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Consider saddle point problem of the form
[
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−B 0

][

u

v

]

=

[

f

g

]

or Ax = b

where A is nonsymmetric, a modified Hermitian/skew-Hermitian splitting (MHSS) pre-

conditioner,

P =
1

α + β
(αI + H)(βI + S), H =

(

H 0

0 0

)

, S =

(

S B∗

−B 0

)

is presented for the Krylov subspace solution method where H and S is Hermitian and

skew-Hermitian part of matrix A; see [1, 2] for details.

Let η and x = [u, v]T 6= 0 be eigenvalue of P−1A and the corresponding eigenvector

respectively, they satisfy

(H + S)x =
η

α + β
(αI + H)(βI + S)x.

Denote ℜ(η) and ℑ(η) be the real and imaginary part of η. If u 6= 0, v = 0, theoretical

analysis shows that,

g(λmin(H)) ≤ ℜ(η) ≤ g(λmax(H))

g(λmin(S/i)) ≤ ℑ(η) ≤ g(λmin(S/i))

where

g(x) =
(α + β)

α
−

(α + β)β

α(β + αx/(α + x))
.

If u 6= 0, v 6= 0, we show that | ηαβ

α+β−ηα
| < 1 if and only if

a2

1+c
1−c

+
b2

1−c
1+c

< 1

where

a =
u∗K∗HKu

u∗K∗Lu
, b =

u∗K∗(S/i)Ku

u∗K∗Lu
, c =

u∗K∗B∗Bu

u∗K∗Lu
.

In Tables 1 and 2, the optimal parameters, number of iteration and CPU time are listed

for preconditioned BiCGSTAB and GMRES method for discrete Navier-Stokes equation

of the form

−ν∇u + µ∇u + ∇p = f in Ω

∇ · u = f on Ω.

Numerical results further verify that our preconditioner is efficient and better than stan-

dard HSS preconditioner.



Table 1: Numerical results of preconditioned BiCGSTAB.
HSS MHSS

µ α∗ IT CPU α∗ β∗ IT CPU

10 5 13 8.99 5 170 8 5.68

50 17 22.5 15.74 5 70 9.5 6.74

100 30 28 19.51 5 40 12.5 8.85

500 52 25 17.51 5 30 10.5 7.59

Table 2: Numerical results of preconditioned GMRES.

HSS MHSS

µ α∗ IT CPU α∗ β∗ IT CPU

10 3 15 6.06 5 20 12 5.06

50 10 28 10.46 5 40 14 5.81

100 12 33 12.46 5 40 15 6.22

500 40 28 10.70 20 50 24 9.13
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