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Abstract In this work, we are concerned with the stability and convergence analysis of the second-order
backward difference formula (BDF2) with variable steps for the molecular beam epitaxial model without slope
selection. We first show that the variable-step BDF2 scheme is convex and uniquely solvable under a weak
time-step constraint. Then we show that it preserves an energy dissipation law if the adjacent time-step ratios
satisfy rg := 7 /Tk—1 < 3.561. Moreover, with a novel discrete orthogonal convolution kernels argument and
some new estimates on the corresponding positive definite quadratic forms, the L? norm stability and rigorous
error estimates are established, under the same step-ratio constraint that ensures the energy stability, i.e.,
0 < ri < 3.561. This is known to be the best result in the literature. We finally adopt an adaptive time-stepping
strategy to accelerate the computations of the steady state solution and confirm our theoretical findings by

numerical examples.
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1 Introduction

We consider the following molecular beam epitaxial (MBE) model without slope selection on a bounded
domain Q C R?:

by = —cA’® -V - f(VP) forxecQ and 0<t<T (1.1)
subjected to the initial data ®(x,0) := ®g(x), where the nonlinear force vector f(v) := 7 The
unknown function ® = ®(x,t), subjected to the periodic boundary conditions, is the scaled height
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function of a thin film in a co-moving frame and € > 0 is a constant that represents the width of the
rounded corners on the otherwise faceted crystalline thin films.

The above epitaxial growth model admits variable applications in different fields, such as physics [1],
biology [9] and chemistry [22], to name a few. The MBE model (1.1), in which the nonlinear second-order
term models the Ehrlich-Schwoebel effect and the linear fourth-order term describes the surface diffusion,
defines a gradient flow with respect to the L?(2) inner product of the following free energy [10,16]:

E[®] = /Q [;(Acb)? - %111(1 +|V®|) | de. (1.2)

The logarithmic term therein is bounded above by zero but unbounded below (and has no relative
minima), which implies that no energetically favored values exist for V®. From the physical point of
view, this means that there is no slope selection mechanism. Thus, it may result in the multi-scale
behavior in a rough-smooth-rough pattern, especially at an early stage of epitaxial growth on rough
surfaces. The well-posedness of the initial-boundary-value problem (1.1) was studied by Li and Liu [16]
using the perturbation analysis. It is shown in [16, Theorem 3.3] that, if the initial data ¢o € H}¢, ()
for some integer m > 2, there exists a unique weak solution ¢ € L> (0,75 H™(2)) N L?(0,T; H™2())
and 0;¢ € L2(0,T; H™2(Q)). As is well known, the MBE system (1.1) is also volume-conservative, i.e.,
(®(t),1) = (g, 1) for ¢ > 0, and admits the following energy dissipation law:

ﬁE[cb]:—HthHQ <0, 0<t<T (1.3)

dt L2@) =% = '
where (-, -) denotes the inner product in L*(€2) and |- || 2(q) is the associated norm. Also, by the Green’s
formula and the Cauchy-Schwarz inequality, one has the L? norm solution estimate

@] 1200y < /U@l r2(), 0<t<T. (1.4)

As analytic solutions are not in general available, numerical schemes for the above MBE model have
been widely studied in recent years [3,4, 6,12, 14, 20, 21, 23, 24, 26]; thus include the stabilized semi-
implicit scheme [24], Crank-Nicolson type schemes [21], convex splitting schemes [3,23], the exponential
time differencing scheme [14], the invariant energy quadratization (IEQ) method [12,26] and the scalar
auxiliary variable (SAV) approach [6]. The main focus of the above-mentioned works was the discrete
energy stability, i.e., one constructs a numerical scheme that can inherit the energy dissipation law in the
discrete levels. Always, the IEQ and SAV methods transform the original system into a new equivalent
system with a quadratic energy functional preserving the corresponding modified energy dissipation law.
The SAV approach usually leads to numerical schemes involving only the decoupled equations with
constant coefficients.

