COLLOCATION METHODS FOR CAUCHY PROBLEMS OF
ELLIPTIC OPERATORS VIA CONDITIONAL STABILITIES
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Abstract. Ill-posed Cauchy problems for elliptic partial differential equations appear in many
engineering fields. In this paper, we focus on stable reconstruction methods for this kind of inverse
problems. Using kernels that reproduce Hilbert spaces H™ (£2), numerical approximations to solutions
of elliptic Cauchy problems are formulated as solutions of nonlinear least-squares problems with
quadratic inequality constraints (LSQI). A convergence analysis with respect to noise levels and fill
distances of data points is provided, from which a Tikhonov regularization strategy is obtained.
A nonlinear algorithm using generalized singular value decomposition of matrices and Lagrange
multipliers is proposed to solve the LSQI problem. Numerical experiments of two-dimensional cases
verify our proved convergence results. By comparing with solutions of MFS and FEM with the
discrete Tikhonov regularization by RKHS under same Cauchy data, we demonstrate that our method
can reconstruct stable and high accuracy solutions for noisy Cauchy data.
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1. Introduction. It is well known that Cauchy problems are ill-posed in the
sense that their solutions do not continuously depend on data. However, Tikhonov
[36] proposed that conditional stabilities of solutions for Cauchy problems can be
constructed with an a priori bound to the exact solution. In [21], an interior stability
for elliptic Cauchy problems was proved. A global stability was proved based on the
Carleman estimate in [34] by Takeuchi and Yamamoto. There are many other interior
and global conditional stability results for Cauchy problems, and for more detail, one
can refer to [1,5,15].

Based on these conditional stabilities, efforts were made to look for stable numer-
ical methods. The quasi-reversibility method [24] as regularization was proposed for
solving Cauchy problems of Laplace equations by Klibanov in 1990 and convergence
analysis for a discrete finite difference scheme was also given. In [3], a similar method
with an adaptive regularization parameter selective strategy was proposed for inverse
Cauchy problems. In [34], the discretized Tikhonov regularization was proposed by
Takeuchi and Yamamoto. Their regularization was built on the theory of reproducing
kernel Hilbert spaces (RKHS). A finite element scheme for Cauchy problems was used
and convergence results of the method were also proved in the same paper. Other
numerical methods with convergent analysis are found in the works [6,19, 33].

Meshless methods are another popular numerical method for solving Cauchy prob-
lems. Generally speaking, these methods can be applied to complicated geometry and
to solving high dimensional problems. The method of fundamental solution (MFS)
with different regularization strategies was used to solve homogenous Cauchy prob-
lems in [16,20,40]. MFS combined with the method of particular solution (MPS)
was used to solve nonhomogeneous cases by Li, Xiong, and Chen in [27,38]. A mesh-
less method called the general finite difference method (GFDM) was proposed by Fan
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in [9] to solve inverse Cauchy problems. These meshless approaches usually have good
numerical performance. However, most , if not all, are ad hoc and do not have robust
theoretical support.

Recently, some progress has been made in the theoretical aspects of meshless
collocation methods for PDEs. The Kansa method, proposed by E. J. Kansa in
1990 [22,23], is a typical meshless method used to solve partial differential equations
(PDEs) by imposing strong form collocation conditions to PDEs. To overcome the
singular problem of matrix systems by the Kansa method appearing in some cases
[18], the overdetermined Kansa method was applied to solve PDEs in [29]. Partial
convergence results of the overdetermined Kansa method were proved by Ling and
Schaback in [30]. Recently, convergence theorems for overdetermined Kansa methods
for elliptic PDEs were proved by Cheung, Ling, and Schaback in [7].

Motivated by these improvements, in this paper, we apply an overdetermined
kernel-based collocation formulation to solve inverse Cauchy problems. In Section 2,
we first introduce Cauchy problems considered in this paper and make some assump-
tions. We define discrete solutions for Cauchy problems with exact Cauchy data in
some trial spaces of the symmetric positive definite kernel. The discrete solutions were
defined as solutions of nonlinear optimization problems with quadratic inequality con-
straints. In the definition, the Tikhonov regularization strategy is used. Convergence
results of discrete solutions with respect to data densities and noise levels are also
proved based upon the scattered data approximation theory in RKHS [10,37]. The
value of the regularization parameter can also be fixed in the proof. After considering
exact Cauchy data, we also define discrete solutions with noisy Cauchy data as solu-
tions of nonlinear least-squares problems with quadratic constraints. The convergence
theorem of the discrete solution with noisy Cauchy data is proved based on the results
of the discrete solution with exact Cauchy data. In Section 3, a solver for least-squares
problems with quadratic constraints is introduced based on generalized singular value
decomposition (GSVD) and the Lagrange multiplier method. In Section 4, we com-
pare the results by the least-quares optimization problem with quadratic inequality
constraints (LSQI) solver we introduced with those of other nonlinear solvers and
show numerically that the proposed solver can obtain high accuracy and stable solu-
tions. Numerical experiments for two-dimensional examples are computed to verify
the convergence results we proved in Section 2. The high accuracy of the numerical
results can also be seen by comparing them with the numerical solutions by MFS [31]
and RKHS [34].

