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ABSTRACT

Causal mediation analysis is a popular approach for investigating whether the effect of an exposure on
an outcome is through a mediator to better understand the underlying causal mechanism. In recent lit-
erature, mediation analysis with multiple mediators has been proposed for continuous and dichotomous
outcomes. In contrast, methods for mediation analysis for an ordinal outcome are still underdeveloped.
In this paper, we first review mediation analysis methods with a continuous mediator for an ordinal out-
come and then develop mediation analysis with a binary mediator for an ordinal outcome. We further
consider multiple mediators for an ordinal outcome in the counterfactual framework and provide identi-
fication assumptions for identifying the mediation effects. Under the identification assumptions, we pro-
pose a regression-based method to estimate the mediation effects through multiple mediators while
allowing the presence of exposure-mediator interactions. The closed-form expressions of mediation
effects are also obtained for three scenarios: multiple continuous mediators, multiple binary mediators,
and multiple mixed mediators. We conduct simulation studies to assess the finite sample performance
of our new methods and present the biases, standard errors, and confidence intervals to demonstrate
that our proposed estimators perform well in a wide range of practical settings. Finally, we apply our
proposed methods to assess the mediation effects of candidate DNA methylation CpG sites in the
causal pathway from socioeconomic index to body mass index.
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1. Introduction

Causal mediation analysis is a popular approach that enables
researchers to understand the causal mechanism of an
observed exposure-outcome association in a scientific study.
It has widespread applications in many disciplines including
psychology, epidemiology, behavioral science, economics,
and neuroscience. The aim of mediation analysis is to deter-
mine whether the effect of an exposure on an outcome is
wholly or in part due to a mediator, so that it can reveal the
underlying causal mechanism and provide a way of per-
forming intervention on the mediator (Baron & Kenny,
1986; Preacher & Hayes, 2008; VanderWeele, 2015).

In mediation analysis, the effect of the exposure on the out-
come not through the mediator is referred to as the direct effect,
and the effect of the exposure on the outcome through the
mediator is referred to as the indirect effect. In the counterfactual
framework, Robins and Greenland (1992) and Pearl (2001) pro-
vided the model-free definitions of the direct and indirect effects.
Following their framework, there is a rich body of evaluating the
direct and indirect effects for both continuous and binary out-
comes. For further developments, one may refer to, for example,
Rubin (2004), Imai et al. (2010), VanderWeele (2010), Albert
and Nelson (2011), Vansteelandt and VanderWeele (2012),
Tchetgen and Shpitser (2014), and the references therein.

In real situations, the exposure’s effects on the outcome can
also be transmitted through multiple mediators. A major

challenge of mediation analysis with multiple mediators is the
structural dependence among the multiple mediators, including
the multiple causally ordered mediators, the multiple inter-
dependent mediators and the multiple parallel mediators. There
is a growing body of literature on mediation analysis with mul-
tiple mediators. The multiple causally ordered mediator models
in the counterfactual framework have been studied by Daniel
et al. (2015), Huang and Yang (2017), and Steen et al. (2017).
For a continuous or binary outcome, the regression-based
approaches to estimate the multiple interdependent mediation
effects have been studied by VanderWeele and Vansteelandt
(2014) and Saunders and Blume (2018). In addition, analytical
approaches to express the total effect in the multiple parallel
mediator models have also been provided by Bellavia and
Valeri (2018) and Taguri et al. (2018). For multiple mediation
analysis with a survival outcome, Yu et al. (2018) and Yu et al.
(2019) considered multiple correlated mediators to propose the
nonparametric or semiparametric methods to estimate the
mediation effects.

Note that most existing methods for mediation analysis with
multiple mediators are developed for continuous or binary out-
comes. In practice, however, an ordinal outcome can also arise
in medical research and other disciplines. In obesity studies,
study subjects can be categorized into several groups: healthy
weight, overweight, obese, and severely obese, based on their
body mass index (BMI), for example, see Devick et al. (2022).
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To our knowledge, there exists little literature on the research
of mediation analysis for an ordinal outcome. In recent years,
Liu et al. (2013) proposed an appropriate procedure for categor-
ical data in mediation models when the outcome variable is
ordinal. VanderWeele et al. (2016) studied the mediation effects
for an ordinal outcome with a single mediator. In this paper,
we focus on mediation analysis for an ordinal outcome with
multiple mediators in the counterfactual framework. Specifically,
we propose a regression-based method to estimate the natural
direct and indirect effects with multiple mediators. The key
advantages of our approach are that the estimated natural direct
and indirect effects have closed-form expressions, and the flex-
ible regression models are allowed to be specified for both con-
tinuous and discrete multiple mediators.

The remainder of this paper is organized as follows. In
Section 2, we provide the definitions of the direct and indirect
effects for an ordinal outcome with multiple mediators and spe-
cify their identification assumptions. In Section 3, we review the
existing methods for identifying and estimating the direct and
indirect effects for an ordinal outcome with a single continuous
mediator, and then develop new methods for mediation analysis
for an ordinal outcome with a binary mediator. In Section 4, we
propose a regression-based method to express the mediation
effects with multiple mediators for three different scenarios: mul-
tiple continuous mediators, multiple binary mediators and mul-
tiple mixed mediators. We then conduct simulation studies to
assess the finite sample performance of our proposed methods
in Section 5 and demonstrate the usefulness of our proposed
methods through the socioeconomic index (SI)-body mass index
(BMI) data in Section 6. Finally, we conclude the paper with dis-
cussions in Section 7 and provide the detailed derivations in
the Appendices.

2. Definition and Identification Assumptions

Consider a causal mediation model that includes an exposure
X, an ordinal outcome Y with ordered categories 1,2, ...,J, and
a total of K mediators M = (MW, ... M®)T, where T repre-
sents the transpose of a vector. The exposure X may affect the
outcome Y directly, or it may affect some of the mediators M,
which in turn affects the outcome Y. Let C be a p-dimensional
vector of all relevant confounding variables. Then, the relation-
ship among the exposure, mediators, outcome and confounders
can be represented by a causal diagram in Figure 1.

In the counterfactual framework, let Y, and M, denote
the values of the outcome and mediators, that would have
been observed if the exposure X was set to level x. Let Yy
denote the value of the outcome that would have been
observed if the exposure X was set to level x and the media-
tors M were set to m = (m™"),m®, . mK)". Let Y, .
denote the value of the outcome that would have been
observed if the exposure X was set to level x and the media-
tors M were set to M,- that it would have taken at some
reference exposure level x*. We also need two technical
assumptions referred to as the consistency and composition
assumptions. The consistency assumption states that the
counterfactual outcome Y, and the mediators M, are equal
to Y and M when X=x, respectively. Furthermore, when

” Y

Figure 1. A causal diagram with the exposure X, the mediators (M, ..., M¥)),
the outcome Y and the confounding variable C. The directions of arrows indi-
cate the causal pathways.