It is noticed that in all the above-mentioned literature, the numerical analysis was performed for
uniform time-steps. In this work, we aim at investigating a nonuniform version of a classic numerical
scheme, i.e., the second-order BDF (BDF2) scheme with variable time-steps. To this end, we consider
the nonuniform time grids 0 = tg < t; < --- < ty = T with the time-step sizes 7, := tp — tp_1. We
denote the maximal step size by 7 := maxi<k<n 7% and define the local time-step ratio as ry := 7% /Tk—1
for k > 2. Given a grid function v" = v(t,), we set V,v" := v™ —v"~! and 9,v" := v, 0" /7, for k > 1.
The motivation for using a nonuniform grid is that one can possibly capture the multi-scale behaviors in
the time domain.

However, the numerical analysis for BDF2 with nonuniform grids seems to be highly nontrivial (com-
pared with the uniform-grid case). A few results can be found in the literature. For the linear diffusion
case, the existing L? norm stability and error estimates can be found in [2, 5,8, 15]. However, for the
analysis therein, the time-step ratio constraint that guarantees the L? norm stability are always severer
than the classical zero-stability condition 7, < 1 4 /2 for the ODE problems [7,13]. Moreover, some
undesired factors such as exp(C,I';,) appear in the estimates, where I';, can be unbounded as the time-
steps vanish and C, grows to infinity once the step-ratios approach the zero-stability limit 1 + /2. The



Liao H-L et al. Sci China Math  May 2021 Vol. 64 No.5 889

associate analysis for nonlinear problems such as the Cahn-Hilliard (CH) equations can be found in [5].
Again, the error estimates therein are presented under the time-step constraints r; < 1.53 (worse than
the classical zero-stability condition).

As an exception, in our previous work [18], we have presented a novel analysis for the nonuniform BDF2
scheme of the Allen-Cahn equation under the same condition 7, < 14 v/2. In a very recent work [19],
for the linear diffusion problem, the L? norm stability and convergence estimates are presented under a
much improved zero-stability condition

0<rp<rs:=B+V1I7)/2~3561, 2<k<N.

In particular, a novel discrete orthogonal convolution (DOC) kernels argument related to the nonuniform
BDF?2 scheme is proposed to perform the analysis in [19]. In the current work, we will study the nonlinear
MBE model under the new zero-stability condition.

1.1 The variable-step BDF2 scheme

The well-known nonuniform BDF2 formula can be expressed as the following convolutional summation:

Doyv™ = Zbgi)kVTvk, n>1, (1.5)
k=1

where the discrete convolution kernels bgl_) i are defined by bél) :=1/71 for n =1, and for n > 2 one has

1+ 2r r2
b= —— = T and b =0 for j > 2. 1.6
0 Tn(1+rn)7 1 Tn(1+Tn) an J or j ( )

Without loss of generality, we can include the first-order BDF (BDF1) formula in (1.5) by putting 7 = 0,
and use it to compute the first-level solution for initialization.

To present the fully discrete scheme, for the physical domain Q = (0, L)?, we use a uniform grid with
grid lengths h, = hy, = h := L/M (with M being an integer) to yield the discrete domains

Q= {xy, = (ih,jh) | 1< i, < M} and Q= {z} = (ih,jh) |0 <i,j < M}.
For the function wy, = w(xy), let
Azwij = (’LUZ'+1J — U)ifl"j)/(Qh) and 5zww = (le,j — 2’LUij + wifl,j)/hz.

The operators Ayw;; and (55wij can be defined similarly. Moreover, the discrete gradient vector and the
discrete Laplacian can also be defined accordingly:
Vhwij = (Azwij,Aywij)T, Ahwij = (53: + 55)’11]”
One can further define the discrete divergence as Vj,-w;; := Ayv;; +Ayw;; for the vector up, = (vp, wy)T.
We also denote the space of L-periodic grid functions by Vj, := {vj, | vy, is L-periodic for xj, € Q,}.
We are now ready to present the fully implicit variable-step BDF2 scheme for the MBE equation (1.1):
find the numerical solution ¢} € V), such that ¢9 := ®¢(x},) and

Dol + N3P+ V) - F(Vio) =0 forx, €Q, and 1<n<N. (1.7)
1.2 Summary of the main contributions

As mentioned, we shall pursuit the further study of the analysis technique in [19] for the nonlinear MBE
model. In [19], the discrete orthogonal convolution (DOC) kernels are proposed for analyzing the linear
diffusion problems. The DOC kernels are defined as follows:

96 ) .= "ol and 92—)1@ = Z 97(1_)jb;]_k for1<k<n-1. (1.8)
bo by’ jSk1
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It is easy to verify that the following discrete orthogonal identity holds:
S0, =00 for 1<k <n, (1.9)
j=k
where d, is the Kronecker delta symbol.
The main motivation for introducing the DOC kernels lies in the following equality:

Z@fﬁ)ngvj =v,o" forn>1, (1.10)
j=1

which can be derived by exchanging the summation order and using the identity (1.9).

