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Abstract. Recent results in the literature provide computational evidence that the stabilized
semi-implicit time-stepping method can efficiently simulate phase field problems involving fourth
order nonlinear diffusion, with typical examples like the Cahn-Hilliard equation and the thin film type
equation. The up-to-date theoretical explanation of the numerical stability relies on the assumption
that the derivative of the nonlinear potential function satisfies a Lipschitz-type condition, which in
a rigorous sense, implies the boundedness of the numerical solution. In this work we remove the
Lipschitz assumption on the nonlinearity and prove unconditional energy stability for the stabilized
semi-implicit time-stepping methods. It is shown that the size of the stabilization term depends on the
initial energy and the perturbation parameter but is independent of the time step. The corresponding
error analysis is also established under minimal nonlinearity and regularity assumptions.
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1. Introduction. In this work we consider two phase field models: the Cahn-
Hilliard (CH) equation and the molecular beam epitaxy (MBE) equation with slope
selection. The CH equation was originally developed in [5] to describe phase separa-
tion in a two-component system (such as metal alloy). It typically takes the form

Ou = A(_VAU + f(u))v (l',t) €N x (07 OO),
(1.1)
U = Uo,
t=0
where u = u(x,t) is a real-valued function which represents the difference between
two concentrations. Due to this fact (1.1) is invariant under the sign change u — —u.
Another common form for CH is

Oyu = Aw,
(1.2)
w = —eAu+ e L f(u).

As ¢ — 0 the chemical potential w tends to a limit which solves the two-phase
Hele-Shaw (Mullins—Sekerka) problem (see [21] for a heuristic derivation, [1] for a
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convergence proof (under the assumption that a classical solution to the limiting
Hele-Shaw problem exists)). In (1.1) the spatial domain {2 is taken to be the usual
27-periodic torus T? = R?/27Z2. For simplicity we only consider the periodic case
but our analysis can be generalized to other settings (such as bounded domain with
Neumann boundary conditions). The free energy term f(u) is given by

1
(1.3) f(u) = F'(u) = u® — u, F(u) = Z(uQ— 1)2.
The parameter v > 0 is often called the diffusion coefficient. Usually one is interested
in the physical regime 0 < v < 1 in which the dynamics of (1.1) is close to the limiting
Hele-Shaw problem after some transient time.
For smooth solutions to (1.1), the total mass is conserved:

(1.4) %M(t) =0, M(t) = /Qu(amt)dx.

In particular M(¢) = 0 if M(0) = 0. Throughout this work we will only consider
initial data ug with mean zero. On the Fourier side this implies the zeroth mode
©(0) = 0. One can then define fractional Laplacian |V|*u for s < 0 (see (1.25) for the
definition of |V|* = (—=A)*/?). The energy functional associated with (1.1) is

(1.5) E(u):/Q(;uWuF—i—F(u)) da.

As is well known, (1.1) can be regarded as a gradient flow of E(u) in H~!. The basic
energy identity takes the form

d _
(16) CB(u(t) + [V 0ul3 = 0.
Note that d;u has mean zero and |V|~!0,u is well-defined. Alternatively to avoid
using |V|~!, one can rewrite (1.6) as

(1.7) %E(u(t)) + /Q |V(—vAu+ f(u))>dz = 0.

It follows from the energy identity that
(1.8) E(u(t)) < E(u(s)) V t>s.

This gives a priori control of the H'-norm of the solution. The global well-posedness
of (1.1) is not an issue thanks to this fact.

There is by now an extensive literature on the numerical simulation of the CH
equation and related phase field models; see, e.g., [4, 6, 7, 8, 9, 10, 15, 16, 24, 28] and
the references therein. On the analysis side, it is noted that Feng and Prohl [12] gave
the error analysis of a semidiscrete (in time) and fully discrete finite element method
for CH. Under a certain spectral assumption on the linearized CH operator (more
precisely, one has to assume the existence of classical solutions to the corresponding
Hele-Shaw problem), they proved an error bound which depends on 1/v polynomially.

It is known that explicit schemes usually suffer severe time-step restrictions and
generally do not obey energy conservation. To enforce the energy decay property and
increase the time step, a good alternative is to use implicit-explicit (semi-implicit)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/05/16 to 158.132.175.20. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

THE STABILIZATION SIZE FOR SEMI-IMPLICIT METHOD 1655

schemes in which the linear part is treated implicitly (such as backward differentiation
in time) and the nonlinear part is evaluated explicitly. For example, in [7] Chen and
Shen considered the semi-implicit Fourier-spectral scheme for (1.1) (set v = 1),

w1 (k) — ui (k)

S = e k) = [P F ) (),

(1.9)
where u™ denotes the Fourier coefficient of u at time step t,,. On the other hand,
the semi-implicit schemes can generate large truncation errors. As a result smaller
time steps are usually required to guarantee accuracy and (energy) stability. To
resolve this issue, a class of large time-stepping methods were proposed and analyzed
in [13, 16, 24, 27, 28]. The basic idea is to add an O(At) stabilizing term to the
numerical scheme to alleviate the time step constraint whilst keeping energy stability.
The choice of the O(At) term is quite flexible. For example, in [28] the authors
considered the Fourier-spectral approximation of the modified CH-Cook equation

(1.10) 9C=V-((1-aC*V(C®-C - rV?0)).
The explicit Fourier-spectral scheme is (see (16) in [28])
(1.11)

CrH(k, t) — C™(k, t)

N = ik - {(1 — aC)[ik' ({~C + C*}, + n|k’|2é71(k’,t))]r}k .

The time step for the above scheme has a severe constraint,
(1.12) At-k-K* <1,

where K is the number of Fourier modes in each coordinate direction. To increase
the allowed time step, the authors of [28] added a term —Ak*(C"+1 — Cm) to the
right-hand side (RHS) of (1.11). Note that on the real side, this term corresponds to
a fourth order dissipation, i.e.,

7AA2(Cn+1 o Cn)

which roughly is of order O(At).
In [16], a stabilized semi-implicit scheme was considered for the CH model, with
the use of an order O(At) stabilization term

AA (U — ™).

Under a condition on A of the form

1 1 1
(1.13) A> max {Qu"(x)|2 + Z|u”+1(x) + u"(x)|2} ~5 Vn >0,

one can obtain energy stability (1.8). Note that the condition (1.13) depends non-
linearly on the numerical solution. In other words, it implicitly uses the L°°-bound
assumption on u” in order to make A a controllable constant.

In [24], Shen and Yang proved energy stability of semi-implicit schemes for the
Allen—Cahn and the CH equations with truncated nonlinear term. More precisely it
is assumed that

(1.14) max | f(u)| < L
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which is what we referred to as the Lipschitz assumption on the nonlinearity in the
abstract. The same assumption was adopted recently in [13] to analyze stabilized
Crank—Nicolson or Adams—Bashforth scheme for both the Allen—Cahn and CH equa-
tions.

