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Abstract

We consider a gradient flow modeling the epitaxial growth of thin films with slope selection. The surface
height profile satisfies a nonlinear diffusion equation with biharmonic dissipation. We establish optimal
local and global wellposedness for initial data with critical regularity. To understand the mechanism of slope
selection and the dependence on the dissipation coefficient, we exhibit several lower and upper bounds for
the gradient of the solution in physical dimensions d < 3.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction
Let v > 0. Consider
a%h=V-((IVh|> = 1)Vh) —vA>h (1.1

and the 1D version
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By = (h3 = hy)y — Ve (1.2)

Eq. (1.1) is a nonlinear diffusion equation which models the epitaxial growth of thin films. It is
posed on the spatial domain Q which can either be the whole space R¢, the L-periodic torus
(L > 0 is a parameter corresponding to the size of the system) R?/LZ?, or a finite domain in
R¢ with suitable boundary conditions. In this work for simplicity we shall be mainly concerned
with the 277 -periodic case = T¢ =R? /27 Z¢ but our results can be easily generalized to other
settings. The function & = h(z, x) : R x 2 — R represents the scaled height of a thin film and
v > 0 is positive parameter which is sometimes called the diffusion coefficient. Typically in
numerical simulations one is interested in the regime where v is small so that the nonlinear
effects become dominant. The 1D version (1.2) is connected with the Cahn—Hilliard equation:

oru = A(u3 —u)— vA%u

through the identification u = 9, 4. This connection breaks down for dimension d > 2.
Define the energy

_ 1 2 2,V 2
E(h)_/(1(|Vh| — 17+ 1Ak )dx. (1.3)
Q

The equation (1.1) can be regarded as a gradient flow of the energy functional E (k) in L>(R2). In
fact, it is easy to check that

d
—E(h) = —||3,h]13, (1.4)
dt

i.e. the energy is always decreasing in time as far as smooth solutions are concerned. Alternatively
one can derive the energy law from (1.1) by multiplying both sides by 9,k and integrating by
parts. The first term in (1.3) models the Ehrlich—Schowoebel effect [3,12,13]. Formally speaking
it forces the slope of the thin film |VA| = 1. For this reason Eq. (1.1) is often called the growth
equation with slope selection. On the other hand, in the literature there are also models “without
slope selection”, such as

1

2

Heuristically speaking, if in (1.5) the slope |Vh| is small, then

1 2
——— =~ 1—|Vh|
1+ |Vh|?
and one recovers the nonlinearity in (1.1). However this line of argument seems only reasonable
when |Vh| < 1 which is a typical transient regime and not so appealing physically. Indeed the
long time interfacial dynamics governed by (1.1) and (1.5) can be quite different, see for example
the discussion in [5]. The second term in (1.3) corresponds to the fourth-order diffusion in (1.1).
It has a stabilizing effect both theoretically and numerically.
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Eq. (1.1) can also be viewed as regularized version of the equation
ah=V-((|Vh|*> = 1)Vh). (1.6)

The wellposedness of (1.6) is a rather subtle issue. In light of recent developments [1,2], one
should expect generic illposedness although the underlying mechanism will be different. How-
ever as it turns out, if there is a smooth solution to (1.6) on some finite time interval, then it must
admit some form of a maximum principle. We record it here as

Proposition 1.1 (Maximum principle for smooth solutions to (1.6)). Let the dimension d > 1 and
Td = Rd/27'er be the usual 2w -periodic torus. Let T > 0 and assume h € C,1 Cg([O, T] x T9)
is a classical solution to (1.6). Then

VA, oo = max{||VA(0, oo, 1}, VOo<r=<T. (1.7

If the dimension d = 1, then a better bound is available:

19xh (2, )lloo < max{]|0x/2(0, )lloo, L}, Vo<r=<T. (1.8)
V3

We stress that Proposition 1.1 is a conditional result, namely it assumes the existence of a

smooth solution. On the other hand the wellposedness of classical solutions to the regularized

equation (1.1) is much easier to obtain thanks to the fourth order dissipation on the right hand

side. In the Fourier space, the biharmonic operator — A% seems to offer much stronger dissipation

and damping effect than the usual Laplacian operator, as can be seen from studying the linear
equations

dh=Ah, A=A or — A
Since equation (1.1) can be viewed as a regularized version of (1.6), it is very natural to stipulate
that solutions to (1.1) should behave much better than those to (1.6) from a general perspec-
tive. From this heuristics, it is very tempting to expect that Proposition 1.1 also holds for (1.1).

Preliminary numerical experiments seem to support this, thus

Conjecture 1. Let v > 0. For general smooth initial data hg, the corresponding solution h =
h(t, x) to (1.1) satisfies the bound

IVA(®)lloo < max{l|Vholloo, 1}, Vi>0.
A weaker form of Conjecture 1 is the following:

Conjecture 2. Let v > 0. For general smooth initial data hg, the corresponding solution h =
h(t, x) to (1.1) satisfies the bound

IVA(®)lloo < max{[|Vholloo, @a}, Vi >0,

where ag > 0 is a constant depending only on the dimension d.
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Perhaps a better formulation of Conjecture 2 is that ||VA(#)|lcc < F(||Vho|co,d) for some
function F' independent of (v, d). The main point in both Conjecture 1 and Conjecture 2 is that
the constants in the upper bounds of | Vh| « are independent of v. If true these gradient bounds
can lead to better stability estimates of numerical algorithms (see [15,10,16,14,7-9]).

On the other hand, it is not so difficult to extract a v-dependent upper bound on || V||, see
Corollary 1.2 below.

Perhaps a bit surprisingly, the goal of this paper is to disprove Conjecture 1. Conjecture 2 is
still open at the time of this writing. However we shall give a lower bound for the constant in
Conjecture 2. Namely, we shall show that oy > C4 > 1 for some explicit constant C,; depending
on the dimension d.