X=x and M = m, the counterfactual outcome Y, ,, is equal
to Y. The composition assumption is Y, = Y, », that the
outcome associated to the exposure X=ux is equal to the
outcome associated to setting X to x and the mediators to
M,, which is the value it would have naturally attained
under X =x (VanderWeele & Vansteelandt, 2009).

Here, we adopt the odds ratio scale to define the direct
and indirect effects for the multiple mediator setting. The
total effect (TE) conditional on C = ¢ is defined by

P(Yym, > jle)/P(You, < jle)
P(Yye m,. > jle)/P(Ye m,. <jle)’

which measures the effect of the exposure X on the outcome
Y when the exposure level set to x* versus the exposure level
set to x, where 1 <j<J—1.

The controlled direct effect (CDE) conditional on C = ¢
is defined by

TEor = (1

P(Yem > jle)/P(Yem < jl€)
P(Ye,m > jle)/P(Yem < jle)’

CDEor = (2)
which measures the effect of the exposure X on the outcome
Y unmediated through the mediators M while fixing the medi-
ators at m. Alternatively, the natural effect sets the mediators
at their natural levels that would be observed. Then, the nat-
ural direct effect (NDE) conditional on C = ¢ is defined by

P(Yym,. > jle)/P(Yom,. <jlc)
P(Yy m,. > jle)/P(Ye u,. <jlc) ’

which measures the effect on the outcome changing the
exposure X from level x* to level x, but blocking any effect
on the mediators.

In contract to NDE, the joint natural indirect effect (NIE)
through the mediators M conditional on C = ¢ is defined by

P(Yeum, > jle)/P(Yom, < jl¢)
P(Yum,. > jle)/P(Yuom, <jle)’

which measures the effect on the outcome when the media-
tors are changed by the exposure X from level x* to level x
and the exposure is fixed at level x at the same time. Note
that the total effect decomposes into the product of natural
direct and indirect effects, namely, TEor = NDEor X NIEog.

In the multiple mediator models, we further consider the
mediation effects through an individual mediator. From

NDEogr = (3)

NIEor = (4)




Figure 1, the joint natural indirect effect can be decomposed
into K mediation effects within the K-mediator model under
the assumption of no interaction among the mediators. We
now define the natural indirect effect through a single medi-
ator. The natural indirect effect through the mediator M)
alone is defined by
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a single mediator M proposed by VanderWeele et al.
(2016), the NIE, NDE and CDE are defined as NIEor =

P(Yx, M >j1€) /P(Ye, iy Sjil€)
P(YX,MX* >j‘c>/P<YX,MX* SJ‘L‘) >

_ P(Yy,m>jle)/P(Ye,m<jlc)
and CDEor = 5y 2 o) /p(v, o)

P(Ya i, >j16)/P(Ye . jle)
(¥ 0,0 SO/ PV i, SJ10)

NDEor =

respectively.

NIE(), =

which measures the indirect effect of the exposure X on the
outcome Y only through the ith mediator with i from 1 to
K. Note that under the independent assumption of media-
tors, it provides a proper decomposition of a joint natural
indirect effect among individual mediators as follows:

K
NIEog = [ [ NIE.
i=1

In some studies, the natural effects are probably preferred
since we may not be able to set the mediator at a specific
level. Thus, stronger assumptions are needed to identify the
natural effects. Let A ] B|C denote that A is independent of
B conditional on C. To identify the total effect, it is gener-
ally assumed that, conditional on the covariates C, the effect
of exposure X on outcome Y is unconfounded. In the coun-
terfactual notation, this is denoted as Y, [[ X|C = ¢ for all c.
In addition, in order to identify the CDE, NDE and NIE,
we need the following assumptions.

(A1) No unmeasured exposure-outcome confounding:
Yem [[X|C = ¢ for all x, m and c.

(A2) No unmeasured mediator-outcome confounding:
Yom [ [M{X =xC =c} forall x, mand c.

(A3) No unmeasured exposure-mediator confounding:
MY [I1X|C = ¢ for all x, i and ¢.

(A4) The cross-world independence assumption:
(A41) Yo [[ M,
(A4.2) MY ]_[MJ(C];)|C = ¢ for all ¢, x,x* and i#j.

C = ¢ for all x, x*, m and ¢,

Note that the CDE can be identified under assumptions
(A1) and (A2), and the identification of NDE and NIE
requires assumptions (A3) and (A4). With all the four assump-
tions, the CDE, NDE and NIE can be estimated by fitting the
regression models for the outcome and multiple mediators.

3. Mediation Analysis for an Ordinal Outcome with
a Single Mediator

For an ordinal outcome, we first review mediation analysis
with a continuous mediator proposed by VanderWeele
et al. (2016). We then develop mediation analysis with
a binary mediator for an ordinal outcome and obtain
closed-form expressions for the mediation effects. For

P(Yx,Mil),4..,MiH),MS>,...,Mfcm >j|c)/P(Yx,M,(CU,.“,Mi’fl),M,(g),m,M_iK) <jle) 5)
P(Yx,Mf(l),4..,M,(("71),Mi’2,...,Myo >j|c)/P(Yx,M,((l),.4.,M£i71),Mii),...,M£K) <jle)’

For a single mediator, we need the following identification
assumptions (B): Y., [[X|C=c¢, Yom [[Mi{X=xC=
ch, My ][I X|IC=c¢ and Y, ][ M|C =c. For mediation
analysis for an ordinal outcome with a binary mediator, we
propose a logistic regression model for the mediator and a
logistic proportional odds model for the outcome, respect-
ively. Under these identification assumptions, the closed-form
expressions for NIE, NDE and CDE are derived.

3.1. A Review of the Mediation Analysis with a
Continuous Mediator

In this section, we briefly review mediation analysis for an
ordinal outcome with a continuous mediator. VanderWeele
et al. (2016) investigated the mediation effects for an ordinal
outcome with a continuous mediator. To obtain the closed-
form expressions for the mediation effects, it is needed to
make a rare outcome assumption: the reference category
J=1 is sufficiently common, e.g. P(Y = 1|x,m,¢c) > 0.9.

The natural direct and indirect effects can be parameterized
by the so-called mediation and outcome models as follows:

My ce =% +oux+ouc+e (6)
logit(P(Y > jlx,m,c)) = —f} + Pyx + Bym + Byxm + fiec,
7)

where ¢ is normally distributed with zero mean and variance
6’ and 1 <j <] —1. Under models (6) and (7), the NIE,
NDE and CDE are given by

NIEor ~ exp { (o1, + o1 fsx)(x — x")},

NDEor = exp {[B; + B3 (oo + oux* + ale + B,0%)] (x — x*)
+0.5B;0%(x* — x*2)},

CDEor = exp {(B; + Bsm)(x — x")}.

