Chapter 12

Indefinite Integral®

Most of the mathematical operations have inverse operations. The inverse operation of differentiation is
called integration. For example, describing a process at the given moment knowing the speed of the process
at that moment.

12.1 Integration - reverse of differentiation

dF
Consider the function F(z) = 3z%. Suppose we write its derivative as f(x), that is f(z) = e It is easy to
x

see that f(x) = 6z. This process is illustrated in the following figure.

differentiate

F(x) = 322 flz) = 6z

antidifferentiate

Suppose now that we try to differentiate F(x) = 322 + 6 instead. Clearly, the answer to this question is
again the function 6x. We say that F(z) = 322 or F(z) = 322 + 6 is the antiderivative of f(x) = 6.
We can see that an antiderivative is not uniquely determined because the antiderivatives of 6x can also be
322 + /3, 322 — 7 and any function of the form 3z2 + C, where C is an arbitrary constant.

The reason why all of these functions have the same derivative is that the constant term disappeared after
differentiation. So, more generally, if F(x) is an antiderivative of f(z), then the antiderivative of f(x) is also

every function F'(x) + C, where C' is whatever constant.

Example 12.1.
dF
(a) Let F(x) = €2 + cosx, find e
x

*http://www.mathcentre.ac.uk/resources/uploaded/mc-ty-intrevdiff-2009-1.pdf
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(b) Write down several antiderivatives of f(z) = 2¢2* —sinx.

AF _ o

(a) y €?* .2 —sinx = 22® —sinx.
T

(b) We can deduce from (a) that an antiderivative of 2¢?® — sinz is €2® + cosz. All other antiderivatives
of f(z) = 2e* — sinz will take the form F(z) + C where C is a constant. So, the following can all be the

antiderivatives of f(z):

e 4 cosx — 7, 2% + cosx — 15, €2* + cosx, €2* + cosz + 3.

From these examples, we have the following definition.

12.2 Indefinite Integral

If the function F(z) is an antiderivative of f(x), then the expression F(z) 4+ C, where C is an arbitrary

constant, is called the indefinite integral of f(z) with respect to z and is denoted by [ f(z) dz, i.e.,

/f(x) dx = F(x)+C.

The function f(z) is called the integrand, / the integral sign, z is called the variable of integration and C

the constant of integration.

Example 12.2.
Find /3x2 dx.t

d
Let y = 23, then d—y = 32°. Hence, we verify that /3x2 dx = 2®. In general, adding any constant C' to z°
x

gives the same derivative. Hence, the integral of the function y = 3z? is given by

/3x2dx:x3+0.

A
Example 12.3.
1
Find /f dz.
T
Since
) 1
—Inz =—
dz x’
Hence J
/ @ _ Inz + C.
T
A

thttp://wuw.maths.manchester.ac.uk/~tv/Teaching/1C2/2013/1-integrals.pdf
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Example 12.4.

Let n be an integer not equal to —1. Find / ™ dx.

Since

d
%ZC”-H =(n+1)z".

Hence
/(n +1)2™ doe = 2" + O,

dividing (n + 1) and adding an arbitrary constant gives

1
/x” dx = 7196”“ +C

n+
A
Example 12.5. Find /cos rdz.
Since
—sinx = cosx
dz ’
Hence
/cosxdx =sinz + C.
A

12.2.1 Basic Properties of Indefinite Integrals

Since integration is the reverse process of differentiation, we can derive some basic properties of indefinite

integrals from differentiation.

1. /k;f(a:) dx = k/f(x) dz, where k is a constant.

2. /f(x)ig(a:) dm:/f(x) dxi/g(x) de

Proof. Suppose F(z) is the antiderivative of f(z), i.e., d—F(x) = f(x)
T
d d
L F@) = k@
= kf(z)

By the definition of indefinite integral,

/kf(x) de = kF(x)+Cy.
On the other hand,

k‘/f(x)dm = k[F(z)+C]

Since Cy and Cy are arbitary constants,

/k:f(x) de = k/f(x) da.
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Proof. Suppose F(z) and G(x) are the antiderivative of f(x) and g(z) respectively. i.e., o
x

and %G(m) = g(x).

L@ EeE) = L@+ Lo
= @) +g()

By the definition of indefinite integral,

/ [f(z) £ g(a)] da

F(z) = Gx)+C

= (z) +C1 £ G(z) + Co

/f dxi/()d

12.2.2 Table of basic Integrals

Similar to our examples 1.2 to 1.5, by reversing our lists of derivatives and rules, we will have a list of

elementary integrals results as shown in the following table:

Some elementary integrals

I fid_\'_.x+C 2, fadx-.%2+f
) 1, 1
kA xdy = -x" 4+ 4. :dl———-‘rc
- 2 oy 1
de.rzag.r"""—l-(. [ --uud.t‘_z\fx+{_'
F 1 Pl ]
1. X dx = X +C (r#£ -1 8. —dx=lInlx|+C
r+1 ¥
9, fsina,rdx= —lcnsa_r +C 10. fcﬁsaxd.r= is'lnI:IJc +C
a a
1 1
11. fﬁccga.rd.t = —tanax + C 12. [cscza.!.'dx=—£c0mx+€
a .
13. fnet‘.a.r Lﬂnardx:-l—ser.nr+l’_.' 14, [cscaxcnmxa‘x:—lcscax +C
a a
%, o~ . 1 L .
15, | —s = dx = sin +C (a=10 16. 3 5 dx = -~ tan | C
N a a“+x a a
| 1
17. f Erdx = L 4 18. f b dx = —— b + C
a alnb
1 |
19. fcushaxd.r = —ginhax + C 20. fsinha.td:c = El.'Oslm,r+C
a

Example 12.6.

