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%% (Networks)

» Mobile Phone Network

» Road Network
» MTR Network

» Airline Network
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Social Networks  _1 &
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LinkedIn

Corporation Welcome to Twitter.

Company

i =

.

1
i
lllrq .

Connect with friends and the
world around you on Facebook.

Y Home  About

LinkedIn / linkt.'In/ is a business-oriented social Connect with your friends — and other fascinating
networking service. Founded in December 2002

and launched on May 5, 2003, it is mainly used
for professional networking. Wikipedia

WhatsApp Web

Use WhatsApp on your phone to scan
the code

Instagnam

Username

Password Forgot?

Keep me signed in

To reduce mobile data usage, connect your phone to Wi-Fi




8%% (Networks 5

» Company Network
» Finance Network
» Social and Economical Network
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Major systematic . o -
fimancial faklure
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Unmanaged migration

Australia

Geopaolitical
Iicit trade flow

Technological

Cyber attacky

=
Economic / 5
. AN

Proportanal sze
af total external
financial sbocks

Proportional siee of
Ft* bilateral externa
fimancia! shocks

Metrics of complexity

1,125,0030,300

Estimated pages of
documentation behind
CDO* securities

93,750,000

Estimated number of
mortgages behind a CDO? security
CDO¥ is a callaterassad debt cbligalion created from

Fe - securitisation af existing asset backed CDOs
Sowce: Andrew Haldare Bank of England

= Canada  MEXieo

Germany



%% (Networks)

» Molecular Networks
» Gene Networks
» Food Tree

» Phylogenetic

> Tree




%% (Networks)

»Visualization
»Interpret and analyze ?
»1 billion webpages
»1.59 billion Facebook ., | -
- users (4.4 millions at HK) == = &
»1 billion Whatapps users = “ikiZ
| »14 millions mobile users . %
- at Hong Kong

Diowmricad from
Dreamstime_com




Zlzm (Graph Theory)

» A network is simply a collection of
connected objects.

» The objects as nodes or vertices,
and usually draw them as points.
» The connections between the nodes \

as edges, and usually draw them edges

as lines between points. (or Iirgf)

» In mathematics, networks are
. often referred to as graphs.

nodes (or vertices)




Zlzm (Graph Theory)

®

A directed network.

WWV, food networks
An undirected network.

road, mtr networks

'
"
S

An undirected network
where the nodes and
edges have different
tyvpes, as indicated by
their colors and line

styles.
~Metabolic network, enzymes (behaviour and interactions)

A directed network where
the edges and nodes have
different weights, as
indicated by their sizes.




?EBE%%EBE (Adjacency Matrix)

I \

o --- 0 1

O 0 - 1

1T 1 1 ---

m m O O W
O_\_\O:

1
1
1
1
0

6 nodes; 6 rows (%) and

6 columns (1T); symmetric (¥1%8) J




SMEXEPE (Adjacency Matrix)
=ooooos

B 1 - 0 0 O O
c 1 0 --- 0 O O
E 1 1 0 O 0
F 0 0 1 0 1 ---

6 nodes; 6 rows (%!l) and
6 columns (1T7);
not symmetric(3EE11H)




SMEXEPE (Adjacency Matrix)
-!ﬂ-ﬂ-- G’ Self-@

1

B 1 1 0 0 0 O
c 1 0 --- 0 0 O
b 0 1 0 --- 0 1
E 1 1 0
F 0 0 1 0 1 --

6 nodes; 6 rows and
6 columns; not symmetric




Degree

Degree

A 4
B 1 -0 1 1 0 3
C 1 0 -0 0 1 2
D 1 1 0 -- 0 1 3
E 1 1 0 0 1 3
F 0 1 1 1 3

Out 4 3 2 3 3 3
Degree

nodes; 6 rows and 6 columns; symmetric




In and Out Degrees

Degree
--- 0 0 1 0 O

A 1

B 1 --- 0 0 0 O 1
C 1 0 --- 0 0 O 1
D O 1 O 0 1 2
E 1 1 0 0 --- 0 2
F o o0 1 0 1 2
Out 3 2 1 1 1 1

Degree

6 nodes; 6 rows and
- 6 columns; not symmetric




Degree Distribution (Histogram)

Pieg (k) = fraction of nodes in the graph with degree k.
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fraction of nodes
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A binomial degree distribution of a network with 10,000 A power law degree distribution of a network with 10,000
nodes and average degree of 10. The top histogram is on a nodes and average degree of around 7. The top histogram is |
linear scale while the bottom shows the same data on a log on a linear scale while the bottom shows the same data on a

scale. log scale.