2. Reconstruction methods and error analysis.

2.1. Cauchy problems. In this paper, we consider the following Cauchy prob-
lem for elliptic PDEs: given f, g and g7, find u insider £ or on 09\ T where
Lu=f in Q
u=g5 on I, (2.1)
Ocu=g¢g7 on T.
In Eq. (2.1), domain Q C R? is a bounded domain with sufficiently smooth boundary

09 and I is a nonempty open subset of 2. The elliptic operator £ and the conormal
derivative operator d associated with £ can be denoted as

d
Lu(z) := Z 9;(aij(x)0iu(z)) + c(z)u(z) for z € €, (2.2)
=1 )



and

d
Oru(z) = Z a;j(x)v;0u(x) forx e T,

4,j=1

where v = v(x) is the unit outer normal vector of 9 at x.
We make assumptions for the domain and operator coefficients for further use.
ASSUMPTION 2.1 (Smoothness of coefficients and domain). We assume Q C R? is
an open bounded domain with Lipschitz continuous boundary and satisfies an interior
cone condition. Coefficients in Eq. (2.2) satisfy c(x) < 0 almost everywhere in €Q,
{aij}g,j:1 and c(x) € W2=1(Q) for m > 2. We also assume {aij}f‘l,j:1 are symmetric
positive definite, that is there exists a constant a > 0 such that

d d
Z a;;&&5 > aZf? forallz € Q, {&}L, € RL O
ij=1 i=1

We assume ¢; and g¢i are smooth enough to admit a uniquely defined exact
solution u* € H™(Q) for the Cauchy problem (2.1) [21, Thm.3.3.1]. By the trace
theorem, gi € H™ Y/2(T) and g € H™ 3/2(T'). Conditional stabilities for Cauchy
problems (2.1) can be proved under an a priori bound for u*, based on which we
construct numerical algorithms. We state the recent global conditional stability result
proved by Takeuchi and Yamamoto in [34].

PROPOSITION 2.2 (Global Conditional Stability). Let u* be the exact solution
of the Cauchy problem (2.1) and u* € H™(Q) with m > 2. For 0 < k < 1, there
ezists a constant C' > 0 such that

1 1 -
lall ooy < Cllullsm o <1og+1og) 7 (2.3)
(D) O ) [ull ey
with €(u) = [ull ey + 10zull ey + 12l 2o O

From the above result, we can easily see that |luz-@o\r) converges to zero
whenever [|u*|gmq) < M and £(u) converges to 0. The latter suggests that kernel
collocation methods similar to those for solving direct problems can be developed to
minimize &(u).

2.2. Kernels and native space. We consider symmetric positive definite ker-
nels & : R? x R? — R and further assume that their Fourier transforms ® of kernel
® decay algebraically as

(14 ||w||§)_m < @(w) <co(l+ ||w||§)_m for m > d/2. (2.4)

Matérn functions and Wendland’s compactly supported functions are two commonly
used kernels satisfying (2.4). The native space Npa ¢ of a kernel ® is defined as

Neaw = {f € AR NCRY) : FIVb e 12(®%)}

associated with norms

4 f(w)

—dw.
re P

171, = (@2m)"
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It was shown in [37] that native spaces Nga ¢ of kernels ® satisfying (2.4) coincide
with Sobolev spaces H™(R?). Native space norms || - [ Aq , and Sobolev norms || - [|;y,
are equivalent. From [37, Cor.10.48], if 2 has a Lipschitz boundary, we also have
native spaces N ¢ being norm equivalent to Sobolev spaces H™(2).

Let Z = {z1,22,...,2n, } be a discrete set of trial centers in the domain Q. We
define the finite dimensional trial space based on the trial set Z.

DEFINITION 2.3. Let Z be the trial set and kernel ® satisfy (2.4), the finite
dimensional trial space Uz is defined as:

Uz o

yE¥m

= span{®(.,z;), zi € Z} C No,o.

We propose a numerical method to seek numerical approximations of the Cauchy
problem (2.1) from these trial spaces. We do so by imposing collocation conditions.
Let X = {x1,22,.. ., Tny }, Yo = {9,99, ... ,y?LYO} and Yy = {yi,vid,... ,y,lwl} be sets
of discrete collocation points in {2 and on the Dirichlet and Neumann boundary.

To describe the point density of Z, we define the following quantities

hz = in ||z — | *1 i |2 — 2| *h

: Sup min ||z Z; = min Z; Zq an =

A Zepziez illea(RE), 4z 2 Loe i 7 llea(RT) d pz 4z’
Zi;JéZj

which are normally called fill distance, separation distance, and mesh ratio of Z re-
spectively. We further assume the trial set Z and collocation sets X, Yj and Y7 are
all quasi-uniform, that is, the mesh ratio p, > 1 satisfies

Gy < hy < pyay and x ={X, Yo, Y1, Z}. (2.5)

2.3. The discrete solution with exact Cauchy data and error analysis.
For easy understanding, we begin by introducing a discrete approximation with exact
Cauchy data in the trial space to the solution of the Cauchy problem. We aim to
develop a simple least-squares approach. Let u be a function in H™(2), and v be a
general notation for functions in the trial space Uz, C Na s, = H™(). We first
introduce some preliminaries. For any u € C(§2), we define a discrete norm of u on
collocation set X as

1/2
Jullx = (Z u(xiﬁ) .
i, €X

From [11], for any u € H™(Q), when Assumption 2.1 holds for coefficients of an
elliptic operator, one has

| Lull rm—2(qy < Ca,cllull gm(q), (2.6)
and
10cull 10y < Coo.llullmm(q)-
To define a computable scheme for the Cauchy problem, we need to discretize the

continuous norms by discrete point sets in both the domain and the Cauchy boundary.
To do this, we introduce sampling inequalities in the following proposition.
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PROPOSITION 2.4 (Sampling inequality of fractional order [7]). Suppose Q C
R? is a bounded Lipschitz domain with a piecewise C™ -boundary. Then there is a
constant Cq . s depending only on ), m and s such that following inequalities hold:

— d/2—:
lullsg < Coms (B "lullma + > llullx)  for0<s<m,
and
— d/2—
o120 < Croms (B2l + B2 llully ) for 1/2 <5 <m,

for any w € H™(Q2) with m > d/2 and any discrete sets X C Q and Y C T' with
sufficiently small mesh norm hx and hy.