To make the paper self-contained, we first establish local and global wellposedness for (1.1).
For H? initial data in dimensions d = 1, 2, 3, a fairly satisfactory wellposedness theory has been
worked out in [5] using energy estimates and Galerkin approximation. By using the method
of mild solutions, our Theorem 1.1 below slightly refines this wellposedness result and allows

initial data to be in the “critical” space H g which in particular contains H 2 for d < 3. Note that
although (1.1) is not scale-invariant, in high frequency approximation, one can regard (1.1) as

&%h=V-(Vh]>Vh) —vA%h. (1.9)

To invoke scaling analysis, one can consider (1.9) posed on the whole space R4 If h(s, x) is a
solution to (1.9), then for any A > 0,

hy(t, x) = h(A*t, Ax)

is also a solution. From this one can deduce that the critical space for (1.9) is L)?O(Rd) or

. d
H2 (R?). Thus we have

Theorem 1.1 (Improved local wellposedness). Let the dimension d > 1. Consider (1.1) on the
27 -periodic torus T with v > 0. Let 54 = d /2. For any initial data hg € H* (T9), there exist
To = T (ho) > 0 and a unique local solution h € COHy* with tiVh e coc?, tih e COH!,
Moreover h(t) € H" forallm > 1,0 <t < Ty, where 0 < T, < oo is the maximal lifespan of the
local solution. In particular h(t) € C° for all 0 <t < Ty. If ho has mean zero, then h(t) also
has mean zero for all 0 < t < T,.

As is well-known, the long time dynamics is dictated by conserved quantities (or conservation
laws). For (1.1), the energy dissipation law (1.4) gives a priori H 2 control of the solution with
mean zero. Note that if 4 has mean zero, then ||2]|, is controlled by || A||; thanks to the Poincaré
inequality. Or one can just prove it directly using the Fourier series. The space H? is subcritical

in dimensions d < 3 since the corresponding critical space is H 2. Thus

Corollary 1.1 (Global wellposedness for d < 3). Let the dimension d = 1,2, 3. Consider (1.1)

on the 2w -periodic torus T4 with v > 0. For any initial data hg € H% (T?) with mean zero, the
corresponding solution h = h(t, x) to (1.1) obtained in Theorem 1.1 exists globally in time.

Remark 1.1. An interesting open problem is to show the global wellposedness of (1.1) in dimen-
sion d = 4. In that case H? is the critical space.
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The following corollary gives gradient bounds on /. For simplicity we assume the initial data
ho € H*(T?) so that the energy is well-defined. By using the smoothing effect one can also
treat the case hg € H %(Td) with the help of Theorem 1.1. However the bounds in that case
have slightly worse dependence on v (for initial transient time when the smoothing effect takes
place). We shall not dwell on this subtle issue here and focus instead on the long time bounds.
In Corollary 1.2 below, we shall only consider the case when the diffusion coefficient v is not
so large (the physically relevant case is v — 0), which we denote by the notation 0 < v < 1. It
means 0 < v < vg where vg > 0 is some constant of order 1. The numerical value of vy is not so
important. For example one can just take vp = 1.

Corollary 1.2 (Gradient bounds for d < 3). Let the dimension d = 1,2, 3. Consider (1.1) on the
2m -periodic torus T with 0 < v < 1. Assume hg € Hz(Td) with mean zero. Let h = h(t, x) be
the corresponding global solution to (1.1). Denote

1 1
E():/(Ev|Aho|2+ Z(|Vho|2— 1)2)dx.
Td

Then Vh admits the following bounds: for some absolute constants C1, Cp, C3 > 0,

1 1
sup |[Vh() oo < CVSES(ES +1),  ifd=1;

0<t<oo

Ey+1
v

Ep 1 )
sup IIVh(t)IIOOSCz(T)leog( ), ifd =2;

1<t<o0

sup VAl < C3v 2(Eg+1)3,  ifd=3.

1<t<o0
Similarly for some absolute constants C}, > 0, C5 >0,
E

sup VA — Ve " hglloe < C4 - (=2)2 | Tog(
0=<r<1 v

E 1
oLy pa=2
V

—N ;) =3 3 .
sup |[Vh() — Ve " holloo < Cv ™3 (Eg+ 13, ifd =3.
0=<r<1

Remark 1.2. The above gradient bound for d = 1 follows trivially from energy law and interpo-
lation inequalities. It does not use the dynamics at all. On the other hand the proof of the bounds
for d =2, 3 uses the mild formulation of the equation together with energy law. In terms of the
dependence on v the bounds here seem not optimal. See for example Proposition 5.1-5.2 in §5
for more refined results.

To disprove Conjecture 1, we shall use two different methods. The first method (see Theo-
rem 1.2 and Corollary 1.3 below) gives a weak lower bound approximately of the form 1+ O (v)
(with O(v) > 0). Even though this already settles Conjecture 1 in the negative, the obtained
lower bound approaches to 1 as v tend to zero which is the drawback of the construction. On the
other hand, the second method (see Theorem 1.3) gives a v-independent lower bound which also
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yields a lower bound for the constant oy in Conjecture 2. It is quite possible that these bounds
can be improved further.

We now introduce the first construction. To elucidate the main idea, we first state the 1D
version.

Theorem 1.2. Consider (1.2) with v > 0 and 2w -periodic boundary condition. There exists a
Sfamily A of smooth initial data such that the following holds:

(1) Forany hy € A, we have f?l‘ ho(x)dx =0 and ||0xhollco < 1.
(2) For any hgy € A, there exists ty > 0 (depending on hg) such that the corresponding solution
to (1.2) satisfies

l9xh2(t0, )lloo > 1.

It is relatively straightforward to generalize the construction in Theorem 1.2 to the equation
(1.1) in all dimensions.

Corollary 1.3. Let the dimension d > 1 and T? be the usual 27 -periodic torus. Consider (1.1)
with v > 0 and on (t, x) € [0, 00) x T¢. There exists a family A of smooth initial data such that
the following holds:

(1) Forany hg € A, we have de ho(x)dx =0 and ||0xhollco < 1.
(2) For any hg € A, there exists ty > 0 (depending on hq) such that the corresponding solution
to (1.1) satisfies

VA0, oo > 1.

