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Example 2.10:
3% + 253 — 2V2x10 = [x1 xo] [ /2

But the root of
3—) =2
V2 2=\

or
B-N2—-A)—-2=X -5 +4=A-4)(\-1)
is 4 and 1. Hence

B

is positive definite matrix, and so is

3x% 4+ 2x5 — 2V/2x1%0.



P26.

P27.

For example, if X is an n x 1 random vector, and the random
elements of X independent with same distribution and same
variance 2. Then
E{A(X — EX)(X — EX)"B}
= AE{(X - EX)(X-EX)"}B
Ac?l,x,B = c°AB

For this example, X is a 2 x 1 random vector

X:[Xl] and then EXz{EXl}
X2

EX>

EX; = —1.0.34+0-0.3+1-0.4 = 0.1, EX, =0-0.8+1.0.2 = 0.2
So EX = [0.1,0.2] ",



P28.

EX;

EX5

p=EX)=1 .

EX,
X1 —p1
Xo — p2

r = E ’ : g (X1 = p1, Xo = po, ., Xp — pip)

Xp = bp

E(X1 —m)? o B(XG = pa)(Xp — pp)

E(X, — Mp.)(Xl —p1) - E(Xp _ :“p)z



P28. Hence

. . . 2 . .
Y = : .. : and O‘,'J':O'j,',O',','ZO',-,I,_j:1,...,p.

» Furthermore, ¥ is nonnegative definite matrix since

X1— 1
Y’y = E{LYT : (X1 — p1, s Xp — p1p) Y
Xo = Hp
= Eln(Xi — )+ -+ yp(Xp — 1p)]* 2 0

where Y = (y17)/27 cee 7)/p)T-



P29. It is obvious that if Xj, X; are statistical independent, then
Cov(X;, Xj) = E(Xi — pi)(Xj — 17)
= [ = w0 )0 X)X,
= [ = 0% — )OO0
= E(Xi — wi)E(Xj — 1) =0

So statistical independence is stronger than linear dependence.

P30.
P11 Pip 1 p1p

ppl pPP ppl 1



Furthermore,

p= V—l/ZZv—l/Z’ ,Z _ V1/2pvl/2

where
oci1 O 0
0 o2 0
V =
0



P31. Example 2.12. We have known p; = EX; = .1 and
M2 = EX2 =.2. Then

011

012

E(X —m)® =) (X —.1)* p(X1)
allx;
(—1—.1)%(.3) + (0 — .1)%(.3) + (1 — .1)%(.4) = .69

o = B(Xi—m)’ =) (X2 p(X)

allx.
= (0-.2)%(.8) + (1 —.2)*(.2) = .16

E(X—m)(Xe—pm) = >, (Xi—.1)(X%—.2)-p(
all pairx;, Xz

(=1 —.1)(0 — 0.2)(.24) + (=1 — .1)(1 — 0.2)(.06)

44 (1 —.1)(1 - 0.2)(.00) = —.08 = 09y



- (8)-(2)-

E(X

e[

—pu)(X —p)"
(X1 — p1)?
Xo — p2)(X1 — pi1)

()

(X1 — pa)(Xa — p2)

(X2 — p12)?

oi1 o1 | | .69 -—.08
001 02 | | —.08 .16

|



P31. Example 2.13

V172 = diag(v/o11, V02, v/033) = diag(2, 3, 5)

V12 = diag(

p = VvV 2zy-12
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P34. For example, X = (X1, X2)", we wish to know if i1 = iz,
then we will consider X1 — X, where c1 =1, ¢ = —1.

Ec'X = E(aXi+ -+ pXp) = aEX1 + -+ EX,
H1
= (c1,...,¢p) : =c p
Hp

Var(c’X) = E(c"X —Ec"X)?=E(c"X —c"p)?
= Ec'(X-p)(X-p)Tc
= ¢/E{(X —p)(X —p)"}c
= c¢'Xc



EZ = ECX = CEX = Cuy

Y; = Cov(Z)=E(Z-EZ)(Z-EZ)T
= Cov(Z) =E(CX — ECX)(CX —ECX)T
= CE(X-EX)(X -EX)'Cc’” =cxxC’

» Example: Let X = (X1, X2)" be a random vector with men
vector py = (1, p12)" and variance-covariance matrix

o o
Y, = 11 12
012 022

Find mean and variance of
Z=(21,2)" = (X1 — X0, X1 + X2) T



» Solution:
1 -1
=1 7]
pr = (1 — pra, pin + p2) "

Y, — 011 — 2012 + 022 011 — 022
011 — 022 o11 + 2012 + 022

» If 011 = 099, then X; — X5 and X7 + X5 are linear independent.



P35. Partition the sample mean vector and covariance matrix

Xi
X2
o | X, | [ X
SEARES
Xg+1
L X




Sq1 Sqq
Sq+1,1 Sq+1,q
Sp1 Spq
S11 S
| So1 S

S12= S5

S1,q+1

Sq,q+1

Sq+1,q9+1

Sp,g+1



P36. Cauchy-Schwarz Inequality is a famous inequality,
(bi+b3+- - +b)(di+d5+- - ~+d3) > (bich+bada++ - ~+bpdp)
Let b= (b1, bo,...,bp)T,d = (di,dba,...,dp)7, then
(b"b)(d"d) > (b d)?
If b—xd #0,

0<(b—xd)"(b—xd)=b"b—2x(b"d)+ x*(d"d)

So
TA)2 TA)2
0 < bTb—(t;T(:I) +(ZT(:1) —2x(b"d) + x*(d"d)
_ 71y (b7d)? T, (B7d)o
= bTb— o - (dTd)(x — 7 )



b7d)

_
Let x = 475

, we have

(de)2

T_
T

> 0.

Hence
(b™b)(d"d) > (b"d)?

If b— xd =0, b and d are proportional or with same
direction, then

(bb)(d"d) = (b7d)?



P37.
(b7d)> = (b"B2B 2d)> < (b"B2Bzb)(d’B 2B 3d)
(b"Bb)(d"B1d)

> (x"d)? < (x"Bx)(d"B71d)

If B2x = cB~2d, then then (x"d)2 = (x"Bx)(d"B~d).



» Notice

x"x = |||

, Define x* = x/(x"x)2, then ||x*|| = 1, and the optimal
problem changes to

max x ' Bx
[Ix]|=1

» By spectral decomposition of B that

B = \iere] + -+ Apepe) = PAP

x"Bx = xT(A1e1e1T+-~-+)\pepeT)
Al(xTel)(elTx) 4 Ap(x ep)(epT )
Al{(xTe1)2+~-+(x e,)?}
AxTPP'x = M\i||x||2 = M1

IN



» Similar way
xTBx > A\p{(xTe1)?+ - +(xTep)’} = Apx” PP'x = XpIx|I> = Ap

» Furthermore, if x is perpendicular to ey, ..., e, i.e.
xTe;=0,i=1,... k

k P
x ' Bx = Z)\;(xTe;)2+ Z Ai(x"e)?
i—1 i=k+1
< M{(xTexr1)? 4+ (xTep)?}
< Me{(xTer)’ + -+ (xTep)?}

Mea1X | PP'x = Mgt
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