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本演講共分三部份:
1. 介紹基本圖論，了解網絡數學。
2. 介紹谷歌搜索引擎，及其相關的
數學理論。

3. 簡介網絡排名方法在生物，工程，
科學及經濟等的應用。

網絡中的數學



網絡 (Networks)
Mobile Phone Network
Road Network
MTR Network
Airline Network



Social Networks



網絡 (Networks)
 Company Network
 Finance Network
 Social and Economical Network



網絡 (Networks)
Molecular Networks
Gene Networks
 Food Tree
Phylogenetic 
Tree



網絡 (Networks)
Visualization 
Interpret and analyze ?
1 billion webpages 
1.59 billion Facebook

users (4.4 millions at HK)
1 billion Whatapps users
14 millions mobile users 

at Hong Kong 



圖論 (Graph Theory)
 A network is simply a collection of 

connected objects. 
 The objects as nodes or vertices, 

and usually draw them as points. 
 The connections between the nodes 

as edges, and usually draw them 
as lines between points.

 In mathematics, networks are 
often referred to as graphs.



圖論 (Graph Theory)

road, mtr networks

WWW, food networks

Metabolic network, enzymes (behaviour and interactions) 
Finance network



鄰接矩陣 (Adjacency Matrix)

6 nodes; 6 rows (列) and 
6 columns (⾏); symmetric (對稱)

A B C D E F

A --- 1 1 1 1 0

B 1 --- 0 1 1 0

C 1 0 --- 0 0 1

D 1 1 0 --- 0 1

E 1 1 0 0 --- 1

F 0 0 1 1 1 ---

A
B

C

D
E

F



鄰接矩陣 (Adjacency Matrix)

6 nodes; 6 rows (列) and 
6 columns (⾏); 
not symmetric(⾮對稱)

A B C D E F

A --- 0 0 1 0 0

B 1 --- 0 0 0 0

C 1 0 --- 0 0 0

D 0 1 0 --- 0 1

E 1 1 0 0 --- 0

F 0 0 1 0 1 ---

A
B

C

D
E

F



鄰接矩陣 (Adjacency Matrix)

6 nodes; 6 rows and 
6 columns; not symmetric

A B C D E F

A --- 0 0 1 0 0

B 1 1 0 0 0 0

C 1 0 --- 0 0 0

D 0 1 0 --- 0 1

E 1 1 0 0 --- 0

F 0 0 1 0 1 ---

A
B

C

D
E

F

Self-edge



Degree

6 nodes; 6 rows and 6 columns; symmetric

A B C D E F In
Degree

A --- 1 1 1 1 0 4

B 1 --- 0 1 1 0 3

C 1 0 --- 0 0 1 2

D 1 1 0 --- 0 1 3

E 1 1 0 0 --- 1 3

F 0 0 1 1 1 --- 3

Out
Degree

4 3 2 3 3 3

A

B

C

D
E

F



In and Out Degrees

6 nodes; 6 rows and 
6 columns; not symmetric

A
B

C
D

E

F

A B C D E F In 
Degree

A --- 0 0 1 0 0 1
B 1 --- 0 0 0 0 1
C 1 0 --- 0 0 0 1
D 0 1 0 --- 0 1 2
E 1 1 0 0 --- 0 2
F 0 0 1 0 1 --- 2

Out 
Degree

3 2 1 1 1 1



Degree Distribution (Histogram)



Degree Distribution 





Scale-Free Network: The presence of nodes with 
a much higher degree than most other nodes

Log Pdeg(k) = - γ k + a



Centrality  

Scale free networks



Centrality (Scale-free networks)



Visualization



Degree Centrality

Find a node x in a graph to maximize the score

score(x) = Σy | degree(x) – degree (y is connected to x) |
For star graphs S3, S4, S5, S6, their maximum values are 
6,12,20,30, … ,(n-1)(n-2)



Degree Centrality

Find a node x in a graph to maximize the score 

score(x) = Σy | degree(x) – degree (y is connected to x) |
degree(a)=degree(b)=degree(d)=1, degree(c)=3

For star graph S3, take x=a, score(a)=|degree(a)-degree(c)|=2; take x=c, score(c)=
|degree(c)-degree(a)|+|degree(c)-degree(b)|+|degree(c)-degree(d)|=6

a
b

c

d



Degree Centrality

 Line Network 

 Circle Network

 What are their scores ? 