In a recent work [4], Bertozzi, Ju, and Lu considered a nonlinear diffusion model
of the form

u ==V - (f(u)VAu) + V- (g(u)Vu),

where g(u) = f(u)¢’(u), and f, ¢ are given smooth functions. In addition f is
assumed to be non-negative. The numerical scheme considered in [4] takes the form
unJrl —ut

At
where A > 0 is a parameter to be taken large. One should note the striking similarity
between this scheme and the one introduced in [28]. In particular in both papers the

biharmonic stabilization of the form —AA?(u"*! —u") was used. The analysis in [4]
is carried out under the additional assumption that

(1.15) = —AA*(u"T —u™) = V- (f(u™)VAU) + V- (g(u™) V™),

(1.16) sup || f(u™)]|oo < A < 0.

This is reminiscent of the L> bound on u".

Roughly speaking, all prior analytical developments are conditional in the sense
that either one makes a Lipschitz assumption on the nonlinearity, or one assumes
certain a priori L* bounds on the numerical solution. It is very desirable to remove
these technical restrictions and establish a more reasonable stability theory. Thus we
consider the following. Problem: prove unconditional energy stability of large time-
stepping semi-implicit numerical schemes for general phase field models.

Here unconditional means that no restrictive assumptions should be imposed on
the time step. Of course one should also develop the corresponding error analysis
under minimal regularity and smoothness conditions.

The purpose of this work is to settle this problem for the spectral Galerkin case.
In a forthcoming work [20], we shall analyze the finite difference schemes for the CH
model by using a completely different approach.

We now state our main results. We first consider a stabilized semi-implicit scheme
introduced in [16] following the earlier work [27]. It takes the form

n+l _ ,n
(1.17) % = VAP AN (U — ) + ATl (f(u")), n >0,

u® = I yug,

where 7 > 0 is the time step, and A > 0 is the coefficient for the O(7) regularization
term. For each integer N > 2, define

X = span{cos(h - o), sin(k @) k= (ki k) € 22, [klow = max{[kal, [k} < N}

Note that the space X includes the constant function (by taking k = 0). The L?
projection operator Iy : L?(Q) — Xy is defined by

(118) (HNufu,qﬁ) =0 Vo e Xy,

where (-, ) denotes the usual L? inner product on Q. In yet other words, the operator
Iy is simply the truncation of Fourier modes of L? functions to |k|o < N. Since
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IIyug € Xn, by induction it is easy to check that u™ € Xy for all n > 0. Note that
one can recast (1.17) into the usual weak formulation, for example,

(deu" T 0) 4+ AV (u™ T —u™), Vo) + (V(f(u™)), Vo) +v(Au" T Av) =0 Vv € Xy,

where dyu"! = (u"*1 —u™) /7. However in our analysis it is more convenient to work
with (1.17). Note that «" has mean zero for all n > 0 (since we assume uo has mean
7€r0).

THEOREM 1.1 (unconditional energy stability for CH). Consider (1.17) with v >
0 and assume ug € H*(Q)) with mean zero. Denote by Eq = E(ug) the initial energy.
There exists a constant B. > 0 depending only on Ey such that if

(1.19) Az,6’-(|\u0H%12+V_1|10g1/|2+1), B > Be,

then

where E is defined by (1.5).

Remark 1.1. We stress that the above stability result works for any time step
7 > 0. In particular the condition on the parameter A is independent of 7. In order
to keep the argument simple, we do not try to optimize the dependence of A on the
diffusion coefficient v or the initial data ug. This can certainly be pushed further. For
example, a close inspection of the proof of Theorem 1.1 shows that it suffices to take
A such that

A>p, |luolf + v~ log v +1,

where
[[uoll« = sup [TIxuo |l oo-
N

The appearance of ||ug||z2 in (1.19) is due to the embedding ||ugl|s« < ||uoll 2. Alter-
natively one can replace the H2-norm by weaker Besov norms. However we shall not
dwell on this issue here further.

Remark 1.2. One should note that in (1.19), the lower bound v~!|logv|? is for-
mally consistent with the predicted bound (1.13). In terms of the PDE solution
u(t, z), the bound (1.13) roughly asserts that

2
A= O([lu@®)5)-
For the PDE solution, there is no L conservation and one has to trade it with the

H'(T?) (see (1.24)) bound with some logarithmic correction. The energy conservation

1
gives ||u(t)||gr < v~ 2, and the log-correction gives |log(v)|. Thus we need A >
v~ logv|? from this heuristic argument.

There is an analogue of Theorem 1.1 for the MBE equation. The MBE equation
has the form

(1.20)

{@h = —vA*h+ V- (9(Vh),  (z,1) € Q2 x (0,00),
h = hy,

t=0
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where h = h(z,t) : Q x R — R represents the scaled height function of a thin film
equation, and g(z) = (|z|*> — 1)z for z € R%. The domain (2 is again assumed to be
the periodic torus T2?. Equation (1.20) can be regarded as an L? gradient flow of the
energy functional

(1.21) E(h):g||AhH§+/QG(Vh)dx,

where G(z) = 1(|z|* — 1)? for z € R Note the striking similarity between the MBE
energy (1.21) and the CH energy (1.5). Roughly speaking, Vh is the correct scaling
analogue of w in (1.1). In fact it is well known that in one dimension the MBE
equation can be transformed into the CH equation through the change of variable
u = Ozh. Recently in [19] we obtained new upper and lower gradient bounds for the
MBE equation in dimensions d < 3. A refined well-posedness theory is also worked
out there. Some of these results will be used in the H' error analysis in this work. We
refer to the introduction of [19] and also [11, 2, 3, 17, 18, 25, 29] for some background
material and related well-posedness/ill-posedness results.
Consider the following semi-implicit scheme for MBE:

(1.22)

hn+1 — pn

— = AR L AA(WTE — ) + TNV - (9(VA™)), n >0,

-
hY =T xho.

This scheme was introduced and analyzed in [27] (see also [22]). The authors of [27]
first introduced the stabilized O(At) term of the form AA(R™T! — h™) as given in
(1.22). They also proved the energy stability (1.8) under the condition

1 1 1
(1.23) A> §||Vh”||§o + 1||V(h"+1 + K™% — 3 Vn > 0.

Again, it is seen that A depends implicitly on the L* bound on the numerical solu-
tion A"™.

The result below will provide a clean description on the size of the constant A,
in the sense that A is independent of the L> bound on the numerical solution.

THEOREM 1.2 (unconditional energy stability for MBE). Consider (1.22) with
v > 0. Assume hg € H3(Q) with mean zero. There exists a constant 3. > 0 depending
only on Ey such that if

A= B (hollfgs + v~ Hlogv* +1), B> B,

then
E(h"™) < E(h™)  ¥n>0,
where E is defined by (1.21).
We now state the results for error estimates. We start with the CH equation.

THEOREM 1.3 (L? error estimate for CH). Let v > 0. Let ug € H®, s > 4, with
mean zero. Let u(t) be the solution to (1.1), with initial data ug. Let u™ be defined
according to (1.17) with initial data IIyug. Assume A satisfies the same condition in
Theorem 1.1. Define t,, = m7, m > 1. Then

w(ty) —u™|ls < A-eCrtm . Cy- (N75 4 7).