For the ill-posed property of the problems being solved, different regulariza-
tion strategies were proposed to stabilizing the numerical solutions, for instance,
the Tikhonov regularization method [26, 35], the damped singular value decompo-
sition [8,20], and the truncated singular value decomposition [17]. Recently, a novel
regularization method for ill-posed problems called mixed regularization method was
put forward by Zheng, Zhang in [41]. In this paper, we use the Tikhonov regulariza-
tion method. Combining discrete norms on collocation sets X, Yy and Y7, we define
the discrete solution in trial space Uz s,, of Cauchy problems with exact data as:

DEFINITION 2.5. The solution ux v, v,,c € Uz e, with exact Cauchy data de-
fined as the solution of the following least-squares problems with quadratic inequality
constraints (LSQI) problem:

UX, Yo, vi,0 = arginf o?|[vl[fpm o) + L0 = %
veEUz 3, N (27)
st B o= g5 3, + B oce — gl < (R 4 R ER,

with o being a reqularization parameter and M being a constant.

To decide the value of regularization parameter, one can choose different ex-
perimental methods, like discrepancy principal, L-curve method, generalized cross-
validation, and quasi-optimality criterion [20,39]. In our work, both the regularization
parameter o and the constant M in (2.7) will be chosen during the convergence proof.
Let s, denote the interpolant of the exact solution w* € H™ () on Z from the trial
space Uz ¢, . It is known that s, can be uniquely defined for positive definite kernels.
Convergence analysis of s, to u* in native space was well studied in [10,32,37]. To
make use of these results in proving convergence of ux v, v;,», we first show that s,
is feasible for the problem (2.7).

LEMMA 2.6. Suppose domain 2 and elliptic operator satisfy the Assumption 2.1.
Let ux v, v, 0 be the discrete solution with exzact Cauchy data and u* € H™(Q)) be the
exact solution. When kernel smoothness m > 1+d/2, the unique interpolant s, of u*
inUz.s,, is a feasible solution for the problem (2.7).

Proof: As s, is the interpolant function of v* in trial space Uz s, , we need only to
prove that it satisfies quadratic inequality constraints in (2.7). First, on the Dirichlet
boundary, one has for m > d/2

i TR i ES ] e

< Cpyy r0llsu — u*|| Lo (o)

—d
SCQvPYO,q>m7Fh7; /2||U*||H”"(Q)7
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with the second inequality from ny, < Cpq (d—1) < Cr T.ovy h O(d D and the last in-
equality from [10, Sec.15.1.2]. On the Neumann boundary, form > 1+ d/2

hy 1050 = gillv < BP0 2100w — D ey
< Ca,py, rll0csu — Ou™|| Lo (o)
m—1—d *
< Ca,py, 00,0 H [ | zrm (02)
by [10, Sec.15.1.2] and inequality ny, < C’pqy(d V< Crpy, h;,l(d_l). Squaring both

sides of these two inequalities and applying ||u* | () < M, the lemma was proved.
O

From the proof of Lemma 2.6, besides the fill distance of trial center Z and upper
bound M of |[u*| gm (), the right hand side value of the inequality constraints in
problem (2.7) also affected by constant C' depends on domain 2, Cauchy boundary
I', and the mesh ratio py,, py, of boundary collocation sets Yj, Y7 and kernel @,,
As the constant cannot be evaluated exactly, we write M= C,pyy.pvy @m0 M.

With Lemma 2.6, we can prove the error of objective functions in LSQI problem
(2.7). Let functional J, : H™ — R be defined as

o 2 2 2 1/2
To (@) i= (*0l3im ey + 10— fI%) (2:8)

The discrete solution ux v, v, » satisfies J, (ux vy, v1,0) < Jo(sy) for its optimal prop-
erty, and for J,(s,), we have

Jo(su) <[[Lsu — fllx + UllsuHHm(Q)
< |[Lsy — Lu*||x + o(|lsu — v || gm@) + |u*]| zm @)

For the interpolant s, by [10, Cor. 18.1], we have in native space Ng s,

HSU - u*”.%\/'g’q)m S ||Su - u*”?\fnycpm + HSUH?\/’Q’@m = ||u*||3\/gﬁq>m

Then by the norm equivalent property of N ¢,, and H™ (1) for kernel ®,,,, we obtain
|50 —u*||zm ) < Ca,e,, |u*||m (o). Error estimation of s, to u* in [25, theorem 2.3]
suggests that for kernel smoothness m > 2 + d/2

L5 — flix < Coap,c¥?ny 2 hE =2 0| gm )-

By inequality nx < C’Qq}d < Capy h)_(d, we can obtain the error estimation for
JG(UX7Y07Y170) as

Jo(ux ve¥1,0) < Cadn £px (0 + h 2 BE=2) [0 [| gm0 - (2.9)

ms

This observation combined with sampling inequalities and Lemma 2.6 allows us to
study the convergence of ux v, v;,0-

THEOREM 2.7. (Convergence of ux v, vi,s) Suppose the domain and elliptic oper-
ators satisfy the Assumption 2.1 and conditional stability in the Proposition 2.3 holds
for the Cauchy problem. Let kernel ® have smoothness order m > 2 + %. The ezxact
solution is denoted as u* € H™(Q). When the regularization parameter is taken as

_4d 2
o* = hythp2 (2.10)
6



convergence results for ux y, v,,o defined in (2.7) hold as:

1 —K
lux,vo,v1,0 — u* ||z aa\ry < CM | log - - - )
0,Y1 (09\T) (h?_ngthn 1 d/2+hg 1/2+h$1 3/2)M2

(2.11)

with the constant C depending on L, 0z, ®m, Q, T, px, py,, and py,.