In this work, by showing some new properties of the DOC kernels and the corresponding quadratic
forms (see Lemmas 3.2-3.4), we are able to show the energy stability and a rigorous error estimate of the
nonuniform BDF2 scheme for the MBE model, under the following mild time-step ratio constraint:

S1. 0 <7 < 7g:= (34+/17)/2~3.561 for 2< k < N.

This coincides with the results in the linear case [19], and up to now seems to be the best results for
nonlinear problems in the literature.

The rest of this paper is organized as follows. In Section 2, we show that the solution of the nonuniform
BDF2 scheme is equivalent to the minimization problem of a convex energy functional, and thus it is
uniquely solvable. Then, we present in Theorem 2.3 a discrete energy dissipation law. In Section 3, we
present some new properties of the DOC kernels. This is used in Section 4 to show the L? norm stability
and convergence property of the fully implicit scheme. Numerical experiments are presented in Section 5
to show the effectiveness of the BDF2 scheme with an adaptive time-stepping strategy. We finally give
some concluding remarks in Section 6.

2 The solvability and energy stability

In this section, we show the solvability and discrete energy stability. To this end, for any grid functions

v,w € V},, we define the discrete L? inner product (v, w) := %23 q, Uhwy, and the associated L? norm

T €
[lo]l := v/(v,v). The discrete seminorms ||V,v|| and ||Apv|| can be defined respectively by
IVavl == [h2 > [Vaopl* and  [Apol = [h2 > |Apval* for v € V.
xR €Q TR EQp

For any grid functions v, w € Vj,, the discrete Green’s formula with periodic boundary conditions yield
(=Vp - Vav,w) = (Vpo, Viyw). Tt is easy to verify that for € > 0 and v € V,

€ 1
IVioll* < (=Anv,v) < [[Anoll - floll < SllAR0I + o] (2.1)
2.1 The unique solvability

We show the solvability of the BDF2 scheme (1.7) via a discrete energy functional G on the space V,
1 n — n _ g 1
Glz) i= 5067 Iz = "2 4+ 07 (6" 2) + S Anz]? = S{In(1 + Vi), 1).

We have the following theorem.

Theorem 2.1.  If the time-step sizes 7, < 4e, the BDF2 time-stepping scheme (1.7) is convex [25] and
thus uniquely solvable.

Proof.  To handle the logarithmic term in the above discrete energy functional GG, we consider a function

g(A) == 3In(1+ |u+ Mv|?) for any vectors w and v such that

dg(\ T d?g(\ L Juf’
SN[ P re) and 9(2 L L
A\ =0 1+ |ul dA* oo (1 |ul)?
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For any time-level index m > 1, the time-step condition implies b(()") > 4—18. Then the functional G is
strictly convex as for any A € R and any ¢y € V},, one has

2

e Glz + M\

PP + el anl? = 190l > (o7 = L)l >0

)\:0

where the inequality (2.1) with € := 2¢ was applied to bound ||V,%[|? in the above derivation. Thus, the
functional G admits a unique minimizer (denoted by ¢}) if and only if it solves

d
0= 7+Glz+ Y]

A=0
=\ (2 — "1, 0) + 0 (Vg™ ) + e(A22,0) — (F(Vaz), Vath)
— (b (z = ")+ BV, 4 eAZZ 4+ V- F(Vi2), ).

This equation holds for any vy, € V}, if and only if the unique minimizer ¢} € V), solves
b (01 — d 1)+ b0+ eAf SR + Vi F(Vadh) =0,
and this coincides with the BDF2 scheme (1.7). The proof is completed. O

2.2 The discrete energy dissipation law

To establish the energy stability of the BDF2 scheme (1.7), we first present the following lemma for which
the proof is similar to that in [19, Lemma 2.1].