Here Cy > 0 depends only on (ug,v), Cy > 0 depends on (ug, v, s).
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For the MBE equation, we have the following H'! error estimate. Note that due
to the use of H' space the error bound below involves N~(~1 instead of N~*.

THEOREM 1.4 (H! error estimate for MBE). Let v > 0 and hg € H®, s > 5,
with mean zero. Let h(t) be the solution to the MBE equation with initial data hg.
Let h™ be defined according to (1.22) with initial data Uhg. Assume A satisfies the
same condition as in Theorem 1.2. Define t,, = m7, m > 1. Then

IV (A(tn) = B™)l2 < A€t - Gy - (N~C7Y 4 7),

where C1 > 0 depends on (hg,v), Cy > 0 depends on (v, hg, s).

Remark 1.3. On the one hand, the parameter A in the added second order damp-
ing term has to be taken sufficiently large to guarantee stability as was shown in
Theorems 1.1 and 1.2. On the other hand, from the above error analysis, it is evident
that the introduced damping term slows down the error convergence rate which now
depends linearly on the parameter A. In numerical practice the value of A needs
to be chosen judiciously so as to achieve relatively fast convergence while not losing
stability. In yet other words there exists a delicate “balance” between stability and
convergence.

We end this section by introducing some notation and preliminaries used in this
paper.

We shall use X+ to denote X + € for arbitrarily small € > 0. Similarly we can
define X—. We denote by T¢ = R?/27Z? the 27-periodic torus.

Let Q = T?. For any function f: © — R, we use || f||zr = || f]|1r(q) or sometimes
I ]|, to denote the usual Lebesgue LP norm for 1 < p < co. If f = f(x,y) : Q1 xQy —
R, we shall denote by [|f|| z1 7> the mixed norm:

1z oz = 17 )

LA @) o g,y
In a similar way one can define other mixed norms such as || f||cogm, etc.

For any two quantities X and Y, we denote X <Y if X < CY for some constant
C > 0. Similarly X 2 Y if X > CY for some C > 0. We denote X ~Y if X <Y
and Y < X. The dependence of the constant C' on other parameters or constants
is usually clear from the context and we will often suppress this dependence. We
denote X Sz, ...z, Y if X < CY, where the constant C depends on the parameters
Zla T Zm

We use the following convention for Fourier expansion on 2 = T¢:

(FAIk) = fik) = /Q fl@)e™ "z, f(x) = ﬁ 3 fk)ete.

kezd

For f: T% — R and s > 0, we define the H*-norm and H*-norm of f as
(1.24)

1l = @0~ (D A+ BEYF®E) S Il = oY kI 0P)

kezd kezd

[N

provided of course the above sums are finite. Note that for s =1

1l = 1V fll2-
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If f has mean zero, then f(0) = 0 and in this case

e ~ | D [RPoLf(R)?

kezd
For f with mean zero, one can also define its H*-norm for s < 0 via
y i\ E
1l = @05 (D0 M1 R)P)
0#£keZ2

provided the sum converges.
For mean zero functions, we can define the fractional Laplacian |V, s € R, via
the relation

(1.25) [V[F(k) = [k f(k), 0#keZt

The mean zero condition is only needed for s < 0. Note that in accordance with the
usual notation we have |V|* = (—A)*/2. For any s € R, we will use the notation
(V)* = (1 — A)*/?2 which corresponds to the multiplier (1 + |k|?)*/? on the Fourier
side.

We shall use the following simple interpolation inequality.

LEMMA 1.1. For any f € H-Y(T%) n H(T?), we have
11l < MV FIZ IV AN -

Similarly for any f € L*(T4) N H2(T), we have

IV £l < WIS IALS-

Proof. For the first inequality, note that f has mean zero by assumption. Then
by Plancherel we can write

[ £raz= [ 1915191 s

The result then follows from the Cauchy—Schwartz inequality. Note that |||V|f]l2 =
[V f]l2- The proof of the second inequality is even easier since

/Vf-Vfd:r:—/fAfdx. .

Occasionally we will need to use the Littlewood—Paley frequency projection op-
erators. To fix the notation, let ¢g € C°(R?) and satisfy

0<d0<1, o) =1 forl¢[ <1, do(€) =0 for [¢| > 2.

Let ¢(€) := ¢o(€) — ¢o(2€) which is supported in 1/2 < |¢| < 2. For any f € S'(R?),
J € Z, define

A F(E) = 62779 (&), S;F(€) = po(279)f(6),  €eR™
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Let f: T — R be a smooth function. Note that f can be regarded as a tempered
distribution on R¢ for which A; f can be defined as above. For any 1 < p < ¢ < oo,
we recall the following Bernstein inequalities (see [19] for a standard proof)

(1.26) IIV1° A fll o (ray ~ 27°(| A5 £l Loy, s R,
(L __ 1 .

(1.27) 18 fllzarey S 297D flpocrey, 5 €Z,
sl 1 .

(1.28) 1S fllzacray S 27D fllpoeray, 5 > —2.

In later sections, we will use (sometimes without explicit mentioning) the following
interpolation inequality on T?: for s > 1 and any f € H*(T?) with mean zero, we
have

(1.29) 1Ly < 1+ Cull s rzy 1083 + 1z (r2y),

where Cs > 0 is a constant depending only on s.

Remark 1.4. The constant 1 in the above inequality can be replaced by any other
positive constants (with different corresponding constant Cy). The mean zero condi-
tion is certainly needed in view of the || f||;: term on the RHS. If it is replaced by
[/l z: then the inequality holds for any f not necessarily with mean zero.

We include a proof of (1.29) for the sake of completeness. Since f has mean zero
we have A f =0 for j < —2. Let jo € Z whose value will be chosen later. By using
the Bernstein inequality, we have

ey S D0 208 flleecey + Y 27277 fllae(ray,

~2<j<jo §>Jo
Ss (o + 3l + 27 V|| f e

Choosing jo = const - log(3 + || f|| zr=) then yields (1.29).
We will need to use the usual Sobolev embedding on T¢. We include the precise
statement and also a proof here for the sake of completeness.

LEMMA 1.2 (Sobolev embedding). Letd > 1 and 0 < s < d. Then for any
oo>p>d%s, we have

_ 1 1 s
||<V> Sf||Lp(1rd) Ss,p,d ||fHLq(1rd), where 5 = 1; + 4

Proof. We shall write <4 as <. First note that the average of f on T? is
easily bounded by || f|l,- Thus we can assume that f has mean zero; this would imply

A;f =0 for j < —2. For convenience we may also assume || f||, = 1. Now let jy be
an integer whose value will be chosen later. For the low frequency piece we have

Jo
(V) S5 @) S D 277209 A £l

j=—2

Jo
- Z 9—isgid(5+5)
j=—2
S 25| fll, = 25

18 fllq
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For the high frequency piece, we have

DUV A @)] S 2770 (M) (@),

J>Jo

where M f is the maximal function (adapted to the periodic case, one can restrict to
balls of size less than 27 centered at the point z). If (M f)(z) < 1, we choose jo = 1.
If (Mf)(x) > 1, then we choose jo such that

206+5) w Mf(x).
Thus
(V)7 1) £ (1 + MF(@)) T <1+ (M ()5,
This in turn implies the desired inequality. 0

2. Proof of stability results. In this section, we will provide rigorous proofs
for the stability results, i.e., Theorems 1.1 and 1.2.