Betweenness Centrality:

Score(i) = Σj≠k gjk(i) / gjk(i)

gjk(i) = the number of shortest paths
connecting jk passing through
i

gjk = total number of shortest paths



Example

A lies between no two other nodes

B lies between A and 3 other nodes: C,D and E

C lies between 4 pairs of vertices (A,D), (A,E), 
(B,D), (B,E)

Note that there are no alternative paths for 
these pairs to take, so C gets full credit 



Closeness Centrality: 

Closeness is based on the length of the 
average shortest path between a node 
and all nodes in the graph. The graph 
has N nodes, therefore, the average 
distance is equal to 

N

Σ distance (A,j)/(N-1) 
j=1



Closeness Centrality: 

The average shortest path is equal to

The reciprocal of this value is how close they 
are.

N

Σ distance (A,j)/(N-1) 
j=1

N

Σ distance (A,j)/(N-1)  
j=1

( )-1



Example 



Example

((1+2+2+3+4+4)/6)-1

=2/5    

2/5

2/52/5

2/5

6/11 6/11
((1+1+1+2+3+3)/6)-1

=6/11    
3/5

((1+1+2+2+2+2)/6)-1

=6/10=3/5    



Eigenvector Centrality
 Eigenvector centrality (also called eigencentrality) is a 

measure of the influence of a node in a network.
 There may be some nodes not high degree but they 

have big influence, see the previous example.
 It assigns relative scores to all nodes in the network 

based on the concept that connections to high-scoring 
nodes contribute more 
to the score of the node in question 
than equal connections to 
low-scoring nodes. 

 PageRank 
(Google Search Engine) 



特徵值和特徵向量
(Eigenvalues and Eigenvectors) 



Eigenvalues and Eigenvectors ? 
(特徵值和特徵向量 ?)

Invariant (不變) in Input (輸⼊) and Output (輸出)



特徵值和特徵向量 (Eigenvalues 
and Eigenvectors)
 Invariant (不變) in Input (輸⼊) and Output (輸出)

 M adjacency matrix (n rows and n columns); pairwise connections
 λ  eigenvalue (a number)
 x  eigenvector (a column of n numbers for n nodes)

Mx M(x)=λx 



特徵值和特徵向量 (Eigenvalues 
and Eigenvectors)

What is the meaning of 
x ?
What is the meaning of 
M(x) ?



特徵值和特徵向量 (Eigenvalues 
and Eigenvectors)

What is the meaning of x ? 
Ans: nodal values 
What is the meaning of 
M(x) ? Ans: Re-distribution 
of nodal values



Re-distribution of nodal values

6 nodes; M: 6 rows and 
6 columns; symmetric;
x is a column of 6 numbers.

A B C D E F

A --- 1 1 1 1 0

B 1 --- 0 1 1 0

C 1 0 --- 0 0 1

D 1 1 0 --- 0 1

E 1 1 0 0 --- 1

F 0 0 1 1 1 ---

A
B

C

D
E

F

A 1
B 1

C 1

D 1

E 1

F 1

x

Nodal values



Re-distribution of nodal values

6 nodes; M: 6 rows and 
6 columns; symmetric;
x is a column of 6 numbers

A B C D E F

A --- 1 1 1 1 0

B 1 --- 0 1 1 0

C 1 0 --- 0 0 1

D 1 1 0 --- 0 1

E 1 1 0 0 --- 1

F 0 0 1 1 1 ---

A,1
B,1

C,1

D,1
E,1

F,1

A 1
B 1

C 1

D 1

E 1

F 1

x

Nodal values



Re-distribution of nodal values

Compute the nodal value of 
A by using the nodal values 
of B,C,D,E

A,1
B,1

C,1

D,1
E,1

F,1

A 1
B 1

C 1

D 1

E 1

F 1

x

Nodal valuesNode  connected from  
A       B, C, D, E     
B       A, D, E     
C       A, F     
D       A, B, F     
E       A, B, F     
F       C, D, E     



Re-distribution of nodal values

A,3/2
B,1

C,1

D,1
E,1

F,1

A 1
B 1

C 1

D 1

E 1

F 1

x

Nodal values
Node  connected from  
A       B, C, D, E     

What are the contributions 
from B,C,D,E ? 
B connects 3 nodes (A,D,E), 
C connects 2 nodes (A,F),
D connects 3 nodes (A,B,F), 
E connects 3 nodes (A,B,F). 
The nodal value of A is equal to 

1/3+1/2+1/3+1/3=3/2



Re-distribution of nodal values

Compute the nodal values 
via their connected nodes 
and their connections.