Lemma 2.2.  Suppose that S1 holds. Then for any non-zero sequence {wy}}_,, it holds that

b (k) Thy1 W2 Tk w,% 1 2+ dry, — 12 Tht1 w?
2 E b w; > ek — + ko £ k> 2.2
Wk k Jw] 1+’I“k+1 Tk 1—|—7‘k Tk—1 ( 1+Tk 1—|—’I“k+1> ( )

(n)

Consequently, the discrete convolution kernels b

n k n 2 2
(k) 1 24 4ry — 1y Th+1 wy,
w b > - - —+£ >0, n>2.

i are positive definite in the sense that

Let E[¢"] be the discrete version of the energy functional (1.2), i.e
€ 1
E[¢"] := §||Ah¢n|\2 — 5 (In(1+ |Vio"[?),1) for 0<n < N. (2.3)
We will consider the following modified discrete energy:

n n Tn+1 nin2
—E __Tm41 <n <N,
E[6") = El0"] + g [9,07, 0

where £[¢°] = E[¢°] due to r; = 0. To establish an energy dissipation law, we impose a restriction of
time-step sizes 7, as follows:

2+ 4r, —r2
T, <45min{1, T T Tl } n

> 1. (2.4)
1+ Tn 1+ Tn+1

We are now ready to present the following theorem.

Theorem 2.3.  Suppose that S1 holds with the time-step condition (2.4). Then the BDF2 scheme (1.7)
admits the following energy dissipation law:

E" < E[¢" T < E[P°) = El¢°), n>1.
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Proof.  Taking the inner product of (1.7) by V,¢", one has
(Dagp", V70") + e(A7¢", V2 ¢") + (Vi - F(Vio"), V79") =0 forn > 1. (2.5)
By using the summation by parts argument and 2a(a — b) = a? — b? + (a — b)?, we obtain
S(AF6",976") = £(And", AnT76") = Ll|Ang" 2 = S Ang" P + SIALT "2 (26)
To deal with the nonlinear term on the left-hand side of (2.5), we notice that for any vectors u and v
one has
20w —v)Tu _fuf —|o]* | |u—ovf L+ Juf?

= + <In +lu—wv
1+ |ul? 1+ uf 14 ]|ul? 1+ v

2
(o

where the inequality 75 < In(1 + 2) with z = (Jul®> = [v|*)/(1 + [v|*) > —1 was used. Thus, by taking
u:=V,¢" and v := V;,¢" !, one has

(Vi f(Vpo"),Vv-9") = = (f(Vro"), Vi V0")
> — S (n(1+]946"2),1) + 5{In(1 + V8", 1) — 5 |Va 6"

1
)
1 1
> = S (In(1+[Vag"?), 1) + S(In(l +[Vag" 1), 1)

€ 1
— Z|ARV ™2 — —]| V0", 2.7
1847672 = 7567 (27)

where the inequality (2.1) with v := V,¢" and € := 2¢ was applied to bound ||V}, V,¢"||? in the last step.
By inserting (2.6)—(2.7) into (2.5) and using together the definition (2.3), we obtain

(D", V") — 8—1€||VT¢”H2 + E[¢"] - E[¢p" '] <0 forn>1. (2.8)

We now proceed the proof by dealing with the first term on the left-hand side of (2.8). For n > 2,
Lemma 2.2 and the time-step condition (2.4) yield

n n Tn41 ni2
D d) ) ;TQS 2 ;Td)
< 2 > 2(1 rn I)Tn || H

Then it follows from (2.8) that

n n—12 1 ny2
— " v, — |V, )
STy 1926 71+ -6
Ep"] < Ep™ Y, n=2.
< 4e(24+7r2)

For the case where n = 1, the fact 71 = 0 and the time-step condition (2.4) yield 71 < 1T
Consequently, one has

1 T
(D2, V:0') = 296" > 5
T1

1
"2 g oY+ vt

By inserting the above inequality into (2.8), one gets £[¢'] < E[¢°] = £[¢"]. This completes the proof. [

Remark 2.4. By following the derivation of (1.3), we are not able to obtain the certain discrete energy
dissipation law of the original energy E[¢"] for the BDF2 scheme (1.7). With the help of Lemma 2.2, only
a dissipation law of the modified energy £[¢"] is achieved. Fortunately, £[¢"] — E[¢"] ~ 7,]|0,¢™|* so
that the modified energy approximates the original energy with an order of O(7,,). From a computational
perspective, the modified discrete energy form £[¢"] suggests that small time-steps (with small step-
ratios) are necessary to capture the solution behaviors when ||9;¢|| becomes large, while large time-steps
are acceptable to accelerate the time integration when ||J;¢|| is small.