Scale-Free Network: The presence of nodes with
a much higher degree than most other nodes

Picg(k) < &7 Log Pyeg(k) = - vk +a

fraction of nodes
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Works cited in 5,471 articles in 38 sociology journals, 2008-2012
g 0

By Neal Caren @ UNC
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Visualization

Brar Torserine i




Degree Centrality

-5k

The star graphs S3, S4, S5 and Sg.

Find a node x in a graph to maximize the score

score(x) = Zy ‘ degree(x) - degree (y is connecte

For star graphs 53, 54, 55, 56, their maximum vali
12,20,30, ... ,(n-1)(n-2)



Degree Centrality

b
a
C
d
The star graphs S3, S4, S5 and Sg.

Find a node x in a graph to maximize the score

score(x) = Zy ‘ degree(x) - degree (y is connected
degree(a)=degree(b)=degree(d)=1, degree(c)=3

. For star graph S3, take x=a, score(a)=|degree(a)-degree(c)|=2; ta
|degree(c)-degree(a) | +| degree(c)-degree(b) | + | degree(c)-degr



Degree Centrality

» Line Network

» Circle Network

E

O

» What are their scores ?




Betweenness Centrality:

Score(i) - 2., 8(i) / 8(i)

g:(1) = the number of shortest path
connecting jk passing thr
i

g, = total number of shortest paths




Example

A lies between no two other nodes
B lies between A and 3 other nodes: C,D and E

C lies between 4 pairs of vertices (A,D), (A,E),
(B,D), (B,E)

Note that there are no alternative paths for
these pairs to take, so C gets full credit

© ©) ©O) ©) ©
2] i D

A E




Closeness Centrality:

Closeness is based on the length of the
average shortest path between a node
and all nodes in the graph. The graph
has N nodes, therefore, the average
distance is equal to

2 distance (A,j)/ (N-1)

J=1




Closeness Centrality:

The average shortest path is equal to

2 distance (A,j)/ (N-1)

j=1
The reciprocal of this value is how close they
are.

( 2 distance (A,j)/ (N-1) )-1

J=1




Example

04

= ’ _[1+2+3+4]’1_[&'1_
4 4







Eigenvector Centrality

» Eigenvector centrality (also called eigencentrality) is a
measure of the influence of a node in a network.

» There may be some nodes not high degree but they
have big influence, see the previous example.

» It assigns relative scores to all nodes in the network
based on the concept that connections to high-scoring
nodes contribute more

to the score of the node in question
than equal connections to
low-scoring nodes.

» PageRank
(Google Search Engine)
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(Eigenvalues and Eigenvectors




Eigenvalues and Eigenvectors ?

FFEUEMFFEIR= ?)

» Invariant (A~E5) in Input (#iA) and Output (&l

Input i_) Process ‘ , Output




FHEUEAYFED =2 (Eigenvalues

and Eigenvectors)
» Invariant (4~€F) in Input (8A) and Output (¥

X == M === M(X)=A

» M adjacency matrix (n rows and n columns); pairwise conl
» A eigenvalue (a number)
» X eigenvector (a column of n numbers for n nodes)




FHEUEAIYFEI0= (Eigenvalues
and Eigenvectors)

»What is the meaning of

»What is the meaning of
M(X) ?




FHEERIYFEImI= (Eigenvalues
and Eigenvectors)

»What is the meaning of x ?\
Ans: nodal values

»What is the meaning of
M(x) ? Ans: Re-distribution 4
of nodal values




Re-distribution of nodal values

B 1 - 0 1 1 0
C 1 0 -0 0 1
D 1 1 0 0 1
E 1 1 0 0 -- 1
F 0 0 1 1 1

6 nodes; M: 6 rows and
6 columns; symmetric;
~ x is a column of 6 numbers.




