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ABSTRACT

Causal mediation analysis is an effective method for understanding the mechanism between the exposure and the outcome, often

assuming that the mediation model is consistent for each individual in the target population. In practice, however, the natural
indirect effect (NIE) may vary across individuals due to their distinct characteristics. As a result, the population can be partitioned
into subgroups according to the varying sizes of the NIEs. Distinguishing subgroups within the study population enables the
development of more precise and targeted treatment strategies. In this paper, we propose an identifiable mixture mediation model

with latent subgroups for the survival data, where the outcome follows an accelerated failure time model and the mediator is

Gaussian distributed. We further employ three information criteria including the AIC, BIC, and singular BIC (sBIC) to select the

number of subgroups, followed by the expectation-maximization (EM) algorithm to estimate the model parameters and NIEs.
Simulation study shows that the sBIC is the most robust and efficient criterion for selecting the number of subgroups; therefore,
we recommend the sBIC-EM algorithm for practical use. Lastly, we apply our algorithm to the lung cancer data and discover two

latent groups with opposing NIEs.

1 | Introduction

Causal mediation analysis is an effective method for understand-
ing the mechanism between the exposure and the outcome. Since
the seminal paper by Baron and Kenny [1], casual mediation
analysis has undergone continuous development and refinement
by researchers [2-8]. Apart from the theory, causal mediation
analysis has also been widely applied in various fields including,
for example, psychology [9], medicine [10], and economics
[11]. In mediation analysis, it is of great interest to estimate the
natural indirect effect (NIE) of the exposure on the outcome
variable through the mediator. In addition, mediation models
often assume a constant NIE for all individuals; however, this
assumption may not hold due to their distinct characteristics.

Because of this, it is desirable to partition the study population
into subgroups that reflect meaningful heterogeneity. Mean-
while, it is equally important to select the correct subgroups
based on the latent NIEs.

In survival analysis, the outcome variable is the time until an
event occurs. Survival data typically exhibit characteristics such
as non-negativity and skewed distribution. For example, the
survival times of cancer patients are often right-skewed [12-14],
making the normal distribution unsuitable for modeling such
data. In contrast, the Weibull distribution has relatively simple
distribution functions and can accommodate various degrees
of skewness by adjusting its shape parameter. It is also the
only parametric distribution that possesses both a proportional
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hazards representation and an accelerated failure time (AFT)
representation [14]. These favorable properties make the Weibull
distribution a commonly used parametric model in survival anal-
ysis. Furthermore, unlike the normal cumulative distribution
function ®(-) that lacks a closed-form expression and requires
numerical methods for maximum likelihood estimation, the
Weibull distribution has an explicit likelihood function and thus
enables more efficient computation.

Tein and MacKinnon [15] conducted a simulation study to esti-
mate the mediation effects with survival data. They showed that,
for uncensored data, the assumption that the mediation effects
calculated by the product of coefficients method and the differ-
ence in coefficients method are identical also applies to the sur-
vival analysis. Based on the counterfactual framework, Lange
and Hansen [16] analyzed the direct and indirect effects for the
time-to-event data using an additive hazard model. VanderWeele
[17] discussed the different effect decompositions in additive haz-
ard, proportional hazard and AFT models. Since then, causal
mediation analysis has been increasingly applied to survival mod-
els to examine the impact of mediators on patient survival. To
name a few, Huang et al. [18] used the mediation model to dis-
cover the gene expression variables that mediate the influence
of micro-RNA on survival time. Hornung et al. [19] revealed
the common causal mechanisms of RUNX1 point mutations and
RUNX1/RUNX1T1 fusions influencing survival of patients with
acute myeloid leukemia through causal mediation analysis. Cui
et al. [20] proposed a mediation model for survival data when the
mediator variables are high-dimensional. They further applied
this model to 379,330 DNA methylation markers in The Cancer
Genome Atlas (TCGA) lung cancer cohort, and found four methy-
lation sites that mediate the smoking and overall survival among
lung cancer patients.

Heterogeneity refers to the variation in effects across different
populations or subgroups. For example, a drug’s overall effect
often depends on intermediate processes, such as its interaction
with specific genes or proteins. Since individuals differ in these
mediating pathways, the drug’s efficacy can vary among them.
Similarly, in behavioral or social studies, the same intervention
may operate through different mediating processes across groups,
resulting in varied outcomes. This variation in mediation effects
across groups is referred to as heterogeneity of mediation effects.
There are few works for considering the mediation effect with
heterogeneity. Park and Kaplan [21] proposed a fully Bayesian
approach to address the problem of heterogeneous treatment or
mediation effects. Wang et al. [22] proposed the mixture media-
tion model that both outcome and mediator follow the normal
distribution and used the standard expectation-maximization
(EM) algorithm to estimate the heterogeneous mediation effects.
However, survival data often involve censoring, which makes the
analysis more complex but also more realistic. Therefore, ana-
lyzing the heterogeneity in censored survival data is crucial for
advancing personalized treatment strategies and holds signifi-
cant practical value.

The purpose of this paper is to select the number of sub-
groups and estimate their causal mediation effects for survival
data. Based on the linear structure equation model (LSEM)
framework, we assume that the mediator follows the normal

distribution and the outcome follows the log (T')-Weibull dis-
tribution. We then propose a mixture model approach in two
steps. The model parameters of the mediator and outcome can
be estimated using the standard EM algorithm and the EM
gradient algorithm [23, 24], respectively. Inside, the EM gradient
algorithm, which replaces the maximum likelihood estimation
in the M-step with the Newton method, has the global conver-
gence properties similar to the standard EM algorithm. To better
select the number of latent subgroups, we also employ three
information criteria including the Akaike information criterion
(AIC) by Akaike [25, 26], the Bayesian information criterion
(BIC) by Schwarz [27], and the singular Bayesian information
criterion (sBIC) by Drton and Plummer [28].