Thttp://www.math.hkbu.edu.hk/~felix_kwok/2016/chapter5_notesl.pdf
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Example 12.7.

2
Find/w —:6 dx.
x

2 +6 6
/ p de = /(1 + ﬁ) dx
/(1 + 6272) da

6
r——+C
T

Example 12.8.

Find /sec z(cosx + tanzx) dz.

/secx(cos:c +tanz) dz = /(sec:ccosx + secztanz) dx

= /(l—i—secxtanx) dz
= x+secx+C

Example 12.9.

Find /(6952 + 1 €”) dx.
x

2 1 T Is T
(6x +5—e)dx 6 3 +Injz|—€e"+C

= 223 +Injx| —e® +C

Example 12.10.

1
Find /72 dx.
1 —sin“x

1 1
——dx = d
/1—sin2x v /cos?x .
= /sec2xd;v

= tanz +C
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Example 12.11.

1+ cosf
Find
m /1—6089

1+ cosf g — 1+ cosf o 1+ cosf
1 —cosf - 1—cosf 1+ cosh
/1+2cos€+cos 0

sin“ 6

de

= /(csc2 0 + 2 cot O csc 6 + cot? 0) db

= —cot9—208c9+/(csc29—1) de
= —2cotf—2cscl—-0+C

12.3 Integration by Substitution

Some indefinite integrals like [ v/ + 1 dx cannot be found directly by using the basic integration table.
In this case, we may transform the indefinite integral into another indefinite integral that we know how to

integrate. This method is known as integration by substitution. In general, we have:
If F(u) is the antiderivative of f(u), i.e. F'(u) = f(u), and u = g(z) is a differentiable function of z, then
we have

[ fla@g' @ = [ fa)du =Pl +c.

Proof. Since F(u) is an antiderivative of f(u). We have /f(u) du= F(u)+C.

By the chain rule,

d _ dF(u) du

W = T w
= f(u)-g¢'(x)
= flg(@)]d (x).

By the definition of indefinite integral,

/ flo@)g (@) dz = Flu)+C.

Hence,

/ @)y (@)dz = / fdu = Flu)+C.

Example 12.12.

Find /x\/x + 1 dx.
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Let wu =2 + 1. Then du = dz

/x\/erl dr = /(uf 1)(vu) du
= /(u% —u%) du
2 2
2 5 2 :
= Z+1)F-Z@+1)i+C
) 3
Example 12.13.
Find [ 225 gq,
Va2 -5z +3
Let u = 22 — 5z + 3. Then du = (22 — 5)dz
2x — 1
e /idu
vz -5z +3 Vu
= 2yu+C

= 2Va2—-5x+3+C

Example 12.14.
Find /67% dx.
T 1
Let u = ——. Then, du = —de or —4 du = dx

T
/e—% dr = /e“(—4) du

—4e" + C
—4e”1T 4+ C
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Example 12.15.

2 _
Find / " —2Inz
X

Let u =Inz. Then, du = lalac
x

2Inz

2921
/x na:dx _

&
T
8
|
&
~—
QL

= 3 —2/u du
z? u?
= —_— —2 _—
() e
2
= (Inz)? 4+ C
2
A
Example 12.16.
Find /x2 esc?(1 — 2®) du.
3 2 1 2
Let u=1—2°. Then, du = —3z* dx or —gduzx dx
1
/.Z’QCSC2(1—$3) de = /—g esc?u du
1
= —g(—cotu)—i—C
1
= gcot(l —2%)+C
A
Example 12.17.
cos
Find | —— df.
m /(sin9+1)2
Let uw =sin6 + 1. Then, du = cos 6 df
cosf 1
——df = — d
/(sin0+1)2 /u2 “
U
1
= ——+C
sinf + 1 +
A

12.3.1 Integration involving va? — 22, V22 — a® and Va? + 22

In many cases, the shortest method of integrating such expressions: va2 — 22, V22 — a2 and Va2 + 22 where

a > 0, is to change the variable as follows:
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1. For integrands involving v/a2 — 2. We use the substitution

r=asinf,——= <6<

™
B .

o)

2. For integrands involving vz2 — a?. We use the substitution

x:aseCG,OSGSW,H#g.

3. For integrands involving v/a2? + 2. We use the substitution

s ™
=qtanf, —— < 0 < —.
r =atant, 5 B

In each of the above cases, the radical sign in the integrand will be eliminated.
Example 12.18.
dx
Find | —.
/ V4 — z?
Let x = 2sinf. Then, dz = 2cos6 db.
/ dx B / 2cosf do
Vi—gz2 2 cos 6
0+C

Example 12.19.
r2 —
Find / VY
3x
Let x = 3sec. Then, dx = 3secttan db.

/\/x2—9dx B /3tan9
3x B

9secd (3secOtanb) do

= /tan2 0 do

= /(secQQ— 1) df
= tanf—-60+C
x2 -9 13

= —3 cos”  —+ C (By drawing right-angled triangle and using pythagorean theorem)
x

A

Example 12.20.