A,3/2
B,1

C,1

D,1
E,1

F,1

A 1
B 1

C 1

D 1

E 1

F 1

x

Nodal valuesNode  connected from  
A       B, C, D, E     
B       A, D, E     
C       A, F     
D       A, B, F     
E       A, B, F     
F       C, D, E     



Re-distribution of nodal values

A,3/2
B,11/12

C,1

D,1
E,1

F,1

A 1
B 1

C 1

D 1

E 1

F 1

x

Nodal values
Node  connected from  

B A, D, E     
What are the contributions 
from A,D,E ? 
A connects 4 nodes (B,C,D,E), 
D connects 3 nodes (A,B,F),
E connects 3 nodes (A,B,F). 
The nodal value of B is equal to 
1/4+1/3+1/3=11/12



Re-distribution of nodal values

Compute the nodal values 
via their connected nodes

A,3/2

B,11/12

C,7/12

D,11/12
E,11/12

F,7/6

Node  Calculation  

A     (1/3+1/2+1/3+1/3)=3/2     
B (1/4+1/3+1/3)=11/12     
C (1/4+1/3)=7/12   
D (1/4+1/3+1/3)=11/12    
E (1/4+1/3+1/3)=11/12
F (1/2+1/3+1/3)=7/6



Re-distribution of nodal values

Compute the nodal values 
via their connected nodes 
and their connections.

A

B

C

D E

F

A 3/2
B 11/12

C 7/12

D 11/12

E 11/12

F 7/6

xnew

Nodal valuesNode  connected from  
A       B, C, D, E     
B       A, D, E     
C       A, F     
D       A, B, F     
E       A, B, F     
F       C, D, E     



M(x)=λx ? 

M(      )=      is not equal to λ

It is not an eigenvector



Re-distribution of nodal values

A,29/24
B,1

C,1

D,1
E,1

F,1 x

Nodal valuesNode  connected from  
A       B, C, D, E     

What are the contributions 
from B,C,D,E ? 
B connects 3 nodes (A,D,E), 
C connects 2 nodes (A,F),
D connects 3 nodes (A,B,F), 
E connects 3 nodes (A,B,F). 
The nodal value of A is equal to 

(11/12)/3+(7/12)/2+(11/12)/3+
(11/12)/3=29/24

A 3/2

B 11/12

C 7/12

D 11/12

E 11/12

F 7/6



Re-distribution of nodal values

Compute the nodal values 
via their connected nodes 
and their connections.

A,
29/24

B,71/72

C,
55/72

D,
77/72

E,
77/72

F,
65/72

Node  connected from  
A       B, C, D, E     
B       A, D, E     
C       A, F     
D       A, B, F     
E       A, B, F     
F       C, D, E     



Re-distribution of nodal values

Compute the nodal values 
via their connected nodes 
and their connections.

A
B

C

D
E

F

A 29/24

B 71/72

C 55/72

D 77/72

E 77/72

F 65/72

xnew

Nodal valuesNode  connected from  
A       B, C, D, E     
B       A, D, E     
C       A, F     
D       A, B, F     
E       A, B, F     
F       C, D, E     



M(x)=λx ? 

M(      )=        is not equal to λ

It is still not an eigenvector



特徵值和特徵向量 (Eigenvalues 
and Eigenvectors)
 Invariant in Input and Output

 M adjacency matrix (n rows and n columns)

 x     eigenvector (a column of n numbers)

 λ eigenvalue (a number)

Mx =λ



Perron-Frobenius Theorem
Oskar Perron (1907) and Georg Frobenius (1912)

λ = 1
For the corresponding column x      (the 

eigenvector), all the numbers are 
positive

M     all the numbers are nonnegative
and all the nodes are connected together



Perron-Frobenius Theorem
Oskar Perron (1907) and Georg Frobenius (1912)

M all the numbers are nonnegative,

and all the nodes are connected together

• x, M(x), M(M(x)), M(M(M(x))), 
M(M(M(x)))), … is very close to     the 
eigenvector    



All the nodes are connected

A
B

C

D
E

F

BA, CA, DA, EA, FCA 

AB, CAB, DB, EB, 
FDB

AC, BAC, DAC, EAC, 
FC

AD, BD, CAD, EAD, FD

AE, BE, CAE, DAE, FE

ACF, BDF, CF, DF, EF



x, M(x), M(M(x)), … 

x= , M(x)=      , M(M(x))= 



x, Mx, M(Mx), M(M(Mx)), …
Excel Calculation

Almost the 
same and
positive 

The number λ is 1 and Mx = 1x

x M(x) M(M(x)) M(M(M(x))) M(M(M(M(x)))) M(M(M(M(M(x))))) M(…(M(x))…) M(…(M(x))…)
1 1.5 1.2083333 1.42361111 1.26099537 1.39226466 … 1.3333334 1.3333334
1 0.916667 0.9861111 1.0150463 0.977044753 1.021395962 … 1.0000000 1.0000000
1 0.583333 0.7638889 0.60300926 0.720871914 0.622797711 … 0.6666667 0.6666667
1 0.916667 1.0694444 0.93171296 1.059220679 0.948479295 … 1.0000000 1.0000000
1 0.916667 1.0694444 0.93171296 1.059220679 0.948479295 … 1.0000000 1.0000000
1 1.166667 0.9027778 1.09490741 0.922646605 1.066583076 … 1.0000000 1.0000000

A 4/3

B 1

C 2/3

D 1

E 1

F 1



M(x)=x  YES !

