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Abstract Difference-based methods have attracted increasing attention for analyzing
partially linear models in the recent literature. In this paper, we first propose to solve the
optimal sequence selection problem in difference-based estimation for the linear com-
ponent. To achieve the goal, a family of new sequences and a cross-validation method
for selecting the adaptive sequence are proposed. We demonstrate that the existing
sequences are only extreme cases in the proposed family. Secondly, we propose a
new estimator for the residual variance by fitting a linear regression method to some
difference-based estimators. Our proposed estimator achieves the asymptotic optimal
rate of mean squared error. Simulation studies also demonstrate that our proposed
estimator performs better than the existing estimator, especially when the sample size
is small and the nonparametric function is rough.
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1 Introduction

Consider the partially linear model
Yi=XIB+f(Z)+e. i=12...n, ()

where Y; are responses, B = (B, ...,,Bp)T is an unknown p dimensional vector
of parameters, f(-) is an unknown nonparametric function, and ¢; are independent
and identically distributed (i.i.d.) random errors with mean zero and variance 2. In
addition, X; and Z; are design points for parametric and nonparametric components,
respectively. Model (1) has been extensively studied in the literature with popular
methods including, for example, kernel smoothing methods, spline smoothing meth-
ods, penalized least squares methods, and profile likelihood methods (Chen and Shiau
1991; Cuzick 1992; Spechman 1988; Severini and Wong 1992; Eubank et al. 1998;
Hardle et al. 2000; Fan and Huang 2005).

Recently, Wang et al. (2011) proposed a difference-based method for analyzing
model (1). They first applied the classical difference-based method to eliminate the
nonparametric component f, and then applied the standard linear regression to esti-
mate the linear component 8 and the residual variance o2, Let d = {dy, ..., d} bea
sequence of real numbers such that

m m
> dj=0 and Y di=1, 2)
j=0 =0

where dod,, # 0 and m > 0 is referred to as the order of sequence. To eliminate the
nonparametric component, the authors applied the following linear transformation to
model (1),

Yi=X'B+8+&, i=1,...,n—m, 3)
where Y,‘ = Z?:O dei+j’ X,‘ = ZT:O dei+j’ 5,‘ = Z?:O djf(Zi+j), and 5,‘ =
Z’}Lo djeiy j. Under the constraint (2), the term §; is asymptotically negligible under
some mild conditions so that the transformed model (3) reduces to nearly a classical
linear regression model. In view of this, the authors then proposed to estimate the
linear component by

p=xXTx)"'xTy, (4)

where X = (f(], f(z, e, )?n,m)T and Y = (171, 1?2, e, Yn,m)T. Further, by the
residual sum of squares the residual variance is estimated as
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n—m

~ ~ A\ 2 ~
where A = I — X(XT X)~! X7 with I being the unit matrix of size (n —m) x (n —m).
We refer to 6&, as a partially difference-based variance estimator. It is noteworthy that
other works in difference-based estimation for model (1) are also available, see for
example, Akdeniz and Duran (2013), Eubank et al. (1998), He et al. (2014), Hu
et al. (2016), Levine (2015), Liu and Zhao (2012), Lokshin (2006), Tabakan (2013),
Yatchew (1997), Zhao and You (2011), and the references therein.

To implement (4), one needs an appropriate choice of sequence d under the con-
straint (2). As pointed out in Dette et al. (1998), the choice of the difference sequence
can be rather delicate in practice and requires further attention. In this paper, we
consider the following family for the optimal choice of sequence:

dj =

1/2 .
{{m/(m +1) j=*k ©

—mm 4+ =0, k—1k+1,...,m,

where the integer k is a tuning parameter and represents the location where the spike
is taken. All other d; values are equally distributed so that } 7'_d; = 0. Due to the
symmetry, it is sufficient to consider the parameter space as 0 < k < m/2 if m is
evenand 0 < k < (m — 1)/2 if m is odd. To estimate § optimally, Wang et al. (2011)
suggested to use the spike sequence with the spike at the boundary of the sequence.
Note that, though optimal in the asymptotic sense, the spike sequence may not perform
well for small sample sizes. This motivates us to develop an adaptive sequence for the
difference-based estimation and demonstrate its superiority over the existing one.

Needless to say, an accurate estimate of o2 is also important and crucial for par-
tially linear models. It is needed, for instance, in constructing confidence intervals, in
checking goodness of fit and outliers, and in many other applications. We note, how-
ever, that the partially residual-based variance estimator 6\%, in (5) does not achieve
the asymptotic optimal rate of mean squared error (MSE). Specifically, we will show
in Sect. 3 that

MSE (o&v) > %Var(sz) +o (%) . )

This motivates us to also propose a new estimator for o2 in partially linear models.
The proposed estimator is optimal in the sense that its asymptotic MSE is equal to
Var(g2) /n.