2
Find /L dx.
14 22

let z = tan . Then, dz = sec? 6 df.

z? tan?6
— = — 0) do
/ 1+ a2 de / sec2 6 (sec”0) d
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= /tan2 0 do

= tanf—-0+C
= x—tan tz+C

A
12.4 Integration by Parts
If u(x) and v(x) are differentiable functions of z, then
[ u@dteta) = @) - [ oa)du(z)
Proof.
Since
[w@)o(@)] = ul@)'(@)+ vl (z)
Hence
u(@)'(x) = [u(@)o()] - v(2)d (@)
Then,
/u(sc)v/(m) de = /[u(z)v(x)]/ da?f/v(x)u'(x) dx
ie.,
/U(x)d(v(x)) = U(w)v(x)—/v(x)d(U(w))
]

Some integrals such as [Inz dz, [z cosz dz and [e”sina do cannot be found by the techniques we have

learnt before. We shall use the above method (integration by parts) to find these types of integrals.

Example 12.21.

Find /a:4 Inx dx.

25
/x4ln:c dx = Inx d(g)

5

= (lnx)(g)—/g d(lnz)

1 1

= BxSIHx—g/x4dm
1 5

= 3x51nx—;—5+0
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Example 12.22.

Find /x2ex dx.

Example 12.23.

Find /x2 sin 2z dx.

Example 12.24.

Find /62”” sinx dz.

/xzez de =

/xz sin 2x dx

/62‘” sinz dz

l\J\»—A

w\r—t [\3\»—*

/:c2 d(e®)

ze” — /e"” d(x?)
r2e” — 2/96635 dx
re” — 2/90 d(e”)

z2e® — 2xe® + 2/6glc dx

22e® — 2ze” + 26" + C

/1‘2 d(cos 2x)

1
2cos2r + - 5 /cos 22 d(x?)

2cos2x+/xcos2:1: dx

1 1
,5$2 cos 2z + — 5 /x d(sin 2x)

1 1 1
—§x2 cos2x + 5xsin2x -3 /sin?x dx

2

1 1 1
fix cos2x + 5xsin2x+ ZCOSQ£E+C

/62”” d(— cosx)

_eQJc
_e2z

_e2w

cosx + 2/62“c cosx dx
cosT + 2/62‘"” d(sin z)

cosz + 2 [62“” sinx — 2 / €2 sinz dx}

11
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= —e®®cosz+ 2 sing — 4/62’” sinx dx

Hence,

rsineg dv = —e?*cosz+ 2e* sinz + Oy

/
/ 2

1
e“xsinx dv = 5(—e2zcosac—|—2€23”sinm)+0

5

Exercises

1.

2.

10.

11.

12.

13.

14.

15.

16.

Find /(x —3)(x +2)(1 — 2x) dx.

r 3

Find /(sec 0 + csc)(sectd — csch) db.

—cos?zx
Find
tan T CcosT

Find /(cos3 x +sin® z cot x) da.

Find / CZC x
cot

1
Find/iﬁ BTy
T

Find /cos;z: sin’ z dx.

Find /x3e_2x dx.

. e
Find /\S/TT dx

Find /cos xsin*z dz.

Find / tan? 0 sec’ 0 do.

Find /dim
(9—22)

Find /d—x
(x+1)Va2 -1
dx

Find | ————.
2v/4z22 — 1

T
Find | ————d
11 /m2 x2+1 €T

12



CHAPTER 12. INDEFINITE INTEGRAL

17. Find /dix.
222 +2x + 1

18. Find /xsin3xsin4m dx.
19. Find /sin(lna:) dz.
20. Find /67290 sin 2z dx.

. dx
21. (a) Find /.];'274—1
d
(b) Using the substitution u = e” and the result of (a),find / M%'
dz

(c¢) Using the result of (a), find /73
¥+ V2 3

22. (a) Find /tan6 xdz.

(22 — 1)%
x

(b) Using the result of (a), find / dx.

d T 1
23. Show that — tan — = ————.
(2) ow tha dx an2 1+ cosx
T +sinz

b) Usi , therwise, find
(b) Using (a), or otherwise, fin /1—|—cosx

24. (a) Prove that /secac dx =In|secx + tanz| + C

(b) Using the result of (a), evaluate /secg dz and /sec3 g dx.



Chapter 13

Definite Integral

We have introduced all the skills and procedures of finding indefinite integral. Now, we are able to ‘anti-
differentiate’ a wide range of elementary functions. We have to master all the skills of indefinite integral
before we move on to this chapter.

In this chapter, we deal with definite integral. The main difference between definite and indefinite integral is

the existence of upper and lower limits. Usually, we denote the upper limit by b and lower limit by a. The

b
notation of definite integral is / f(z) dx.

13.1 Definition of Definite Integrals

For a function f defined on [a, b], a partition P of [a,b] into a collection of n subintervals

[0, 1], [T1, 2], -y [Tn—1, Tn),

and for each k = 1,2,...,n, a point & in [zx_1, x|, the sum under graph is given by

fl&) (@1 — o) + f(&2)(x2 — 1) + ... + (&) (@n — Tp—1)

or in summation notation . .
Z J&r)(rp — 2p—1) = Z f&k)Ax.
k=1 k=1

h—
Usually, we will take P to be n regular partition (i.e. Az = —a). This is called Riemann sum of the

function f. Notice that as n tends to infinity, the sum would be a more and more accurate representation
of the area under graph.
The definite integral of f from a to b is defined to be

b n —a
[t o=t 3 e
@ k=1

14
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c/
f{£)
0 B x

B=X, X XX, | E’t e A x"=b

Example 13.1.

4
Compute the integral / z3 dz by computing Riemann sums for a regular partition.
0

Notice that a = 0, b =4 and f(x) = 2. For regular partition and for each positive integer n, we have

4 —
Ar = 0
n
_ 4
= =
r, = a+kAx
= %, fork=1,2,---,n;
n
&) =

S
S s|e
o el
N———

w

w

Then,

reane = Y0 (S5) ()

~
Il
-
£
Il
-

256n2(n + 1)2
4n?t '

(Notice that the last step of the simplification follows from summation formula.)