2.1. Proof of Theorem 1.1. Rewrite (1.17) as

1- ArA AL
(2.1) untl = e R L

1+ A2 — A7A T oraz - )

LEMMA 2.1. There is an absolute constant c; > 0 such that for any n > 0,

. A+1 1
(2.2) Iy oy S 01+ (o + ) - (Ba 4+ 1),
1 n n
(2.3) 0 s rey < (14 5 + S Ht2) - Bl oy

where E, = E(u™).

Proof. In this proof for any two quantities X and Y, we shall use the notation
X <Y to denote X < CY where C' > 0 is an absolute constant. For any s € R,
we denote (V)* = (1 — A)*/2 which corresponds to the multiplier (1 + [k|?)*/2 on the
Fourier side.

First note that on the Fourier side, we have for each 0 # k € Z,

L ARG L A
1+ vr|k[* + AT|k|1?2 ~ AT
2 3
PR 1
1+ vr|k|* + AT|E]2 ~ v

Thus

0 s < (5 4 o )l + 10 ()

tar
< (S ) Il + Sy —
(AV + A%)(Eﬁ ).

m\»—a

N

In the second inequality above we have used the Sobolev embedding ||(V)~1/2h|| 2 (g2
S Rl pass(r2y (see Lemma 1.2).
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For ||u"*t| 41, we have

1
™ g < g+ 5 11™)? = [l
A

1 3
< (1 o+ Sl

This completes the proof of Lemma 2.1. O

LEMMA 2.2. For anyn > 0,

1 2v
E,1—E,+ (A+ 3 +4/ 7_) Ju"tt — ™3

n n n 1 n
(2.4 < = (R + 5l ).

Proof. In this proof we denote by (-,-) the usual L? inner product. Recall

utt — " 2 1 1
—= —vA* T AA (T — ™) + ALy f(u™).

Taking the L? inner product with (—A)~!(u"*! — 4™) on both sides and using the
identity

1
(2.5) b-(b—a)= §(|b|2—|a|2+|b—a|2) Va,be R
we get

LIVt ) 4 2T — (9 =) )
(2.6) + A" =3 = (Al f ("), (=A) 7 (u" = ™).
Since all 4™ have Fourier modes supported in |k|oc < N, we have
(2.7) (ALn f(u"), (=A) 7 " —u™)) = —(f(u"),u" ! —u").
By the fundamental theorem of calculus, we have (recall f = F)
F(u"*) — F(u")

un+1

= f(u™)(u" T —um) +/ f'(s)(u™™ = s)ds

= flu™)(u" T —u™) + /u (352 — 1) (u"! — s)ds
(un+1 _ un)Q

= F™) " =) + (32 + ()2 + 20— 2).

4

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/05/16 to 158.132.175.20. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1664 DONG LI, ZHONGHUA QIAO, AND TAO TANG

Thus
1 —1/, n+1 ny|2 v n+1 ny||2
VI @ = a4 B — Ba+ 29 (@ — a3
1
+ (A+ 2) ™ — 3
_ i((unJrl o un)273(un)2 + (un+1)2 + 2unun+1)
m m 1 m
<l =3 5 Gl % + eI + 2l ool Hloo)
n+1 ni2 ni2 1 n+1(2
(2.8) < ™ =z - { s + 51w 5 ) -

Finally observe

1 - n n v n n
—IVIH @™ =5+ SV @ =)l

2v _ 2v
=\ IV Ha T =) 2l V(= u)]|a > 4/ 7HU”+1 —u"3.

The desired inequality then follows easily. In the last step we used Lemma 1.1.0

Remark 2.1. By using the auxiliary function g(s) = F(u™ + s(u™™! — u™)) and
the Taylor expansion

an=am+¢m»5£g%wu—a@,
we get
1

F(uh) = F(u") + () (@™ — ") = 5@ - u)?

1
+ (um Tt — u")Q/ ™ + s —u™)) (1 — s)ds,
0
where f(z) = z* and f'(z) = 322 (for z € R). From this it is easy to see that the
left-hand side of (2.8) < |lu™™! —u™||3 - gmax{Hu”ng lu™ T2}

This bound will also suffice.

Proof of Theorem 1.1. We inductively prove for all n > 1,

(2.9) E, < Eo,
. A+l 1
(2.10) u|ﬁ5q~<y+m)«%+m

where ¢; > 0 is the same absolute constant as in Lemma 2.1.
We proceed in two steps. In Step 1 below, we first verify that if the statement
holds for some n > 1, then it holds for n + 1. In Step 2, we check the “base” case,
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namely, for n = 1 the statement holds. We organize our whole argument in this
reverse order (rather than checking the base case n = 1 first and then performing
induction) because the verification for the base case n = 1 can be viewed as more or
less a special case of the proof in Step 1.

Step 1: the induction step n = n+1. Assume the induction holds for some n > 1.
We now verify the statement for n 4 1.

By Lemma 2.1, we have

A+1 1 A+1 1
n+1 S ). . .
[a" 2 < ( T AT) (Bn+1)<c ( ot AT) (Eo+1).

Thus we only need to check E, 1 < Ey. In fact we shall show E, 11 < E,.
By Lemma 2.2, we only need to show the inequality

1 [ov 1
2.11 A+ = 22 s ) A + St
(2.11) Tyt > ||u |Ioo+2||u ll5

We shall use the log-interpolation inequality (see (1.29) and choose s = 2) for
any f with mean zero:

(2.12) Il z2y < 1+ il ooy 108 (151 oy +3)

where d; > 0 is an absolute constant.
In the rest of this proof, to simplify the notation we shall use X Sg, Y to denote
X < Cg,Y, where Cg, is a constant depending only on Ey. Clearly

Il lloo < 1erl||7ln||zj'r1log(HU"HH%Jr?’)
2L, A+1 1
< 1+d1'F'10g(3+cl- <+> -(Eo+1)>
v v AT
1
(2.13) <k, V_%(1+1ogA+|logV|)+y—% log (2_|_ ) ‘ +1.
-

=:mgo

Here, in the above inequality, if 7 2 1 then it is not difficult to check that the
log(2+ 2) term is bounded by a constant and can be absorbed into mq. In the rest of
this proof we shall just assume 0 < 7 < 1 without loss of generality. The case 7 2 1
is similar and even easier.

Now
nH2

™12, SEo mg + v~ logr? + 1.

By (2.12) and Lemma 2.1, we have (below in the third inequality we drop 1/A
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since A > 1)

0 oo S1 0 g og (a5 +3)

< l Hun||c2>o ny . n+1
SU (1 5+ ) g log (a1, +3

[

st (1 P25 ) gt (e, +3)

m2 + v~ log 7|2 1
§E01+(1+ 0 A| &7l )-(mo+v‘2llog7|)

md + v 2|log 7|?