The rest of the paper is organized as follows. In Sect. 2, we study the appropriate
choice of sequence for the estimator B in (4). By drawing connections between the
existing sequences and the proposed family, we propose a novel adaptive sequence by
the cross-validation method. In Sect. 3, we propose a new estimator of the variance
o2 and show that the MSE of the proposed estimator achieves the asymptotic optimal
rate of MSE. In Sect. 4, we conduct two simulation studies to assess the proposed
optimal estimators, where the first one is for the adaptive sequence and the other is
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for the variance estimation. Simulation studies support our findings that the proposed
methods perform better than the existing competitors. We conclude the paper in Sect. 5
and provide the technical proofs in Sect. 6.

2 Optimal choice of sequence

In this section, we investigate the appropriate choice of sequence in difference-based
estimation for partially linear models. To achieve this, we first derive the approximate
MSE of the estimator 8 in (4). Let§ = (81, ..., 8p—m)! and & = (1, &2, ..., En_m)?.
Then in matrix form, model (3) can be written as

Y=XB+5+5. (8)

Assume also that X; are i.i.d. random vectors with mean vector i and covariance
matrix X'y, and Z; are equally spaced design points with Z; =i/nfori =1, ..., n.
For ease of notation, let A = (DT8)(DT8)T = (a;j)nxn, B = puu’, and D is an
(n — m) x n matrix of form

dy di - dy 0 - 0
0 dyo d - dy -+ O
D= . . . . .
0 -~ 0 dy d - dp

Theorem 1 Assume that f has a bounded first derivative. The approximate MSE of
B in (4) is given as

MSE(,@)wi2 tr(A) Ty —I—ZaUE BYy <1+2ch) :

i,j=1

(€))

where ¢; = Z;";é didjy forl = 1,...,m and ‘~’ is defined the same way as in
Stirling’s approximation.

The Proof of Theorem 1 is given in Sect. 6.1. It shows that the MSE of B consists of
two distinct components, where one is associated with the nonparametric component
and the other one with the random errors. Note that the sequence family (5) solely
depends on the location & of the spike. To be specific, we represent the sequence d as
a function of &, i.e., d(k) = (do(k), d; (k) ..., dy,(k)) where

{m/(m+ D}'72 J=k,

10
—{mm+D}Y?2 =0, k—1k+1,....m (10)

dj(k) =

Then to find the optimal sequence is equivalent to finding the optimal & value.
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With the sequence d (k) in (10), the approximate MSE of ,3 derived in (9), can now
be represented as a function of k. Specifically, we have

MSE (,9) ~ (Vi + V) X5, (11)
where
_ (m+1)(m —2k)? o\ (1 AT
v (07 (7)),
yy _ mBm? S+ 1) + 12K+ D)
2= 3nm2(m + 1) o
and f' = (f'(Z14x)s - - -+ f'(Zn—msx))T are the first-order derivatives of f.

2.1 The sequence in Wang et al. (2011)

Note that V| = 0(n’4) and V, = O(n’l) for any fixed m. Therefore, from an
asymptotic point of view, the contribution of the nonparametric component to the
MSE is negligible compared to that from the random errors. As a consequence, if we
ignore the term V; in (11), the approximate MSE(B ) reduces to

m@Bm?+5m+ 1)+ 12k(k + 1)
3nm2(m + 1)

23l (12)

Noting that k > 0, the minimum value of (12) is achieved at k = 0. This results in
the sequence suggested in Wang et al. (2011), i.e.,

{m/(m+ 1)1 j =0,
d j 0) = 1,2 .
—{m@m + 1)} j=1,...,m.
We refer to it as the WBC sequence. Note that the WBC sequence takes the spike in
the boundary and so is an extreme case of the proposed sequence family. In addition,
the WBC sequence is optimal in the asymptotic sense and has been applied in the
recent literature, e.g., Liu and Zhao (2012).