Then, by the definition of definite integral,

4 n
/ 23 dr = lim Zf(fk)Ax

. (64k‘3> (4)
= lim 3 —
n—00 n n

15
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2 2
~ lm 256n°(n + 1)

n—o0 4n4

= 064

13.2 Basic properties of Definite Integrals

In the last section, we have defined definite integral of f(x) on the closed interval [a,b]. This is to imply

that a < b. We shall also define integrals in which the upper limit is less than the lower limit.

Definition 13.1
Let f(z) be integrable on [a,b]. Then, the definite integral of f(z) from b to a is defined by

/abf(x) dac:—/baf(sc) dx.

Directly from this definition, we have the following properties:

1. /ab kf(z) de = k/ab f(x) dz, where k is a constant.
2. | (@) £ 9(a)] d = / ’ fla) do+ / (@) da
3 /aaf(x) dz =0

b c b
4/f(x) dx:/ f(z) dx—i—/ f(z) dz, where a < ¢ <b.

We will prove property 3. The proofs of the other properties are easy and trivial. They are left to our

students as an exercise.

Proof.
Since
flx)de = —/ f(z) dx.
Then,
2 af(x) dr = 0
af(x) dr = 0
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13.3 Fundamental Theorem of Calculus

As you will see in section 12.1 that it is quite difficult to evaluate a definite integral directly from the defi-

nition. This problem can be easily solved by means of the following famous theorem:

If f(x) is a continuous function on [a,b] and F(z) is the antiderivative of f(z) (i.e. F'(x) = f(z)).

We have,
b
[ @) do= [P}l = P - Pla)

The Fundamental Theorem of Calculus enables us to evaluate definite integrals by finding the indefinite
b
integrals. To evaluate the definite integral / f(z) dx, we first find the indefinite integral / f(x) dx. Then,
¢ b
we substitute the upper and lower limits into the resulting function to evaluate the value of / f(z) dx.
a

In other words, we will repeat all the skills of the last chapter again and do the upper and lower limits
substitution to the final function without the integration constant C.
Note: For Integration by Substitutions, we need to change the upper and lower limits to the new upper and

lower limits for the new variable after substitution.

Example 13.2.

0
Evaluate / (32 — 423) da.

-2
0 [ 3 0
/ (3z —42®) do = [zz — zq

-2 2 -2

2
= 10
A
Example 13.3.
5
Evaluate / secxtanz dx.
0
§ 3
/ secrtanz dxr = [secm]
0 0
T
= -] — 0
sec (3) sec
= 1
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Example 13.4.

2 2
Evaluate / (2% + 4z) do — / (22 + 4z) d.
0 3

2 2 2 3
/ (22 + 4z) dx — / (22 + 4z) dx / (2% + 4z) dx + / (2% + 4z) dx
0 3 0 2

3
= / (2% + 4z) dx
0
3 3
[
3 0

33
= Z 19(3)2
- +2(3)

= 27

Example 13.5.

4
Evaluate / 6zvV 2+ 9 dx.
0

Let v = 22 4+ 9. Then, du = 22 de. When z = 0,4 = 9 and = = 4, u = 25.

4 25
/Gx\/x2+9d:ﬂ = / 3v/u du

0 9

3725
- a[]
9

= 2125 — 27]

= 196

Example 13.6.

82
Evaluate / Inz+1 dx.
. x

1
Let u = Inz + 1. Then, du = — dx. When 2 = e¢,u = 2 and = = e, u = 3.
x

62 1 + 1 3
/ ne der = / u du
e Y 2
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Example 13.7.

%
Evaluate / tan® z secz dz.
0

Let u = secx. Then du = seczxtanz dr. When x = 0, u

U= V2.

=1and z =

2 v
/ tan® rsecx do = / (u? = 1) du
0 1

u? va
5]
- [2-4-g-
= 2\[ ﬂ—7+1
= 2_\/5

3

Example 13.8.

Evaluate

3
x
/7@«

0o V9 —x2

Let £ = 3sinf. Then, dr = 3cosf df. When x = 0,u =

/3 z3 Qs — /g (3sin6)3
0o V9 —21? ~Jo 3cosf

m
dzx= = —.
0and x = 3,u 2

3cosf db

3
= 27/ sin® 0 do
0

= 27/ 1 — cos? 0) d(cos6)

0

3
= =27 |:COSQ— cos 9]
0
Cos?’— cos3 0
= —27|cos = — 2 + 27 |cos0 —
2 3
1
= 27|11——=
-3
= 18

Example 13.9.

1
Evaluate / ze® dz.
0

|

19
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[(1)e" = 0(e)] = [e7],

e— [el —eo]

Example 13.10.

e
Evaluate / z2 cosz dz.
0

s s
/ r?cosx dr = / 22 d(sin x)
0 0
™

= [mQSinx]g—Q/ rsinx dr
0

= Q/Ww d(cos z)

0
= 2[mcos:z:]372/ﬂcosx dx
= 2[mcosm|—2 [SiIOl ]
= —27r—2[0-0]

= 27

13.4 Definite Integrals of Even, Odd and Periodic Functions

13.4.1 Even and Odd functions

A function f(z) is an even function if f(—x) = f(z) for all values of x.

Example 13.11.

f(z) = 2% is an even function since f(—z) = (—x)? = 2% = f(x).
A function f(x) is an odd function if f(—z) = —f(x) for all values of z.