The remainder of this paper is organized as follows. In Section 2,
we introduce the related definitions, notations, and assump-
tions. We further discuss the identification conditions for
subgroup-specific mediation effects, and propose the mixture
model with latent subgroups in LSEM. In Section 3, we apply the
AIC, BIC and sBIC to select the number of subgroups, and then
use the EM algorithm to estimate the parameters and NIEs. In
Section 4, we conduct the simulation study and provide practical
recommendations. In Section 5, we apply our new method to the
TCGA lung cancer cohort study. Lastly, we conclude the paper in
Section 6 with discussion and future work.

2 | Causal Mediation Analysis for Survival
Model
2.1 | Symbols and Assumptions

For a random sample D= (D,,...,D,), we assume that
each individuals D, = (4, Ml-,Y,-,X,.T)T (i=1,...,n) is mutu-
ally independent, where Y; is the continuous outcome, M, is
the continuous mediator, X, is the p-dimensional measured
pre-exposure confounders, and 4; is the exposure of interest (A =

a/a*). The survival model can be expressed as

M; =y, +744; +y)T(X,. +¢&,
Y, = o+ BaA; + By M, +ﬁ§Xi +&;,

where Y; = log(T;), T; is the survival time of each individual, ¢, is
a random variable following an extreme value distribution, and
&, follows a normal distribution.

In causal analysis, the value a of an exposure variable A
denotes the actual observed exposure level of a study subject
in the real-world scenario, while the counterfactual value a*
represents the hypothetical alternative exposure level that the
same subject would have been exposed to if the real expo-
sure condition were replaced by a contrasting counterfactual
scenario.

In the potential outcome framework [29, 30], we need to specify
some necessary assumptions in order to calculate the causal
effect on the unit level. First, the consistency assumption is
that, for the ith unit, M,(a) denotes the potential value of the
mediator with the treatment value A = a, and Y;(a, m) denotes
the potential outcome with the treatment value A; = @ and the
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mediator value M; = m. That is, M; = M,(a) when A, = g; and
Y, = Y,(a,m) when A; = a and M, = m. Second, we assume that
there are no unmeasured post-treatment confounders; that is,
Mya) LA;| X,,Y(a,m) L M;| (A;,X,;),andY;(a,m) L A, | X,.
Third, the cross-world independence assumption states
that there is no association between the counterfactual
outcomes under different exposure levels; that is, M;(a) L
Y;(a*,m) | X,. Consequently, with the NIE for unit i becomes
identifiable, the detailed derivation process being provided in

Appendix A,

NIE(a, a*) = E{log(T(a, M (a)))}

— E{log(T(a, M(a")))} = Ppvala—a*).

2.2 | Linear Structural Equation Model With
Latent Subgroup

In this section, we apply the linear structural equation model
(LSEM) to account for the latent subgroup structure for the sur-
vival data. We assume that the population can be divided into
K unknown subgroups, and =, is the positive probability of
the kth subgroup for k =1, ..., K with Z,’;lﬂk = 1. For each
unit i, let G, represent the membership of the latent subgroup
that is distributed as Pr(G, = k) = z, for k =1, ..., K. More-
over, we assume that the mixing proportions are constant and do
not depend on the other variables, yielding the linear structural
equations with multiple subgroups as

T
M; =7vo6, + Va6 A +rxgXi+en

Y, =bog, + PacAi +BPucM;+ ﬁ;a‘ X+ &y, (€Y

~ 2 ~ L y_ y
wheree;; ~ N <0, GLG’),62[ p— eXp(trz.a, exp<6m_>>,and

€1; L &, for 1 <i < n. In other words, the mixture model in (1)
consists of two regression models, one is the linear model and the
other is the AFT model. Also for illustration, Figure 1 provides
the graphics of the causal mediation analysis with two latent sub-
groups. And lastly, the conditional probability density functions
of M, and Y are given as

M; —vo6, —YaGAi— YJT( ¢ Xi
f(;i(M,'|A,',X,')=¢< — s

01,G;

026

i

fo, (YA, M, X;) Lw<yi_ﬁ0’c‘_ﬂA’G"A"_ﬂM*Gl’M"_ﬂ;,G,va>
G \LilAj My, &) = ’

where ¢(-) is the standard normal distribution and LW(.) is the
probability density functions of the log-Weibull (also known as

Gumbel) distribution, LW(u, 6) = i exp( % - exp( % ) )

2.3 | Model With Right-Censored Data

In reality, we may not be able to observe the occurrence of
all events due to reasons such as limited follow-up time or
patients dropping out midway. If we do not know when the event
occurred, the data will be censored. We denote that T is the sur-
vival time, C is the censored time, and ¢ is a status variable where
8 = 1 (6 = 0) denotes that we (do not) observe the survival time.

FIGURE1 |
geneous mediation effect model with K = 2 subgroups, where 7, and 7,

Causal directed acyclic graph (DAG) diagrams of hetero-

represent the proportions of the two subgroups. In addition, y,; is the
effect of A on M, yy , is the effect of X on M, §, , is the direct effect of A
onY, fi,, is the effect of M on Y, iy, is the effect of X on Y, and y, ,,
Yx.2> Bazs P2 Px 2 are defined similarly in subgroup 2.

The outcome variable is Y = min{7T,C} with PH(T,6 = 1) = f(¢)
and Pr(T,é6 = 0) = S(t), where S(T') = Pr(T > t) is the survival
function.

