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I Example 2.10:

3x21 + 2x22 − 2
√

2x1x2 = [x1 x2]

[
3 −

√
2

−
√

2 2

] [
x1
x2

]
But the root of ∣∣∣∣ 3− λ −

√
2

−
√

2 2− λ

∣∣∣∣
or

(3− λ)(2− λ)− 2 = λ2 − 5λ+ 4 = (λ− 4)(λ− 1)

is 4 and 1. Hence [
3 −

√
2

−
√

2 2

]
is positive definite matrix, and so is

3x21 + 2x22 − 2
√

2x1x2.



P26. For example, if X is an n × 1 random vector, and the random
elements of X independent with same distribution and same
variance σ2. Then

E{A(X− EX)(X− EX)TB}
= AE{(X− EX)(X− EX)T}B
= Aσ2In×nB = σ2AB

P27. For this example, X is a 2× 1 random vector

X =

[
X1

X2

]
and then EX =

[
EX1

EX2

]
EX1 = −1·0.3+0·0.3+1·0.4 = 0.1, EX2 = 0·0.8+1·0.2 = 0.2

So EX = [0.1, 0.2]T .



P28.

µ = E(X ) =


EX1

EX2
...

EXp



Σ = E


X1 − µ1
X2 − µ2

...
Xp − µp

 (X1 − µ1,X2 − µ2, . . . ,Xp − µp)

=

 E(X1 − µ1)2 · · · E(X1 − µ1)(Xp − µp)
...

. . .
...

E(Xp − µp)(X1 − µ1) · · · E(Xp − µp)2





P28. Hence

Σ =

 σ11 · · · σ1p
...

. . .
...

σp1 · · · σpp

 and σij = σji , σii = σ2i , i , j = 1, . . . , p.

I Furthermore, Σ is nonnegative definite matrix since

Y TΣY = E

Y T

 X1 − µ1
...

Xp − µp

 (X1 − µ1, . . . ,Xp − µp)Y


= E[y1(X1 − µ1) + · · ·+ yp(Xp − µp)]2 ≥ 0

where Y = (y1, y2, . . . , yp)T .



P29. It is obvious that if Xi ,Xj are statistical independent, then

Cov(Xi ,Xj) = E(Xi − µi )(Xj − µj)

=

∫
(Xi − µi )(Xj − µj)f (Xi ,Xj)dXidXj

=

∫
(Xi − µi )(Xj − µj)f (Xi )f (Xj)dXidXj

= E(Xi − µi )E(Xj − µj) = 0

So statistical independence is stronger than linear dependence.

P30.

ρ =

 ρ11 · · · ρ1p
...

. . .
...

ρp1 · · · ρpp

 =

 1 · · · ρ1p
...

. . .
...

ρp1 · · · 1





Furthermore,

ρ = V−1/2ΣV−1/2, ,Σ = V 1/2ρV 1/2

where

V =


σ11 0 · · · 0
0 σ22 · · · 0
... 0

. . .
...

0 0 · · · σpp





P31. Example 2.12. We have known µ1 = EX1 = .1 and
µ2 = EX2 = .2. Then

σ11 = E(X1 − µ1)2 =
∑
allX1

(X1 − .1)2 · p(X1)

= (−1− .1)2(.3) + (0− .1)2(.3) + (1− .1)2(.4) = .69

σ22 = E(X1 − µ1)2 =
∑
allX2

(X2 − .2)2 · p(X2)

= (0− .2)2(.8) + (1− .2)2(.2) = .16

σ12 = E(X1 − µ1)(X2 − µ2) =
∑

all pairX1,X2

(X1 − .1)(X2 − .2) · p(X1,X2)

= (−1− .1)(0− 0.2)(.24) + (−1− .1)(1− 0.2)(.06)

+ · · ·+ (1− .1)(1− 0.2)(.00) = −.08 = σ21



Hence

E =

(
EX1

EX2

)
=

(
µ1
µ2

)
=

(
.1
.2

)

Σ = E(X − µ)(X − µ)T

= E

[
(X1 − µ1)2 (X1 − µ1)(X2 − µ2)

(X2 − µ2)(X1 − µ1) (X2 − µ2)2

]
=

[
σ11 σ12
σ21 σ22

]
=

[
.69 −.08
−.08 .16

]



P31. Example 2.13

V 1/2 = diag(
√
σ11,
√
σ22,
√
σ33) = diag(2, 3, 5)

V−1/2 = diag(
1

2
,

1

3
,

1

5
)

ρ = V−1/2ΣV−1/2

=

 1
2 0 0
0 1

3 0
0 0 1

5

 4 1 2
1 9 −3
2 −3 25

 1
2 0 0
0 1

3 0
0 0 1

5


=

 1 1
6

1
5

1
6 1 −1

5
1
5 −1

5 1





P34. For example, X = (X1,X2)T , we wish to know if µ1 = µ2,
then we will consider X1 − X2 where c1 = 1, c2 = −1.