Example 13.12.

f(x) = 2% is an odd function since f(—x) = (—2)® = —2% = —f(x).

When f(x) is an even function or an odd function, we have the following result.

' f(z)dz = 2/: f(z)dx , if f(z) is even.
—a 0, if f(z) is odd.

20
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Proof.
a 0 a
[ twa = [ f@ars [ @
0
Consider f(z) dx.
Let w = —x. Then, —du = dz. When x = —a,u =a and z = 0,u = 0.
0 0
f@yde = [ 1w (-du
—a aa
[ s du
0
= / f(—=z) dz
0
Hence,
f@de = [ f-a)dos [ fa)da
—a 0 0
When f(x) is even function, f(—x) = f(z).
a a
flx)de = 2/ f(z) dz
—a 0
When f(x) is even function, f(—x) = —f(z).
flz)de = 0
|
Example 13.13.
T
Evaluate / cosz dx.
%
Let f(x) = cosx. Notice that f(—x) = cos(—x) = cosz = f(z). Hence, cosx is an even function.
/4 cosz dr = 2/4cosxdx
-z 0
= 2 [sinz]§
. T .
= 2 [SIHZ — sin 0]
N
A
Example 13.14.
og
Evaluate /_1 PR dz.
Let f(z) = % Notice that f(=z) = - —f(z). Hence % s an odd function
o242 C(—x)2+2 ’ T2 42 '

[ =5
12242

dr = 0
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13.4.2 Periodic Functions

If a function f(z) is a periodic function with period T, then f(z +T) = f(«) for all values of z.
Example 13.15. f(x) = sinz is a periodic function with period 2. A

Note: If f(z +T) = f(x), then f(x +nT) = f(x), where n is an integer.

When f(x) is a periodic function with period T', we have the following result.
nT T
/ flx) de = n/ f(x) de, where n is an integer.
0 0
Proof.

Case I: n is a positive integer.

nT T 2T nT
[t = [f@dos [ f@derr [ @)
0 0 T (n—1)T
2T
Consider / f(z) dx. Let u=2 —T. Then du =dx. Whenz =T, u=0and ¢ =2T,u="T.
! 2T T
flz)de = flu+T) du
T 0
T
= flw) du
0
T
= f(z) dx
0
Similarly,
3T T
f@)yde = [ f)da
2T 0
nT T
[t = [ @
(n—1)T 0
Hence,
nT T 2T nT
[t = [ f@dos [ f@der [ fa)do
0 0 T (n—=1)T

= n/on(x)da?

Case II: n = 0. The statement is trivial.
Case III: n is a negative integer.

Let wu =2 — nT and m = —n. Then, du = dx. When £ =0, u = —nT =mT and z =nT,u =0

/Oan(x) de = /:Tf(u) du
mT

= - flu) du

0
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T
= —m/ f(u) du (by the result of case I)
0

= n/on(:r)dx

To conclude,

nT T
/ flz)de = n/ f(x) dz, where n is an integer.
0 0

Example 13.16.
T \/g 2m
It is given that f(x) is a periodic function with period 27, / f(x) dx = e and f(x) dz = 0.
0 0
b+2nm b
f(z) dx = / f(x) dz, where a, b are real numbers and n is an integer.

(a) Show that /

a+2nm
137
3

(b) Hence, evaluate / f(x) de.
0

(a)
Let u =2 — 2nnm. Then du = dz. When x = a+ 2nm,u =a and © = b+ 2nm,u = b.

b+2nm b
/ flz)de = / f(u+2nm) du
b

+2nm

I
~
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U
S

Il
~
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Exercises

1. Evaluate the following definite integrals from the definition of definite integrals.

3
(a)/1 (4r + 3) du.

(b) /0 (7 + 2?) da.

™

© 1 1
2. Evaluate / ( - + - > dx
0 1 —sinx 1+sinx

4
1
3. Evaluate/ <\/§+> dzx.
1 VT

3 e -3 o7
4. Evaluate / —— dx — 2/ — dx.
3 €% 4 2e % 3 e¥+42e 7

5

¢ d
5. Evaluate / 737.
1 cha+z

3
6. Evaluate/ (x + 1)e”2+2”’ dx.
0

3\/5 1
7. Evaluate / — dx.
3v2 124/36 — x2

3
1
. Evaluate / —— dx.
14/ (z+1)2+16

V3 dg
. Evaluat —.
9. (a) vauae/1 T2

3

1 V3 dx
(b) Using the substitution u = — and the result of (a), evaluate /
x

4
10. Evaluate/ Vzlnz dz.
1

0
11. Evaluate / e*®(sinz 4 cosz)? du.

—T

\/g 2
12. Evaluate / z2e® du.
0

z
13. Evaluate/ xcos? z dz.
0

s

H
14. (a) Evaluate/ zsec’ x dr.
0

(SE

(b) Using the result of (a), evaluate / rtan’® z dr.
0

15. Evaluate / (e + e ") sinx du.

—T

L @ADL

24
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16.

17.

18.

19.

20.

Suppose f(z) is a periodic function with period T.

b b+T
(a) Using the substitution u = « + T, show that / f(z) de = / f(z) dx, where a and b are real
a a

+T
numbers.

T a+T
(b) Using the result of (a), show that / f(z) de = / f(x) dz, where a is a real number.
0 a

2 d
Evaluate / 7”?.
Va2 o3V/x? -1

0
Evaluate/ 22e73 da.
-1

a 3 a _ 3
(a) Using the substitution u = a — z, show that / 31;7 dx = / _(@=a) dz.
0 23+ (z—a)? 0 3+ (z—a)?
4 23
(b) Using the result of (a), evaluate /0 gy Py dx.