Re-distribution of nodal values

B 1 0 1 1 0

C 1 0 -0 0 1

D 1 1 O 0 1

E 1 1 0 0 - 1

F 0 0 1 1 1

6 nodes; M: 6 rows and

6 columns; symmetric;
- x is a column of 6 numbers




Re-distribution of nodal values

MmO ™ >

G, D E
Compute the nodal value of

A by using the nodal values
- of B,C,D,\E




Re-distribution of nodal value

What are the contributions
from B,C,D,E ?
B connects 3 nodes (A,D,E),
. C connects 2 nodes (A,F),
D connects 3 nodes (A,B,F),
E connects 3 nodes (A,B,F).

1/3+1/2+1/3+1/3=3/2



Re-distribution of nodal value

A
B
C
D
E
F

C,D, E
Compute the nodal values

~via their connected nodes
~and their connections.




Re-distribution of nodal value

What are the contributions

from A,D,E ?
A connects 4 nod
D connects 3 noc

es (B,C,
es (A,B,

'E connects 3 nod

es (A,B,

D,E),
)

:).

"The nodal value of B is equal to
1/4+1/3+1/3=11/12




Node Calculation

(1/3+1/2+1/3+1/3)=3/2
(1/4+1/3+1/3)=11/12
(1/4+1/3)=7/12
(1/4+1/3+1/3)=11/12
(1/4+1/3+1/3)=11/12
(1/2+1/3+1/3)=7/6 ;

Compute the nodal values
via their connected nodes

MMmMoON >




Re-distribution of nodal value

, D, E
E

A
B
C
D , F
E F
F

C,D, E

Compute the nodal values
via their connected nodes
~and their connections.




Al 3/2
B|11/12

_— | C | 7/12
)— is not equal to )\

D | 11/12

E|11/12

— ] et | et | et | e | —

F| 7/6

It is not an eigenvector




Re-distribution of nodal value

What are the contributions
from B,C,D,E ?

B connects 3 nodes (A,D,E),
C connects 2 nodes (A,F),
. D connects 3 nodes (A,B,F),
connects 3 nodes (A,B,F).
he nodal value of A is equal to
(11/12)/3+(7/12)/2+(11/12)/ 3+
(11/12)/3=29/24




Re-distribution of nodal value®

MmO ™ >

C,D, E
Compute the nodal values

via their connected nodes
~and their connections.




Re-distribution of nodal value

, D, E
E

, F
F

A
B
C
D
E
F

C,D, E
Compute the nodal values

via their connected nodes
~and their connections.

29/24

B|71/72

55/72

77172

77/72

65/72




Al 3/2 A | 29/24
B|11/12 B |71/72
M cl|7/12 | Y—m |C|55/72] 7\
— is not equal to
D|11/12 D|77/72
E|11/12 E|77/72
F| 7/6 F | 65/72

It is still not an eigenvector




FFEUEFITFEIm= (Eigenvalues
and Eigenvectors)

» Invariant in Input and Output

X[ ==M ===\

> M . adjacency matrix (n rows and n columns)

> X H eigenvector (a column of n numbers)

» A eigenvalue (a number)




Perron-Frobenius Theorem
Oskar Perron (1907) and Georg Frobenius (1

M . all the numbers are nonnegative
and all the nodes are connected together

A =1

» For the corresponding column x H (the
eigenvector), all the numbers are
positive




Perron-Frobenius Theorem
Oskar Perron (1907) and Georg Frobenius (1

M all the numbers are nonnegative,

and all the nodes are connected together

* X, M(x), M(M(x)), M(M(M(x))),
M(M(M(x)))), ... is very close to H the
eigenvector




All the nodes are connected

B>A, COA, DA, EDA, FCOA

A->B, C>A->B, D->B, E->B,

F>D>B
A>C, BA>C, D>ASC, EDAC, \

F>C

A->D, B->D, C>A->D, E>A->D, F>D

>C>F, B>D>F, C>F, D>F, EF




Al 3/2
B|11/12

C\| 7/12

11/12

E | 11/12

— — — — — —
-
><
S
|
W)

F| 7/6




X, Mx, M(Mx), M(M(Mx)), ..