§E01+m0+1f%\10g7|+ "

3
(2.14) <k, mo—i—%—&—l—i—u_%uogﬂ?’.

Therefore

A
Therefore to show inequality (2.11), it suffices to prove

3\ 2
v my 3 6
> .
(2.15) A—l—\/7 CEg, ((mo—l— ) +1+v |10g7’| ),

where

m3 2
(12 + "% S (mo " 0) + 1407 log 7]

mo = u*%(l +log A + |logv|).

Now we discuss two cases.
Case 1: /% > Cp,v~>|log 7|°. In this case we choose A such that

A>p, md=v ' (1+logA+|logr|)?

Clearly for v 2 1, we just need to choose A >, 1. On the other hand, for 0 < v < 1,
it suffices to take
A=4-v7logv|?

with 3 sufficiently large depending only on Ejy. Thus in both cases if we take
A= p-max{v !|logv|? 1}

with 8 > g, 1, then (2.15) holds.
Case 2: /% < Cg,v~>3|log 7|, In this case we have

|log 7| <g, 1+ |logv|.

In this case we will not prove (2.15) but prove (2.11) directly. We first go back to the
bound on ||u"™] . It is easy to check that

[u"]loo SEo Mo,

2
m
4" oo <, (1 + AO> mo.
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The needed inequality on A then takes the form

3\ 2
A20E0~(1+mo+m°> :
A

Again we only need to choose A such that A >, m3. The same choice of A as in
Case 1 (with g larger if necessary) works.

Concluding from both cases, we have proved the inequality (2.11) holds. This
completes the induction step for n = n + 1.

Step 2: verification of the base step n = 1. By Lemma 2.1 we have

<A +1 1

T“!‘E)'(Eo-i-l).

Therefore we only need to check F; < Ejy. This amounts to checking the inequality

1 2v 1
A= s 2 [P
+ 5y 2 Mol + St I

By Lemma 2.1,
1 3
@i (14 5+ Ml ) ool
1 3 2F,
<1+ =+ 3|1 2 =
(1+ 5+ Sl ) -2
Therefore

lutfloe ST+l o log(flu ] 5 +3)

1 3 2F,
A+1 1
-1 3 — 4+ — | (E 1
og( +c1( -~ +AT)(0+)>

13
§E01+(1++

" A||HNu0||go> Y -(1+1log A+ |logv|+ |logT]).

Thus we need to choose A such that

1 2v
A+ S 44/ = > [[Tyuol% +1
2 T
1

2
~ 3
+Cg, - (1 + 1 + A||HNu0||§o> v (14 log A+ |logv| + |log 7])?,

where C‘EO is a constant depending only on FEj.
By Sobolev embedding, we have

[TInuol Loe 2y S Mol mz(rzy S lluoll 2 (re).-
Thus it suffices to take A such that
A > g, |luoll3e + v logy)? + 1.

This completes the proof of Theorem 1.1.
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2.2. Proof of Theorem 1.2. This is similar to the proof of Theorem 1.1. There-
fore we only sketch the needed modifications. In terms of scaling it is useful to think
of Vh™ as u™ in Theorem 1.1. Write (1.22) as

, 1—ATA TN
2.16 Mt = R"
( ) 1+ v7AZ — ATA + 1+ vrA2 — ATA

In place of Lemma 2.1 we have the following lemma. We omit the proof since it
is quite similar.

V- (g(Vh™)).

LEMMA 2.3. There is an absolute constant ¢c; > 0 such that

1 ey <1 (4 ) - B )
n+1 1 3 n|2 n
1R W przry < {14 5 + ZIVR"IS ) - I1h" |72 re)-
Here E,, = E(h™) (see (1.21)).
LEMMA 2.4. For any n > 0,

1 /2
E,i1—E,+ <A+ 3 + :) |V (R — h™)||3

3
(2.17) <V = A5 - 5 max{[[VA" 2, [IVA™HIE
Proof. Taking the inner product with (h"*! — k™) on both sides of (1.22), we get
1 n n v n n n n
Ik FE= G+ GUARTHE — [JAR™ 5 + AR = B")]3)
+ AV =03 = —(g(VA"), V(R" T — ™).
Recall g(z) = (|2|* — 1)z = VG and G(z) = 1(|z|> — 1)?. Introduce
H(s) = G(VRh" + s(VA" T — VRh")).
By using the expansion
1
H(1) = H(0) + H'(0) + / H"(s)(1 - 5)ds,
0
we get

G(VA"™) — G(VR"™) = g(VA™) - (VA" T — VA™)

2
+ ) 0T = kM) (R — b

ij=1
1
« / (0,G)(VA™ + (V™ — VI"))(1 — 5)ds,
0
Now denote G(z) = 1]z[*. Then

1 1
B = Byt 210 = 103+ FIAG — 1)+ (A + 3 ) [0 = )3

= Z (ai(h”“ — h™)8;(h" Tt — h”)/l(aijé)(vm + (VR — A™))(1 — s)ds, 1> ,
Q=1 0
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where 1 represents the constant function with value 1. ~
Now since 9;;G(z) = |2]20;; + 2zjz;, we have the pointwise bound |(9;;G)(z)| <
3|z|2. Thus

105, G)(VR™ + s(VA™ ! — h"))||oe < 3 max{[|VA"||3, VA" 1|2}

The desired inequality now follows from this and the simple interpolation inequality
(see Lemma 1.1)

1 1
(2.18) IVhllo < [[All3 |AR]S -

This completes the proof of the lemma. 0
Proof of Theorem 1.2. We only need to check the induction hypothesis

En S EO)

. A+l 1
g e (4 ) vy

for n + 1. Here ¢; > 0 is the same absolute constant in Lemma 2.3.
By Lemma 2.3, we have

A+1 1 A+1 1
n+1 == = ). . .
||h HH% SCl < L +A7‘> (En+1) SCl ( v +AT) (E0+1)

Thus we only need to check F,, 1 < E,. By Lemma 2.4, this amounts to proving
the inequality
(2.19) A+

> 5 max{||[VA" |5, [VA" 2}

N | =
N w

We shall again use the inequality

(2.20) ey < 1+ L eny 10 (I3 gy +3)
where d; > 0 is an absolute constant and f has mean zero. Clearly

VA |oo <1-d[[P"]| g2 log ([A"] ;5 +3)

2F A+1 1
(2.21) <1+d; - 1/—0 -log <3+cl : <++) '(E0+1)>.
v v AT

The rest of the argument now is similar to that in the Proof of Theorem 1.1. We
omit further repetitive details.

3. Bounds on the PDE solution of CH. Consider

Ohw = —vA%w + A(f(w)),
(3.1)

w = Wg-
t=0

Recall that the corresponding energy E(-) is defined by (1.5).
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PROPOSITION 3.1. Let 0 < v < 1. Assume the initial data wg € H?(T?) with
mean zero. Assume ||wo|leo S 1. Then

~

E
(3.2) sup [[w(t) oo S 1+ 4/ = - (|log | + [log Eo| +1),

0<t<oo v
where Ey = E(wy).