Taking the most common right-censoring scenario as an
example, for the ith observation, the likelihood function
is given as L; = [f(y,.)]ﬁ’ [S(yl.)]l_b’. Given the n indepen-
dent observations {(Y.6;)}"_,, the likelihood function is L =
I, [/ (yi)](s’ [S(yi)]lfﬁ’. Following Kalbfleisch and Prentice
[31], the likelihood function for the AFT model is

b= ,lj[fy(yi)]ﬁi [Sy (7))

[eo(2 e ) oo 22

I

Therefore, for the right-censored survival data, we have

Y, = bog, = PagAi = PugM; — ﬂ§4’GiXi )

02.G;

i

fG,v (YilAi’Mi’Xi) = LW*(

where LW*(u, 0) = [% eXP(% - eXP( =t ) )] ’ [eXp<_ eXp(y__M ) )] .

o

2.4 | Effect and Model Identification

Because of the mediation effect heterogeneity, we need to identify
the average NIE for each of the K subgroups. The group-specific
sequential ignorability assumptions [32] are as follows:

{Yi(a,m), My(a")} L A;| G, =k, X, =x,,
Yi(@,m) L M;(a) | G, =k,A;, =a, X, =x,,

where G, = k indicates that the ith individual comes from the kth
subgroup. In addition, in the presence of censored data, the prod-
uct method remains valid under standard assumptions, while the
difference method may produce biased estimates [15, 33]. Thus,
we can compute the average NIE for the kth subgroup by the for-
mula NIE; = B/ 74

Denote .Y, T = (T, ...,Tn)T, A=
(A, ...,A)", M= (M,,...,M,)", and X = (X, ..., X,)".
Based on the conditional probability density functions of M,

Y=(1,...v),
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and Y, the conditional probability density function of the study
population given (4, X) is given as

K
f(Y,M|A,X,0)= Zﬂkfk(Y,MlA,X, a), 2)
k=1

where fk(Yi7Mi|Ai’Xi7ak) = fk(Mi|Ai’Xi)fk(Yi|Ai7Mi’Xi)
is the conditional probability density function of the k th

subgroup, aj = (Y{uBZ) with  y] = (70,k77’A,k,7)T(,k,0'1,k)
T

and g7 = (ﬂoqk,ﬂA,k,ﬁM’k,ﬁ;k,azsk), x=(m,...,nc)", and

0= (mal, ...,aIT()T. Lastly, by Huang and Yao [34] and Wang

et al. [22], we have the following model identifiability property.

Proposition 1. Model (1) is identifiable up to a permutation of
the group labels if the sequence of the parameter vector {a }I L is
different from each other.

3 | Estimation Methods

3.1 | Estimation viathe EM Algorithm

Given the number of subgroups K, we apply the EM
algorithm [35] to estimate the parameter vector € in model
(2). The EM algorithm is one of the most influential algorithms
in statistics, which estimates the parameters by introducing the
latent variable. Nevertheless, the standard EM algorithm may
not be applicable to the AFT model due to the frequent failure
of the maximum likelihood method. To overcome the problem,
we further apply the Newton method in Lange [23] to replace
the maximum likelihood method in the M-step for the AFT
model. Let also the binary latent variables z,, = I [G; = k| with
E|z;,| = m; for k=1, ...,K, which satisfies z;, € {0,1} and
Zlez,-’k =1fori =1, ...,n The complete data log-likelihood is
then given as

3

(_:\
I
DM~

z;, log [”kfk(Yi’MilAi’X[;ak)]' 3

i=1

=~
]

1

3.11 | E-Step

The E-step of the EM algorithm is to compute the expectation of
(3) for obtaining the Q-function. More specifically, by letting m be
the current number of the iteration and 8™ be the mth iterated
estimation, we have

0(6;6™) = E[¢,.(0)|D; 6™)]

n K

= ZE[Zi,k|D;9(M)] log [”kfk(YﬂMilAi’Xi;ak)]
i=1 k=1
n K

= 3 2 log 1, £ (Y M| AL X @, )], @
i=1 k=1

where

(m)fk< i MilAi’Xi;aE:n))
2D = (5)
S (Y MIAL X e )

is the posterior probability of the ith observation from the kth
subgroup. Consequently, we can assign each individual to its
most likely subgroup by comparing the size of this value in each
subgroup.

31.2 | M-Step

The M-step of the EM algorithm is to get the estimates of param-
eters by maximizing the Q-function in (4). Let

K
0(6:6™) = 0, (m;6™) + ZQZ,k(ak; o),
k=1
where
n K
0, (m;0) = Zz "D og 1, (6)

i=1k=1

K
0y (@ 0™) = 320 1og [ 1, (Y Mi1A, X o )| ()
k=1

Moreover, we can decompose (7) as follows:

n
Oy (@:6™) = ¥z log [fk(Y,-, M,-IA,-,X,-;aiM)ﬂ
i=1

(M) + f(m)7

where

n

1(,”) _ ZZETD log [¢(M |Al,X,,y2’">>], 8)

i=1

n
(m) (m+1) *
= Y log [LW (Y14, M,

x:8")]  ©

Recall that the MLE for B, cannot be obtained in closed
form due to the complexity of the log-likelihood under
the log-Weibull distribution. As an alternative, we use the
Newton-Raphson method to numerically maximize the like-
lihood [23]. For the estimation of y,, however, we continue
to use the maximum likelihood method. Consequently, it
yields that

( (m+1) _(m+1) (m+1)) (X P('”H)X)_lf(TP('"H)M
P s

ok Vak Txk

n _(m+1) (m) m) T, (m)
X% (M 7’0k_7A A - X, yxk)