3 3
(a) Show that / fz) de = / f(g — ) dx.
0 0
(b) Using the result of (a), evaluate the following definite integrals.
. /T2r cosz — 3sinx
i. ———— dx
0 SInx+cosz

Lo [F_ sin’a ; 3.3 2 2
ii. ——— dz. (Hint: a® +b° = (a 4+ b)(a* — ab + b?))
0 SInx—+coszx



Chapter 14

Application of Integration

In this chapter, we will see how definite and indefinite integrals be applied to real life situation. The first
application of indefinite integral would be on straight line motion and the next application would be on

graphs and functions.

14.1 Straight Line Motion

Consider the motion of an object along a straight line. If the displacement of the object from a reference

point at any time t is s, then its velocity v at time ¢ is given by v = % and its acceleration a at time ¢ is
) dv  d*s

given by a = a2

Conversely, the displacement and the velocity of the object can be determined from the given velocity and

acceleration respectively. For any given acceleration a at time ¢, the velocity v and displacement s can be

s:/vdt

v = /a dt.
Example 14.1.

An object moves along a straight line through a fixed point O. The acceleration a ms~2 of the object t

found by

seconds after the object has passed through O is given by a = 10t — 2. The object moves with a velocity of

18 ms™! when t = 2.
(a) Find the velocity of the object when t = 6.

(b) Find the displacement of the object from O when t = 6.

(a) Let v ms~! be the velocity of the object.

v o= /adt

/(10t— 2) dt

26
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= 5t° =2+ ()
When t = 2, v = 18. Hence, C; = 18 — 5(2)2 +2(2) = 2.
ie v=>5t2—2t+2.
When t = 6, v = 5(6)% — 2(6) + 2 = 170.

(b) Let s m be the displacement of the object from O.

s = /vdt

= /(5t2—2t+2) dt

§t3—t2+2t+(]2
When t =0, s = 0. Hence, Cy = 0.

5
ie. s= §t3 — 2+ 2.

§(6)3 — (6)% +2(6) = 336.

When t =6, s =
en , S 3

Example 14.2.
A ball is thrown vertically upwards from the ground. Its velocity v ms™' after ¢ seconds is given by
v =20 — 10t. Let s m be the height of the ball above the ground.

(a) Express s in terms of ¢.
(b) Find the time taken for the ball to reach the highest point and the maximum height reached.

(c¢) Find the total distance travelled by the ball from ¢ =1 to ¢t = 3.

(a)

s = /Udt

= /(20 —10t) dt
20t — 5t2 + C

When ¢t =0, s = 0. Hence, C' = 0.

ie. s =20t — 5t

(b) When the ball reaches the highest point, its velocity would be zero. i.e. v = 0.
Hence, 20 — 10t =0 and t = 2.

The time taken for the ball to reach the highest point is 2 s.

When t =2, s = 20(2) — 5(2)2 = 20.
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Hence, the maximum height reached is 20 m.
(c) When t =1, s = 20(1) — 5(1)? = 15.
When t = 3, s = 20(3) — 5(3)% = 15.
From (b), the ball will reach its highest position and start to fall after 2 seconds.
Hence, the total distance travelled by the ball from ¢t =1tot =3
= [(20 —15) + (20 — 15)]
= 10m

14.2 Geometrical Application

d
We have learnt that the slope of a curve y = f(x) at any point (z,y) is given by f’(z) or cTy In particular,
x
f/(x1) is the slope of the curve at (z1,y1).

If the slope of a curve at any point is given, we can use integration to find the equation of the curve.

Example 14.3.
d

The slope of a curve at any point (x,y) is given by d—y = 2x — 4. If the curve passes through the point
x

(1,—2), find the equation of the curve.

dy

e 2z —4
y = /(295 —4) dx
= 2> 4z +C
Since the curve passes through (1, —2),
-2 = (1)*-4(1)+C
c =1

Hence, the equation of the curve is y = 22 — 42 + 1.

Example 14.4.
2

d
At any point (z,y) of a curve, d—g =12z + 6. If (0,—7) and (2,11) lie on the curve, find the equation of
x

the curve.
d?y
d
ﬁ = /(12x+6) dx
d
L 6z + 6z + C,
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Then,
y = /(6m2 + 6z + Cy) dz.

Hence,
y = 223 + 322 + Ciz + Cs.
Since (0, —7) and (2,11) lies on the curve, we have
—7 = 2(0)*+3(0)% 4+ C1(0) + Cy

and

11 = 2(2°%+3(2)*+C1(2) + Cs.
On solving, ¢y = —5 and Cy, = —T.

i.e. The equation of the curve is y = 223 + 322 — 5z — 7.

Example 14.5.
2

d
At any point (z,y) of a curve, 89 _ 9422 10. If the slope of the curve at (—1,—8) is 9, find the equation

dx?
of the curve.
de 2
d
% = /(24952 ~10) da
= 82 —10z+C,

Since the slope of the curve at (—1,—8) is 9

9 = 8(—1)—-10(-1)+C4
c, =7

W s 0w t7

dx

y = /(8x3—10m+7)da:
= 2 =522+ Tx + Oy

Since (—1,—8) is a point on the curve
-8 = 2(=1D)*=5(=1)2+7(=1)+ Cy
Cy = 2

i.e. The equation of the curve is y = 2z* — 522 + 72 + 2.
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14.3 Area of a Plane Figure

From the definition of integrals, we know that

b n _a
[ fa) da =t 3 600
a k=1

Hence, the area of a region bounded by a curve f(z), the x-axis and the line x = a and © = b can be

/a ’ fa) de.