Proof: Tikhonov regularization parameter o is chosen to ensure the bound-
ness of ||ug, x,v,,v; | Hm (@) Which is necessary for its convergence. Because the reg-
ularization term is contained in the definition of functional J,(us x v,,v;), We have
lluo,x,vo,vi lHm (@) < Jo(tox,vy,v:)/0. From error estimation of J,(us x,v,,v;), We
have

L, o
o, X, vo,v1 | (02) < Cz:,qamﬂ,px;(hxdmh? U2 o) M

< Cﬁ,q)nugypx M,

(2.12)

with o taken as in Eq. (2.10). Then, we consider the convergence of &(u,, x vy, v, —u*).
It contains three terms that represent the L? norm of the difference between Uo, X,Yo,Yi
and u* in the domain, on the Dirichlet Cauchy boundary, and on the Neumann Cauchy
boundary. For simplicity, we consider terms in the domain and on the Cauchy bound-
ary separately. For boundary terms, using sampling inequalities on the boundary in
Proposition 2.4 and inequality a + b < C(a? + 172)1/27 we have

o, x vo.v1 — Gollz2(r) + 1920 x vo.vi — 91 ll22(D)

_ _ 1/2
< Caroe (05w xvovs — 93l13, + b3 1020 x.v0.v: = 713

m—1/2 m—3/2 %
+ (hy, / + hy, [ ve—" ||Hm(n))~

Because ug,x,v,,y; satisfy constraint inequalities in (2.7) and |luc x vo,v; [|rm () is
bounded, we obtain

o, x,v0,va — 9o ll2r) + [|0c%0,x,v5,v7 — 91 |l22(D)

< C<h7anlfd/2 n h?;;:;l/? n h273/2)M,

with C depending on , I', py,, py,, ®m and 0. By sampling inequality in the
domain, we can get

|£us,xv0, = Fllzz@) < Cah¥? (I£usxvam = flix + olltoxvow: = lmo
+ (h;_2_d/2 - 0)+||UU,X,Y0,Y1 - u*”m,ﬂ)v
with (2)4 = max{0,z}. When o takes as in Eq. (2.10), we have (K% >~ ? —5), =0

under the condition hx < hz. Applying the boundness property of |[u} x v, v, [l rm(q)
in Eq. (2.12), for m > 2 4 d/2, we have

d/2 *
Lo x vo w2 — Fllz2) < Cah¥ (Jo (o x vo ) + ollu* | m())
S CQ7(I>77L7£7PX h?72M
7



Then, the convergence of &€(ues, x,v,,v; — ¢*) becomes
E (o xyon —u*) < C(RE 2+ 2 4 n V2 np ™ M, (2.13)

with C depending on €2, ®,,, £, px, I, py,, pv,, and Or.

Substituting estimation for &(us x.v,,y; — ¢*) in Eq. (2.13), boundness of H™
norm of us x,v,,v; to the conditional stability of the Cauchy problem in Eq. (2.3)
results in the convergence of uy x v, y; obtained as in Eq. (2.11). g

From convergence results of the discrete solution with exact Cauchy data in Eq.
(2.11), we can see U, x,v,y, converge to u* at log rate with respect to fill distance
of the trial centers h?_l_dm, boundary collocation sets h;,”_l/Q and h;ll_sp. After
knowing that there is a good approximation in H™ () with exact Cauchy data, we

can now seek a good comparison function in trial spaces with noisy Cauchy data.

2.4. Discrete solution with noisy Cauchy data and error analysis. When
considering Cauchy data with noise, we need only to consider boundary terms. We
denote noisy Cauchy data as gg and ¢ for the Dirichlet and Neumann boundaries,
respectively, and assume noise level A > 0 such that

d—1y .6 d—1) .6 1/2
(hyo Y90 — 93”%0 + hy, Hlgy — QT”%G) <A

With noisy Cauchy data with noise level A contained in the definition of the
solution, similar to the discrete solution in the noise-free case in Definition 2.5, we
can define the solutions with noisy Cauchy data as:

DEFINITION 2.8. The discrete solution u‘;(’yo’yl)a € H™(Q) with noisy data de-
fined as solutions of the following LSQI problem:

) .
UX Yo, Ye,0 = &gf; inf 02”””3%(9) + [|1£v — f||?2(X),
veEUz ,,

st W = gl + B e — g1, < (hFOR + ) AR 4 A%
(2.14)

Unlike the definition in the noise-free case, noise Cauchy data g3 and g¢ are used in
the left side of the inequality constraint, and an additional noise level term is added to
the right side of the inequality constraint. It is easy to show that the discrete solution
in the noise-free case ux,y, v,,o is a feasible solution of problem (2.14). By triangle
inequalities, we have

lux.vo.vi.0 — 90113 < llux.vo.vi.0 — 95113, + 1190 — 951135
and
5 5
10cux vovi,0 — 9113, < 10cuxvovi,0 — 6ill3, + l9? — 91113, -

Since ux,v,,v;,0 satisfies quadratic constraints in definition 2.5, we have proved it to
be a feasible solution of problem (2.14). By the optimal property of u%YO,YhU and
the convergence results of J,(ux vy, v1,0) in Eq. (2.9), we get

J(UESX,YO,YhU) < J(quYO’YLG') < Cﬂ,q)m’ﬁmx (h;(d/2h}li2 + 0>M'
8



Then, we are ready to prove the convergence of the discrete solution with noisy Cauchy
data.