(m+1)
2 —
(Ul‘k) -

)yl 1Zf"k1>
(m+1) _ T 1152“)
‘ Zk 121 1Z(M)
ﬂ(m+1) (m) [V / (ﬁ(m) )] (ﬁ('") )
where 1=q@,...,D7, =(1, A, X), Pim+1) _

d1ag< AR Ak ) and ﬂ(') is the parameters for the

kth subgroup in the tth iteration. In addition, Vf and V2f
represent the gradient and the Hessian matrix with respect to the
parameters of f, respectively.
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3.2 | Determining the Number of Latent
Subgroups by Information Criterion

Since the subgroup selection can be considered as a model selec-
tion problem, we thus apply three commonly used information
criteria, including AIC, BIC, and sBIC, to select the number of
subgroups. For AIC and BIC, we have:

Ky = arg min AIC(K) = arg mlgn{—zlog L +22p+7)},

Ry = arg mKin BIC(K) = arg mKin{—Z log Ly + (2p+ 7)logn},

where Ly is the likelihood function when K is the number of
subgroups, p is the dimension of the pretreatment confounders
X, and n is the size of the study population.

Next, to solve the singularity problem of the Fisher information
matrix for the mixture models, we further apply the sBIC to select
the optimal number of the latent subgroups [28]. More specifi-
cally, the sBIC is defined as follows:

SBIC(K) =log(L'(K)), KelI={12, ....K}.

where { L'(K)|K € I} is the positive and unique solution to the
equation

3 {L’(K) - L/KJ}L’(J) -0, Kel,
1<J<K

in which L} ; = T [Zk=1ﬁkfk(Yi’Mi|Ai’Xi;ak)]n_/l'“ and
(% @,) are the EM estimates when the number of subgroups
is fixed at K. Following Drton and Plummer [28], we let

ALGORITHM1 | ThesBIC-EM algorithm.

Agg = %{K(7 + 2p) + J — 1}, which then yields the solution of

L'(K) as
, 1
L'(K) = §<—BK+\/B§(+4CK>, (10)

where By = L,K,K +Y,xL'(J) and Cx =3, & L’K’JL’(J).
Finally, by the sBIC, the optimal K can be specified as

K= arg mI?x sBIC(K).

Moreover, by Drton and Plummer [28] and Wang et al. [22], we
have Pr(f = KO> — lasn — oo under some regular conditions,
where K|, is the true number of the latent subgroups.

3.3 | ThesBIC-EM Algorithm

To conclude, each of the information criteria in Section 3.2 can
be used to select the number of subgroups. Yet to explore which
criterion performs the best, we will conduct a simulation study
in Section 4 and show that the sBIC is among the most effec-
tive towards the target. We thus recommend using the sBIC-EM
algorithm in practical applications.

To describe in more detail, the proposed sBIC-EM algorithm can
be summarized into two steps. First, for a candidate set of K, we
apply the EM algorithm to estimate the parameters and compute
the value of the sBIC. Second, we choose the optimal K by maxi-
mizing the sBIC, and then assign each individual to one subgroup
based on the largest posterior probability in (5). Besides, after
the selection of K, the nonparametric bootstrap [36] will also be
employed to obtain the standard errors and confidence intervals
for testing the NIEs. We summarize the sBIC-EM algorithm as
Algorithm (1).

Input: D;, the ith observation sample; n, the sample size; K4, a
prespecified upper bound for K; 4, the tolerance level; p, the

dimension of X;.

Output: K, the selected number of subgroups: (g, Qg), the
estimated parameters of the kth subgroup model.

for K=1, 2, ..., K4 do

[

2 initialize Z(© and 7(©;
s | while (|o"" —7{™| > § and || — a!™||, > §) do
4 (E-step) compute zi(j,?ﬂ) according to (5);
5 (M-step) update W](Cm_H) by maximizing (6); for
a,(CmH) = (‘)’%jl)y E\%l)), update 'y%jl) by maximizing (8)

end

Return the final EM estimates, denoted as
{(FrrsGrr) [ 1< k< K}

Compute L'(K) based on (10);

Return sBIC(K);

10 end

11 Return K = arg max;<x<x,,,, sBIC(K) and
{(FrgrGi) | 1<k <K}

and ,8%}?,:1) by maximizing (9) for 1 < k < K;
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TABLE1 | The model parameters for the four cases in the simulation study.

Case k Ty (70,k’ 7A,k) (ﬁﬂ,k’ Bajs ﬁM,k) (Gl,k’ Gz,k) NIE, = ¥4 4Bumx

I 1 0.5 (1,0.5) (0.6, -1, 0.5) (1.2,1.2) 0.25
2 0.5 (-1.2,0.5) (-0.7,1.8,1) (0.8,1.5) 0.5

I 1 0.4 (0,0.5) (0.5,0.5,-1) 1,1 -0.5
2 0.6 (0,0.5) (0.5,1,1.5) (0.8,1.2) 0.75

III 1 0.3 (1,0.5) (-0.8, —-0.7, —0.8) (0.6, 0.6) -0.4
2 0.4 (0.2,0.2) (0.3,0.5,0) (0.4,0.7) 0
3 0.3 (0.5,0.8) (1.2,0.7,1) (0.5,0.6) 0.8

v 1 0.3 (1,0.5) (0,-0.8,0.4) (0.4,0.5) 0.2
2 0.4 (0.2,0) (-0.3,0.4,0) (0.3,0.6) 0
3 0.3 (0.5,0.8) (1,0.8,0.5) (0.6,0.3) 0.4

4 | Simulation Study

41 | Simulation Setup

There are two main tasks when classifying and selecting the
potential subgroups of the research population: one is to deter-
mine the number of subgroups, and the other is to calculate the
NIEs of subgroups. In this section, we conduct simulations to
investigate whether the proposed method can effectively accom-
plish the above objectives. More specifically, we will identify the
best criterion for selecting the correct number of subgroups, and
meanwhile assess the accuracy of the EM algorithm in estimating
the NIEs.