Similarly, the area of a region bounded by a curve f(y), the y-axis and the line y = a and y = b can be

b
|t
Example 14.6.

Find the area of the region bounded by the line y = x + 1, the x-axis and the lines x = 1 and = = 2.

evaluated by the definite integrals:

evaluated by the definite integrals:

The required area:

/12(m+1) dr = [QC;erL

5
2
A
Example 14.7.
1
Find the area of the region bounded by the curve y = ——, the x-axis and the lines z =1 and = = 2.
x
Notice that the region is below the x-axis when x lies between 1 and 2.
Hence, the required area:
2 2
1 1
2o - [
1 x x|,
1
2
A

Example 14.8.
Find the area of the region bounded by the curve y = z(x — 1)(z — 2) and the x-axis.

When y = 0, x = 0,1 or 2. Hence, the x-intercepts of the curve are 0,1 and 2. Notice that from = = 0 to

x = 1, the area region is above the x-axis while from x = 1 to x = 2, the area region is below the x-axis.

Hence, the required area:

1 2 1 2
z(x —1)(x — r— | z(z—1)(z— x = 23 — 322 4+ 22) da — 23— 32% 4+ 22) da
/0 (z—1)(z—2)d /1 (z—1)(x—2)d /0( 3x* + 2x) d /1( 3z° +2z) d
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Example 14.9.
Find the area of the region below the x-axis bounded by the curve z? + % = 36 and the line z = —3.

Notice that y = +4/36 — 22 and the required area is below the x-axis. Hence, we will take y = —v/36 — 2.

The required area:

6 6
—/ —/36—22dxr = / V36 — 22 dx
-3 -3

Let £ = 6sinf. Then dx = 6cosf df. When z = —3,0 = —% and x = 6,0 = g

™

6 jus
/ V36— 22 dy = /23600s20d0
-3

= 18/ (14 cos26) db

sy
2

= 18 [94— ;sin29]

= 12w+¥

usy
6

Example 14.10.
Find the area of the region bounded by the curve « = y(y — 2)(y + 1) and the y-axis.

Notice that we are now considering the area with respect to the y-axis instead of the z-axis. When x = 0,
y = —1,0 or 2. Hence, the y-intercepts of the curve are —1,0 and 2. Moreover, the required area is leftward

of the y-axis from y = 0 to y = 2 and rightward of the y-axis from y = —1 to y = 0.

The required area:

0 2 0 2
/y(y—2)(y+1)dy—/0y(y—l)(y—Q)dy = /(y?’—yz—?y)dy—/o(yg—y2—2y)dy

-1

Example 14.11.
Find the area of the region bounded by the curve y = 2 and the line y = 2z.

By solving y = 22 and y = 22 simultaneously, the x-coordinate of their points of intersection are z = 0 and

2 = 2. Notice that when 0 < z < 2, 2z > 22.
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2 2372
/ (22 —2%) dz = [m2 - ]
0 3 1o

Hence, the required area:

Example 14.12.

Find the area of the region bounded by the curve y = 2sinz+2 and y = sinz + 2 between z = 0 and = = 2.

By solving y = 2sinz + 2 and y = sinx + 2 simultaneously, the x-coordinate of their points of intersection
arex =0,z =7 and x = 27. From x = 0 to z = m, 2sinx + 2 > sinx + 2 while from z = 7 to x = 2,

sinx +2 > 2sinx + 2.

Hence, the required area:

™ 2m
/0 (2sinx + 2 —sinx — 2) dz + / (sinz+2—2sinz —2) de = [ cosz]] + [cosz]>"
= 4
A
Example 14.13.
Find the area of the region bounded by the curve & = 32 and the line z = —y + 6.
By solving = y? and & = —y + 6 simultaneously, the y-coordinate of their points of intersection are 2 and
—3. When -3 <y <2, —y+6>y2%
Hence, the required area:
2 2 3712
/ (~y+6-y*)dy = {yﬂiy y}
-3 2 313
125
6
A

Example 14.14.
Find the area of the region bounded by the curve y = 2% and the lines y = 5z and y = 4 — 3z.

1
By solving y = x? and y = 5z simultaneously, the x-coordinate of their points of intersection is 3 Similarly,
by solving y = z? and y = —4 — 3z simultaneously, the x-coordinate of their points of intersection is 1.

Hence, the required area:
1

1 1
/ (5x — x?) da:—i—/ (4 — 3z —2?%) do
0 1

2

Il
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14.4 Volume of a Solid of Revolution

The volume of a solid obtained by revolving the region bounded by a curve y = f(z), the x-axis and the

lines x = a and x = b about the axis is given by

™ / @) de.

Similarly, the volume of a solid obtained by revolving the region bounded by a curve = = g(y), the y-axis

and the lines y = a and y = b is given by
b
o [P

Example 14.15.
Find the volume of the solid of revolution generated by revolving the region bounded by the x-axis and the

linesy =2+ 1, z =1 and z = 5 about the axis.

The required volume:

7r/15(a:+1)2 dr = W{ME

Example 14.16.
Find the volume of the solid of revolution generated by revolving the region bounded by the y-axis and the

lines y = + 1 and y = 7 about the y-axis.

The required volume:

flo-vra = <[058]

Example 14.17.
Find the volume of the solid generated by revolving the region bounded by

(a) the curve y = 22 and the lines y = 1, = 1 and = = 3 about the line y = 1,

(b) the curve y = 22 and the lines x = 1, y = 1 and y = 4 about the line x = 1.