THEOREM 2.9. Suppose the domain and elliptic operators satisfy the Assumption
2.1 and conditional stability in the Proposition 2.8 holds for the Cauchy problem. Let
kernel ® have smoothness order m > 2+ 4 with Theorem 2.7 for U y,.v, 0 holding.
The exact solution is denoted as u* € H™(QQ). When the regularization parameter
takes the value

o=h P hp2, (2.15)

the convergence result for discrete solution u§(1Y07Y170' with noisy Cauchy data is

||u§(,Yg,Y1,a - U*||L°o(aQ\r)
1 —K
(g2 4+ ny =2 2 P+ A)M) ’
(2.16)

<CM <log

with the constant C depending on L, Oz, ®m, Q, T, px, py,, and py,.
Proof: For convergence of u‘; Xy, v, we need to prove the convergence of func-
Ay Lo, 11

tional £(uf x y, y, —u*) and the boundness of [[ul x y, y, [lm,o. We first consider the
boundness condition. From the definition of functional J, in Eq. (2.8), we have

Jo (ug(,ymylﬁ)

5
||’U’X7Y0,Y1,a||m,ﬂ = < Coe,,,c,0x M,

with o as in Eq. (2.15). Next, we analyze the convergence of 5(ug’X’YO’YI —u*). By
applying sampling inequalities on boundary terms and then inserting noisy Cauchy
data g$ and g¢, we get

5 EET _1
||UX,YD,Y1,U - QSHL?(F) < Care,..cCpx (hy(f HUX,YO,Yl,a —gollve + h?ﬁ ZM)

s 5 5 -3
< C(hYOQ (HUX,YO,Yl,U —gollve + 1190 — 96llve) + h?% 2M)7
with C depending on Q, I', ®,,, L, px, and
4 * % 5 * m—%
||8£UJ,X,YU,Y1 - 91||L2(I‘) < C(hY1 ||8£UJ,X,YU,Y1 = gillvy + hY1 M)
% 5 ) ) *
< C(hy? (192ud x v, — 9illv, + llgd = gilIvs)
m_3
+hY,E M),

with C depending on , T', ®,,, £, px, and d;. Combining these two inequalities
and using constraint conditions for u‘; X.vo,y, i definition 2.8, we obtain

5 5
luX vo.vi,0 = 9ollez@y + 10cus vy vr.0 — 91l L2(0)
—1—d/2 —1/2 —3/2
< CﬂyF,‘I’m,ﬁ,nypyo,Pylaa ((h? / + h?g / + hz / )M + A)

In the domain, when o takes values as in Eq. (2.15), by the same argument used in
the proof of the theorem 2.7, the residual has an error estimation as

) d/2 ) *
1£4S 5 vo vy — Fllz2() < Cah¥? (Jo (Wl x vo v,) + ollu* || 5me)
< Ca,a,,c.0x g > M.
9



By combining the error in the domain with that on the Cauchy boundary, the error
estimation for &(u?, Yoy, — U") becomes

EWS x vy, —u*) S C((h 24 a2 4w nET V2 4 hP M+ A). (2.17)

with C depending 2, I', ®,,,, £, px, pvy,, Pvy, and Oz. Substituting estimation in
Eq. (2.17) and the boundness of |[u) x y, y, [lrm(q) to the conditional stability of the
Cauchy problem in Eq. (2.3), the convergence of ug,X,Yo,Yl holds as Eq. (2.16). O

From Theorem 2.9, with an a prior bound to the H™ norm of exact solution
u*, the discrete solution with noisy Cauchy data uiv X,vo,v, converges at log-rate with

respect to noise levels A, the fill distance of trial centers h’;fz, and collocation set
hy:'/* and hy.*/?. After defining the solution for the Cauchy problem (2.1) and

proving its convergence with respect to the exact solution, we can find numerical
methods to solve problem (2.14) in Definition 2.8.

3. Numerical algorithms. In this section, the LSQI problem will first be writ-
ten in matrix form by RBF collocation methods. A numerical solver by combining
GSVD and the Lagrange multiplier method is introduced for the LSQI problem. The
approximated solution u‘; X.vo.y, can be represented by the radial basis function ex-
pansion analogous to that used for scattered data interpolation as

aXYo,Yl Zx\@ ,zj) for z; € Z.

By overdetermined Kansa methods, collocation conditions in the domain ) are im-
posed at set X with elliptic operator £ acting on the collocation matrix as

nx ngz
Lud vy, = 3> NL®(wi,25) = LK(X, Z)\ for z; € X, 2 € Z,
i=1j=1
with A = [A1,...,A\,]T € R"2. By the same argument, we impose collocation

conditions on the Dirichlet and Neumann boundaries at sets Yy and Y7 as

ny mnz

(,Xymyl ZZ/\ iO(y;,2;) = K(Y,Z)\ fory, €Yy, z; € Z,
=1 j=1
and
ny nz
aﬁui,x,yo,yl = ZZAj6£¢(yi7zj) =0, K(Y,2)\ fory, €Y, z; € Z.
i=1 j=1

Furthermore, by the norm equivalence property with native space norm from [37,
Sec.10.1], norm ||u‘; X.Yp,v; llm in the Tikhonov regularization term can be expressed
as

nz ngz
9 x v 70 =D Y NjXi®(zi, 7)) := ATK(Z,Z)A for z;, z € Z.
i=1 j=1
10



Combining the above representations, the problem (2.14) with quadratic constraints
can be written in matrix form as:

arginf [[AX—b|l2 s.t. || BA—d|2 < E, (3.1)

)\ERTLZ
with expressions and sizes for matrices and vectors are

LK(X,Z) - [f (X )} € R(nx+nz)

A= L(K(Z, 7)1

W VP K (Yh, Z)
hie V20, K (1, Z)

E = ((h22m7d72 =+ h2Zm7d>M2 + A2)