Note that the CDE and NDE are approximately equal if
there is no interaction between the exposure and the mediator.

3.2. Mediation Analysis for an Ordinal Outcome with a
Binary Mediator

In this section, we develop theory and methods for medi-
ation analysis for an ordinal outcome with a binary medi-
ator. To evaluate the mediation effects by a binary mediator,
we fit a logistic regression as follows:
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logit(P(M = 1|x,¢)) = o + oy x + e c. (8)
If a rare outcome assumption holds, then model (7) can

be approximately represented as

log (P(Y > jlx,m,¢)) =~ logit(P(Y > j|x,m,c))

= =By + Bix + Bym + Byxm + Bie.
Under the identification assumptions (B), the NIE, NDE
and CDE can be derived as
1+ exp (g + oux* + ale)
1+ exp (o + oy x + ok c)

NIEor ~

1+ exp (B, + Byx + o + oy x + olc)
1+ exp (B, + Byx + o + oyx* +ole)’

NDEog =~ exp (f;(x —x7))

L+ exp (B, + Pax + op + oux” +ale)
1+ exp (B + Bsx* + o + oux* + ofe)’

CDEor = exp {(f; + fym)(x — x7)}.

The detailed derivation is given in Appendix A. If there
is no exposure-mediator interaction in the outcome regres-
sion model (7), we have

1+ exp (o + onx* + al'c)

NIEor ~
R+ exp (g + ayx + ol c)

1+ exp (B, + oo + oux + alc)
1+ exp (B, + o + oux* +ale)’

exp (B, (x = x7)),

exp {(x —x")}.

Note that the CDE and NDE are approximately equal
when there is no exposure-mediator interaction.

NDEogr
CDEor

%

4. Mediation Analysis for an Ordinal Outcome with
Multiple Mediators

In many applications, we make attempts to separate the effect
of an exposure on an outcome into its effects through a number
of different pathways. Thus, exploring the relative strength of
different pathways from an exposure to an outcome is an inter-
esting topic in recent years. In this section, we mainly consider
the mediation effects for an ordinal outcome with multiple
mediators in three scenarios: multiple continuous mediators,
multiple binary mediators and multiple mixed mediators.

4.1. Mediation Analysis with Multiple
Continuous Mediators

For mediation analysis with multiple mediators, the question
that arises is the complex structure among multiple mediators.
For the setting of binary exposure, Nguyen et al. (2016) and
Taguri et al. (2018) studied the mediation effects for multiple
mediators with independent structure. Wang et al. (2013) and
Daniel et al. (2015) considered the mediation effects for mul-
tiple mediators with dependent structure. We first consider the

mediation effects when all mediators are continuous variables
and explore the effect of an exposure on an ordinal outcome
through all mediators. We can fit a linear regression for every
mediator M) and a logistic regression for the outcome Y, and
allow for the exposure-mediator interaction. For every medi-
ator M), the regression model can be written as

M(i)|X:x,C:c =ay +ux+ogcte, i=1.,K (9

where the error ¢; follows a normal distribution with zero
mean and variance ¢7. Then in matrix notation, the whole
model can be represented as

Mly_. . = 0% +oux+ Ac+e, (10)

where oy = (a1, ....00x)" is a vector of intercepts, o =
(oc”,...,oclK)T represents the effects of the exposure, A =
(021, ....00x)" represents the regression coefficients of the
confounders, and the error vector & = (gj,....ex)" follows a
multivariate normal distribution with zero mean vector and
covariance matrix X, where the diagonal elements of X are
03, ...,0%, and the off-diagonal elements of £ may be non-
zero. That is, in the continuous mediator setting, the media-
tors are allowed to be correlated with dependent structure.

For the ordinal outcome Y, the proportional odds logistic
model can be written as

logit(P(Y > jlx,m,¢)) = —f + Byx + fim + fixm + fic,
(11)

where [3{) is the intercept, f, represents the effect of the
exposure on the outcome, ff, = (f,y,.... fox)" represents the
effects of the mediators on the outcome, f; = (fi5;. ...,,[)’3K)T
represents the interaction effects of the exposure-mediator
terms on the outcome, and f, = (B4, ... /34P)T represents the
regression coefficients of the confounders. Here, we consider
the interaction between the exposure and the mediators.
Suppose that assumptions (A1)—(A3) and (A4.1) and a rare
outcome assumption hold and the models are correctly speci-
fied, it can be shown that the NIE, NDE and CDE are given by

NIEor & exp {(B, + B5x) "ou (x — x*)}, 1
NDEox ~ exp {(By + B3 " + B Zfs + 5 B3 B (x + ) (x — )},
CDEor = exp {(B, + f3m)(x — x)},

where p* = 0+ o01x* + Ac. The expressions of mediation
effects are more complicated as it involves the correlation
among multiple mediators. The detailed derivation is given
in Appendix B.

In particular, when all mediators are independent of each
other, that is, assumption (A4.2) holds, the covariance
matrix is a diagonal matrix with £ = diag(o?,...,0%). Thus,
the corresponding NIE and NDE can be rewritten as

K
NIEor ~ exp {Z“li(ﬁzi + Bax)(x — x)}

K
NDEor = exp { (B + D (i + bue? + 3 b} (x4 5 (x = x) .
i=1

This result is an extension of mediation analysis for an
ordinal outcome with a single continuous mediator. If we



take f, = (1,0,...0)" and B, =(1,0,...0)", this result
reduces to the setting for a single mediator as proposed in
VanderWeele et al. (2016). In the absence of the interaction
between the exposure and mediators, the NIE, NDE and
CDE can be written as

NIEor ~ exp {f; o (x — x)},
NDEoRr = exp {f;(x — x*)},
CDEor = exp {f,(x — x*)}.

In what follows, we consider the natural indirect effect
through each mediator M) and explore the effect of the
exposure on the ordinal outcome through a mediator.
Provided that the models are correctly specified and under
the independence assumption among multiple mediators, we
can derive its natural indirect effects as

exp {o1i(fy + Baix) (x — x7) ),

Note that the joint natural indirect effect through all
mediators can be decomposed into the product of the nat-
ural indirect effect through each mediator under the inde-
pendence assumption among multiple mediators, that

is, NIEog = [IX, NIEJ.

NIEY), ~ i=1,..,K.

4.2. Mediation Analysis with Multiple Binary Mediators

In this section, we consider the mediation effects when all

mediators are binary variables. Hence, for every mediator

M, we can fit the following logistic regression:

’K)
(12)

logit(P(M¥) = 1|x,¢)) = ypi + yiix + phe,  i=1,...

where 7y, is an intercept, y,; represents the effect of the
exposure on the mediator M), and 7,; represents the regres-
sion coefficients of the confounders. The logistic regression
model for the outcome Y is kept the same as Equation (11).