M(           )= 1      



A      4/3
4 nodes

B          1
3 nodes

C      2/3 
2 nodes

D          1
3 nodes

E         1
3 nodes

F         1
3 nodes

A 4/3 = 1 * 
1/3  + 

2/3 *
1/2 +

1 *
1/3 +

1 *
1/3 

B 1 = 4/3 * 
1/4 + 

1 * 
1/3 +

1 * 
1/3

C 2/3 = 4/3 *
1/4 +

1 * 
1/3 

D 1 = 4/3 * 
1/4 +

1 * 
1/3 +

1 * 
1/3 

E 1 = 4/3 * 
1/4 +

1 * 
1/3 +

1 * 
1/3 

F 1 = 2/3 * 
1/2 +

1 * 
1/3 + 

1 * 
1/3 



Perron-Frobenius Theorem
Oskar Perron (1907) and Georg Frobenius (1912)

M all the numbers are nonnegative,

and all the nodes are connected together

• x, M(x), M(M(x)), M(M(M(x))), M(M(M(x)))) … 
tend to the eigenvector    (as a limit 極限) 



Eigenvector Centrality Ranking

A
B

C

D
E

F

Node Eigenvector
value

Ranking

A 4/3 1

B 1 2

C 2/3 3

D 1 2

E 1 2

F 1 2



⾕歌搜索引擎
 Alphabet Inc. (Google)  Total Asset USD 148 billions

 Google Search Engine: Eigenvector Centrality Ranking

 Page, Lawrence; Brin, Sergey; Motwani, Rajeev and 
Winograd, Terry



⾕歌搜索引擎
 Nodes  Webpages

 Edges  Hyperlinks

 Crawling Technology: 

identifies hyperlinks and 

build a BIG network 



Perron-Frobenius Theorem
Oskar Perron (1907) and Georg Frobenius (1912)

M all the numbers are nonnegative,

and all the nodes are connected together

• x, M(x), M(M(x)), M(M(M(x))), M(M(M(x)))) 
… tend to the eigenvector    (as a limit) 



How to guarantee all the nodes (webpages) are 
connected together 
in                           ?    

A B C D E F

A --- 1 0 1 1 0

B 1 --- 0 1 1 0

C 0 0 --- 0 0 0

D 1 1 0 --- 0 1

E 1 1 0 0 --- 1

F 0 0 0 1 1 ---

A
B

C

D
E

F

No hyperlink, 
but still reach 
via physical 
network



PageRank
 Technology: Crawling (hyperlink) + Implementation of WWW matrix

 Knowledge: Mathematics, graph theory and the theorem
 Innovation (創新,創意,創業) (complete graph)    a number

+ α



Perron-Frobenius Theorem
Oskar Perron (1907) and Georg Frobenius (1912)

M all the numbers are nonnegative,

and all the nodes are connected together

• x, M(x), M(M(x)), M(M(M(x))), M(M(M(x)))) 
… tend to the eigenvector    (as a limit) 



My Experience: ShowMuse at HK
Mobile adaptive learning
Recommendation system
Ranking engine

鼓勵應用數據科技 為中小企升級轉型
浸大數學系成功與業界代表 學習平台 ShowMuse™ 
產學研合作



My Sharing
 "The bringing together of theory and practice leads to 

the most favourable results; not only does practice 
benefit, but the sciences themselves develop under 
the influence of practice, which reveals new subjects 
of investigation and new aspects of familiar subjects." 
P.L. Chebyshev

 Mathematics (graph theory)  PageRank (Applications) 
 new mathematics and computer algorithms (new 
research in tensors, high-order PageRank)  … 



Exercise: Eigenvalue and Eigenvector ?

6 nodes; 6 rows and 
6 columns; not symmetric

A B C D E F

A --- 0 0 1 0 0

B 1 --- 0 0 0 0

C 1 0 --- 0 0 0

D 0 1 0 --- 0 1

E 1 1 0 0 --- 0

F 0 0 1 0 1 ---

A
B

C

D
E

F



Thank you very much !

Q/A 