:| c R(nx+nz)xnz
’ 0

Bd=/2g8

B = c IR(”YO +nyl)><nz’ d= 3 gO|Y0 c R™o Jrnyl7
hgz 1)/2 s v

e

Nonlinear optimization solvers such as SDPT3 solver in Matlab CVX toolbox
[13,14], and Mosek solver [2] can be used to solve the quadratic constraints quadratic
problem (3.1). Furthermore, a faster algorithm presented in [12] can be modified to
solve problem (3.1) and we introduce it here. First, the problem is simplified using
the GSVD of matrix A and B in problem (3.1). The full GSVD of A and B are

U'AX =Da, V'BX =Dp, U'U=Ilyin,, and V'V =1I, in,., (32)

with the size of each matrix being U € R("xtnz)x(nx+nz) x ¢ Rrzxnz D, e
R(nxtnz)xnz  pp e Rwotnvi)xnz and ¥V e Rwvotnv)x(mvo+nvi) - Matrices Dy

and Dp have representations as:

_Oél 0 0

0 ay 0 61 0 - 0 0
Patlo o et PRI 0

: : . : 0 0 6"Y0+"Y1 0

0 0 - 0 |

After computing the GSVD of matrices A and B in Eq. (3.2), we can convert the
LSQI problem to
|IDpAz —d||s < E,

arginf ||DA7\Z—EH2 s.t.

AzER"Z (3.3)

with Ay = X 'Az € R"z, b=UTb € R** "z and d = VTd € R™ ™. We can
write the problem (3.3) in scaler form as

nz N N nxtnz nyy Ny, N N
arginf Y (auhi —bi)2+ Y b st Y (BiA —d;)’ < E7
AzeR"z T i=ng+1 j=1
with Az = {A1,..., An, }. The minimization without regards to constraints given as

3\" — flf;\z;/ah (673 7é 07
' di/Bi, a; =0.
11



If the above unconstrained solution does not satisfy the constraint, the solution of the
LSQI problem occurs on the boundary of the feasible set. Therefore, we need only
find the solution of the least-squares problem with the equality constraint condition

arginf  |[DaAz —blls st. |[DgAz—d|s = E.
AzeR"z

To solve the above optimization problem, we use the method of Lagrange multipliers.
The Lagrange function is defined as:

h(n,A) = |Dahz = bll3 +n(|DpAz - dll - E).

By making derivatives of h with respect to Xi, 1 = 1,...,nz equal zero, we obtain
the following equation system:

(DEDA +nDLDg)Ay = Db + DEd.

The solution of A can obtained with respect to Lagrange parameter 7 by solving the
above equations system

aigi + 7751‘671'
~ T2 oR2
Ai(n) = gaz +nf;

poE ny, +ny, +1 <1 <ng.
1

s 1§’i§ny0+nyl,

We are left to evaluate the Lagrange parameter 7, which can be obtained by solving
the scaler secular equation:

¢(n) = |Dp(Az(n) — (Dp)~'d)|% = B2

It was shown in [12] that the above scaler secular equation has a unique solution n*
and that it can be obtained by, say, Newton iteration with a Hebden model as in [4].
Finally, the coefficients Az for the LSQI problem (3.1) can evaluated by the relation
Ay = XAy

4. Numerical experiments. In this section, we test the accuracy and efficiency
of the proposed method in Section 3 for solving Cauchy problems by comparing them
with other nonlinear solvers. We study convergence behavior of numerical results
with respect to noise levels and the fill distance of trial centers. By comparing our
numerical results with the MFS and the finite element method (FEM), we further
show the effectiveness of our method.

Noisy Cauchy data are utilized to test the robustness of the algorithm proposed
in Section 3. Cauchy data with noise are generated by the same method as in [31]
and [34]

92 = g + dmax |g}|rand(€) fori=0,1,
yel
where rand(§) is a uniformly random number in [—1, 1] for each component and ¢ is

the level of noise. In all numerical experiments, we compute relative errors over the
domain as

) = Ju* — ui,X,Yo,Yl ||L2(Q)

E.(u
7"( 0,X,Y0,Y1 HU*||L2(Q)

12



and pointwise relative errors on evaluation points as:

lu* (i) — ug,x,yo,yl (4)]

max{|u*[}

E(Ug,x,yo,y1 )(@) =

as in [31] and [34] for the sake of comparison. The unscaled Whittle-Matérn-Sobolev
kernel

O, (z) = |25 Y Ko —aja(||z]|2)  for all z € RY,

satisfying (2.4) is used in all numerical examples, and K, is the Bessel function of the
second kind.

When solving the LSQI problem (2.14) numerically, the value of M , which appears
in the upper bound of the inequality constraint, is required. As its value cannot be
evaluated exactly from Lemma 2.6, we take M = 1 in all numerical tests. Boundary
collocation sets Yy and Y] are given as hy, = hy, and we use hy as a simple notation.
The elliptic operator is chosen to be the Laplacian operator in all examples.

4.1. Robustness of the proposed solver. Besides the LSQI solver introduced
in section 3, other nonlinear solvers can also be applied to problem (3.1). We show
numerical solutions by different solvers in this part. Cauchy data were generated from
exact solutions

u* =23 — 3xy® + e sin(2z) — €Y cos(x).