EcTX = E(c1X1 + · · ·+ cpXp) = c1EX1 + · · ·+ cpEXp

= (c1, . . . , cp)

 µ1
...
µp

 = cTµ

Var(cTX ) = E(cTX − EcTX )2 = E(cTX − cTµ)2

= EcT (X − µ)(X − µ)Tc

= cTE{(X − µ)(X − µ)T}c
= cTΣc



EZ = ECX = CEX = CµX

ΣZ = Cov(Z ) = E(Z− EZ)(Z− EZ)T

= Cov(Z ) = E(CX − ECX )(CX − ECX )T

= CE(X − EX )(X − EX )TCT = CΣXC
T

I Example: Let X = (X1,X2)T be a random vector with men
vector µX = (µ1, µ2)T and variance-covariance matrix

Σx =

[
σ11 σ12
σ12 σ22

]
Find mean and variance of
Z = (Z1,Z2)T = (X1 − X2,X1 + X2)T .



I Solution:

C =

[
1 −1
1 1

]
µZ = (µ1 − µ2, µ1 + µ2)T

ΣZ =

[
σ11 − 2σ12 + σ22 σ11 − σ22

σ11 − σ22 σ11 + 2σ12 + σ22

]
I If σ11 = σ22, then X1−X2 and X1 +X2 are linear independent.



P35. Partition the sample mean vector and covariance matrix

X̄ =



X̄1

X̄2
...
X̄q

· · ·
X̄q+1

...
X̄p


=

[
X̄ 1

X̄ 2

]



I

Sn =



s11 · · · s1q | s1,q+1 · · · s1p
...

. . .
... |

...
. . .

...
sq1 · · · sqq | sq,q+1 · · · sqp
−−− −−− −−− | − −− −−− −−−
sq+1,1 · · · sq+1,q | sq+1,q+1 · · · sq+1,p

...
. . .

... |
...

. . .
...

sp1 · · · spq | sp,q+1 · · · spp


=

[
S11 S12
S21 S22

]
I

S12 = ST
21



P36. Cauchy-Schwarz Inequality is a famous inequality,

(b21+b22+· · ·+b2p)(d2
1+d2

2+· · ·+d2
p ) ≥ (b1d1+b2d2+· · ·+bpdp)2

Let b = (b1, b2, . . . , bp)T ,d = (d1, d2, . . . , dp)T , then

(bTb)(dTd) ≥ (bTd)2

If b− xd 6= 0,

0 < (b− xd)T (b− xd) = bTb− 2x(bTd) + x2(dTd)

So

0 < bTb− (bTd)2

dTd
+

(bTd)2

dTd
− 2x(bTd) + x2(dTd)

= bTb− (bTd)2

dTd
+ (dTd)(x − (bTd)

dTd
)2



I Let x = (bTd)
dTd

, we have

bTb− (bTd)2

dTd
> 0.

Hence
(bTb)(dTd) ≥ (bTd)2

If b− xd = 0, b and d are proportional or with same
direction, then

(bTb)(dTd) = (bTd)2



P37.

(bTd)2 = (bTB
1
2B−

1
2d)2 ≤ (bTB

1
2B

1
2b)(dTB−

1
2B−

1
2d)

= (bTBb)(dTB−1d)

or
(xTd)2 ≤ (xTBx)(dTB−1d)

If B
1
2 x = cB−

1
2 d , then then (xTd)2 = (xTBx)(dTB−1d).



I Notice
xTx = ‖x‖2

, Define x∗ = x/(xTx)
1
2 , then ‖x∗‖ = 1, and the optimal

problem changes to
max
‖x‖=1

xTBx

I By spectral decomposition of B that

B = λ1e1e
T
1 + · · ·+ λpepe

T
p = PΛP ′

Then

xTBx = xT (λ1e1e
T
1 + · · ·+ λpepe

T
p )x

= λ1(xTe1)(eT1 x) + · · ·+ λp(xTep)(eTp x)

≤ λ1{(xTe1)2 + · · ·+ (xTep)2}
= λ1x

TPP ′x = λ1‖x‖2 = λ1



I Similar way

xTBx ≥ λp{(xTe1)2+· · ·+(xTep)2} = λpx
TPP ′x = λp‖x‖2 = λp

I Furthermore, if x is perpendicular to e1, . . . , e1, i.e.
xTei = 0, i = 1, . . . , k ,

xTBx =
k∑

i=1

λi (x
Tei )

2 +

p∑
i=k+1

λi (x
Tei )

2

≤ λi{(xTek+1)2 + · · ·+ (xTep)2}
≤ λk+1{(xTe1)2 + · · ·+ (xTep)2}
= λk+1x

TPP ′x = λk+1


	Outline