Proof. First consider the regime 0 < t < v. Write

t
w(t) = e VA wy + / Ae V=987 £(4(s))ds.
0

Then

t

_1 _1
lw(t)lloo < lwollo +/ vz (t— )72 || f(w(s))l|cods

0

_1,1
(3.3) < lwolloe + 07 4td - (llds 0.0y + | )
By using a continuity argument (on the quantity ||w[[z=~_(j0,¢])), we get
(3.4) sup [[w(t)]|oe S 1,

0<t<egv

where ¢y > 0 is a sufficiently small absolute constant. (Strictly speaking the value
of eg depends on the implied constants hidden in the inequalities [|wo|lco < 1 and
0<vsl)

Next we consider the L*> bound in the time regime t > ¢yv. First observe that
by using energy conservation, we have

E
IFu(e)lz S /=2

w(t) = e A (1) / Ae =927 Fy(s))ds.

Set t1 =t — %eou. Then

We bound the H'*-norm of w as

t
lw (@)l e S N[V[ e A (t1)|\2+/ [V e =92 (w(s)* — w(s))|2ds
t1

< (vt =) w(ty)ll g +/t (Wt =) 71 (lw(s)[F + [w(s)]] 4:)ds

3 1
< yET E0+VZ~V‘11~(<EO>2+(EO)2>
v v
e = ((2) +(2))
v v

Then (recall that w has mean zero)

[w®)lloe ST+ IVw(®)ll2 - 10g(10 + [[w(t) ][ +)

Ey
S 1+ — > (1+|10g1/\+|10gE0|)

This completes the proof of Proposition 3.1. O
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Remark 3.1. By using the method in [19], one can prove a well-posedness result
for wy € L?(T?). However we shall not need this refinement here.

PROPOSITION 3.2. Assume the initial data wo have mean zero and wy € H*(T?),
s>4. Then for any 0 < § <1,

T
(3.6) | 108wt S 147,
0
Proof. To simplify the notation we shall write <S5, as S throughout this proof.

We shall take N to be a sufficiently large number (it will be clear from the argument
below that § = O(1/N)). By using the smoothing effect, it is easy to show that

(3.7) sup ||[Qww| g~y < 1.
1<t<oco

From energy conservation, we have

(38) |t < 1.
0

By using the interpolation inequality

N-2 3
|Adwll2 S V[T Bpwlly T (V)N dpwlly

we get
0o 2(N+1)
(3.9) / 1A, dt < 1.
1
This implies
T 3
(3.10) / |Adpw||3dt <1+ T+,
1
Now we only need to show
1
(3.11) / | Adyw||3dt < 1.
0

Observe
OAw = —vA3w + A% f(w).

Multiplying both sides by 0;Aw and integrating by parts, we get

vd
ol = 5 5 (1A% + [ A(7(w)ordwda,
Q
Thus
vd
5 7 (1A%wlI3) < =0, Aw]l3 + A% (w)ll2 - [0 Aw]]5
1
(3.12) < —§||6tAw||§ + const - ([lw]|3a + [|wllgs) -
From this (and standard H* global well-posedness theory), we get
1
(3.13) / 10; Aw||3dt < 1.
0
The desired inequality then follows. 0
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4. Error estimate for CH. In this section we give the estimate for CH in L2

4.1. Auxiliary L? error estimate for near solutions. Consider

(4.1)
’Un+1 — " ~
= —vAZ2" L AA (VT — ") + AIN f(v) + AGL, n >0,
-
n+1 on ~
- = —vAZMH  AA (D — 7)) + ATy f(37) + AGE, n >0,
0 0_ 5

v’ =wg, U =y,
where vy and 7 have mean zero. Denote G™ = é? — ég

We first state and prove a simple lemma.
~ LeEmMA 4.1 (discrete Gronwall inequality). Let 7 > 0 and y, > 0, &, > 0,
Bn >0 forn=20,1,2,.... Suppose

Yn+1 — Yn
T

< QpyYn + Bn Vn > 0.

Then for any m > 1, we have

m—1 m—1 m—1
(4.2) Ym < eXp(T > 6%)3/0 +7 > exp (T > dj)ﬁiv
n=0 k=0 j=k+1

In particular,

m—1 m—1
(43) Ym < exp (T dn) (yO +7 Z Bk:) .
k=0

n=0

Proof. Clearly
Ynt1 < (L4 @nT)Yn + 700 < €™y + 76, ¥ > 0.

Thus
n n—1 n ~
eXp(—T Z &j)ynH < exp(—T Z dj)yn + Texp<—7' Z dj)ﬁn.
j=0 =0 =0

Summing n from 0 to m — 1, we get

m—1 m—1
exp —TZ&j ym<y0+726xp 77’204] ﬁn
=0 n=0
Thus (4.2) is obtained. d

PROPOSITION 4.1. For solutions of (4.1), assume for some Ny > 0, No > 0,
(4.4) sup [|0"|oo < Ny,  sup||[Vo"™|2 < Na, sup||[VT"|[2 < Na.
n>0 n>0 n>0

Then for any m > 1,

lo™ — o™ |13

(14 N{ + N3
Sexp(m7-cl (14 Ny + 2)>

v

(4.5) (IIvo — Dol + AT[|V(vo — o) 3 X Z IIG"II2> ;
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where C1 > 0 is an absolute constant.

Remark 4.1. The same proposition holds if Il is replaced by the identity oper-
ator.

Proof of Proposition 4.1. Denote e = v™ — 0™. Then
enJrl — e ~
(4.6) ———— = —vAZe"T L AA(e"T! — ") + AN (f(v™) — £(3")) + AG™.
T

Taking the L? inner product with e”*! on both sides, we get

%(Ile”“l\é —[le™ 13 + [le" ™ —e™[13)
+ vl|Ae™ 3 + g(llve"ﬂllé —IVer |53+ V(e —eM)]3)
(4.7) = (G™, Ae™) 4 (f(u") — f(3™), Allye™ ).
Obviously

2||G"I3
v

(G, A < + Sllaemt,

On the other hand, recalling f'(z) = 322 — 1, we get

1
F@) = 1) = [ 1" sedse”
0
_ (al + a2(1~}n)2)en +a31~)n(en>2 +a4(en)3,
where a;, i = 1,...,4 are constants which can be computed explicitly.
We now estimate the contribution of each term. In the rest of this proof, to

simplify the notation, we shall denote by C' an absolute constant whose value may
change from line to line. Clearly

(a1 + ax("))e", Ae™*)]

C(1+ N{)
14

~n n n n v n
(48) < C-(L+[a"13)lle" |2 - [|Ae™ 2 < le™ ]2 + S llAe™ 3.