The problem is solved in the domain Q := [—1,1] x [0, 1] under the Cauchy boundary
I:=00\[-1,1] x {1}. We use hy € {0.07,0.08,0.10}. Regularly distributed trial
centers Z and collocation points X are constructed such that hx = hz = hy. Relative
errors are approximated by using 60? uniform grid. Kernel smoothness is required as
m > 2+ d/2, and we test m € {3,4}. Three nonlinear solvers are used to solve the
quadratic constraint least-squares problems (3.1):

1 LSQI solver introduced in Section 3,

2 SDPTS3 solver in MATLAB CVX toolbox [13,14], and

3 MOSEK [2].
To be consistent with other papers, we use the value of § in Eq. (4.1) to measure noise
and a logarithmically spaced noise level vector § with 10 elements between 107% to
107! is used. L? errors obtained by the three solvers are shown in Figure 4.1. As the
exact same optimization problem is solved by different solvers when kernel smoothness
m and sets X, Z and Y are fixed, the same solutions should be obtained if numerical
errors are ignored. From Figure 4.1, almost identical L? errors are obtained by all
three solvers when the problems are solved with kernel smoothness m = 3. For higher
kernel smoothness m = 4, MOSEK solver failed to solve the problem for some § when
hy € {0.07,0.08}, and SDPT3 solver could not obtain solutions for most tested cases
except for one successful case when hy = 0.10 and ¢ = 10%.

In cases when SPDT3 and MOSEK converged, the three solvers yielded the same

L? errors. When considering CPU times, the LSQI solver was the fastest of the three
under the same problem setting as only a nonlinear scaler equation needs to be solved.
SDPT3 solver consumed the most CPU time. Thus, in the following numerical tests,
we use only the LSQI solver for solving problem (3.1).

13
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Fig. 4.1: L? errors by three nonlinear solvers for example u* = x* — 32y + €Y sin(2z) —
e cos(z) with Cauchy boundary 0Q\[—1,1] x {1}, hy € {0.07,0.08,0.10} and m € {3,4}

4.2. Convergence with respect to § and hz. From Theorem 2.9, numerical
solutions converge to exact solutions with respect to a log-rate of noise levels 9, fill

distances h’Z"_2 and h$73/ % For convergence tests, we use an example with exact
solutions u* := 2% — 3zy® + €% sin(2z) — ¥ cos(x) in domain Q := [—1,1] x [0, 1] under

two kinds of Cauchy boundaries
[y 00\ [-1,1] x {1},
and
Iy :[-1,1] x {0}.

Regularly distributed collocation points and trial centers satisfying hx = hy = hy
are used.

In noise-free case § = 0, Figure 4.2 shows the L? error for m € {3,3.5,4} against
the fill distance of trial centers hz when hy is a logarithmically spaced vector with
8 elements between 1072 and 107%4. Because the ratio of the Cauchy boundary to
the whole boundary influences the convergence behavior, the results of the two tested
Cauchy boundaries are slightly different. For Cauchy boundary I'y, convergence rates
are between 1 and 3 for m € {3,3.5,4}. Slower rates between 0.3 to 1 are observed for
the smaller boundary I's. In both cases, a larger m yields a faster convergence rate.

We use hy € {0.07,0.09} and kernel smoothness m = 4 to test convergence
behavior with respect to 1076 < § < 10~!. Figure 4.3 plots the L? errors of our
reconstructed solutions based on Cauchy boundaries I'y (a) and I's (b). The L? errors
for both Cauchy boundaries first decrease linearly at a rate of 0.5 and then stop at a
rate indicating noise-free accuracy as § approaches zero .

4.3. Comparison with other numerical methods. In this section, we con-
sider two examples with Cauchy data generated from

ul = 2® — 3xy® + %Y sin(2x) — €Y cos(z),
and

uj = cos(wz) cosh(my).
14
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Fig. 4.2: L? error profiles by LSQI solvers for example u* = % —3zy® +e2¥ sin(2z) —e¥ cos(z)
in noisefree case when m € {3,3.5,4}, Cauchy boundary I'1 : 9Q\[-1,1] x [1] (a) and
Ty s [—1,1] x [0] (b)

Ts:[—1,1] x [0]

Iy : 90\[—1,1] x [1]

—+—h,=0.07

—+—h,=0.07
K —%—h,=0.09

—¥—h,=0.09

107 : : 107

106 0% § 107 106 104§ 107

Fig. 4.3: L? errors by LSQI solver for example u* = 2°® — 32y + €% sin(22) — e¥ cos(x) when
hy € {0.07,0.09} , m = 4 and Cauchy boundary I'; : 9Q\[—1,1] x[1] (a) and I's : [—1,1] X [0]

(b)
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The FEM with discrete Tikhonov regularization based on RKHS was applied to both
examples in [34]. The method of fundamental solution combined with Tikhonov
regularization was used to reconstruct solutions in [31]. Figure 4.4 shows the exact
solution in the domain € of 4] and u3. For a fair comparison, we use the same Cauchy
data as in [34] (hy = 0.02) and [31] (hy = 0.024). These two examples are solved in
the domain  := [—1,1] x [0, 1] under two kinds of Cauchy boundaries

00\ [-1,1] x {1},
and
Iy : [—1,1] x {0}.

We first consider the example with exact solution uj. Fill distances of the collo-
cation set and trial centers are taken as hy = hx = 0.06, and the kernel smoothness
is set to m = 4. An L? error comparison of accuracy obtained by our proposed solver
and other numerical methods provided in Table 4.1 for Cauchy boundary I'; and in
Table 4.2 for Cauchy boundary I's. Compared with RKHS in [34], comparable solu-
tions are obtained by our method for all § in both tested Cauchy boundaries. Except
for the noise-free case, the same order of accuracy is obtained by our LSQI solver as
that shown in the results by MFS in [31].

