.E-16

A−1 1.E-01 2.E-02 7.E-03 3.E-03 5.E-04 2.E-04 8.E-05
log(A) 5.E-02 1.E-02 5.E-03 7.E-04 2.E-04 9.E-05 1.E-05

exp(−A) 9.E-02 2.E-02 1.E-02 2.E-03 8.E-04 2.E-04 5.E-05

Table 1. One-level banded approximations for functions of A1000.

Band-width 7 9 11 13 15 17 19
A−1 8.E-02 2.E-02 9.E-03 3.E-03 5.E-04 3.E-04 7.E-05

log(A) 6.E-02 2.E-02 6.E-03 8.E-04 4.E-04 1.E-04 2.E-05
exp(−A) 8.E-02 3.E-02 1.E-02 2.E-03 9.E-04 2.E-04 7.E-05

Table 2. One-level banded approximations for functions of A7,1000.

be approximated by a banded matrix Amn and f(An) can be then approximated by
f(Amn). The decay results for m = 7 are put in Table 2.

Now, with the same q = 0.1 consider two-level matrices with the entries

ai1i2;j1l2 =
{

exp{−q((i1 − j1)2 + (i2 − j2)2)}, i 6= j,
4, i = j.

Take the level sizes to be n1 = n2 = 30 and examine the decay properties at each
level for the same matrix fucntions. Table 3–6 show the Euclidean lengths of two-level
diagonals i1 − j1 = k1, k2 = i2 − j2 as functions of k1, k2.

k1, k2 0 1 3 5 7 9 11 12

0 1.E+02 3.E+01 1.E+01 2.E+00 2.E-01 8.E-03 1.E-04 1.E-05
1 3.E+01 2.E+01 1.E+01 2.E+00 2.E-01 7.E-03 1.E-04 1.E-05
3 1.E+01 1.E+01 4.E+00 9.E-01 8.E-02 3.E-03 5.E-05 5.E-06
5 2.E+00 2.E+00 9.E-01 2.E-01 1.E-02 6.E-04 1.E-05 1.E-06
7 2.E-01 2.E-01 8.E-02 1.E-02 1.E-03 5.E-05 9.E-07 8.E-08
9 8.E-03 7.E-03 3.E-03 6.E-04 5.E-05 2.E-06 3.E-08 3.E-09
11 1.E-04 1.E-04 5.E-05 1.E-05 9.E-07 3.E-08 6.E-10 6.E-11
12 1.E-05 1.E-05 5.E-06 1.E-06 8.E-08 3.E-09 6.E-11 6.E-12

Table 3. Decay in two-level diagonals: f(A) = A, n1 = n2 = 30.

The decay properties can serve as a base for some fast algorithms. A general
scheme is proposed in [6], developing an approach considered for the approximate
matrix inversion using Toeplitz-like structures in [9] and using tensor approximations
in [8].

Given a two-level matrix A with the level band-widths m1,m2, in order to perform
the inversion we can consider the approximate Newton-Schultz iteration as follows:

Xk+1 = Pk1,k2(Xk −XkAXk),

where Pk1,k2 is a truncation operator that sets to zero all the entries outside the
two-level band with band-width parameters k1, k2.

Consider the above matrix with level sizes p = n1 = n2, let the input band-width
be m = m1 = m2 and set the truncation band-width parameter to k = k1 = k2. The

6



k1, k2 0 1 3 5 7 9 11 12

0 9.E+00 7.E-01 1.E-01 3.E-02 5.E-03 1.E-03 7.E-04 1.E-04
1 7.E-01 5.E-01 6.E-02 3.E-02 5.E-03 9.E-04 6.E-04 8.E-05
3 1.E-01 6.E-02 4.E-02 1.E-02 6.E-03 4.E-04 4.E-04 9.E-05
5 3.E-02 3.E-02 1.E-02 5.E-03 2.E-03 1.E-03 4.E-05 2.E-04
7 5.E-03 5.E-03 6.E-03 2.E-03 9.E-04 4.E-04 2.E-04 1.E-04
9 1.E-03 9.E-04 4.E-04 1.E-03 4.E-04 2.E-04 6.E-05 8.E-06
11 7.E-04 6.E-04 4.E-04 4.E-05 2.E-04 6.E-05 3.E-05 3.E-05
12 1.E-04 8.E-05 9.E-05 2.E-04 1.E-04 8.E-06 3.E-05 1.E-05

Table 4. Decay in two-level diagonals: f(A) = A−1, n1 = n2 = 30.

k1, k2 0 1 3 5 7 9 11 12

0 4.E+01 4.E+00 1.E+00 5.E-02 1.E-02 5.E-03 9.E-04 6.E-04
1 4.E+00 3.E+00 8.E-01 6.E-02 1.E-02 5.E-03 9.E-04 5.E-04
3 1.E+00 8.E-01 9.E-02 6.E-02 3.E-03 3.E-03 9.E-04 3.E-04
5 5.E-02 6.E-02 6.E-02 9.E-03 7.E-03 2.E-04 5.E-04 4.E-05
7 1.E-02 1.E-02 3.E-03 7.E-03 1.E-03 9.E-04 2.E-05 1.E-04
9 5.E-03 5.E-03 3.E-03 2.E-04 9.E-04 1.E-04 1.E-04 6.E-05
11 9.E-04 9.E-04 9.E-04 5.E-04 2.E-05 1.E-04 2.E-05 1.E-05
12 6.E-04 5.E-04 3.E-04 4.E-05 1.E-04 6.E-05 1.E-05 2.E-05

Table 5. Decay in two-level diagonals: f(A) = log(A), n1 = n2 = 30.

initial guess X0 is chosen as X0 = αI, below we set α = 0.05. Table 7 shows the
residual values ri = ||I −XkA||F .

4. Conclusions. In this paper we presented a simple framework that allows us
to revisit a proof of the Benzi–Golub result on decay properties for matrix functions
of a banded Hermitian matrix and also extend this result to multilevel multi-banded
matrices. It is worth stressing that our framework can be used with some sparisty
patterns rather than bands. However, despite the generality of our theorems, we
ought to note that practical usefulness of the presented decay estimates depend on
the involved constants.

Some numerical examples are given to illustrate the multilevel decay property on
typical matrix functions such as the inverse, exponent and logarithm. We show how
the decay properties can be used in approximate computation of the inverse matrix
by the Newton–Schultz iteration with a sparsification on every step so that the total
number of nonzero entries is kept limited.
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