1 1
By using the interpolation inequality || f|l4 S || fII3 11V fll3, we get

|(asd™ (e")?, Ae™™ )|

~n n n N} - Hen||4 v n
< Ol e el 1Ay < € LI L Byacnn
N? " " v n NZNZ . v "
(49) < C-—H|[Ver[lle"]3 + Z A5 < C—2 ™[5 + [l ae™ 3.
v 8 v 8
Similarly
|(ag(e™)?, Ae™ )]
c v C
<7n6 7An+12<7n2vn4
< Gt + Laeg < Cpenpgveny
v n Ny n v n
(1.10) F a3 < M iz 4 Ljac
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Collecting the estimates, we get

[le™* I3 — lle™ 13 n+1)j2 n2
T AIVe" 2 ~ [[Vel2)

4~ 1+ N{ + N3
(4.11) < SJIGnIE+ oL ey
Define
B 1+N+N: 5 4~
e R e o

Then obviously

Yn+1 — Yn ~ 5

% < Yn + B

The desired result then follows from Lemma 4.1.

4.2. L? error estimate for CH (proof of Theorem 1.3). In this proof to
simplify the notation, we shall denote by C' a constant depending only on (v, ug). The
value of C' may vary from line to line. For any two quantities X and Y, we shall write
X <Y if X < CY. Note that we shall still keep track of the dependence on the
parameter A and also the regularity index s.

We need to consider

unJrl —un ) 1 1
= A2 AA (U — ™) + ATy f (u™),

(4.12) du = —vA2u+ Af(u),
@ =Tyug, u(0) = ug.

We first rewrite the PDE solution u in the discretized form. Note that for a
one-variable function h = h(t), we have the formulas

1 tn+1 1 tn+1 ,

(413) — h(t)dt = h(tn) + = h (t) ' (tn—H - t)dt,
T Jt, T Jt,
1 tn+t1 1 tn+1 ,

(4.14) - h(t)dt = h(tnsr) + — R (t) - (tn — t)dL.
T Jt T Jt

n n

By using the above formulas and integrating the PDE for v on the time interval
[tn, tnt1], we get

U(tni1) — u(tyn)

= —vA%u(tn1) + AA(u(tns1) — ultn))
(4.15) + Ay f(u(ty)) + Alls n f(u(tyn)) + AG™,

where IIs y = Id —IIy (Id is the identity operator) and

- y [l 1
T J¢ T

n
tnt1

(4.16) / " O ) - (b — D)t — A Oyudt.

n tn
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Now

B tni1 tny
417 G <v / 100 At + / 1culladt () £ (w)]| e 1= + A).

n tn

By Proposition 3.1, we have ||u||o < 1. Since ||0pul|2 < ||Adsul|2 (recall 9;u has mean
zero), we get

_ tnt1
IGnla S (1) [ oyt
t

n
1

tnt1 2
<(114) ( / ||atAu||§dt) w3
tn

Therefore by Proposition 3.2,
m—1 tm
S IGME S 1+ 477 [ I0dulBd S (14 AP (L4t
n=0 0
It is easy to check that
sup [[u(t)[[zs <s 1

t>0
which implies
(4.18) sup || f(u(t))l[r= s 1.
t>0
This gives
m—1
(4.19) M n f(u(ta))3 Ss N7t /7.
n=0
Therefore
m—1
(4.20) 7Y (IG™M3 + 1Mo v f(ulta)13) So (14 tm) (72 + N72%) (1 + A)*.
n=0
Note that

lluo — Myuglle Ss N7°%, [[Vug — VIIyugll2 Ss N-G=1)
By Theorem 1.1, we have

sup [[Vu'(|2 < 1.
n>0

Also recall the PDE solution sup,, > |[u(tn)|[zs < 1. Thus by Proposition 4.1, we get
™ = wtm) |3 <o (1+ A)%e7 (N‘QS 7 N7 (L ) (77 N‘23)>-

Since by assumption we have s > 4, clearly by the Cauchy—Schwartz inequality
. N—Q(s—l) < 7_2 +N—4(s—1) < 7_2 +N_23.

This implies
[ = ultm)ll2 S. (1+ A (N~ 7).
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Remark 4.2. From the above analysis, it is clear that our regularity assumption
H?, s > 4, on the initial data comes from bounding the term

/ 10, Al 2t

which in turn arose from rewriting the diffusion term —vA2u into the time-discretized
form. Recall du = —vA?u + A(f(u)). For 0 < t < 1, the linear effect is dominant
and one can roughly regard O;u ~ A2P<t, 1U, where P<t is the Littlewood—Paley

1
4

projection to the frequency regime |€| < t—1. Heuristically speaking
_1 _
10Aul ~ (EHIP_, y A%ula)? ~ 7P,y A%

which is barely nonintegrable in ¢, provided we assume H* regularity on w. Of course
a well-known technique in these situations is to use the maximal regularity estimates
of the linear semigroup to get integrability in ¢. In the L? case the usual energy
estimate suffices and this is why we need H* regularity on the initial data.

5. Error estimate for MBE.
5.1. Auxiliary H! estimate for MBE. For MBE we need to consider

n+l _ n ~
% = —vA2" T+ AN(¢"T — ") + V - TIn (9(Va")) + AGY,

~n+1 _ ~sn N
61 -7 = —yAH A AM@T - §) + V- Ty (9(V4")) + AGE,

@ =q, ¢ =qo,

where we recall g(z) = (|z]* — 1)z for z € R%. As before ¢y and Gy are assumed to
have mean zero. Denote G = G} — G5.

PROPOSITION 5.1. Assume for some N1 > 0

(5:2) up (97" oo + A" 2 + 14q"2) < Vi
Then for any m > 1,
V(" — a3 < emm 5
m—1
(53) x <||v<q° ~ @B+ ATIAG —E+ Y ||vé”§> 7
n=0

where C1 > 0 is an absolute constant.

Proof. Denote e = ¢™ — ¢"™. Then

n

= —vAZe" L L AA (" — ) + V- TIn(g(Va™) — g(VG™)) + AG™.

— €
T

Taking the L? inner product with (—A)e™*! on both sides, we get

1 ,
o (Ve 5 = Ve |5 + [V (e = e")[5) + | AVe |3

A n n n n
+ 5 (12" S = [|Ae™ |5 + [|A(e™ — e™)]3)
(5.4) = (VG",AVe™™) + (9(Vq") — g(Vq"), VATIye™ ).
I, Iy
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For the first term on the RHS of (5.4), we simply bound it as
1 ~n (|2 v n+1/2
(55) ] < LIVGH 3+ Y jave ;.

For the second term I, recalling g(z) = (|z|? — 1)z, we have
9(Vq") = g(Vq") = 0(9e™) + O((93")? - 9e™) + O((9q") - (9e™)?) + O((9e™)?).
Then
l9(Va™) = g(V@™) |2 S (1 + NP)[[Ve ||z + Ni[[Ve™ |1+ [|Ve" |3

S (L4 NDIVellz + Ni[[Ve[lo|Ae™ [z + [ Ve ]| Ae™ I3
(5.6) S L+ ND)[[Ve 2.
Thus
1+ N " v "
(5.7) |l < O ———H|[Ve"|[3 + S lAVe 3.