In the other test solution w3, Cauchy data on I'; and I'y are flatter than data on
the missing boundary at [—1,1] x {1}. Importantly, the Neumann data ¢{ remains
zero for all §. These conditions make this example special and harder to solve than the
other example. When we use the LSQI solver in Section 3 to solve the problem (3.1),
the numerical solution may not be as accurate as the others because the Dirichlet and
Neumann boundaries are considered together in inequality constraints in problem
(3.1). To make use of the zero Neumann boundary for all noise levels as the other
two methods did, we consider the Neumann boundary separately by imposing an
equality constraint. Instead of LSQI problem (3.1), we solve the following least-
squares problems with quadratic constraints on the Dirichlet boundary and an equality
constraint on the Neumann boundary (LSQIEC)

arginf  ||AX — b2 (4.1)
AER™Z
s.t. ||Bo)\ — d0||2 < Ey and BjA=d,

with A and b being the same as in Eq. (3.1) and

Bo=h"V2K(Y,Z), By =0.K(Y,Z),

do = hgffl)/zgg Y, di = gy,

Eo=hy "M +60, 60 =02 g5 — gdlly

The equality constraint can be handled by the null space approach in [28]. Unknown
coefficients are expressed as A = Np7y + Bi\d;. For the new unknown vector 7,
substituting the above expression into the objective function and inequality constraint
on the Dirichlet boundary yields the following problem:

arginf ||[ANBy — b+ A(B1\d1)|l2 (4.2)
AER"Z
s.t. HB()NB’Y—CZQ-f—Bo(Bl\dl)”Q < Ej.
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(a)

Fig. 4.4: Exact solutions of two tested examples: u* = 2® — 32y 4 ¢* sin(2z) — eV cos(x)
(a) and u* = cos(wz) cosh(my) (b)

Results for hy = 0.020 | Results for hy = 0.024
1) LSQI RKHS [34] LSQI MFS [31]
0.00 | 0.0014 0.0043 0.0012 1.6 % 10~°
0.01 | 0.0064 0.0106 0.0068 0.0053
0.05 | 0.0170 0.0218 0.0180 0.0167
0.10 | 0.0258 0.0425 0.0287 0.0332

Table 4.1: Relative errors compare of u* = x* — 3xy® 4 €?¥ sin(2z) — e¥ cos(z) when Cauchy
boundary given on 90\ [—1,1] x {1}, hx = hz = 0.06 and m =4

This is again an LSQI problem that can be solved by our solver. For Cauchy boundary
I'y, fill distance as hz = hx = 0.05 and m = 4, we show the L? error by both the LSQI
and LSQIEC solutions in Table 4.3. The accuracy of solution improved for all noise
levels after imposing an equality constraint on the Neumann boundary, especially for
small noise level (6 < 0.01). From the third and fourth columns of Table 4.3, LSQIEC
gives comparable results with those from RKHS. When compared with MFS, we again
obtained better solutions by LSQIEC except in the noise-free case (see the last two
columns of Table 4.3).

Table 4.4 shows the results for Cauchy boundary I's. We use hx = hz = 0.04.
The Sobolev kernel with m = 4 is used for LSQI. For LSQIEC, we show results for
both m = 4 and m = 5. The LSQIEC results are clearly improved over those of
LSQI. Better results were also obtained for large noise levels compared with RKHS
and MFS. For small noise levels, comparable solutions obtained by LSQIEC (m=5)
with other two methods except in noise-free case by MFS.

Figure 4.5 plots the numerical solutions of 6 € {0%,10%} and hy = 0.024 by
LSQI solver recovered from Cauchy boundary I's for uj. Blue points indicate the
exact solution values on the missing boundary 9Q/T. Figure 4.6 are the numerical
solutions of § € {0%,10%}, hy = 0.024 and m = 5 under the Cauchy boundary I's
for u3 obtained by LSQIEC. Although large errors appear on the missing boundary
in both examples, reconstruction solutions can give reasonable approximations of the
overall shape of the exact solutions.

Conclusion. We give both theoretical and numerical studies for kernel-based col-
location methods for inverse Cauchy problems. We use kernels reproducing H™ ()
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Results for hy = 0.020 | Results for hy = 0.024
1 LSQI RKHS [34] LSQI MF'S [31]
0.00 | 0.0690 0.0428 0.0691 86x10 7
0.01 | 0.0769 0.0507 0.0784 0.0696
0.05 | 0.1109 0.2449 0.1144 0.1023
0.10 | 0.1555 0.2797 0.1631 0.1869

Table 4.2: Relative errors for Cauchy problems with uj = 2® — 3zy® + €Y sin(2z) — e¥ cos(x)
and Cauchy boundary [—1,1] x {0}, hx = hz = 0.06 and m =4

Results for hy = 0.020 Results for hy = 0.024
1 LSQI | LSQIEC | RKHS [34] | LSQI | LSQIEC | MFS [31]
0.00 | 0.0181 0.0064 0.0037 0.0126 0.0063 1.5+ 102
0.01 | 0.0188 0.0063 0.0046 0.0129 0.0067 0.0074
0.05 | 0.0208 0.0106 0.0198 0.0155 0.0125 0.0365
0.10 | 0.0223 0.0159 0.0292 0.0175 0.0176 0.0831

Table 4.3: Relative errors compare of u* = cos(wz) cosh(ry) when Cauchy boundary given
on 00\ [-1,1] x {1} for hx = hz =0.05 and m =4

and all analysis is provided in Hilbert space. A solver for LSQI problem by gen-
eralized singular value decomposition of matric and method of Lagrange multiplier
is used to obtain solutions of Cauchy problems. The convergence of the algorithm
respect to noise levels and fill distances of collocations sets and trial set is proved.
For stable reconstruction, we use Tikhonov regularization with a priori choice of the
regularization parameter.

Numerical examples verified our proved convergence results with respect to noise
level and fill distance of trial centers. Robustness of our proposed method to noisy
Cauchy data can be seen when compared with other numerical methods. High accu-
racy results show that the method can be applied to various Cauchy problems.
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