2.2 The sequence in Hall et al. (1990)

When the sample size is small, however, the contribution of the nonparametric com-
ponent, i.e., the term V7, is often non-negligible. In particular, when f is very rough,
V1 may even dominate the MSE of /§ . Thus, as an alternative option, one may also
consider the sequence that minimizes V; only. That is, we are to minimize the quantity

<m+1)<m—2k>2tr((,)rf/) (fo/)T> =5 (13)

4mn*
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Note that tr((DT f/)(DT f)T) > 0 for any non-constant function f. Therefore,
the unique minimum MSE of (13) has to be achieved at k = m /2 when m is an even
number. Specifically, the resulting sequence is

{m/(m + 1)}1/? j=m/2,

m
d.(_)= 14
T\2 {—{m(m+1)}—1/2 0<j<%—lorZ+1<j=<m. (14)

Similarly, when m is an odd number, it can be also shown that the minimum MSE is
achieved at k = (m — 1)/2 or k = (m + 1)/2. The resulting sequence is then

_ 1/2 T _
" (m 1) _ {{m/(m + 1)) j=(m—1)2, as)

2 —fmm+ D)7 0<j<mPBorH < j<m
We note that the sequences in (14) and (15) are the same as the spike sequence in
Hall et al. (1990). Here we refer to them as the HKT sequence. The HKT sequence
takes the spike in the middle and so is another extreme case of the proposed sequence

family. We also note that the HKT sequence can be transformed to the sequence used
by Gasser et al. (1986) when m = 2.

2.3 Adaptive sequence

Recall that the WBC sequence is achieved by minimizing the random errors part and it
may only perform well in the asymptotic sense. On the other hand, the HKT sequence
is achieved by minimizing the nonparametric component and it may only work for
small sample size. As a consequence, neither of them may be the optimal in practice.
Especially when the sample size is moderate, Vi and V; can be very comparable so
that both of them should be taken in account.

To explore the relationship between V| and V;, we consider the following simple
example. Let n = 100, m = 16, o2 =1, and f(Z) =sin(wr Z) withw =0, 1, 2
and 4, corresponding to the different levels of oscillation. We plot Vi, V5 and V| 4 V;
as a function of k in Fig. 1, respectively. From the plotted curves, we note that V; is
a decrease function of £ on [0, m /2], and V5 is an increase function of k on [0, m /2].
This coincides with the fact that the HKT sequence takes the spike at k = m /2 and
the WBC sequence at k = 0. Note also that V| 4 V2 is no longer a monotonic function
of k when w = 1, 2 or 4, that is, when f is not a constant function. It is evident that
the minimum MSE, i.e., the minimum of V| + V>, is located in somewhere between 0
and m /2. This demonstrates that the HKT sequence and the WBC sequence are both
extreme cases and may not be the optimal in practice.

To find the optimal k value, we propose a data-driven method that controls V| and V;
simultaneously. Specifically, the following cross-validation method is considered. For
n pair observations {(X;, Z;, Y;),i = 1,...,n}, let ﬁ,i be a leave-one-out estimator
of B without the ith pair (X;, Z;, Y;). We then choose the optimal k = kcvy that
minimizes
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=0 =1

Position of the Spike (k) Position of the Spike (k)

=2 w=4

Position of the Spike (k) Position of the Spike (k)

Fig. 1 Withn = 100, m = 15 and f(z) = sin(wmnz). Solid lines: V| + V;; Dot-dashed lines: V1; Dashed
lines: Vo

cvio = Y [y - fawn | (16)
i=1

within the parameter space of 0 < k <m/2if misevenor0 <k < (m —1)/2ifm
is odd. Correspondingly, we refer to d (kcy) as the adaptive sequence.

3 Optimal variance estimation

Needless to say, an accurate estimate of o2 is also desired in partially linear models.
However, as shown in Theorem 2, the estimator 6&, in Wang et al. (2011) does not
achieve the asymptotic optimal rate of MSE. In this section, we propose a new estimator
of o2, derive its theoretical results, and show that it is superior to the existing competitor
82,
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870 Y. Zhou et al.

Let Yl.* =Y — XlTﬁ fori = 1,2,...,n. Note that, by Wang et al. (2011), the
estimator B is J/n-consistent. We have Y ~ Y¥; — X ZT B and consequently

Y~ f(Z)+e, i=12,...,n a7

In such a way, we have reduced model (1) approximatively to a standard nonparametric
regression model. It is noteworthy that, although relatively new in partially linear
models, difference-based methods have been extensively studied in nonparametric
regression (Rice 1984; Gasser et al. 1986; Hall et al. 1990; Dette et al. 1998; Hall and
Keilegom 2003; Tong and Wang 2005; Tong et al. 2013; Dai et al. 2015; Zhou et al.
2015; Wang and Lin 2015; Dai et al. 2016, 2017; Wang et al. 2017). In this paper, we
propose to apply the least squares methods in Tong and Wang (2005) and Tong et al.
(2013) to optimally estimate o2 using model (17). Let