We now introduce the second construction. The key idea builds on examining the linear evo-

—vtA?

lution e , and treating the nonlinear part as a correction.

Theorem 1.3. Let the dimension d > 1 and T? be the usual 27 -periodic torus. Consider (1.1)
with v > 0 and on (t, x) € [0, 00) x T?. There exists a constant Cy4 > 1 depending only on the
dimension d, such that for any € > 0, there exists ho € C*(T?) for which the following hold:

(1) f1a ho(x)dx =0 and |Vholleo < 1.
(2) There exists to > 0 such that the corresponding solution to (1.2) satisfies

VAo, )lloo > Ca — €.

Remark 1.3. Let f(x) = /e_‘5|4eis'xd$. The constant Cy4 in Theorem 1.3 is given by

R4

Q2m)d
Ca=IfL1@e> 1.
Remark 1.4. One can also consider the following version of (1.1) with fractional dissipation:

dqh=V-((IVh)? = D)Vh) —v|V|"h, (1.10)



1726 D. Li et al. / J. Differential Equations 262 (2017) 1720-1746

where y > 2 controls the “order” of dissipation. For & : T¢ — R, |V|” can be defined on the
Fourier side as

VIYR(k) = k|7 h(k),  kezd

The L°°-maximum principle holds for the fractional heat propagator e ~!IV" for 0 <y <2. The
behavior of ¢ ~"IV" for y < 2 and the heat operator ¢/ can be quite different, see for example
[6] for a discussion in the (Littlewood—Paley) frequency-localized context. In the wider setting
one can even consider operators of the form A = |V|7’/10g’5 A+ V] (for0<y <2,8>0and
A > 1) and establish a new generalized maximum principle (see [4]) for the drift equation

3,0 +v-Vo=-A40,

where v is a given arbitrary external velocity field transporting the scalar quantity 8. On the
other hand, in the regime y > 2, the L°°-maximum principle is no longer expected since the cor-
responding fundamental solution may change signs. Based on this, an analogue of Theorem 1.3
is expected to hold for (1.10) when y > 2. In that case the constant Cy is replaced by

_ —|EY
Cay = IF e )1 @ay > 1.
2. Notation and preliminaries

In this section we collect some notation and preliminaries used in this paper.
For any x = (x1,---,xq4) € R?, we use the Japanese bracket notation (x) =

J1+xP 4+ +x2

We denote by T¢ = R9 /2774 the 27 -periodic torus.

Let Q =R? or T, d > 1. For any function f: Q — R, we use || f|lzr = I fllLr() or
sometimes || f||, to denote the usual Lebesgue L” norm for 1 < p <oco. If f = f(x,y):

Q) x € — R, we shall denote by || f||; »1, » to denote the mixed-norm:
x Ly

10 = PGy | o

In a similar way one can define other mixed-norms such as || f|| COHp etc.

For any two quantities X and Y, we denote X <Y if X < CY for some constant C > 0.
Similarly X 2 Y if X > CY for some C > 0. We denote X ~ Y if X <Y and Y < X. The
dependence of the constant C on other parameters or constants are usually clear from the context
and we will often suppress this dependence. We denote X Sz, ... z,, ¥ if X < CY where the

constant C depends on the parameters Zy, - - -, Z,,.
We adopt the following convention for Fourier transform pair on R?:

(FHE =FE) = / Fe > Edx,
Rd
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1

TO=

/ f&)e*4de.
Rd

Sometimes the inverse Fourier transform is denoted as F~!.
Also for f : T¢ — R, and k € Z4, we denote the Fourier coefficient

fk) = / f)e ¥y,
Td

Of course (under suitable conditions) f can be recovered from the Fourier series:

_ 1 ~ ik-x
f0 =G > Floet.
keZd

Note that if we regard f as a periodic function on R¢, then

(FHE =Y fUsE—h), @.11)

keZd

where § is the usual Dirac delta distribution on R, )
For f: T¢ — R and s > 0, we define the H*-norm and H*-norm of f as

1 1
10 = (D A+ wPIF®P) S 1= (2 W1 F0R)
kezd kezd
provided of course the above sums are finite. If f has mean zero, then f (0) =0 and in this case

170 ~ (32 w1 F@or)”.

keZd

Occasionally we will need to use the Littlewood—Paley (LP) frequency projection operators.
To fix the notation, let ¢g € Cfo(Rd ) and satisfy

O<¢o=1, ¢o§)=1 for|] <1, ¢o(§)=0 for|§|=2.

Let ¢(£) := ¢o(&) — ¢o(2&) which is supported in 1/2 < |£] < 2. For any f € S'(R?), j € Z,
define

AifE) =@ 6)f &),
SifEe =¢ie)f&), EeR
We recall the Bernstein estimates/inequalities: for 1 < p < g < oo,
VP A fllippay ~ 27 1A fllpgey. s E€R;

id(L_1
1S £l Loy + 1A £llaqay S 27701 £1l o gay-
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We also need the Bernstein inequalities for periodic functions. Let f : T¢ — R be a smooth
function and “lift” f to be a periodic function on R?. Then in this way f € S’(R?) and one can
define A f for any j € Z. By expressing A; f in terms of a convolution integral, it is easy to
check that A f is also a periodic function on R and thus can be identified as a function on T¢.
A more “direct” way is just to use (2.11) and recognize A;f as (on the Fourier side) the
partial sum of §-distributions in a dyadic block. It is then natural to expect that the follow-
ing “Bernstein”-type inequalities hold (note that the norms are evaluated on T?): for any
I<p=g=oo,

IVEA; Fllpreray ~ 2718, fllppray, s E€R; 2.12)
jd(L—1 .

1A Fllaeray SN fll oy, €2 (2.13)
jd(L—1 .

1S Fllaeray S 27N fllpperay, G = 2. (2.14)

If f has mean zero (so that f (0) = 0), then one does not need the condition j > —2 (since
S f =0for j < —2). Although these inequalities are standard, we include the proof here for the
sake of completeness.