Fork =1, ..., Ko, we generate (A, M,,Y,, X,) fornY " 'm < i <

nY)_ m with A, ~ N(0,1), X, ~ N(1,4) and

M; =vos +7akAi + Vx i Xi + €1
Y = Box + BaxAi + BurpM; + Bx i X; + €5

where e, ~ N(0,0,,), &5 ~ ai exp(UL - exp(%)), and that
they are independent of each other. Our simulations consider
four different cases under two scenarios (uncensored data and
15% right censored rate). In Case I, the model consists of K, = 2
subgroups with equal probability, in which both subgroups have
positive but different NIEs (0.25 vs. 0.5). In Case II, there are also
K, = 2 subgroups, but with unequal probabilities and opposite
direction for the two NIEs. In Case III, there are K, = 3 sub-
groups with unequal probabilities, and the NIEs in subgroups
are negative, null and positive, respectively. In Case IV, there are
also K, = 3 subgroups with unequal probabilities, but the NIEs in
subgroups are positive, null and positive, respectively. For more
specific settings of the four cases, see Table 1.

4.2 | Simulation Results

We generate 1000 datasets with n = 100, 300, or 500 for each case.
ForeachK € {1, LK+ 1}, we apply the EM algorithm to esti-
mate the regression parameters, calculate the NIE estimate, and
select the optimal subgroup number. For uncensored data, we
apply the AIC, BIC and sBIC to select the optimal number of sub-
groups K, ,, and report the proportions of their correctly selected

pL>
number, that is, Kope = Ko, in Figure 2. Based on the simulation

results, it is evident that the AIC does not provide a comparable
performance for the first two cases with K, =2, and the BIC
fails to work in most cases. In contrast, the sBIC can effectively
select the number of subgroups across all four cases, and its per-
formance gets even better as the sample size n increases. Taken
together, we recommend the sBIC for selecting the number of
subgroups.

With the correctly selected number of subgroups we obtaln the
parameter estimates including 7, 7, . ﬂMk, and 7, kﬁMk To
assess estimation accuracy, we report their averaged bias and
standard error (within parentheses) in Table 2. As a whole,
most parameter estimates are stable with relatively small bias
and standard error. As the sample size increases, the estimation
accuracy becomes further improved. To conclude, the proposed
SBIC-EM algorithm provides a high accuracy for the mediation
effect estimation.

Lastly, for censored data, the simulation results are similar to
those obtained from uncensored data, with most parameter esti-
mates remaining stable with relatively small bias and standard
errors. The main difference is that the estimates from uncensored
data exhibit smaller bias and variability than those derived from
censored data. To save space, we have presented the results for
subgroup selection and parameter estimation in Appendix B.

5 | Application

Cancer is the most common type of malignant tumor consisting
of three stages: initiation, promotion, and progression. Its onset
is a complex process with multiple factors and steps, which are
closely related to genetic factors, smoking, occupational expo-
sure, environmental pollution, and unreasonable diets. With the
development of industrialization and the aggravation of environ-
mental pollution, the incidence rate of lung cancer has increased
rapidly and has become the first cause of cancer death in the
world. Nowadays, smoking may be a significant risk factor for
inducing lung cancer. Long-term smoking may lead to the occur-
rence of lung squamous cell carcinoma.

The Cancer Genome Atlas (TCGA) was launched by the National
Cancer Institute and the National Institute of Human Genome
Research in 2006. This project collects and collates relevant
clinical data of various cancers, including lung cancer, breast
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represent the sample sizes from 100 to 500, respectively.

cancer, and other cancers. This project has greatly improved the
level of the understanding, research, and prevention of cancer
for cancer researchers. Among them, the study of the TCGA lung
cancer cohort involves DNA methylation data (907 samples mea-
sured by the Illumina Infinium Human Method450 platform),
phenotype data (1299 samples), and survival data (1145 samples)
of lung squamous cell carcinoma and lung adenocarcinoma,
including patient smoking status, survival time, gender, age,
DNA methylation CpG site # values, and other related informa-
tion, which helps to further study the relevant content of lung
cancer. In order to determine whether smoking affects DNA
methylation leading to lung cancer, Cui et al. [20] analyzed the
complete data from 833 patients in the TCGA lung cancer cohort,
including squamous cell carcinoma and adenocarcinoma, and
found that multiple DNA methylation CpG sites (cgl19757631,
cg08636115, cg05147638, and cg24720672) have an impact on
the causal pathway of smoking status on the survival risk of
lung cancer patients. Among the four DNA methylation CpG
sites mentioned above, the previous study [2] has found that
cgl9757631 is a related mediator in the causal pathway from
smoking to lung cancer and has a negative impact on patients.

()
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The proportions of correctly selected number based on 1000 simulations for the four cases without censored time, where (a) to (c)

Thus, we choose the CpG site cg19757631 as the mediator in the
following mediation analysis.

We apply our proposed sBIC-EM algorithm to reanalyze these
cancer data for investigating the potential number of subgroups
and estimating the NIE of each subgroup. Specially, we focus on
the 343 dead patients without censored data. This results in the
mediation model as follows:

M=yo+yAA+y,T(X+el,
Y =By + A+ By M + 3 X +é,,

where the exposure A is the smoking status of patients
(smoking = 1, nosmoking = 0), the covariates X are the patient’s
gender and age, the outcome Y is the survival time in years, and
the mediator is the CpG site cg19757631.