(a) The required volume:

3 3
7r/ (22 1) dz = 7r/ (z* — 222 + 1) da
1 1
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(b) Since & = yz, the required volume:

4 4
7r/(y%—l)zdy = 7r/(y—2y%+1)dy
1 1

Example 14.18.
Find the volume of the solid generated by revolving the region bounded by the curve 2 = ,/y and the line
z=1,y=1and y = 4 about the y-axis.

The required volume:

|
3
—
'
—~
<
I
—
~—
U
<

™ /1 (V) —17] dy

Example 14.19.
1
Find the volume of the solid generated by revolving the region bounded by the curve y = §x2 + 1 and the

line y =z, = 0 and = = 3 about the x-axis.

The required volume:

3 2 3 4 2
1 2
77/0 [(3:024—1) —IQ] de = 7r/0 (I9—|—§—|—1—x2> dx

Exercises

1. A toy car initially at rest moves along a straight line from a point O. Its velocity v ms—! after ¢ seconds
is given by v = —t? + 25. Let s m be the displacement of the toy car from O.
(a) Express s in terms of t.

(b) Find the displacement of the toy car from O after 2 seconds.
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10.

11.

12.

There is an apple on a tree. The apple is 4 m above the ground. Polly throws a ball vertically
upwards towards the apple from the ground. The velocity v ms~! of the ball after ¢ seconds is given

by v =7 — 10t. Can the ball hit the apple? Explain your answer briefly.

The acceleration a ms~2 of a moving object at time ¢ s is given by a = cost. The velocity v ms~! of
the object is 0.5 ms~! when ¢t = 30. (a) Express v in terms of ¢£. (b) Find the maximum velocity of
the object.

2

d
. At any point (z,y) of a curve, &y _ 24(1 — x?). If the slope of the curve at (3,—7) is 4, find the

dx?
equation of the curve.

2

d
LY 4ge? 1t (1,12) and (—1,18) lie on the curve, find the equation

At any point (x,y) of a curve, i

of the curve.

2
At any point (z,y) of a curve, d—g = kx, where k is a constant. The curve attains its maximum at
x

(—1,5) and its y-intercept is 1.

(a) Find the value of k.

(b) Find the equation of the curve.

(c) Find the minimum point of the curve.
(d) Sketch the curve for —2 < z < 2.

HKCEE 2005 Additional Mathematics Q10

d
(a) Show that . [z(z 4+ 1)"] = (z +1)" "' [(n + 1)x + 1], where n is a rational number.
x

d
(b) The slope of any point (x,y) of a curve C is given by % = (x + 1)?°°%(20062 4 1). If C passes
through the point (—1,1), find the equation of C.

HKCEE 2006 Additional Mathematics Q10

d
The slope at any point (z,y) of a curve is given by d—y = 3 4 2cos2z. If the curve passes through the
x

point I, 3m , find its equation.
4’ 4

Two curves y = f(z) and y = g(z) intersect at a point A, where f(z) = 2242241 and g(z) = f(z—4).

(a) Find the coordinates of A.

(b) Find the area of the region bounded by the two curves and the x-axis.

2
The curves y = —2% +4 and y = % — x both pass through a point A on the x-axis.

(a) Find the coordinates of A.
(b) Find the area of the region bounded by the two curves and y-axis.

The curve y? = 2z and the straight line  — 2y + 2 = 0 intersect at a point A.
(a) Find the coordinates of A.
(b) Find the area of the region bounded by the curve, the straight line and the y-axis.

1

The curve y = — cuts the straight lines y = z and x = e at P and @ respectively.
x

(a) Find the coordinates of P and Q.

1
(b) Find the area of the region bounded by the curve y = —, the x-axis and the lines y = x and z = e.
T
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

x

Find the area in the first quadrant bounded by the curves y = e*,y = e~ % and = = 2.

Find the area bounded by the curve 2y%2 = 3 — = and the straight line x + 2y + 1 = 0.

— 2
< for all z # —q and g(x) = Z—’— q for all x # 4, where p and ¢ are positive constants.
—x

p
Let f(x) =
fla) =222
The y-intercept of the curve y = f(z) is 5 and the x-intercept of the curve y = g(x) is —2.
(a) Find the values of p and gq.
(b) Find the point of intersection of two curves.

3
(¢) If the area of the shaded region bounded by the two curves, the y-axis and the line x = k is 61n 2

where 0 < k < g, find the value of k.

(a) Evaluate /\/b2 —y? dy.
2,2

(b) Find the area bounded by the lower half of the ellipse % + Z—Q = 1 and the straight line y = —(b—h)
a
where 0 < h < b.

Find the volume of the solid generated by revolving the region bounded by the curve z = /4 — y2 and
the line z = —y + 2 about the y-axis.

Find the volume of the solid generated by revolving the region bounded by the curves 32 = x and

8y = 2% about the x-axis.

4 .
Show, by using integration, that the volume of a sphere with radius r is §7rr3.
Find the volume of the solid of revolution generated by revolving the region bounded by the x-axis and

the curves y = v/ and y = v/6 — x about the x-axis.

Find the volume of the solid of revolution generated by revolving the region bounded by the x-axis,

T
r=0x= 5 y =sinz and y = cos x about the x-axis.

Given two curves y = f(z) and y = g(z), where f(r) = —2? — 62 + 2 and g(x) = —f(x) + 4.

(a) Find the points of intersection of the two curves.

(b) Find the area of the shaded region bounded by the two curves.

(c) Find the volume of the solid of revolution generated by revolving the shaded region about the

y-axis.