1 n i} . 2
Sk_mi:;l(yi YRS, k=12t

We refer to sy as the lag-k Rice estimators. For any fixed r = o(n) with the equidistant
design, it is easy to verify that

n

E(s) ~ ! E{(f(Z) +e&) — (f(Zi—i) + gip)P
21— k)

i=k+1
~ ol + diJ,

where di = k2/n% and J = [ (f'(x))%dx /2.
Now treating sy as the response variable and dj as the independent variable, we can
fit the following linear regression model and estimate o> as the fitted intercept,

sc=a+ydi+e, k=1,2,...,1 (18)

where €, are random errors. Note that s involves (n — k) pairs of difference. We assign
the weights wy = (n — k) /N to the response variable sy where N = le: ((n—k) =
nt — (7 + 1)/2. We fit model (18) to get the weighted least squares estimate. By
minimizing the weighted sums of squares ZIi:l wi(sy — o — ydk)z, we have the
estimator of 0% as

62 = 5w — Vdu, (19)

where 9 = >f_j wisk(di — dw)/ Y foy wi(di — dw)?, 5w = Y i wisk and dyy =
i widy. Let hog = 0 and hy = 1 — (di — dy)dw /Y j— wi(dx — dy)? for k =

1,2, ..., 7. The quadratic form of 61126W can be represented as

1
Grew = 5 VT HY™, (20)
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whe're'H = (hij)nxn is a symmetric matrix with elements h;; = Zf:] hr +
o=ty for i = j, hij = —hy—jj for 0 < |i — j| < T and hjj = 0
otherwise, and Y* = (Y, Y5, ..., Y;‘)T.

In what follows, we derive the theoretical results of the proposed estimators includ-
ing the asymptotic MSE and the asymptotic normality. For comparison, the asymptotic
MSE of the partially residual-based variance estimator 6&, is also derived.

Theorem 2 Assume that f has a bounded first derivative and E(¢*) < oo. For the
equidistant design with m — oo and m/n — 0, we have

1 m m—k 1
MSE (6&,) = var(e?) + 40* Z Z d]2-d12'+k +o0 <;> )

k=1 j=1

For the equidistant design with T — oo and t/n — 0, we have
~2 1 2 1
MSE (anew) = —var(e?) +o ().

Theorem 3 For the equidistant design, 81%ew is an unbiased estimator of o> when f
is a linear function, regardless of the choice of T.

Theorem 4 Assume that f has a bounded second derivative and E(£°) < oo. For
any T = o(n") with0 < r < 1/2, then

Jn (&nzew - 02) LNy (0, (74 — 1)04) ,

D e
where yy = Ec*/o* and — denotes in distribution convergence.

The proofs of the theorems are given in Sect. 6. Theorem 2 shows that our pro-
posed estimator achieves the asymptotic optimal rate of MSE, and it is hence a more
efficient estimator of o2 than &\%V. Theorem 4 establishes the asymptotic normality for
the proposed estimator 6.2, It can be used to construct confidence intervals for 2.
For instance, if n > (y4 — 1)13[ P where z, is the upper a-th percentile of the standard

normal distribution and if 4 is an estimate of y4, then an approximate 1 — « confi-
dence interval for o can be constructed as (6.2, /{1 + zq/2v/ (P4 — 1)/n}, 62 /{1 —

Zaj2y/ (V4 — 1)/n}).

4 Simulation studies

In this section, we report two simulation studies. The first study is to assess the impact
of the various sequences on the performance of the estimator /§ , and the other one is
to evaluate the finite sample performance of the new estimator and compare it with
the existing competitor.
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Fig. 2 MSEs forn = 25, 8 = (2,2, 4T and f(z) = 5sin(wmrz), respectively. Solid lines: the adaptive
sequence; Dashed lines: the HKT sequence; Dot-dashed lines: the WBC sequence

4.1 Sequence selection

To assess the impact of the sequences on the estimation, we consider the following
three estimators for ,3 in (4): B with the WBC sequence, ,3 with the HKT sequence,
and f with the adaptive sequence by the cross-validation method. For the sample size,
we consider n = 25 and 200. For the linear component of the regression model, we
consider 8 = (2,2, 4)T and X; arei.i.d. from N((1,2,3)7, I3), where I3 is an identity
matrix of size 3 x 3. For the nonparametric component of the regression model, we
consider f(Z) = Ssin(wnZ) withw =0, 1, 2, 4forn =25, andw =0, 2, 4, 6
for n = 200, respectively. The design points Z; are equidistant with Z; = i/n for
i =1, ..., n.Finally, the random errors ¢; are independently generated from N (0, 1).