Proof of (2.12)—(2.14). We shall only prove (2.12)—(2.13). The proof of (2.14) is similar
to (2.13).
First we deal with (2.12). For some Schwartz function ¥ (¢ = F~'(|&|*¢(£))), we have

(VI A, f)(x) =279 / 20y (2 (x — ) F(dy
Rd

=2/ 3" [ 21y @) (x — y + 2mk) £ (y)dy
kEZd']I*d

=2/ / Ui(x —y) f(»dy,
'ﬂ‘d

where 1} j(2) = Z 2/ dl/f(zj (z 4+ 2mk)) is a periodic function on R? (and thus can be identified
kezd

as a function on T¢). By using Young’s inequality on T¢, we get
IVE A fllreay S 21050 1e0a) 1Lf o ere)-
Easy to check that
1l pay < 2N QDN ey = 1W 11 ey S 1.
Therefore

NVIEA; FllLeeray S 271 L ray-

By using a fattened projection AJ- = 212:_2 A (and noting that A; f = A./Ajf), one can
then derive (2.12).
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Next we derive (2.13). By Young’s inequality, we have
1A £l aeray S I prepay L F o gray
where % =1+ é — %. By (2.11) and f(O) =0, easy to check that A; f =0if j < —2. Therefore

we may assume without loss of generality that j > —2. Then by using the fact that ¥ is Schwartz,
we get

1Y 299 27 (2 + 27k |y ey

keZd
< Y 2Ny @ A2k ey + Y 20427k 710
|k]<100 |k]>100

SV @) oy + 1 S 2792797
Thus (2.13) is proved. O
3. Proof of Proposition 1.1
For 0 <t < T, consider f(¢,x)=|Vh(t, x)|2. Note that

dh=(f—1DAh+Vf- Vh.

d d
Clearly o;Vh = (AR)V f + (f —1)AVh + Zathajf + Zajhaij.
j=1 j=1
Therefore
1
d
=AR(Vh-Vf)+(f = 1)(Vh)-(AVh) + Z(Vh -9;Vh)0; f
j=1

d
+> 0h(Vh- 0,V f)
j=1

d
1
=Ah(Vh.Vf)+(f—1)(Vh).(AVh)+§|Vf|2+ > 0hdchdef. (3.15)
j.k=1

By definition, it is easy to check that

d
Af =2VAh-Vh+2 Z (djh)>.
k,j=1

d

1 2

Therefore Vh - AVh = EAf — k E ](8k8jh) .
J=
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Plugging this expression into (3.15), we then obtain

1 1 4 )
70 =3(f =DAf = (f - 1);::1(8,{8,-11) + AR(VRE -V f)
1 d
+ Elvfl2 +k]z=:1 3;hokhd; oy f.

Now let € > 0 be a small parameter which will tend to zero later. Consider the auxiliary
function

FEt,x)= f(t,x)—et, YO<t<T, xeT.

Note the equation for f€ reads as

laé—1 Lipe DAfE € 1daa»h2
Etf ———€+§(f +er — DA = (f" et — )Z(k])

2 k,j=1
d
€ 1 €2 €
+ AR(VR-V )+ SV P+ > 0;hdchd ;o . (3.16)
k,j=1

Since f€ is a continuous function on the compact domain [0, T'] x T¢, it must achieve its
maximum at some point (¢, x,), i.e.

max  fE(t,x) = f(ty, x4) =: M.
0<t<T, xeTd

We discuss several cases.
Case 1.0 <t, <T and M, > 1. In this case observe that

er (t*’ x*) = 07 Afe(t*s x*) E O’

d

Z Cjck(@; O f€)(te, x) <0, forany (cq,---,cq) € RY.
k,j=1

Therefore by (3.16) and the fact that M, > 1, we have

=< —16 + %(Me + et — D(AS) (b, x5)

1
—(0; (¢,
2(  f(t, x) o) 3

d
— (Mc+et—1) > (%d;h)*
k,j=1

< ! 0
——e <0.
- 2
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This obviously contradicts to the fact that 0 < #,, < T and (4, x4) is a maximum. Hence Case 1
is impossible.
Case 2.0 <t, <T and M, < 1. In this case we obtain the bound

max  f(t,x) <eT + 1.
0<t<T, xeT4

Case 3. t,, = 0. Clearly then

max  f(¢f,x) <max f(0,x)+€T.
0<t<T, xeT? xeTd

Concluding from all cases and sending € to zero, we obtain (1.7).
In the case dimension d = 1, the proof of (1.8) is similar. Set g = h,. Note that

dg=1(g — &)x = (38" — Dgur +6g(g)%

Clearly (3g% — 1)g,, is elliptic when 3g2 > 1, whence

1
—),  Vi>0.

18(Dloo = max{[lg(0) /oo, 7

4. Proof of Theorem 1.1

Lemma 4.1. Let v > 0 and L = —vA>. Then for any integer m > 1 and any t > 0, we have
||D’”e’Lf||L;~o(qrd) Svdm (LH17 DNl yar qays (4.17)

similarly for any integer m >0 and any t > 0,

L _m
1D "™ £l ooty Svadam 1~ 5 1Lf oo - (4.18)

1D e™ 200y Svdam (141D Fll 2000 (4.19)

In the above D™ denotes any differential operator of order m. For example D? can be any
one of the operators Bxix_,., 1<i,j<d.
If f has mean zero, then (4.17) and (4.19) can be improved as:

10" flloo Svamt™4Nf1 g Ymz1.1>0, (4.20)
ID"e fll2 Som tF Sl Ymz0.1>0. (@21)
Proof. We first show (4.17). Define (V) = /1 — A. Clearly

d
2

DMl f = D" (V)T (V)T f = Ky % (V) f)

. . . _d
where * denotes the usual convolution and K is the kernel corresponding to D™ e'" (V)~2. Then
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ID™e™ fllpooipay SUK il 2 I £ ¢
(1Y) O LT

Now since m > 1,
2 —2vrlk|* 712 —d —2vrlk|* 1 2m—d —m
K72 S D0 e 2 MR - ™ S 14 Y e e S 14
kezd k0

Thus (4.17) follows easily.
For (4.18), we can regard f as a periodic function on R¢. Then using the fact that for any

multi-index e with || = m, | F~' (%) | 11 oy S17%, we get
ID" '™ fll ooty = I1D™e'™ fll oo ay S 174 fll Loy S 17411 e (pay-

Similarly one can prove (4.19) by computing everything on the Fourier side.
In the case f has mean zero, we note that f(0) =0, and (4.20)—(4.21) follows easily. O

Proof of Theorem 1.1. This is more or less a standard application of the theory of mild solu-
tions. Therefore we shall only sketch the details.