Excel Calculation

K M) AOME) A A A )

1 1512083333 142361111
1 0.916067 0.9861111  1.0150463
1 0.583333 0.7638889 060300926
1 0.916667 10034444 0.931712%
1 0.916667 10034444 0.931712%
1 1166067 0.9027778 109490741

1.2609953]
0.977044753
0.720871914
1059220679
1059220679
0.922646605

The number A is 1 and Mx = 1x

1.3922046
1.021395%2
0.622197711
0.948479295
0.948479295
106658307

Almost th
same and
positive

M M) ML)

13333334
1.0000000
(6666667
1.0000000
1.0000000
1.0000000

13333334
1.0000000
0.6606667







4/3 1|C 2/3 |D 1|E 1 |F
4nodes 3nodes 2 nodes |3 nodes |3 nodes 3nodes

B

m m O O

A 4/3

4/3 *
1/4 +

4/3 *
1/4 +

4/3 *
1/4 +

4/3 *
1/4 +

*

1/3 +

1*
1/3 +
1*
1/3 +

2/3*
1/2 +

2/3*
1/2 +

1/3+ 1/3
1" 1*
1/3 + 1/3

1*
1/3 +



Perron-Frobenius Theorem
Oskar Perron (1907) and Georg Frobenius (1

M all the numbers are nonnegative,

and all the nodes are connected together

o X, M(X), M(M(x)), M(M(M(x))), M(M(M(x)))

tend to the eigenvector H(as a limit &[G




Eigenvector Centrality Ranking

Node | Eigenvector Rankmg G
value \

4/3

1

A
B
C 2/3
D
E
F 1

1
2
3
1 2
2
2
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» Alphabet Inc. (Google) - Total Asset USD 148 billions
» Google Search Engine: Eigenvector Centrality Ranking

» Page, Lawrence; Brin, Sergey; Motwani, Rajeev and
Winograd, Terry

eE| 1999-66-1.pdf - Adobe Reader
File Edit View Window Help

ED oren | DT Dree ) S o | & @] /7] © @) oo |- || uf] - Tools |

Fill & Sign Comment

~

The PageRank Citation Ranking:
Bringing Order to the Web

January 29, 1998

Abstract

The importance of a Web page is an inherently subjective matter, which depends on the
readers interests, knowledge and attitudes. But there is still much that can be said objectively
about the relative importance of Web pages. This paper describes PageRank, a method for
rating Web pages objectively and mechanically, effectively measuring the human interest and
attention devoted to them.

We compare PageRank to an idealized random Web surfer. We show how to efficiently
compute PageRank for large numbers of pages. And, we show how to apply PageRank to search
and to user navigation.
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—_I' ’-:_I_Q lember. He is also the Engineering Panel Member of the Hong Kong Research Grants Council n the GRF Panel (2009- 2015) and in Joint Research
E' >Z

chemes Panel (2016-). His research Google citations and IS mdices can be found i Google Scholar. Thomson Reuters. and Scopus.

\t 2014, Michag] obtamed Hong Kong Baptist University President's Awards for Outstanding Performance m Scholarly Work and here 1s the related

KBU news . Michael won the Honourable Mention of Houscholder Award [X., i 1996 at Switzerland, an excellent young researcher's prescatation
» Nodes <—> Web pages t Nanying International Conference on Ofptimization and Numerical Algebra, 1999, and the Outstanding Young Researcher Award of the University