Remark 2.5. Notice that the first time-step condition in (2.4) comes from the unique solvability
and the second one is necessary to maintain the discrete energy stability. In practice, the time-step
constraint (2.4) requires 7, = O(e) which is essentially determined by the value of the surface diffusion
parameter e. Thus, the time-step condition is acceptable since the restriction 7,, = O(e) is always required
in the L? norm stability or convergence analysis [3,4,14,20].
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3 New properties of the DOC kernels

We firstly present some basic properties of the DOC kernels which can be found in [19, Lemmas 2.2
and 2.3 and Corollary 2.1].

Lemma 3.1. Under the assumption S1, which implies that the discrete convolution kernels bgi)k
in (1.6) are positive definite, then the following properties of the DOC kernels 9£Ln)j hold:

(i) the discrete kernels 95:12- are positive definite;

2
(i) the discrete kernels 97(:1)]- are positive and Ofln_)j = b[()%) Il moa; for1<j<m

(iii) >0, 95{% =7, such that Y ;_, Z?Zl Ql(cli)j =t, forn>1.

In order to facilitate the following numerical analysis, we use the BDF2 kernels bgi) i the DOC kernels

0,@ j and the 2 x 2 identity matrix Iy to define the following matrices:

b(()l) 9((]1)
b(2) b(2) 9(2) 0(2)
By=| ' .0 ) @I, ©O3:= 1 0. . ® I,
b bl o, 0, oM

where “®” denotes the tensor product. By the discrete orthogonal identity (1.9), one can verify that
©, = B;'. Lemma 2.2 shows that the real symmetric matrix

B := By + B] s positive definite. (3.1)

Similarly, Lemma 3.1(i) implies that the real symmetric matrix ® := @, + ©7 is positive definite. By
using (3.1), one can check that

©=B;"+(B;")' = (B;")"BB;". (3.2)

Moreover, we define a diagonal matrix A, := diag(y/71,v/72; - - - /Tn) ® Iz and

B
i 5
32 = ATBQAT = . . X Ig, (33)

where the discrete kernels l;ék) and l;gk) are given by (r; = 0)

14+2 B 3/2
L2 d b(lk):—L

5 _
O 14y L+ 7g

for 1<k <n.

By following the proof of [17, Lemma A.1], it is easy to check that the real symmetric matrix
B := By + BJ s positive definite.
So there exists a non-singular upper triangular matrix L such that
B=A.BA.=L"L or B=(LA;Y)'LA;' (3.4)

We will present some discrete convolution inequalities with respect to the DOC kernels. To do so, we
introduce the vector norm || - || by |Juf := vVuTwu and the associated matrix norm [|A| := /p(ATA).
Also, we define a positive quantity

- _ Amax(BY B
M, := max || Bo|*| L ||* = max M (3.5)
n>1 n>1 22 (B)

min
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Under the step-ratio condition S1, a rough estimate M, < 39 could be followed from [17, Lemmas A.1
and A.2]. As noticed in [17, Remark 3], one has M, < 4 if practical simulations do not continuously use
large step-ratios approaching the stability limit rs = 3.561.

Lemma 3.2.  If the condition S1 holds, then for any vector sequences 2z, w* € R? (1 <k < n),

1
Z Ze(“ 2zTG)z + Q—wTB_l'w for any e >0,
k=1j=1 €
where the vector z := ((z1)T, (zH)T,..., (z")D)T and w := ((wH)T, (wH)7T, ..., (w™)T)T.
Proof.  'This result can be verified by following from the proof of [17, Lemma A.3]. O

Lemma 3.3 (See [14, Lemma 3.5]).  For any v,w € R?, there exists a symmetric matriz Q € R**?
such that f(v) — f(w) = Qf(v —w), and the eigenvalues of Q satisfy A1, A2 € [—1/8,1]. Consequently,
it holds that