As shown in Figure 3, the number of latent subgroups for the
CpG site cg19757631 is 2 using the sBIC method. We set K =2
and apply the nonparametric bootstrap to construct the interval
estimates for the NIE. The resampling is done with 1000 times
replacement for confidence interval. The two latent subgroups
have different NIE sizes: —0.14 (95% CI [-3.80,0.36]) and 0.31
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TABLE 2 | The averaged bias and standard error (within parentheses) for the estimates of the model parameters based on 1000 simulations by the

sBIC-EM algorithm with no censored time.

Case n k bias(7,) bias(7,,) bias(ﬁAM’k) bias(?A,kﬁAM’k)
I 100 1 —0.010 (0.087) —0.068 (0.277) —0.003 (0.559) —0.092 (0.544)
2 0.010 (0.087) 0.072 (0.213) 0.029 (0.523) 0.066 (0.321)
300 1 0.000 (0.038) —0.017 (0.117) 0.001 (0.124) —0.010 (0.078)
2 0.000 (0.038) 0.008 (0.089) —0.009 (0.206) 0.000 (0.121)
500 1 0.000 (0.022) —0.004 (0.088) —0.004 (0.080) —0.004 (0.060)
2 0.000 (0.022) 0.005 (0.064) —0.004 (0.148) 0.002 (0.093)
II 100 1 0.016 (0.104) 0.002 (0.220) —0.052 (0.563) —0.049 (0.413)
2 —0.016 (0.104) 0.007 (0.146) —0.092 (0.404) 0.084 (0.303)
300 1 0.002 (0.035) —0.009 (0.106) 0.006 (0.160) 0.011 (0.132)
2 —0.002 (0.035) 0.000 (0.073) —0.008 (0.164) —0.003 (0.127)
500 1 0.001 (0.023) 0.005 (0.080) 0.000 (0.085) —0.004 (0.089)
2 —0.001 (0.023) 0.001 (0.052) 0.000 (0.101) 0.002 (0.092)
III 100 1 0.041 (0.141) —0.036 (0.226) —0.126 (1.067) —0.201 (0.299)
2 —0.021 (0.127) 0.083 (0.227) 0.163 (0.921) 0.080 (0.354)
3 —0.020 (0.087) —0.064 (0.188) 0.228 (2.600) 0.303 (2.720)
300 1 0.024 (0.090) —0.039 (0.089) —0.026 (0.224) 0.026 (0.091)
2 —0.017 (0.072) 0.043 (0.160) 0.082 (0.338) 0.044 (0.174)
3 —0.007 (0.049) —0.003 (0.100) 0.039 (0.400) 0.023 (0.283)
500 1 0.017 (0.086) —0.016 (0.081) —0.086 (0.925) —0.038 (0.661)
2 —0.011 (0.071) 0.033(0.133) 0.035 (0.281) 0.027 (0.141)
3 —0.006 (0.037) —0.015 (0.071) 0.057 (0.671) 0.001 (0.127)
v 100 1 0.044 (0.112) —0.024 (0.261) —0.044 (0.654) —0.028 (0.209)
2 —0.029 (0.112) 0.199 (0.285) —0.193 (0.678) —0.081 (0.185)
3 —0.015 (0.073) —0.064 (0.225) —0.047 (0.499) 0.029 (0.320)
300 1 0.006 (0.042) —0.027 (0.145) 0.003 (0.322) 0.003 (0.116)
2 —0.007 (0.069) 0.052 (0.179) —0.047 (0.334) —0.018 (0.114)
3 0.000 (0.042) —0.024 (0.125) —0.004 (0.117) —0.015 (0.110)
500 1 0.005 (0.047) —0.005 (0.052) 0.000 (0.156) 0.000 (0.020)
2 0.001 (0.032) 0.005 (0.066) —0.002 (0.252) 0.000 (0.078)
3 —0.006 (0.027) —0.020 (0.074) 0.018 (0.101) —0.002 (0.056)
(95% C1[—0.07,20.87]), with the mixing proportions 74% and 26%, sBIC
respectively. Our study has the similar findings with Bakulski 1170
et al. [2] and Cui et al. [20]: in the causal pathway through which g0
smoking affects patients’ survival, gene site cg19757631 as the 0 oo

mediator exerts a negative impact. Nevertheless, we further note
that the gene site as the mediator does not necessarily play an
entirely negative role in all populations. We expect that this new
result can help researchers to conduct reasonable prevention
based on the characteristics of different populations in the future,
as well as provide targeted treatment for different lung cancer
patients.

We also analyze the censored data in Appendix C. The selected
number of latent subgroups remains 2, which is the same as
that for uncensored data. The two corresponding NIEs are
—0.14 (95% CI [-3.92,-0.02]) and 0.18 (95% CI [-0.12,22.16]),
with the mixing proportions 72% and 28%, respectively. This
demonstrates that including censored data does not alter the
overall conclusions.

-1200

-1210

2
Number of subroups K

FIGURE3 | ThesBIC forthe DNA methylation CpG sites cg19757631
which is maximized at K = 2.

6 | Discussion and Conclusion

In medical research, the outcomes of interest for survival data
include, for example, death and disease recurrence. It is often
desired to understand the causal mechanism of the occurrence of
these unpleasant events and find the mediators that mediate the
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treatment and the outcome. Note, however, that the same treat-
ment may have different or even opposite causal effects on differ-
ent units due to their unique characteristics. This is known as a
heterogeneity problem for mediation analysis. Distinguishing dif-
ferent subgroups according to the mediation effect heterogeneity
can avoid producing inconsistent effects and help units select the
optimal strategy and treatment.