For each simulation setting, we repeat the procedure for 1000 times and compute
the corresponding MSEs of ,3 for the distinct sequences. We then plot the MSE(,é) of
the considered estimators in Figs. 2 and 3, respectively. From the simulated results, we
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Fig. 3 MSEs forn = 200, 8 = (2, 2, 47T and f(2) = 5sin(wmz), respectively. Solid lines: the adaptive
sequence; Dashed lines: the HKT sequence; Dot-dashed lines: the WBC sequence

observe that when f is a constant function, i.e., when w = 0, the estimator with the
WBC sequence provides the smallest mean squared error. In general, MSE(,3 (WBQ))
increases as m increases whereas MSE( ,3 (HKT)) decreases as m increases. Compared
with the WBC sequence and the HKT sequence, the adaptive sequence performs
relatively well in most settings, especially when f is a very rough function.

4.2 Variance estimation

We now conduct a simulation study to evaluate the finite sample performance of the
proposed estimator 62, and compared it with the estimator 6,. For the parametric
part, we consider p = 2, B8 = (1, 1.5)’, both x;; and xj; are generated from the
uniform distribution U (0, 1). For the nonparametric part, we consider the function f =
5sin(wmr Z) with w = 0, 1, 2, 4, and 6, denoted by f1, f2, f3, f4 and f5 respectively.
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Table 1 The relative MSEs of 6&, and 62,,, under various simulation settings

n o Methods f p) 3 fa /5
30 0.5 &% 1.53 37.05 524.75 4218.4 8396.3
62 1.54 1.58 2.93 31.16 289.4
2 6% 1.54 1.67 4.04 23.44 57.09
62 1.53 1.51 1.53 1.57 2.50
100 0.5 &% 1.27 2.34 19.63 284.1 1392.8
62 1.13 1.13 1.14 1.45 5.66
2 6% 1.24 1.26 1.33 2.39 6.84
62 1.14 1.14 1.13 1.13 1.13
400 0.5 6% 1.35 1.37 1.51 5.82 25.64
62 1.19 1.19 1.16 1.15 1.15
2 6% 1.38 1.38 1.30 1.34 1.41
62 1.19 1.19 1.16 1.14 1.14
The design points Z; are equally spaced with Z; = i/n and the random errors ¢;

are generated independently from the normal distribution N (0, o2). In addition, we
consider o2 = 0.25 and 4 to represent the small and large variances, and n = 30, 100
and 400 to represent the small, moderate and large sample sizes, respectively.

For the difference sequence d, we choose the adaptive sequence as proposed in
Sect. 2.3 and the order of sequence m = 4. For the bandwidth 7, we choose T = nl/3,
We repeat the simulation 1000 times for each setting and report the relative mean
squared errors, nMSE/ (20’4), of the two estimators in Table 1. From Table 1, it is
evident that our proposed estimator 6§ew performs better than the existing competitor
A&, in most settings. We also note that the performance of 8&, depends heavily on the
smoothness of f, the sample size n, and the signal-to-noise ratio. In particular, when
o2 is small and f is rough, 6&, fails to provide a reasonable estimate. Together with
Theorem 2, we conclude that our proposed estimator improves the existing estimator
significantly in both theory and simulations.

5 Conclusion

In the first part of the paper, we investigate the choice of difference sequence for ﬁ ina
given sequence family. We derive that the mean squared error of the difference-based
estimator consists of two distinct components: one is associated with the nonparametric
component and the other one with the random errors. It turns out that the existing
sequences are just special cases in the sequence family. Subsequently, we give an
adaptive sequence by the cross-validation method. Simulation studies indicate that
the criterion is quite effective and the adaptive sequence assesses good performance
for most settings. In the second part of the paper, we propose a new estimator for the
residual variance o2 by fitting a linear regression model to difference-based variance
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estimators. We have also derived the theoretical results including the asymptotic MSE
and the asymptotic normality of the proposed estimator. In both theory and simulations,
we demonstrate that the proposed estimator performs better than the partially residual-
based estimator in Wang et al. (2011).

For simplicity, the covariate Z; are assumed to be equally spaced design points with
Z; = i/ninthis paper. In practice, our proposed method can also be readily applied to
unequally spaced designs with the design points satisfying Z; — Z;_1 = 1/n+o0(1/n).
In addition, we note that our proposed method requires the design points to be ordered.
Hence as the classical difference-based methods, it may not be easy to extend our
method to general models with high-dimensional data or infinite-dimensional data
with applications in functional data analysis (Aneiros et al. 2015). Further research is
needed in this direction.

6 Proofs

We first present three lemmas. Lemmas 1 and 2 are immediate results from Schott
(1997) and Whittle (1964), respectively. Proof of Lemma 3 will be given.

Lemma 1 Let X be an length m random vector with finite fourth moments so that
both E(XXT) and E(XXT @ XXT) exist. Let w and 2 denote the mean vector and
covariance matrix of X, respectively. Then for any m x m symmetric matrix A, we
have

Var(XTAX) = tr{(AQ A)EXXT @ XXT)} — {tr(A2) + uT Au)>.