We recast (1.1) into the mild form (alternatively one can also construct the mild solution by
considering L = —vA? — A as the linear part and taking e’ as the linear propagator):

d t
WOy =e " hg+ Y / 87e~ = (VA2 = 1)9h) (s)ds
j=1y

— N 0+ () (1),
Fix ho € HY/2(T?). Define h® = e~"VA’ g, and for j > 1,
R (1) = e ho + d(RY=D) (7).
For T > 0, introduce the Banach space
075 dy. .1 0~0 1 049+
Xr={hecPH (0. T1x T : rivheclcl, inecln: ™)
with the norm

1 1
h =|h t3Vh tih .
Illxy =l IIC?HX% + |l e + |l HCPHX%H

For convenience denote the seminorm

1 1
Illyy =13 Vil + 30l gy
C'H

X

‘We shall show that for sufficiently small 7' > 0 (depending on the profile of ho), the iterates
1)), j >0 form a Cauchy sequence in the set
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Br ={h e Xt : |lhllx; =2lhol IIhllyT = 2etfholl | Td)}

where €1 > 0 is a sufficiently small constant depending only on (v, d) and ||hg ||H%

We shall only verify that () € By and omit the contraction argument since it is quite similar.
Consider first j =0. For ho € H 5 (T?), obviously

—_vA2
ol | g < lholl 4.

lle d
COH.

=l
N

By Lemma 4.1 and a density argument, we have for hp € H %,

. 1 _ 2
lim [|r7 Ve VA holle =0, lim [t3e ™" hol| 4., =0.
t—0+ H

t—0+ 2+
X

Thus for T > 0 sufficiently small,
© 3 ©
1A x7 = EllhollH%, 1Ay < €rliholl  a

where €] will be taken sufficiently small (depending on (v, d) and ||Ag|| r ) later when we verify

the estimates for A1), j > 1.
Now inductively assume hU=D ¢ By. To show h'Y) € By, it suffices for us to check

1@ lx, <ellholl g

To simplify notation, in the computation below we shall drop the superscript (j — 1) and write
®(hY=1) simply as @ (k). We also write <, 4 simply as <.

Note that without loss of generality we can assume ¢ < 1, so that when applying Lemma 4.1,
we have 1 +17 % < =% (i.e. the constant 1 is not needed). Now by Lemma 4.1, we have

t
10wl ¢ < | [(DE9-r(n? — 1)) sds
HZ 2
0
f(t—s) V) EVh(s) ads
f (it — ) IV (VR () PYAE)) [2ds
/(t—swrws I
H2

x

_1 3 1 1
/(r—s) I O JRPIRR E IO/ WS
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1 1 1 1
Lok 1 1 2
St2lsthl gy FlIsThEIN  ayy - IsTVAS) [T p
COH? COH? s

1
<tI|h hl3. .
Stlholl g +likly,

Thus for T' > 0 sufficiently small and €; sufficiently small,

€]
eI« < —llholl 4.
cOu2 (0,71xTd) — 10 H?2

Similarly easy to check that

! 1 €l
lt2@h) @) 4 + 3V O(h) (@)l o0 ay < — llholl 4.
02 (0.11x19) Lo (0T =5 100y 5

Thus
IeMlxy = eillholl 4.
We have finished the proof of existence and uniqueness of a solution in the Banach space X7. O

The smoothing estimate of i(¢) for ¢ > 0 is utterly standard. For example if we know h €
L®H™([ty, 1] x T¢) on some time interval [z, #1], then for ¢ € (1o, t1],

H pmt] /V e~ OVE (VR = 1)VR)(s)ds H2

fo

t
_3
S / (t = )" (IVAS)* = DVA(S) | gn-rds
0]
n
3
5/@ —s5)7ads - ||hll Lo mp
0]

1
_3 _1 1 2
+ | =) asT2ds - lhllgopm - 57 VAT oo
to

This shows that /& has higher regularity H)’c""’1 on (fo, 1] (the linear part

67(t7t0)UA2h(l0) c H)lc71+]

only for € (¢, t1]). We omit further details.
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5. Proof of Corollary 1.1 and Corollary 1.2

Proof of Corollary 1.1. Let the dimension d < 3.

We first assume that the initial data 7o € H*(T¢) with mean zero. Denote the corresponding
solution obtained by Theorem 1.1 as k. To bound ||3;4||>, we need to control [|8%4 - 8k - 3k <
||82h||2||8h||g<> < ||h||§14. The H* regularity is used to control ||Vh| . It is then easy to check

that h e COH* N C} L2 and
d
—E =—|8,h|3, 5.22
y 107215 (5.22)

where

_ 1 2 1 2 2
E@) = EVIIAh(t)Iler Z/(IVh(t)l — D7dx.
Td

Alternatively to avoid the issue of differentiability, one can interpret (5.22) as the integral formu-
5}
lation: E (1) = E(f1) — / |8, ]|3dt for any 0 < 1] < 1.
n

From energy conservation we get [|2(f)| g2 S [lhollz2 for any ¢ > 0. Now for H 2 initial
data (recall the critical space in Theorem 1.1 is H4/? and d/2 < 2 for d < 3), the lifespan of
the local solution depends on the H?-norm of the initial data. Thanks to this fact and the esti-
mate [[A(#)] g2 < |lholl 2, the corresponding local solution can be continued for all time by a
standard argument. This concludes the proof of global wellposedness under the assumption that
hg € H* O

Now let hg € H %(T") with mean zero. By Theorem 1.1, there exists a local solution /# on
[0, Ty] for some Ty > O depending on hg. Let Ay = h(Ty/2). By Theorem 1.1, hy € H™ for
all m > 1. In particular h; € H*. Now with & as initial data, the corresponding solution can
be denoted as h(r) = h(t + T /2). One can then repeat the argument described in the previous
paragraph to obtain global wellposedness.