We then obtain

Ven+1 2 _ Ve 2
” ||27_ H ||2 +A(||A€n+1”§— ||A6n|‘g)

L+NE 2.~
(5.8) <C- L|Ver (5 + = VG5
v v
The desired result then follows from Lemma 4.1. O

5.2. Proof of Theorem 1.4. Similarly to the proof of Theorem 1.3, we need
to consider

hn+1 — hn"
= CUAZRFL 4 AA(RTE — B 4+ V- Ty (g(VA)),
T

Oth = —vA%h +V - (g(Vh)),
h® =TIxhg, h(0) = ho.
On the time interval [t,, t,41], we have

M) Zh(tn) _ ) A2h(t, ) + AD(h(tnir) — h(ta) + V- Tn (g(Vh(t)

-
(5.9) + V-1 (g(Vh(tn))) + AG™,
where
N v tnit 1 tni1
Gn = —7/ O AR - (t, — t)dt + f/ A1,V - (g(VA(D)))
T Jt T Jt

n n

tn+1
(tpy1 — t)dt — A/ dyhdt.
t

n

Now we only need to verify the estimates

~

T
(5.10) / 19V AR|2dt Sypo 14T,
0

T
(5.11) / |ATIVOV - (g(VA)||3dt Sppy 14 T.
0
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Recall
Oth = —vA*h + V - (g(Vh)).

Multiplying both sides by —A30,h and integrating by parts, we get

|AVO,h|j2 = — 2dt(HAZVh|| /AVV-(g(Vh))-AV@thdx
and

Y <1 A*hI3 < —|0AVHIE + AV - (o(TR) - [T,
(512) < 10 AFRB + const (s + ]

This (together with standard local well-posedness theory; cf. [19] for more refined
results) yields

/ 10y AVA|2dE Sy 1

The smoothing effect gives control for ¢ > 1. Thus
T
| 10:89hl3d S, 14 7.
0

For the term [|[A™!VH,V - (¢9(Vh))||2, we note that

[ATIVV - (9:(g(Vh))l2
(5.13) S0 (IVAPVR = Vh)ll2 S (VA% + DIVOhl2 Son [VO:h]l2.

Thus
T

(5.14) / |ATIVO,V - (g(Vh))||3dt Sppg 1+ T.
0

Finally we get
IV (h(tm) — hm)||2 (1+ A)e m.(N*(sfl)_FT)‘

The theorem is proved.

6. Concluding remarks. In this work we considered a class of large time-
stepping methods for the phase field models such as the CH equation and the thin
film equation with fourth order dissipation. We analyzed the representative case (see
(1.17) and (1.22)) which is first order in time and Fourier spectral in space, with a
stabilization O(At) term of the form

(6.1) AA(u”"'1 —u").

For A sufficiently large (A4 > O(v~!|log v|?)), we proved unconditional energy stability
independent of the time step. The corresponding error analysis is also carried out in
full detail (L? for CH and H! for MBE). It is worth emphasizing that our analysis
does not require any additional Lipschitz assumption on the nonlinearity, or any a
priori bounds on the numerical solution. It is expected our theoretical framework can
be extended in several directions. We discuss a few such possibilities below the fold.
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e General stabilization techniques. There are a myriad of ways of introducing

the stabilization term. Taking the first order in time methods as an example,
instead of (6.1), one can consider a more general form

(6.2) AB(u" —u™),

where B is a general operator. One example is B = —A? which is already
used in the aforementioned works [28, 4]. Similarly one can consider B =
—(—A)® (s > 0is real) or even a general pseudodifferential operator. It will
be interesting to carry out a comparative study of these different stabilization
techniques and identify the corresponding stability regions. Another issue is
to investigate the lower bound on the parameter A. In typical numerical
simulations the stability is observed to hold for relatively small values of A
(the threshold value exhibits a weak dependence on the time step 7 and the
diffusion coefficient v; cf. the numerical simulation results in [16]). This
certainly merits further study and probably one has to fine-tune our analysis
with some numerically verifiable bounds.

Higher order time-stepping methods. In [27], Xu and Tang considered a
second order scheme for MBE:

n+1 _ n n—1
3h z;h R e
T

(6.3) = AA(h™T —2h™ + "1 £ V - TINyg(V(2R" — b)), n>1,

where h° is the initial condition and h' is computed by the first order scheme
(1.22). Here to keep some consistency with our setup we have added the
projection operator Il in front of the nonlinear term. This scheme is called
BD2/EP2 since it is obtained by combining a second order backward differen-
tiation (BD2) for the time derivative term and a second order extrapolation
(EP2) for the explicit treatment of the nonlinear term. A similar higher order
BD3/EP3 scheme is also presented in [27]. The stability analysis in [27] is
conditional in the sense that the choice of A depends on the a priori gradient
bound on the numerical solution. Moreover, quite different from the first or-
der (in time) methods, the energy stability for higher order methods typically
takes the form

(6.4) E(h™) < E(L°)+0(r), nr<T,

where the implied constant in the O(7) term usually depends on the time
interval [0,7]. In yet other words one cannot achieve strict monotonic decay
of energy as in the first order case. A very natural problem is to extend
our analysis to cover these cases. By using our analysis it is also possible
to refine the stability results in [24] and remove the Lipschitz assumption on
the nonlinearity in the case of the second order implicit scheme. For second
order semi-implicit schemes it is expected that our method can be extended
to prove an unconditional stability result at least for time steps which are
moderately small. We plan to address these issues in a future publication.
General phase field models (possibly) with higher order dissipations. In [9],
the authors considered the sixth order scalar model

(6.5) O = A(EA =W (u) + 2n) (2 Au — W (u)),
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where W (u) = (u?—1)? and n > 0 is a given constant. This equation arises
in the modeling of pore formation in functionalized polymers [14]. The nu-
merical experiments in [9] used implicit time stepping together with Newton’s
method at each time step. From our point of view it will be interesting to
use the numerical schemes similar to (1.17) and establish the corresponding
stability and error convergence results. In a similar vein one can also consider
the volume-preserving vector CH model in the same paper (see (7) in [9]) and
also the nonlinear diffusion model in [4]. Yet another possibility is to study
the model with general fractional dissipation which is already mentioned in
the introduction of [19]. Also one can extend our analysis to the phase fields
models of two-phase complex fluids (see [26] for a pioneering study in this di-
rection). In any case a first step in the analysis is to establish similar results
to [19].
The above list is certainly not exhaustive. For example we did not include the analysis
of the Allen—Cahn model which will be quite similar to the CH case from our point of
view. To keep the presentation simple we leave out the case of dimensions d = 1 and
d = 3 which can be similarly handled. It is a quite interesting problem to extend our
analysis to the model considered in [23] where an additional forcing term is present.
One can also consider generalizing the analysis herein to finite difference schemes and
even some hybrid schemes. In [20] we will introduce a completely new approach to
tackle some of these problems. Another direction is to consider the phase field models
with stochastic noises. One can introduce similar numerical stabilization techniques
as in the deterministic case and prove stability and convergence in these settings. We
plan to investigate these problems in the future.

Acknowledgment. We thank the anonymous referees for very helpful remarks
and suggestions.
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