Lemma 2 Assume that the matrix A = (a;j)nn satisfies a;j = a;_j and Z ai—j <
o0o. Furthermore, assume that E (86) is finite. Then

—eTAs— ZZal JEiE] —>N(a0(7 O'A>

ll/l

where 03 = (y4 — 3)ajo*/n + 204 Y1, i 1a2 /.

Lemma 3 Assume that t — oo, t/n — 0. Then,
(1) Ypmy i = O(1),
() Yjoi hi = 0(0),
3
B3) Yio b =1 —9/4j + 35 +o(@),

@ fTHf = 0(x*/n?),
) fTH f = 0z /n?).
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Proof (1) Note that N = nt — (7 + 1)/2. It is easy to show that

i I IZ 72 n 72
- — = ol =),
Y7 Nn Nn2  3n2 n?

T 2 4 4
- n Is I Iz 47 T
de—dy)? = -4 - B (2 5 + :
;wk( k) = s T N (Nn Nn2) 4508 T\

where [; = ZIE:I k' fort = 2,3, 4, 5. Hence, we obtain

dy, 15n2 N (n2>
n= - = ol —=).
S wi (e —d)’ 47 v

In addition, we have

T T T
3 (di - d) = %Zkz—#Z(n—kW
k=1 =1 k=1
T
1 T
= g K+ (- ) Xk

Thisleadsto Y ;_ hx =7 —n> 1 (dk — w)—t—m (%
(2) Note that = 15” +0( )and i 1(dk dy) = onF ' to (%) Furthermore,
it is easy to show that Zk:] (dy —dy)? = W +o0 ( ) Then,

(S}
BN
|
Q
—_~
~
~—'

T

T T
Sont=v 20> (di—du) +0* Y (di — du)’
k=1 k=1

572 Yo 1:2 n 15n2 n n? 2 473 n 0
=T — 0 _— _ o _
8 n 472 72 45n4 n4

= ?Lr +o(r) = O(7).

(B3)Forl <j <r, Z,i:j h = lezl hy —Zi;} hy. Note that nd,, = 5/440(1).
Then, we have

@ Springer



Optimal difference-based estimation for partially linear... 877

j—1 . j—1
D o= =D (1+ndy)—nY d
k=1 k=1
) 15712 n2 j3 jZ
—G-nasaron - (2o (1)) (Lo (£))
9. 553

J +0(j)+ O(1).

4 T 42

2
ByY o hk=1— f6n+0(%),weget2i:jhk=r 4j_|_ 12+0(‘L')
(4) We have

fTHf = Z{thm fzw}
=k+1

S ool )]
Eh g )]
= —Zkzhk+ 0( )Zk3hk,

where J = fol f/(x)?dx. Note that Y"r_ k2hy = (14+ndy) Y f_ k> —n Y f_  k* =
370 = 33 4 o(rh) = o(e®) and Yf_y By = (14 1dw) Yjo B —n Y, K =
O(t*). Hence, we get fTHf = O(t*/n?).

(5) Since H is symmetric, then fTH>f = fTHTHf = (Hf)THf = pTp,
where p = Hf = (p1, p2, ..., pn)T.Fori € [t + 1,n — ], we have

=Y hfi = fir) — th(fi—irk — fi)
k=1 =
Y (5n- f‘+( ))- Zh( f+<k2>>
2\ a2 ¢ 22 2n2
1 ” i T3 T3
et e () =2 ()

where f/ and fi// denote first and second derivative of f(Z;), respectively. For i €
[1, ], we have

i—1 T
pi= Y h(fi = fick) = Y hi(fivk — i)
k=1 k=1

@ Springer



878 Y. Zhou et al.

B i () Elbre S (2

1l & £ < 2 4 e
— ! L —
_—7;kh —W];k hk+0<n—2) = 0(7>.

Similarly, for i € [n — t 4 1, n], we can show that p; = O ( ) Then, we have

T n—t 5
fTH f=p"p=)"pi+ Y pi+ Z pi = < )

i=1 i=t+1 i=n—1+1

6.1 Proof of Theorem 1

By (4) and (8), we have 8 = B + (XTX) ' X75 + (X” X)~' XT%. Note that § and &
are independent of each other and E{(X” X)~' X7} = 0. Then

MSE (,3) = Var (()?TX)—I)?Té) ny (()?TX)—I)?T(S) (()“(Tf()—l)?Ta)T Reld)

For the first term, by Remark 5 in Wang et al. (2011), we have

e 1 - _
Var ((XTX) 1XT8) ~ (1 T 22&) o235, (22)
=1
where ¢; = Z';’;é didjy forl = 1,...,m, and ‘~’ is defined the same way as in