For the case of binary mediators, it is still required to
assume a rare outcome. Under this assumption, the logistic
regression model is replaced by a log-linear model for the
ordinal outcome. If assumptions (Al)-(A4) hold, we can
derive the NIE, NDE and CDE as follows:

i=
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The detailed derivation is given in Appendix C.

In the absence of exposure-mediator interaction, we can
eliminate the ﬁ3T xm term from model (11) and obtain the
mediation effects as

k
H{l + exp (By + 7o + 1% + 730 H1 + exp (s + mux + 73,0)}
NIEog & ——
H{l + exp (By; + 70 + 1%+ 736) {1+ exp (7 + 705" +750)}
i=1
NDEor ~ exp {f,(x — x*)},
CDEor = exp {f,(x — x*)}.

In this setting, the NDE and CDE are approximately
equal to each other.

In what follows, we consider the effect of the exposure
on the ordinal outcome through a binary mediator. We use
the logistics regression to fit the outcome model and the
mediator model. Under the independence assumption
among multiple mediators, we can derive the natural indir-
ect effect through the mediator MO fori=1,....K as
{1+ exp By + Bax + a0 + 70X + 7€) H1 + exp (i + 7ax +75¢)}
{1+ exp (By + B + 7io + 7ax" + 76) H1 + exp (yig + yax™ +75e)}”

NIES), ~ -
We also note that it holds NIEor = [5, NIEgL under the
independence assumption among multiple binary mediators.

4.3. Mediation Analysis with Multiple Mixed Mediators

In practical applications, the mediators may be partially bin-
ary or partially continuous. We first consider the mediation
effects for the simple case with one binary mediator and
other continuous mediators. For the simple case, suppose
that M") is a binary mediator and other mediators are con-
tinuous. Then, we can fit a logistic regression model for the

binary mediator M) as follows:
logit(P(M(D = 1|x,m)) = og + oyx + ol (13)

For other continuous mediators, we still fit a linear
regression model as

A T )
M) | X, e = C0i + 01X + 06 + &, i

=1,..,K and i# |,

K
{14 exp (By + Bsix + o + 71 + 72:€) H1 + exp (yo; + ypix + “/zTic>}71
e

NIEOR ~ X

>

H{l + exp (Byi + Byix + o + 71" + 72,0 H1+ exp (s + 1™ +73,0)}

i=1

K
TT41 + exp (Bys + By + 700 + 7ix” +7%)}

i=1

NDEor » exp {(x —x")}

i=1

CDEor = exp {(B, + f3m)(x — x)}.

>

H{l + exp (By; + B3ix" + oi + y1ix” + VZTic)}
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where the error ¢ is normally distributed with zero mean
and variance o7. The logistic regression model for the out-
come Y is still represented by Equation (11).

Provided that the models are correctly specified, and
assumptions (A1)-(A5) and a rare outcome assumption are
satisfied, then the expression for the controlled direct effect
remains the same as those in Section 4.1, and the NIE and
NDE can be written as

K
NIEog =~ H exp {oui(By; + Baix) (x — x7)}
i=1, il

1+ exp (By + B + o + oux + 05yc)
1+ exp (B + Bax + oor + ox* + o)
L+ exp (o1 + oyx* + aJjc)
1+ exp (oo + oypx + alie)

K
NDEoRr = exp {f;(x — x*)} H
i=1, il

exp {5 (1} + Bro; + %[33,-6,2(96 +x))(x —x")}

1+ exp (By + Bax + oot + oux”™ + o)
1+ exp (By + Byx* + oo + o™ + ot%}c) '

The detailed derivation is given in Appendix D.
Similarly, the expressions of NIE and NDE can be extended
to the case with several binary mediators and other continu-
ous mediators.

5. Simulation Studies

In this section, we conduct simulation studies to assess the
finite sample performance of the proposed methods for
mediation analysis for an ordinal outcome. To investigate
the performance, we consider the two-mediator models with
three different combinations of mediator types, including (i)
mediation model with two continuous mediators, (ii) medi-
ation model with two binary mediators, and (iii) mediation
model with one continuous mediator and one binary medi-
ator. For each two-mediator model, we investigate the bias,
standard error (SE) and confidence interval (CI) of the
mediation effects, where the SEs and CIs are estimated using
the bootstrap method. And for each scenario, the order of
the ordinal outcome is set as J=3.

5.1. Mediation Model with Two Continuous Mediators

In this section, we consider two continuous mediators. We
first generate data for the two continuous mediators M(!)
and M® from the models

MWy oo = oo +opx + o + e,
M@ ‘X:x,C:c = Oz + 012X + 02€ + &3.
We then generate the outcome Y from a Bernoulli distri-

bution with the success probability given by the following
logistic regression model,

logit(P(Y > jlx,m,¢)) = —f} + Byx + Byym™ + prym®
+ Byxm™ + e,

where o = (0601,0611,0621)T = (0, — 0.6,0.2)T, Oy = (O(Qz,OC]z,
o) =(~0.2,0.5,0.4)", B = (. B3 B3) " = (—0.5.0.4,0.7)",
By =04, 5, = (ﬂZI’ﬁZZ)T = (—0~4»0~6)T) p3=0, and B, =0.3.

Assume that the exposure X is simulated from a normal
distribution N(0,0.5?). The confounding variable C is gener-
ated from the normal distribution N(0.2X,0.5%), representing
a confounder correlated with the exposure X. In addition, the
random errors ¢ and & are both independently generated
from the normal distribution N(0,0.75%). With the above set-
tings, the mediators M), M®) and the outcome Y are then
generated from the above models. We consider three different
sample sizes: n =100, 200 and 500, corresponding to small,
moderate and large samples, respectively.

The estimates of NIE and NDE are obtained using our
proposed method described in Section 4.1. Their estimated
values are then averaged across 500 simulations for each set-
ting. In addition, their biases are reported to assess the per-
formance of our proposed estimates. The SEs and the 95%
CIs for both NIE and NDE are estimated using the bootstrap
methods with 200 bootstrap samples. The estimated SEs are
based on the standard deviations of bootstrap samples and the
estimated 95% Cls are based on the percentile bootstrap Cls.

The simulation results are reported in Table 1. Compared
with the true and estimated values for each mediation effect, we
observe that the estimated values are very close to the true ones,
particularly for the large sample sizes. In addition, we also see
that for fixed sample sizes, the biases for the indirect effect esti-
mators tend to be smaller than the direct effect estimators. We
note that the SEs of the mediation effects are relatively small for
each setting, it further validates that our proposed methods per-
form well. For the CI estimates of NIE and NDE, we observe
that the CIs are more accurate with larger sample sizes.