Proof of Corollary 1.2. The 1D case. Note that by energy law we have E(¢) < Ey. Thus
1 1
[9:xh (D2 S —=v Eo,  19:h(®)lla S Eg + 1.
Jv
By using the Gagliardo—Nirenberg interpolation inequality, we have
2 1
0xhlloo S 10xhllf 18xxhll; -
Therefore

1 1
105h () ]loo S VS ES (EE + 1),

The 2D case. We first perform a short time estimate. Let 0 < € < 1 which will be taken suffi-
ciently small. Consider
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t
h(t) = e V"D hg + / V. e V8 (\wp2 Z 1)Vh(s)ds.
0

Easy to check that in 2D, || |V|1+1€Wh loo S |V|2+2€h |[2—e (recall & has mean zero). Then

_ 2
NV 2 h()]l—e SNV 27V hollo—e

~

t
+ f 1|V . eV 9% ((Vh2 = 1)Vh)(s)dsla—eds
0

t
SO holl g2 + /(V(l - S))_¥(”h(5)”3_12 + 1A ()1l y2)ds
0

_3+2¢ 1-2¢  FEg 1 Ey 3

s ((7)7+(7)5)-

Eop 1
SENHEDT 4
v
In the above when bounding the nonlinearity, we used the estimate

NVAPVhl2—e SIVAIIVRI - S IRI,,.

Thus fort ~1and 0 < v < 1, we get

€ E 1
VI T oo < (22T 2)10,
Vv

By repeating the same analysis with # >> 1 and hg replaced by h(z — 1) (note that only ||A]| 2
enters the analysis), we get for all 7 > 1

¢ E 1
NV T80 oo < (21210,

Now note that [|2(?)]| 2 < (%) 3, Using Littlewood—Paley decomposition (note that S_> Vi = 0),
we get

IVROl ey S D 18Vl g2y + Y 1A VAl o2y
—2<j<jo Jj>Jo
< o+ 3l g2 + 27070 ||| V|10 ]| o
E() + 1)10

E e
S Go+3) (=07 +27 0o (=
Vv Vv

Optimizing in jo, we get

Ey 1 Ep+1
sup VAl S (7)2|1Og(T)|-

1<t<oco



D. Li et al. / J. Differential Equations 262 (2017) 1720-1746 1737

Now to obtain the estimate for ¢ < 1, we simply note that for ¢ < 1, by repeating the analysis
before,

. a2 Eo+1\"
9171 (a(6) = e * ho) oo S (T) :
On the other hand,

A2 Eyp 1
Ih(t) — e "4 hollge S IRl 2 + ol S (<5)2

Thus we obtain the same bound for i (z) —e™"! Azho.
This finishes the estimate for the 2D case.
The 3D case. We shall again perform a short time estimate. Write

t
Vh(t) = e "2’ Vg +/vv e VOB (TR — 1)Vh)(s)ds.
0

It is easy to check that
VA2 _1
le™" A" Vholl oo (rs) S D)% 1ol gr2crs)-

We then get for 7 < 1,

t

IVA® oo S 0875 1ol 2 + /(V(l - S))_%(IIWL(S)II?, + IVA(s)l2)ds

1 _s5 L
StTSVTBES v
3

Choosing ¢ ~ v’ then yields | VA() oo S v_% (Eg + 1). For general ¢ > v7, we can replace hg
by (t — v7) and repeat the above analysis. This ends the estimate for the 3D case. [

The following proposition shows that in 1D, there exists initial data such that the correspond-
ing solution obeys uniform in time gradient bounds which are independent of v.

Proposition 5.1. Let the dimension d = 1. Consider (1.2) on the 2m -periodic torus T with 0 <
v < 1. Assume hgy € H2(']I‘) with mean zero and let h = h(t, x) be the corresponding global
solution to (1.2). Denote

1 2 1 2 2
Eo= [ (3v1asshol® + 7(1achol* = 1)?)x.
Td

Then for all t > 0 and some absolute constant C1 > 0,

1
13:h()lso < C1 max{l, v E¢ ). (5.23)
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For each 0 < v < 1, there exists a family A, of initial data, such that if hg € A, then
Eo < /v, and the corresponding solution satisfies

[9xh()lloc < B, Vi >0,
where B1 > 0 is an absolute constant. (In particular, it is independent of v.)

Proof of Proposition 5.1. We first show (5.23). Denote ||/]lcc = A and g = h)% —1.IfA<2
we are done. Now assume A > 2, then obviously A” < ||g|leo. Now by Gagliardo-Nirenberg
interpolation, we get

1 1 1 1 1 1 1oy
A* S liglloo S g3 N0xgll S lglF ekl 0chlZ S llgll3 19xchll3 A2

Thus

1 1 L Eg 1 1L
A SIS N19xxhll; SES(TN SVTeES.

S\

We now show that there exists initial data /¢ such that Ey < 4/v. The idea is to mollify the
“sawtooth”-type profile and add a §-cap (8 ~ /v) around each tips of the sawtooth. To this end,
let Lo > 3 be an integer and define

X

go(x) = / sgn(sin(Lot))dr, x€l[—m, ],
0

where sgn is the usual sign function:

I, z>0,
sgn(z) =10, z=0,
-1, z<O.

The value of L is not important as long as it is independent of v.