Stirling’s approximation.
Now we derive the second term in (21). For ease of notation, let A =

(DT8)(DT8)T = (aij)uxn,» B = pu”. Note that X = DX and X" X/n — Xy
as n — 0o. We have
E (()”(T)”()“}”(Ta) ((}"(T)?)—IXT(S)T - izE {()?Tf(/n)“()?Ta)(ira)T(iT)?/n)—‘}
n
~ n%z;lE [XToToHTe x| £y !
Further, we have

E {XT(DTS)(DTcS)TX} =E Z Xn:aininT

i=1 j=1

=E| D) aj{(Xi =) + w}{(X; = ) + )

i=1 j=1
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= Zauzx + Z alj““’

l]]

=tr(A)Xx + Z a,-jB
ij=1

Then,
T 5\~ 1 5T ST 15T\ 1 —1 - —1p—1
E ((X X 5) ((X X 5) ~ s e s+ 'Zl ;55 By
i,j=
(23)
Finally, by (21), (22) and (23), the approximate MSE of B is given as

A 1 1 "
MSE () ~ S AT+ Z ai Iy BEG b+~ (1 +2Zc,2> o2zl
n
l_

i,j=1

(24)
6.2 Proof of Theorem 2
By the definition of &\%, and /n-consistency of B, we have
. 1 n—m _ N2
G\%:n—m— (,—X,-T,B)
L
1 n—m - . b
= RACEDETEE
n m izl
1 n—m ~2 l
= &+ 0, | =
p - n
i=1
Hence, we obtain that
2 n—m 5 1
EG2)= " s210(-), (25)
n—m-—p n
1 ~— 1
Var(63) = —— V. 52 Z
ar(ow) o p— ar (iZI s,) +o (n)
1 n—m 1
= m Var(sz) + ZZ Cov(sl ,8 ) +o0 ( ) (26)

i=1 i<j
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Next, we calculate Var(éiz) and Cov(éiz, 512), respectively. We know that

2
Var (8?) —E (5? — 02) —E (ej‘) e

2
m
=F Zdjz»eizﬂ +2 Z dpdgeispeivg ¢ — ot
Jj=0 O<p<g=m
2 2
m
=E{Y diel ¢ +4E > dpdgeippeivg( — o
Jj=0 O<p<g=m
m
4 4 22 4 4
=Y djEe*+6 Y dldlo*—o
Jj=0 O0<p<g=m
m
= diVarc>)+4 Y drdlo’, 27)
j=0 O<p<g=m
and
Cov(&.23) = E (722) - o*
m m 2
=FK { st81+s> (Z dt8j+t)} - 64
s=0 t=0
m m
=Y > didIE(] E7,) — ot
s=0 t=0
m m m m
_ iz Z} CEG) + {Z Z} 2o — o
s=01=0J j45=j4r s=01=0J)j4s£j4s
m m
= {Z Z} d?d?Var(s?). (28)
s=01=0)15=j4s
Plugging (27) and (28) into (26), we have
n m m m—k 1
~2\ _ - 2 4 212
Var(aw>—m Var(e )+4U I;/Z()djd]+k +0<;> (29)

Combining (25) and (29), as m/n — 0 with m — oo, the asymptotic MSE of 6&, can
be denotes as

m m—k

1 1
&gv) ==\ Var(@®) +40t Yy didj it +o (};) : (30)

k=1 j=0

MSE

—

@ Springer



Optimal difference-based estimation for partially linear... 881

In what follows, we consider the asymptotic MSE of 6.2,,,. By the definition of 62,,,
and ./n-consistency of ﬁ, we have

52, = %Y*THY*z%(X(,B—B)+8+8>TH(X(ﬁ—l§)+3+8)

o)

Then, we have

a2 tr(H) 4 1
E( new) IN o +0<mn3/2>v (31)

N 1 1
Var (UI%CW> m\’ar <8TH8> —+ (0] (m) . (32)

By Lemma 1, we have

Var (ETHE) — 1r{(H ® H)E (ssT ® ssT)} — {tr(H)o?)?