In this paper, we apply a mixture model to study the target
population which consists of two regression models: one is the
Gaussian model and the other is the AFT model. We first prove
that this mixture model with potential subgroups is identifiable,
and then develop the sBIC-EM algorithm to select the number
of subgroups and estimate the heterogeneous causal mediation
effects. More specifically, our new algorithm consists of two main
steps. On one hand, considering that the number of subgroups is
unknown, we compare three information criteria AIC, BIC and
sBIC and conclude that the sBIC is the best to select the latent
subgroups. On the other hand, to estimate the causal mediation
of each subgroup, we use the classic EM algorithm to estimate the
parameters of the Gaussian model and then use the EM gradient
algorithm to estimate the parameters of the AFT model. Simu-
lation studies show that our newly proposed sBIC-EM algorithm
works robustly, and the effectiveness of our algorithm is con-
firmed. In addition, the real application to the TCGA data also
shows that our proposed method can effectively distinguish the
latent subgroups in survival data and estimate the corresponding
causal mediation effect in the absence of censored data. This is
of great significance in the medical studies for better targeted
treatment of cancer patients with different characteristics.

Our study is general and can be readily applied to other models.
For illustration, we take the AFT model as an example,

log(T) = By + BoA + By M + By X +e,

where T can follow a logistic distribution, a normal distribution,
or other distributions. When T follows the logistic distribution,
by letting Y = log(T'), we have

= Len(ZZ2) 1 on{222))’
Sy(y) = 1/(1 +exp<yTT#)>.

The log-logistic model is the only parametric model with both a
proportional odds (PO) and an AFT representation. This enables
it not only to serve as an alternative to the Weibull distribution in
AFT models but also to play a unique role in PO models.

Another extension is from the univariate case to the multivariate
case with multiple treatments and mediators [20, 37]. Taking the
two-dimensional case as an example, by letting A; = (A,;, A,;)
and M; = (My;, M,;) with a total of K latent subgroups, the
regression equations are as follows:

T T

Mli = 71,Gi + YAJ’G’,A;' + yX,l,G,Xi + €5,
T T

M, = V2.6, t YA,Z,G,AI' + YX’2,G‘X1 + &>

T T T
Y, = oG, + ﬂA’G’A,. +ﬂM,G,.Mi + ﬂx,a,Xi + &3,

2 2
where ¢, ~ N(O, O'LG,>, £y ~ N<O, ‘72,0[>’ and &y ~

1

fori=1,...,nand k=1, ..., K.

93,G;

The conditional density function of (M, Y) given A is

1 y y
ex —exp| —
03.G; P ( 03.G; P ( >

K
F(MY|A) = Y 7, f(M,Y|A),

k=1

where Zf=1”k =1and

M, - g, _7’210‘4" _y)TflGX"
fk(M,Y|A)=¢<
01,6,
s My - 726, — 75,2,0,.Ai - y;VZ,G,X"
02,6,

03,6,

i

Y, - ﬂO,G,v - ﬁg,c A - ﬁTM,G M; - ﬁ)T(,G X;
Lw - - : .

These extensions may warrant further research.
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Appendix A
The Identifiability of the NIE

For the ith unit, M;(a) denotes the potential value of the mediator with the
treatment value A = a, and Y;(a, m) denotes the potential outcome with
the treatment value A; = a and the mediator value M; = m. For exposure
A, a is the exposure value and a* is the counterfactual exposure value
(a # a*). The group-specific sequential ignorability assumptions [32] are
as follows,

{Yi(a,m), Mya")} L A, |G, =k, X, =x,,
Y,(a*,m) L M;(a) | G, =k, A, = a, X, = x,,

where G; = k indicates that the ith individual comes from the kth sub-
group. Under these assumptions, the average NIE for each of the K
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subgroups is identified. We consider the general mediation model as
follows,

M; =y, + 1A + y;(,kxi + €

1
Y, =10g(T;) = fos + BasA; + BaracM; + ﬁ;,kxi o
2k

)

2 Y Y
where £~ N(O, "1,k)’ £y ~ exp(; - exp(a ey;ley,

P(G,=k)=m,withk=1,...,Kand1<i < n. Then

E{logT(a, M@} = ¥ E{log(T|(a, m) f(mla*, 2)
= Posc+ Pasa+ By EMIa) + B 3+ ——ey
2,k

£5;.

1
= Pox + Paxa+ Pra¥and + +ﬂ;,kxi t
2k

which gives the following result:
NIE, = E{log(T(a, M(a)))} — E{log(T(a, M(a*)))}

= Pyi¥axla—a").

For binary A with @ = 1 and a* = 0, we have NIE, = fy; ;74
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represent the sample sizes from 100 to 500, respectively.
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Appendix B
The Additive Simulation Results

We provide the additive simulation results on censored data designed
in Section 4.1. Figure B1 shows the proportions of the correctly selected
subgroup number using the AIC, BIC and sBIC. Overall, the selection pro-
portion for censored data is lower than those of uncensored data. Similar
to the conclusion of uncensored data in Section 4.2, we have the similar
findings: the AIC does not provide a comparable performance for the first
two cases with K, = 2, the BIC fails to work in most cases, only the sBIC
can effectively select the number of subgroups across all four case, and its
performance gets even better as the sample size n increases.

The results of the parameter estimates are reported in Table B1 including
Tpr T aser B\M,k, and 7, EM,,(. Overall, estimates from censored data exhibit
bigger bias and variability than those derived from uncensored data. Simi-
lar to the conclusion of uncensored data in Section 4.2, we have the similar
findings. Most of the parameter estimates remain stable with relatively
small bias and standard error. The estimation can be further improved as
the sample size increases.