5.2. Mediation Model with Two Binary Mediators

In this section, the binary mediator simulation proceeds
similarly. The exposure X and the confounder variable C are
once again simulated from N(0,0.5*) and N(0.2X,0.5%),

Table 1. Estimations of joint natural indirect effect (NIE), natural indirect
effect through mediator M) (NIE1), natural indirect effect through mediator
M@ (NIE2), and natural direct effect (NDE) with two continuous mediators
MY and M@,

n True Estimate Bias SE 95% CI
100 1.434 1.498 0.064 0.364 (0.841, 2.192)
NIE 200 1.438 1.451 0.013 0.204 (1.167, 1.948)
500 1.437 1.443 0.006 0.112 (1.067, 1.497)
100 1.174 1.198 0.024 0.125 (0.897, 1.382)
NIE1 200 1.175 1.179 0.004 0.111 (1.012, 1.438)
500 1.174 1177 0.003 0.046 (1.004, 1.183)
100 1.222 1.249 0.027 0.274 (0.826, 1.852)
NIE2 200 1.223 1.231 0.005 0.113 (1.070, 1.503)
500 1.223 1.226 0.003 0.085 (1.010, 1.340)
100 1.306 1376 0.070 0.584 (0.736, 2.908)
NDE 200 1.308 1.365 0.068 0.236 (1.188, 2.092)
500 1.308 1.331 0.023 0.188 (1.028, 1.748)

Note: The SEs and the 95% Cls of the mediation effects are estimated using
the bootstrap methods with 200 bootstrap samples.



respectively. For the two binary mediators M") and M®),
the data are generated from the following logistic models as

logit(P(MY) = 1|x,¢)) = ag, + 01 + 16,
logit(P(M®) = 1|x,¢)) = gy + 212 + 2zac.

Each mediator M) for i=1, 2 receives a mediator prob-
ability, p*(x,¢) = P(M) = 1|x,¢) = exp (ot; + o1ix + 0z€)/
(14 exp (og; + oix + 0z;¢)), with which we generate the
mediator value from Bernoulli(p?(x,c)). The outcome vari-
able is generated from the model

—ﬁ{) + prx+ PymV + Brm?
+ ﬁ3xm(l) + fa4c.

logit(P(Y > jlx,m,c))

Note that the parametric settings of the models are kept
the same as those in Section 5.1.

The effect estimates are averaged across 1,000 simulations
for each setting. The estimators of NIE and NDE are obtained
using our proposed method described in Section 4.2. The SEs
and the 95% ClIs for both NIE and NDE are estimated using
the bootstrap methods with 200 bootstrap samples. The simu-
lation results are reported in Table 2 for every estimated effect,
from which we can draw the following conclusions. As the
sample size increases, the absolute biases and SEs of both NIE
and NDE become smaller and the CIs become more accurate.
Furthermore, for fixed sample sizes, the SEs of NIE remain
relatively smaller than those of NDE for most settings.

5.3. Mediation Model with One Continuous Mediator
and One Binary Mediator

In this section, we focus on simulation studies for the medi-
ation model with one continuous mediator and one binary
mediator. We generate data from the linear model for the
continuous mediator M) and from the logistic model for
the binary M® as follows:

MW |X:x,C:c = Og1 + 011X + 021€ + &1,
logit(P(M®) = 1|x,¢)) = gy + 012X + 0nac,

where the error ¢; is normally distributed with zero mean
and variance 0.5>. Note that the mediator M®) receives a
mediator probability, p*(x,c¢) = P(M?) = 1|x,¢) = exp (o,

Table 2. Estimations of joint natural indirect effect (NIE), natural indirect
effect through mediator MM (NIE1), natural indirect effect through mediator
M@ (NIE2), and natural direct effect (NDE) with two binary mediators M(")
and M@,
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+appx + o) /(1 + exp (cgy + o12x + 022¢)), with which we
generate the mediator M®?) from Bernoulli(p*(x,c)). The
outcome variable is generated from the logistic model

—ﬁ{) + Bix + ﬁzlm(l) + ﬁ22m<2)
+ Byxm + Be.

logit(P(Y > jlx,m,c))

All other settings are kept the same as those in Section 5.1.

We repeat the simulation 1,000 times for each setting and
report the simulation results in Table 3. Note that the estimated
SEs and ClIs are obtained using the bootstrap method with 200
bootstrap samples. From the results, we see that the biases are
relatively small. We also note that, as the sample size increases,
the SEs tend to become smaller and the 95% Cls tend to become
more accurate. Overall, our proposed method performs well for
the case with one continuous mediator and one binary mediator.

6. Real Data Analysis

In this section, we apply our proposed methods to a real data
set to estimate the mediation effects of socioeconomic index (SI)
on body mass index (BMI) that might be mediated by DNA
methylation CpG sites on chromosome 17, where SI is quanti-
fied by a scalar index ranging from 0 to 100 and BMI is a reli-
able indicator of body fatness for most people. The data set
contains the methylation values from the whole blood for 74
samples on the human chromosome 17 (Loucks et al, 2016).
The methylation values were preprocessed and normalized using
the R package methylumi (Davis et al., 2015). For illustrating our
proposed methods, we choose five continuous mediators from
DNA methylation CpG sites: ¢g05156120, cg05157340,
cg05157970, ¢g05158219 and cg05158913, and categorize BMI
into an ordinal outcome: healthy weight, overweight, obese, and
severely obese, corresponding to the ordinal values 1 for 18.5 <
BMI < 25, 2 for 25 < BMI < 30, 3 for 30 < BMI < 40, and
4 for BMI > 40, respectively. By computing the correlation coef-
ficients for five mediators, this shows that there are no correla-
tions between them. Therefore, they can be regarded as the
independence of each other and there are no interaction among
them. In addition, the value 1 takes up a large enough propor-
tion in the real data, with a proportion of nearly 50%. Thus, it
approximatively satisfies the assumption of a rare outcome.