= 1r {(H ® H)E (seT ® 8£T>} — {tr(H)) 2ot (33)

We know

T

7—1 J T
tr(H) =2 | e+ Y hi|+20=20)) Iy,
j=0 \k=1 k=0 k=1

T—1 T J 2 T 2
tr {(H ® H)E <58T ® esT)} -y (Z By + th) +4(n —27) (Z hk> E(Y
=0 k=0

k=1 k=1

j k=1

+ |:2T2§ (Xr:hk‘f‘i:hk) {2125 (ihk‘f'i:hk)

. j
+20—20) ) Iy — (th +th) }
k=1 k=1 k=0
T —1 T J
+2(n — 21) (th> izz (th +th)
j=0 k=0

k=1 k=1

+ 2(n -2t — 1)th” o,

k=1
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where hg = 0. Therefore, we have

2

. 2
Var (sTHe) = 22 th + th +4(n —21) (Z hk> Var(e2).

j=0 \k=1 k=1
(34)

Note that Y f_  hg = 7 — L +o< )andzk ]hk—4j— +0(])+0( )for
1<j< r By (31), (32) and (34),as t/n — 0 with T — o0, we have the asymptotic
MSE of 62, for

MSE ( new) - %Var(sz) +o <%> .

6.3 Proof of Theorem 3

By the root-n consistency of /§ and smoothness of f, we have

n

1 A
E(s) = 0k, Y E(Xi = Xi0) (B =B+ (fi = fimi) + (6 — &i-0))
=k+1

= a2+ o(n1/?),
where f; = f(Z;). Then,

du
Y ey Wi(dk — dw)2

Gews —ZwkE(Sk) Zwk<dk— d)E (si)

=02+ o(n~ 1/2).

Thus, 62, is an asymptotically unbiased estimator of o-2.

6.4 Proof of Theorem 4

Note that Y* =Y — XB = X(B — B) + f + &. We have

1 A A
Grew = 5y XB =B+ [+ HXB =)+ [ +e).
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Let A = X (8 — f). Then,

. 1
Grew = 5y A+ [+ H(A+ [ +e)

o~ (ATHA +2ATHf + fTHf +24THe + 2T He +8TH8)
L+DL+ 13+ 14+ 15+ .

By the root-n consistency of ,3 and the smoothness of f, we have I} = o) (n='?) and
L =o0,(n""?).By 8 = O(z/n) and f'"Hf = O(t3/n). we have Iy = O(z?/n?).
Further, forany 7 = n" with0 < r < 3/4, wehave I3 = o(n~'/?). By the root-n con-
sistency of A and for any 7, we have E(AT He/N)2 = ATHHT Ac?/N? = o(1/n).
This implies that Iy = 0,(n~'/2). Note also that E(fT He/N) = fT H? fo? /N? and
fTHzf = 0(‘[5/712). Then for any T = o(n), we have I5 = op(n_l/z).

In what follows, we consider the limiting distribution of ¢/ He/(2N). Let
nH/(2N) = B — C, where B = (b;j)nxn With elements b;; = nZIZ:l hy/N

fori = j, bjj = —nhji—j/@2N) for 0 < |i — j| < 7, bjj = 0 otherwise; and
C =diag(ci,ca,...,cy) withe; =n Z:n-:'_n](i,n+1—i,r+l) hi/(2N). Then,
I 7 1 7 1 7
—e He = —8 Be — —¢" Ce. (35)
2N n

Note that the asymmetric matrix B satisfies b;; = b;—; with by = nY ;_, hx/N,
bi_j=bj_i =—nh;_;/2N)for0 < |i — jl| <tand b;_; = b;_; = 0 otherwise.
By Lemma 3, for any © = o(n), we have Y o b7 = b3 +2) [_ b7 < oo. We
assume that £ (86) < 00. By Lemma 2, we have

1
ﬁ(ESTBs _ b002> 4 N (0.03). (36)

where

w2 (va — 4 T
Gé (V4 1)(7 (Z hk) % Z(n — k)h/%.
k=1

We know e7Ce = Y°7_  cje? + 31, .. cie?. Note that

T 5 2 n20_4 T T+1
E(Qael) =0n=Dgyz 2 >
i=1 i=1 \min(i,n+1—i,t+1)

2
T+1

DI SI

i=1 min(i,n+1—i,t+1)
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By Lemma 3, we have E (}[_, c,-ez)2 = O(?). Similarly, we can obtain

i
E(X, oircie?)’ = 0(?). Then, E (Le7Ce)* = 0(r2/n?). Forany © = n’
with 0 < r < 1/2, we have

1
—eTCe = 0,(n1/?).
n
By Slutsky’s theorem, we can get
ﬁ(&r?ew — booz) /oB 4, N(@©,1), as n— oo.
Note also that by = 14 O(t/n), 65 = (4 — o + o(1). Therefore, for any t =n"

with 0 < r < 1/2, we have /n(bg — 1) = o(1). Applying Slutsky’s theorem, we
have

\/ﬁ(é—nzew — 0'2) . op Jn (6r%ew — b()O'Z) n Jn(by — 1)0‘2
Vva — 102 Va4 — lo? op oB

L NO, 1), as n— oo.

This completes the proof of theorem.
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