Now around each local maxima or minima of go, easy to check that g;, change its sign from
—1to1,or1to—1. At the maxima (minima), g(’) is undefined. One can then mollify gg therein
within a §-neighborhood. Denote the mollified function as gs. Then

1 1 1
E(gs) = /(va“gaﬁ + 7 (Iags? = D?)dx Siy v 5548,
T

Choosing 8 ~ /v then yields E(gs) Sry +/v- O

Proposition 5.2. Let the dimension d = 1. Consider (1.2) on the 2m -periodic torus T with 0 <

v < 1. Assume hg € H%(T) with mean zero and let h = h(t, x) be the corresponding global
solution to (1.2). Then

limsup [|9xh (1) oo < Ko, (5.24)
t—00
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where K is a constant depending only on the initial data hy. If in additional hg is even in x,
then (5.24) can be improved to

limsup [|35h (1) oo < 1. (5.25)

t—>00

Remark 5.1. Recall that in the 1D case, the equation (1.2) can be transformed into the usual
Cahn—Hilliard equation via the change of variable u = d,h. The convergence to steady states
(and consequently gradient bounds) can be obtained using the f.ojasiewicz—Simon inequality
(cf. [11]). Our proof below however does not appeal to this theory and gives an alternative ap-
proach.

Proof of Proposition 5.2. First observe that by using Theorem 1.1 and a shift in time we may
assume ho € H'O(T). By using the Duhamel formula

t
h(t) = e "% by + / e—V<f—“>3~i‘ax((h§ — Dhy)(s)ds,
0

the energy law, and the exponential (in time) decay of the propagator e "¢ -9

zero functions), it is not difficult to derive that

(acting on mean-

sup A @)l gioery Sv.go 1- (5.26)
>0

This estimate will be used below.
Step 1: we show that lim;_,  [|0:/]|c0c = 0. Denote g = 9;h, then g satisfies the equation

0rg = Bx((3h§ —1)gy) — 1)8;1 g. Consider ¢ > ty, where 7y will be picked later. We have

t

() = e 0% g (10) + / dee "IN (B3R — 1)g,) (s)ds
o
t

= e g (1) + / dexe™" (B — D) (s)ds
1o

t
- / ee "% (61, hyg) (5)ds. (5.27)

Io

Now note that for any function g : T — R (not necessarily having mean zero), one has for
m>1,

—vt/100,—%

—vtdt ~ ~
I3y e &ll2 Sim,v e ‘gl

Here the point is that since m > 1, g can be replaced by g — § (§ denotes the mean of g) and
181 < N1gll2-
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Now continuing from (5.27), we get (by using (5.26))

t
[ RV
82 Sv.Ey IIg(to)||z+/(t—s) 2¢7V=9/100) 6 (5 ||ads
0]

t
+ /(l — )2V E=/100) 6 () |ods. (5.28)

fo

By using the energy law, we have fooo llg(s) ||%ds < 00. Thus one can find 7y sufficiently large

such that || g (f)||» < 1 and also ftso ||g(s)||%ds « 1.By (5.26), we also have sup,>g l1g(s)l2 <l1.
These estimates with (5.28) and an €-§ argument (One needs to split the time interval in (5.28).
For s close to 7, we use the smallness of the time interval and the estimate ||g(s)|l2 < 1. For s
away from ¢, use ftso llg(s) ||%ds <« 1.) then easily yield

lim [lg(#)]l2 =0.
11— 00

Interpolating the above estimate with (5.26) (recall g(t) = d;h = (h3 — hy), — vdth), we get
lim [18,%lo0 = 0. (5.29)
11—

Step 2: we show (5.25). Easy to check that the even symmetry is propagated in time. Denote
f =0ch. Then

(/7 = =) = 4.

In view of the even symmetry of &, we have f(f,x =0) =0, 9y, f(#,x =0) =0. Thus
X
P2 =) f = vie f = / @), y)dy.
0

A simple maximum principle argument together with (5.29) then yield (5.25).
Finally the proof of (5.24) is similar. In the general case, observe that (since f = d,h)

L / (f3 = f = vfax(t, x))dx = L / 3, x)dx .
2 2
T T

—_— ————
=m(t)

By the Mean Value Theorem, there exists xo € [—, 7] such that
£ (t.x0) = f(t, X0) = vfx (2, X0) = m(2).

‘We then have
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P f v = / @), y)dy + m(@).
X0

Now observe that

mO] < 10:hOIR <1+ f(hi ~1)2dx <1+ Ep,
T

where Ej is the initial energy. The bound (5.24) then again follows from a maximum principle
argument using this estimate. 0O

6. Proof of Theorem 1.2 and Corollary 1.3

The following perturbation lemma is more or less standard. It follows from the local theory
and we omit the proof.

Proposition 6.1 (Finite time stability of solutions). Let v > 0 in (1.1). Let ug € H* k > dj2
and u be the corresponding solution. Let T > 0 be given and assume u has lifespan bigger than
[0, T'). Then for any € > 0, there exists 8 > 0 such that the following holds:

For any vy € H* k> d /2 with ||lvo — uol| g« <8, there exists a solution v to (1.1) correspond-
ing to the initial data vy and has lifespan containing [0, T]. Furthermore we have

max [[v(t) —u(t)||gx <e.
0<t<T

In particular by shrinking § further if necessary, we have

max ||[Vu(t) — Vu(t)|co < €.
0<t<T

We now complete the proof of Theorem 1.2.

Proof of Theorem 1.2. Step 1. We first show that there exists a smooth solution w to (1.2) with
initial data wo such that ||wyllec = 1 and for some 7, > 0, Cy > 1

|0y w(tye)]loo > Cq > 1. (6.30)
Let n > O be sufficiently small and wy be a smooth 27 -periodic function with mean zero
(Here one can choose wg such that it is odd in x when regarded as a function on R. This in turn

easily implies that wo has mean zero on [—, 7].) such that

wO(x)Zx_nxsa |'x| <n,

lwo()| <1, n<I|§ <. (6.31)
Denote by w = w(t, x) the corresponding solution to (1.2). Observe that

wh(x) =1 —35px*,  for |x| <.
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Obviously it follows that |wy(x)| < 1 with equality holding only at x = 0 (and its 27 -periodic
images). By a direct calculation, we have for |x| < 7,

(3 wo)® — ywo = (1 —5nx)* — (1 — Sy = 0 ().