In addition, the estimation accuracy for mediation effect is a focus
point. We present the variation trend of the estimation averaged bias in
Figure B2 for uncensored data and in Figure B3 for censored data, which
shows a monotonic downward trend as the sample size increases.
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The proportions of correctly selected number based on 1000 simulations for the four cases with 15% censoring rate, where (a—c)
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TABLE Bl | The averaged bias and standard error (within parentheses) for the estimates of the model parameters based on 1000 simulations by the
sBIC-EM algorithm with 15% censoring rate.

Case n k bias(7,) bias(7,,) bias(ﬁM,k> bias(’};A,kﬁM,k>
I 100 1 —0.010 (0.086) —0.059 (0.253) —0.006 (0.378) —0.059 (0.186)
2 0.010 (0.086) 0.054 (0.215) 0.082 (0.546) 0.085 (0.377)
300 1 —0.003 (0.035) —0.010(0.123) 0.000 (0.133) —0.008 (0.082)
2 0.003 (0.035) 0.009 (0.085) —0.008 (0.241) 0.002 (0.139)
500 1 —0.002 (0.023) —0.003 (0.087) 0.003 (0.089) —0.001 (0.060)
2 0.002 (0.023) 0.000 (0.062) 0.006 (0.175) 0.001 (0.100)
II 100 1 0.015 (0.104) 0.018 (0.213) 0.089 (0.443) 0.015 (0.319)
2 —0.015 (0.104) —0.009 (0.141) —0.074 (0.515) —0.049 (0.314)
300 1 —0.001 (0.039) 0.006 (0.104) —0.007 (0.184) —0.012 (0.177)
2 0.001 (0.039) 0.002 (0.069) 0.007 (0.229) 0.006 (0.160)
500 1 —0.001 (0.025) 0.001 (0.079) 0.000 (0.087) —0.001 (0.095)
2 0.001 (0.025) 0.002 (0.054) 0.005 (0.129) 0.006 (0.102)
III 100 1 0.024 (0.094) —0.003 (0.203) —0.363 (1.046) —0.211 (0.730)
2 —0.040 (0.100) 0.116 (0.250) —0.035(0.862) —0.022 (0.353)
3 0.016 (0.099) —0.162 (0.282) 0.169 (1.254) 0.005 (0.812)
300 1 0.009 (0.078) —0.009 (0.087) —0.017 (0.543) —0.013 (0.187)
2 —0.006 (0.062) 0.032(0.127) 0.060 (0.394) 0.026 (0.175)
3 —0.003 (0.049) —0.015 (0.095) 0.013 (0.338) —0.001 (0.304)
500 1 0.006 (0.048) —0.007 (0.069) 0.000 (0.148) 0.008 (0.088)
2 —0.003 (0.047) 0.006 (0.078) 0.004 (0.223) 0.003 (0.075)
3 —0.003 (0.023) —0.009 (0.063) —0.001 (0.221) —0.002 (0.170)
v 100 1 0.025 (0.085) —0.013 (0.231) 0.194 (1.057) -0.122 (0.311)
2 —0.021 (0.091) 0.153(0.231) —0.045 (0.760) —0.047 (0.183)
3 —0.004 (0.070) —0.067 (0.235) 0.028 (0.407) 0.024 (0.250)
300 1 0.007 (0.053) 0.004 (0.122) —0.002 (0.210) 0.007 (0.109)
2 —0.005 (0.043) 0.004 (0.063) 0.036 (0.373) 0.000 (0.015)
3 —0.002 (0.029) —0.045 (0.116) 0.029 (0.175) —0.016 (0.086)
500 1 0.001 (0.025) 0.016 (0.049) 0.014 (0.154) 0.014 (0.083)
2 —0.003 (0.026) 0.002 (0.026) 0.019 (0.246) 0.000 (0.006)
3 0.002 (0.019) —0.021 (0.076) —0.007 (0.077) —0.019 (0.065)
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FIGURE B2 | (a-d)are the absolute value of the averaged bias for the estimates of the NIE based on 1000 simulations for four case with no censored
time.
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FIGURE B3 | (a-d) are the absolute value of the averaged bias for the estimates of the NIE based on 1000 simulations for four case with 15%

censoring rate.

Appendix C
TCGA Reanalysis With Censored Data

In the simulation study, we set the censoring rate at 15%. For consis-
tency, we select 428 patients, including all 343 deceased patients and 85
randomly selected surviving patients, thereby maintaining a similar cen-
soring rate. For the same mediation model as in Section 5, we focus on
selecting the optimal number of latent subgroups and estimating the NIE.

As shown in Figure C1, the number of latent subgroups for the CpG site
cg19757631 was 2 using the sBIC method, which is the same as that for
uncensored data. We set K = 2 and apply the nonparametric bootstrap
to construct the interval estimates for the NIE. The resampling is done
with 1000 times replacement for confidence interval. The two latent sub-
groups have different NIE sizes: —0.14 (95% CI [—3.92,-0.02]) and 0.18
(95% CI [-0.12,22.16]), with the mixing proportions 72% and 28%, respec-
tively. Although the estimation accuracy decreases, the analysis results
for the censored data are consistent with those for the uncensored data
in Section 5. That is to say, smoking is harmful (—0.14) to most people
(72%), but for a small subset of the population (28%), it may not be entirely
detrimental (0.18).

sBIC
-1380

-1410

sBIC

-1440
-1470

-1500

2
Number of subroups K

FIGUREC1 | The sBIC for the DNA methylation CpG sites
€g19757631 which is maximized at K = 2.
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