Table 3. Estimations of joint natural indirect effect (NIE), natural indirect
effect through mediator M) (NIE1), natural indirect effect through mediator
M@ (NIE2), and natural direct effect (NDE) with one continuous mediator M(")
and one binary mediator M.

n True Estimate Bias SE 95% Cl n True Estimate Bias SE 95% ClI
100 1434 1.648 0.214 1.201 (0.645, 4.065) 100 1.434 1.571 0.137 1.530 (0.722, 3.843)
NIE 200 1.436 1.501 0.065 0.347 (0.876, 2.178)  NIE 200 1.435 1.490 0.055 0.298 (0.908, 2.021)
500 1.438 1.448 0.010 0.157 (1.023, 1.624) 500 1.437 1.445 0.008 0.141 (1.041, 1.582)
100 1174 1.249 0.075 0.409 (0.716, 2.140) 100 1.173 1.186 0.013 0.158 (0.864, 1.476)
NIE1 200 1.174 1.194 0.020 0.167 (0.868, 1.508)  NIE1 200 1.174 1.188 0.014 0.096 (0.932, 1.303)
500 1.175 1.179 0.004 0.083 (0.961, 1.284) 500 1.175 1.179 0.004 0.056 (0.985, 1.202)
100 1.221 1312 0.091 0.780 (0.693, 2.952) 100 1.221 1318 0.097 1.623 (0.684, 3.548)
NIE2 200 1.222 1.256 0.034 0.237 (0.886, 1.777)  NIE2 200 1.222 1.254 0.032 0.255 (0.866, 1.819)
500 1.223 1.227 0.004 0.107 (0.995, 1.404) 500 1.223 1.225 0.002 0.116 (0.989, 1.434)
100 1.306 1.408 0.102 0.518 (0.804, 2.754) 100 1.306 1.407 0.101 0.583 (0.766, 2.925)
NDE 200 1.307 1.349 0.042 0.291 (0.930, 2.042)  NDE 200 1.307 1337 0.030 0.316 (0.891, 2.103)
500 1.308 1317 0.009 0.166 (1.046, 1.683) 500 1.308 1325 0.017 0.181 (1.031, 1.728)

Note: The SEs and the 95% Cls of the mediation effects are estimated using
the bootstrap methods with 200 bootstrap samples.

Note: The SEs and the 95% Cls of the mediation effects are estimated using
the bootstrap methods with 200 bootstrap samples.
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For mediation analysis, we take SI as the exposure X, the five
continuous DNA methylation as the mediators M, and the
ordinal BMI as the outcome Y. In addition, sex, age, race and cig-
arette smoking are included as the confounding variables C. We
propose the following mediator and outcome models, respectively,

E(M|X, C) = 0o + och + AC,
logit(P(Y > /)|X,M,C) = —p} + B, X + pTM + BIC,

where o9 = (o1, %2, %03, %04, “OS)Ta o = (o1, 02, 013, 04,
os) ' A= (A1 Az As Ay, As)" with A = (Ai, A Ais, Au) "
for i from 1 to 5 f, and B, are two constants, f3, =
(ﬁz1»ﬁzz,ﬁz3’ﬁ24»[’)25)Ta and fi; = (ﬁal’ﬁ3z»ﬁ33vﬁ34)T-

The NIE and NDE are estimated using our proposed
method in Section 4.1, and the SEs and the 95% CIs for
both NIE and NDE are estimated using the bootstrap
method with 200 bootstrap samples. To estimate the NDE
and NIE, we consider the exposure changed from x* =
Xoa25 = 21.25, set at the corresponding 25th percentile, to
X = Xg75 = 56.75, set at its 75th percentile. We calculate the
mediation effects for the exposure SI changing from x* to x.
Table 4 summarizes the TE, NDE, NIE and NIE through
every mediator for a change in exposure from x* to x.

Comparing the NIE with the corresponding NDE from
Table 4, we see that the point estimates for the NIE are larger
than the point estimate for the NDE, whether for the joint
indirect effect or for the indirect effect through every mediator.
In addition, the confidence intervals for the NIE tend to be nar-
rower than the NDE confidence intervals and their confidence
intervals don’t contain zero. Therefore, it indicates that the
mediation effects of socioeconomic index on body mass index
through five chosen mediators distinctly exist. That is, socioeco-
nomic index affects body mass index mediated by the five DNA
methylation CpG sites. This helps us understand the causal
mechanism between socioeconomic index and body mass index.

7. Discussion

In this paper, we have proposed new methods for assessing the
mediation effects of an exposure on an ordinal outcome through
multiple mediators allowing the presence of the exposure-medi-
ator interactions. In the counterfactual framework, we first defined
the total effect, natural direct effect and natural indirect effect on
the odds ratio scale for the ordinal outcome with multiple

Table 4. The estimated mediation effects in the SI-BMI data.

Estimate SE 95% CI
NIE 0.4903 0.1859 (0.1625, 0.8823)
NIE1 0.8767 0.1641 (0.5736, 1.1937)
NIE2 0.9985 0.0771 (0.8513, 1.1824)
NIE3 0.5697 0.1727 (0.1781, 0.8586)
NIE4 0.9805 0.1495 (0.7659, 1.3844)
NIE5S 1.0025 0.1010 (0.8177, 1.2848)
NDE 0.3501 0.3406 (0.0495, 1.0557)
CDE 0.3501 0.3406 (0.0495, 1.0557)
TE 0.1717 0.1299 (0.0325, 0.5055)

Notes: All effects are estimated for a change of exposure SI from its 25th percentile
x* =21.25 to its 75th percentile x=>56.75. The SEs and 95% Cls are estimated
using the bootstrap method with 200 bootstrap samples. NIE is denoted as the
joint natural indirect effect through five mediators: cg05156120, cg05157340,
905157970, cg05158219, and cg05158913, and NIE1, NIE2, NIE3, NIE4, and NIE5
are denoted as the natural indirect effects through each mediator, respectively.

mediators. To estimate the mediation effects, we have proposed a
regression-based approach, where the outcome model is fitted by
the proportional odds logistic regression and the mediator models
are fitted by the linear regression for the continuous mediator or
by the logistic regression for the binary mediator. Under the rare
outcome assumptions, we have obtained the closed-form expres-
sions of the mediation effects for three scenarios: multiple con-
tinuous mediators, multiple binary mediators, and multiple mixed
mediators. Simulation studies have also shown that our proposed
methods perform well in all three scenarios.

Our proposed methods have several advantages. The pro-
posed mediation framework provides an opportunity for ana-
lyzing the effect of the mediators on an ordinal outcome.
Our proposed methods provide closed-form expressions of
mediation effects and an additional insight for multiple medi-
ators on the mediation mechanism for an ordinal outcome.
Consequently, this may help to make a decision for a better
intervention when an effect on an outcome is mediated by
multiple intermediate variables. Mediation analysis also pro-
vides a way for analyzing the data under a hypothesized path-
way structure. Obviously, our proposed methods can be
widely applied to the ordinal data analysis to assess mediation
effects, which allow for the distributions of the mediators to
be flexible for both continuous and binary mediators.