Clearly it holds that
dor (@0 = dw)| _ =0,
Now since
3 (wy) = (W3 = wy)xx — VYW,
we have

(@ 8;w)(0,0) = ((Bywo)” — dywo)x| _ —vdwo| _ =120vn>0.

Since A(t) = (0,yw)(#,0) is a continuously differentiable function of ¢ with A(0) = 1,
A’(0) > 0, obviously (6.30) holds.

Step 2. The perturbation argument.

Let ¢ € C°({x : |x| < n}) be a fixed smooth cut-off function with ¢ (x) =1 for |x| < % Let
¢ be even in x and let

3 (x) = wo(x) — 8xep(x).

Note that vg is odd in x and still has mean zero.
Clearly

v) — woll 2 < 8llxp (x) | 2 < const -8 (6.32)

and can be made arbitrarily small.
On the other hand for |x| < /2,

B vd(x) = dwo(x) —8=1—5px* —8<1-86.
For n/2 < |x| < m, since by construction we have
|xwo(x)| =1 — B,
for some constant 8 > 0. Obviously by choosing § > 0 sufficiently small we can have
@l =15 Vi<
Therefore we have shown

)
”axvolloo <1



D. Li et al. / J. Differential Equations 262 (2017) 1720-1746 1743

Now let v® be the solution to (1.2) corresponding to initial data vg. By (6.32), (6.30) and
Proposition 6.1, for § > 0 sufficiently small, we have

18, 0% (1) [loo > C > 1,

where C| is another constant.
Define A = {vg : 4 is sufficiently small}. This concludes our construction. O

Proof of Corollary 1.3. The essential ideas are already in the proof of Theorem 1.2. Therefore
we only sketch the necessary notational modifications.
Take n > O sufficiently small and a = ﬁ (1,---, T (here d is the dimension). Note that by

definition |a| = 1. We define a smooth function wq € C°°(T9) such that

d
wo(x)=a-x —an;, for |x| < 7.
j=1

Let D =[—m, n]d be the fundamental domain of the torus T¢. For |x] > n, x € D, we simply
require

[Vwo(x)| < 1.

Take a radial ¢ € C°({x € R?: |x| < n}) such that ¢ (x) = 1 for |x| < /2.
For § > 0 sufficiently small, define

vhx = wo(x) — 8- (a-x)-p(x)
and
A= {vg : 8 > 0 is sufficiently small}.
The set A is the desired family of initial data. O
7. Proof of Theorem 1.3
In this section we give the proof of Theorem 1.3.
Proof of Theorem 1.3. Without loss of generality we assume the dimension d = 1. The case

d > 2 can be proved with suitable modifications.
Fix € > 0. Let

fx) = i/e—é“e'f"‘dg.
2

R

Define

Ci=flnw, Ar=If"lnm-
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Define ¢#; > 0 such that

Nl—

1
2C; Ay v 2] = (7.33)

€
3

Step 1: We show that there exist ©, > 0 with p < t1 and hg € C°(T) with mean zero such
that |0, /0]lco < 1 and

— €
e holloo > C1 = 3 (7.34)

To show this, we first choose F (¢, x) to be an odd function of x which is 2 -periodic, and
such that

JEsen(f(s/())ds, 0<x <t5;
1
Fo)=10, 15+ [ sen(f(s/(wn)¥)ds| < x <73

linear interpolation, i3 <x< 15+ | fé% sgn(f(s/(vt)%))ds|.
Easy to check that for # < 1/2 the function F (t, x) is well-defined. Furthermore
0 F @, x) =sen(f(/0D5),  ae x| <15;
and [|9y F|lo < 1. Define
G(t.x) = <e—”f3mx(axﬁ(t, )@ 2).

Then clearly if ¢ is sufficiently small, then

1G(t,0)] > / [f( x1)|(ut)—3¢dx— / [ £( x1)|(w)—3¢dx
, (vr)# (v1)3
|x|<t5 |x|>15
X 1
=1 f e -2 / (=) Hdx
” (vr)a
|x|>t5

—ci—2 / )l

In the last inequality above, we used the fact that f is a Schwartz function and the tail contribution
to the integral can be made arbitrarily small (by taking ¢ small).

Now take an even function ¢ € C°(R) such that 0 <y <1, ¥(x) =1 for |x| <1 and
[ ¥ = 1. Define ¥5(x) =8~y (x/8) and
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Byt =1 =8)- (w5 Ft,)) 1, ),

where * is the usual convolution on R. Easy to check that ||d, Fslloo <1, Fs is 27 -periodic, odd
in x and has mean zero.

Define
Go(t,x) = (70w (0, Fs 1, ) (0, ).
Obviously for é sufficiently small, we have
~ €
|Gs(,0)] > Cy — 3

Thus (7.34) is achieved with hg(x) = 155 (1, x).
Step 2: Control of the nonlinear solution. We shall fix #; and k¢ from Step 1. With &g as

initial data, let 2 be the corresponding solution to (1.2). We argue by contradiction and assume
that

sup [[dxh(t, )loo < C1 — €. (7.35)
0<t<n
Then
Ih3 —hylloo <2C3,  VO<t<m.
Now since
t
k(1) = e ey ho + f 3y pe VSt ((hi —h)( — s))ds,
0
we get

t
8,k (1) — e %5 g Bl o < / [8yxe ™50 (h3 — hy) (t — )| sods.
0

Regard (h?c — hy) as a 2m-periodic function on R. Recall that f”(x) = F! (—526_54). Then
e ™ % () — h))ll oo
= 0xxe ™" " () — Rl Loy
<IF = 16PN gy I3 — Bl ooy
<1/ 1 - (v8) 7% -2C3

— -3.203
=Ar-(vs)"2-2Cy.
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Thus we obtain for 0 <t <1,

1
185h(r) — e ™0 oo < Ay - 207222 - 2C3

Since 1, < t1, by (7.33) and Step 1, we get
2e

€ €
||axh(t2)||oo>cl—§—§ 3

which is an obvious contradiction to (7.35). O
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