- {Hong Kong , 2001. Michael and his collaborators (Tony Hu, F. W and B. Sokhansan) won the outstanding research paper on Artfiesal
> Ed ges <> H yper links ntelligence "Mining and Dynamic Simulation of Sub-Networks from Large Biomolecular Networks" in the 2007 World Congress in Computer
ctence, Computer Engineering and Applied Computing. He 15 the first one 1n the Mathematics Departments of Hong Kong to be the Proncipal
nvestigator of an Innovation and Technology Funding Project (Tier 2) at 2003, and to be the Director of Croucher Foundation Advanced Study
‘ FL . nstiute af 2008. In 2010 and 2011, he obtauns support rom the Innovation and Technology Funding to work with Ma Belle Jewellery Company for
identifies h yper links and escarch project Sales Knowledge Acquisition and Customer Behavior Analysis Platform For Jewelry Retail Industry (about 1.3M) and to work a
. escarch project Heterogencous Information Fusion Toolkit for Customer Behavior Acquisition and Modeling in Middle to High End Retal Industry
build a BIG network about 1M). Related mformation has been used in the video of the Faculty of Science. He also receives a US patent for a new and useful invention:
He 12 2Te0"tHe Emginecring Panel Member of the Hong Kong kesearch cranc/etlodandDevice for Use in Converting a Colour Image mto a Grayscale Image (US 8,355,566). His rescarch in image stitching has been posted 1

Council in the GRF Panel (2009-2015) and in

e e e e e T e s i IAM Nugets (October 2013): Seamless photography: using mathematical models for image stltchmg

<a href="http://scholar.google.com.hk/citations?user=BBpjLiIAAAAJ&hl=en">

» Crawling Technology:

Google Scholar, </a>

<a href="http://www.researcherid.com/rid/B-7189-2009">

Thomson Reuters, </a> and

<a href="http://www.scopus.com/authid/detail .url?authorId=34571761900">
Scopus. </a>

<p>

At 2014, Michael obtained

<a hraf— ‘http://paward. hkbu edu.hk/2014/scholarlyworkl.html*”>
Hong Kong Baptist Universi ity

President's Awards for Outstanding Performance

in Scholarly Work </a>

and here is

<a href="http://hkbuenews. hkbu.edu.hk/?t=enews details/526">
the related HKBU news </a>.

Michael won <a href="http://www.math.hkbu.edu.hk/~-mng/house.gif"> the Honourable Mention of Householder
Award IX </a>, in 1996 at Switzerland,

an excellent young researcher's

presentation at Nanjing International Conference on Optimization and Numerical
Algebra, 1999, and

<a href="http://www.math.hkbu.edu.hk/~mng/mngout. jpg">

the Outstanding Young Researcher Award of the University of Hong Kong </a>,

2001.
Mirchael and his anllahoaratara (Tonwv Hn. F. W and R. Sokhan=san)



Perron-Frobenius Theorem
Oskar Perron (1907) and Georg Frobenius (1

M . all the numbers are nonnegative,

and all the nodes are connected together

... tend to the eigenvector H (as a limi




How to guarantee all the nodes (webpages) are
connected together
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PageRank

» Technology: Crawling (hyperlink) + Implementation of W

» Knowledge: Mathematics, graph theory and the theorem
» Innovation (EIFT,BI=,ElIZE) (complete graph)
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Perron-Frobenius Theorem
Oskar Perron (1907) and Georg Frobenius (1

M . all the numbers are nonnegative,

and all the nodes are connected together

* X, M(X), M(M(x)), M(M(M(x))), M(M(M(x
... tend to the eigenvector H (as a limi




My Experience: ShowMuse at

Mobile adaptive learning
Recommendation system
Ranking engine
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My Sharing

» "The bringing together of theory and practice leads to
the most favourable results; not only does practice
benefit, but the sciences themselves develop under
the influence of practice, which reveals new subjects
of investigation and new aspects of familiar subjects.’
P.L. Chebyshev

» Mathematics (graph theory) - PageRank (Applicatio
- new mathematics and computer algorithms (new
research in tensors, high-order PageRank) - ...




Exercise: Eigenvalue and Eigenvector ?
. |AIBICIDIEF
A - 0 0 1 0 0

0O 0 O
0 O
0

m m O O W
o = O O

1
1
0
1
0

o = = 0O

1T 0 1

6 nodes; 6 rows and
6 columns; not symmetric




Thank you very much !

Q/A