One limitation of our methods is that it is needed to assume
a rare outcome. Certainly, we can relax this assumption and fol-
low the approach on a binary outcome proposed by Gaynor
et al. (2019), while allowing for multiple mediators and proceed-
ing without making a rare assumption on an ordinal outcome.
This extension will be considered in future research. In addition,
our methods are specified as parametric models and thus
required a correct model specification. An advantage of paramet-
ric models is that the estimation is efficient when all the models
are correctly specified (Tchetgen & Shpitser, 2012). However, as
pointed out by Robins and Wasserman (1997), the parametric
models can often be mis-specified and the resulting estimators
for the mediation effects are hence biased. For this reason, semi-
parametric estimation methods have also been proposed for a
continuous or binary outcome with a single mediator. For more
details, one may refer to, for example, VanderWeele (2009),
Tchetgen and Shpitser (2012), Vansteelandt et al. (2012), Yu
et al. (2014), Yu et al. (2018), Yu et al. (2019) and Yu and Li
(2022). Further research is needed for mediation analysis to
apply the semiparametric estimation methods for the setting of
an ordinal outcome with multiple mediators.
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Appendix A: Mediation Analysis for an Ordinal
Outcome with a Binary Mediator

In this section, we consider mediation analysis for an ordinal outcome
with a binary mediator. Under a rare outcome assumption, we have

log {

P(Y > j|x,m,c)

B <jrme) ~ 8 PY > jxme)

~ —[)’{) + Bix + fym + fixm + ﬁfc.

Then, we have

P(Y > jlx,m,c) ~ exp (—By + Bix + Bym + fsxm + Bic).
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In addition, we also know that Appendix B: Mediation Analysis with Multiple
log (P m, > jle) Continuous Mediators
v, <jie)

~ log (P(Yxu, > jl€)) P(Y > jlx,m,c)
= log {[ P(Ys,m > jIM, = m,c)P(M, = m|c)dm} log oy < jjm,c)
= log {[P(Y > j|x,m,c)P(M = m|x,c)dm}

~ log {[ exp (—fy + frx + fom + fyxm + fie)P(M = mlx, c)dm}

= log{ exp (—ﬁ{, + Bix+ Bic) [ exp (Bym + Psxm)P(M = m|x,¢)dm}
— log { exp (—f + Bix + Bie)E{exp (B, + Bx)M)|x.c}}.

If a rare outcome assumption holds, then it is easy to derive that
} =~ log (P(Y > j|x,m,c))

~ —ﬁ{] + Bix+ ﬁZTm + ﬁSTxm + ﬁzc,
where m = (m("), ... m®)T. Or equivalently, we have
P(Y > jlx,m,c) ~ exp{—f + prx+ fym + pixm + pic}.
If assumptions (A1)-(A4) hold, then we have

In what follows, we calculate E{ exp ((f5, + f3x)M)|x, c}. For a bin- P(Yym, > jlc)

ary M, we have log {m} ~ log (P(Yxm, > jl¢))
E{exp (B, + Bsx)M)|x,c} = exp (B, + Bsx)P(M = 1[x,¢) + (M =0|x,c). — log {[ P(Ysm > jiMx = m,c)P(M, = m|c)dm}
By P(M=1|x,¢) = exp (ot +mx+oje)/{1+ exp (a0 + oux+o5¢)}, = log{[P(Y > jlx,m,c)P(M = m|x,c)dm}
then we have )
E{exp (B, + B)M)|x c} ~ log {[ exp (—Eo + B+ fym + fyxm + Bie)P(M = mx, ¢)dm}
exp (o + oqx + ol'c) 1 = log {exp (—f, + Bix + Bic) [ exp (Bim + B1xm)P(M = m|x, c)dm}

= exp (B, + B3%)

L+ exp (00 +onxFoge) 1+ exp (oo +onx+03¢) = log{exp(—f) + fix+ Bje)E{exp (B, + fx) 'M)|x,c}.
14 exp (B, + Bax+ ap + oux + oic)
N 1+ exp (o0 + oux + olc)

Note that M follows a multivariate normal distribution with mean
vector u = o + o,x + Ac and covariance matrix X. Therefore, we have

Therefore, we obtain E{exp ((p, + /53X)TM)\x,C}
P~ (<4 i — AT exp{(B, + ) m} exp {3 (m — "= (m — 0 }am

1+ exp (B, + Bsx + o + oux + ale)

T
+hie) 1+ exp (o + oyx + olc)

1 .
=A[ exp {—5 [mTE’lm —2u+ 2By + B3x) = m 4+ p'= | ydm

Similarly, we can get = AJ exp =y Im— (u 2By + By))"E Im — (ot BB, + )]
P(Yyu. > le)

L exp(— )+ Bx 1 _ 1 _
P(Yeu, <jic) = P hth S S+ Ba) S (e (B + ) — 0
+BTe) 1+ exp (B, + Bsx + g + oux* + o) .1 .
4 1+ exp (o9 + oy x* + ale) ’ = exp{(f, + fox) n+ 5(/32 + B3x) Z(B, + B3x)}
By the definition of NIE, we get the NIE for a binary mediator as K/2pso(—1/21 -1 ]
follows: where A = {(2n)"/"|Z|7/“}7". Then, we obtain that
P(Yopr > i -
NIEqy o L P (B + Bt a0 + ax + a5¢) H ~ exp{—y + Bix+ Bic+ (B, + Bsx)u
1+ exp (o + ox + ol¢) M. S 1
JLt e (Bt fix o0 x’ Foge) +5 (B + Box) 2B, + a)}-
1+ exp (g + oyx* + ale) o
Similarly, we have
In addition, we can derive that P, 0
Mo > JIC j T T s
P(Ye . >j ; iy~ exp {=fy + frx+ By + (B + Bax)
Pny s M, zj}z; A exp (_[);JO 4 ,le* P(Yx,Mx» §]|C) P{ 0 1 4 ( 2 3 )
XMy >
M, 1 ;
v 1+ exp (By + Bax* + o+ oux* + ole) T3 (B + B3x) Z(P> + B3%)}
Thie) 1+ exp (o0 + oyx* + ol c)
€Xp (%o X 2 and
This leads to
P(Yem >jle) j . T
oy 1+ exp (B + Byx + 30 + oux’ + 2le) PV, <jie) = SRt hud - fie (B i)
NDEor =~ exp (f(x — x7)) 1 . PR A o
+ exp (B, + f3x* + o + ox* + 0j¢) 1 Ty «
In what follows, we further obtain the CDE for the fixing mediator. + 2 (Ba + B ) Z(Bo + b))

Specifically, the CDE can be derived as where 1" = oo + oux* + Ac.

P(Yem > jl€)/P(Yem < jl€) Therefore, we can get

P > jle)/P(Ye.m < fle) NTEor ~ exp {(8, + fx) s — ')},

_ P(Y > jlx,m,c)/P(Y < jlx, m,c) T w . of 1 . .
" P(Y > jlx*, mye)/P(Y < jlx*, m, c) NDEor ~ exp {(fy + Bs " + B Zfs + 5 B3 23 (x + 7)) (x —x)}.

= exp{(By + fym)(x — x7)}.

CDEor =
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Finally, we obtain the CDE as Therefore, we have

P(Yem > jl€)/P(Yem < jle)

BN = B > Jle) PV < ) Elexp((fo + fie)' M

|X C} H1+exp ﬂ21+ﬁ31x+))10+/11x+/120)
’ 1+ exp (70 + X + 7he)

P(Y > jlx,m,c)/P(Y < j|x,m,c)
P(Y > jlx*,m,c)/P(Y < jlx*,m,c)

Then, we can get

P(Yom. > jle)

\TeM ~JIY) _pl
= exp {(fy + Bim)(x — x)}. P(Yow, <jle) - P hot
Now we consider the NIE through the mediator M) only. By the
definition of NIE through M®) and noting that (MW, .., M®)) are + /34 )H L+ exp (o + By + 7o + 7 x + ))’20)
independent of each other, we can readily derive that 1+ exp (i + 7% + 75¢)
P(Y, MM > jle) { } It is similar to obtain that
log{ — - } log P( (2) K) >j|0) P(Y, : X
A ___)MEK) <Jlo) M POumte 211 o oo (Cf + o

. P(Yym,. <jle)
= log { exp (= + prx + BiO)E{ exp (B + Byx)MY)|x", ¢}

1+ ex i Baix + v + vax" +ype
+ﬂ4)H P (Boi + Byix + vio + 7" + 7i5¢)

K
i 1+ exp (yjp + vinx* + i€
<[ [ECexp (B + BM)Jx.c) ). P (7 + 7 + ac)
i=2

Therefore, we get and
- P(Yypr. >j ; X
NIED — P(YX’M)((I)?MO)’W w > jle)/P(Y Y ORYCRY <jle) H ~ exp (—f + fix
o P(YX,MLP,M“ aM® ) > jle)/P(Y, W M, .. MO <jle) oM =) . .
1+ exp (B + Pyix* + vio + vinx™ + y5¢)
T 2i 3i i0 il i
~ E{exp ((Ba1 + B1x)M 1))|x,c} +ﬁ4c)H 1+ exp (v, + yuX* + 75¢) -
E{exp (B + prx)MD)lxx ) B e
= exp {an (B + Bux)(x — x*)}. Hence, the NIE, NDE and CDE are derived as
Similarly, we obtain the NIE through the mediator M) represented K " PN
as H{l + exp (By; + Bax + 7i0 + vix + 7€) H1 + exp (i + vux +7;26)}
) NIEoR = I’jl
NIE(OI)R ~ exp{an(By + fyx)(x —x")},  i=2,.,K H{l + exp (By + Baix + vio + 7ux” + 756) 1+ exp (g + yax" + 75¢)}
i=1
K
H{l + exp (By + By + 70 + X +750)}
. . . . . . ~ * i=1
Appendix C: Mediation Analysis with Multiple NDEor ~ exp {f(x = x)} :
Binary Mediators 11{1 + exp (B + Bix + a0 + X’ +75¢)}
CDEoy = + Bym)(x — x*)}.
Under a rare outcome assumption, it is similar to obtain or = exp {(Bi + Fym)(x = <)}
) j From the above derivation, it is easy to obtain the NIE through
P(Y > jlx,m,¢) ~ exp{—P + prx+ fim + fixm + fc}. A0 o 4 &

In addition, under assumptions (A1)-(A4), we can derive the same . T A=l
conclusions as those in Web Appendix B NIE(), ~ {1+ exp (Boi + Baix + 7io + virx + 7ip) H1 + exp (yig + yax +75¢)}
> R~ -
. {1+ exp (B + Paix + 7io + vux™ +756)H1 + exp (i + vux* + 75¢)} !
P(Yym, > jle)

I —~ 7 x 7 Tl g
Og{P(Yx,MX S]|c)} og{exp( ﬂjo+ﬁ1x
T T
+Bse)E{exp (B, + fsx) M)lx,c}}. Appendix D: Mediation Analysis with Multiple
Under the independent assumption of mediator, we have Mixed Mediators
K . - ) (®) are i
E{exp ((fy + E3x)TM)|x,c} — E{exp (Z(ﬁb I ﬂaix)M(l))‘x’c} Noting that MY, ..., M'™) are independent of each other, we have
=1 K
K . E(exp (Y + plx)M|x,¢) = E{ ex Boi + Bax) M) |x, ¢
[0 (B + M) (e (B + M) = ELexp (O (fa + fr9M e}
i1 K
Further, we calculate that = HE{ exp (B + Byx)MD)|x, c}.
i=1
E{exp (B + ﬁ3ix)M(i))|x,c} = exp (fBy + [33ix)P(M(i) =1|xc) When MY is continuous (i#1), we can get
+ P(M(i) E{exp (B + Baix)M®) x.c}
=0|x,¢). Lt , ,
From the logistic regression model (12) in the main text, we know = \/EO’J exp {(By; + Byx)m} exp {—(m — ;)" /(207) }dm
that R
a7 2
T = . . .4 L . .
p( ( 1|x’ ) ! —txp (/z(O +—):1x —‘,-—)’)_12(,‘) ) P(M(i) — le’ L‘) exp {(ﬂ21 + ﬁSzx)ﬂz + 2 (1821 + ﬁSyx) }’
ex] x c
P io ) ta /12 where u; = oo + o x + a(igc. When MO is binary, we have

1+ exp (o +7ax+750)
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and
E{exp (B + Bsx)M)|x, ¢} = exp (By + Bsx)P(MY = 1|x,¢) P(Ye y1. > jle) . X r K -
+ P(M®D = 0|x,¢) m ~ exp{ — Py + Fix" + Bye+ ;(ﬁZi + Bax" )
T K
= exp (B + B3x) 1 jxsx(:‘g;:; fl;l:; izfg)f) + % ;‘712 (B + ﬂyx*)z}
1
1+ exp {By + Bax™ + ooy + ox* + aie}

+ -
1+ exp (oo + oyx + o)
1+ exp (ot + oux* + odie)

1+ exp{fy + Bayx + tor + x4 ade}
- 1+ exp (oo + ouix + adje) : where (i = o + 0;1x" + ahe. This yields the NIE, NDE and CDE as

Therefore, we obtain

P(Yem, > jle) j L&
P(Yem, < jle) - exp{ Bo + Brx+ By + izﬂ(ﬂh‘ + B

1&E 5
+ 3 Za?(ﬁzi + Baix) }
i#l
1+ exp { By + Bux + oo + oupx + agc}
1+ exp (ot + otx + aje) '

Similarly, we have

P(Yym,. >jle) j T S X
P(Yom. < ile) ~ exp { .Bjo + Bix+ Byc+ ;(ﬁh + ﬂSix):ui
1 & 5
+52“?(ﬁ2i + Baix) }

i#

>

% 1+ exp {By + Bax + oo + ox™ + adje}
1+ exp (ot + oyx* + odic)