F(0) = F(w)| < v —w| for any v, w € B2,

Lemma 3.4.  Assume that the condition S1 holds. For any vector sequences v*,z* w* ¢ R%2, 1 <k <n
and any € > 0, it holds that

n k

ZZ@W Fo +wl) — f(v7) <229(k) {6 M)T JJr/\j (w*)Tw |,

k=1 j=1 k=1 j=1

where the positive constant M,., independent of the time t,,, time-step sizes T, and time-step ratios ry,
is defined by (3.5). Consequently,

n k n k
D0+ 2) - Fo))] < 2/Me Y0 (24T
k=1j=1 k=1 j=1

Proof.  According to Lemma 3.3, there exists a sequence of symmetric matrices
Qﬁc € R**? such that f(w’ +v/) — f(w’) = Q;vj for 1 <j<mn,

where the corresponding eigenvalues of Qjc satisfy Aj1,Ajo € [-1/8,1] for 1 < j < n. Now we define the
following symmetric matrix:

Q = diag(Q}, Q... Q}) € R**".
The eigenvalues py, of Qayxon satisfy py € [—1/8,1] for 1 < k < 2n. Thus

p(Q) <1 suchthat |Q| <1. (3.6)

Also, it is easy to verify that @ and A, are commutative, i.e., QA = A, Q.
By introducing z. := ((21)7,(2?)%,...,(z")")7T and w, = ((wH)T, (w7, ..., (w™")")T, we apply

Lemma 3.2 with z := z, and w := Qw, to derive that

n k
S A ) )= 33 g
k=1j=1 k=1j=1
1
<; eTG)ze—l— wTQTB lQw,

n k
=Y > o (2T + o wIQ"B'Quw.. (3.7
k=1j5=1

Now we deal with the second term on the right-hand side of the above inequality. It follows from (3.2)
and (3.4) that

© = (B;")'BB; "' = (By )" (LA ) ' LA By = (LA 'B; 1) LA By Y,
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and then w!@w, = | LA;' By 'w,|>. We use the definition (3.3) and the equality (3.4) to derive that

wlQ B Qu, = (L) A, Quw.) (L) A, Quw, = (L) A, Qu. |
— (L) A,QB:A, L7 LA By "w, |

(L)' A,QBA, L P LA By 'w, |
— (LY QBL |2 - wlOw,

<IQUBAIL | - w] Ow,

n k
< 2M, Z Z 91(!1)] (w") Taw?

k=1 j=1

N

where the estimate (3.6) and the definition (3.5) of M, have been used in the last inequality. Inserting
the above inequality into (3.7), we obtain the claimed first inequality. The second result then follows
immediately by setting w’/ = 27 and € := /M,.. O

4 The L? norm stability and convergence analysis

In this section, we shall show the L? norm stability and convergence analysis of the variable-step BDF2
scheme for the MBE model. Always, they need a discrete Gronwall’s inequality [19, Lemma 3.1].

Lemma 4.1.  Let A > 0, and the time sequences {&p}N_ and {Vi}_, be nonnegative. If

n—1 n
V. <)\ZTjVj+Z§j for 1<n<N
j=1 j=0

then it holds that

n

Vo < exp(Atp—1) ij for 1<n<N.

§=0
4.1 The L? norm stability
We first show the L? norm stability. In what follows, for notation simplicity, we shall set
n ok

Theorem 4.2. If S1 holds with the time-step condition 7, < /(16 M?2), the variable-step BDF?2
scheme (1.7) is stable in the L? norm with respect to small initial disturbance, namely,

16" = ¢"[| < 2exp(16M7tn—1/e)[l¢” — ¢°ll for 1 <n <N,

where ¢} solves the equation (1.7) with the initial data ¢9.

Proof.  Let 2 be the solution perturbation 2} := ¢ — ¢§ for @), € Q) and 0 < k < N. Then it is easy
to obtain the perturbed equation

Doz +eA22) 4V, - (F(Vadl) — F(Vagl)) =0 forx, €Qy and 1<j<N. (4.1)

Multiplying both sides of (4.1) by the DOC kernels 9,@ ;» and summing up from 1 to k, we have

k
Vezh ey O Az Ze(’” F(Vid)) — F(Vreh)] =
=1
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where the equality (1.10) has been used in the derivation. Now by taking the inner product of the above
equality with 22*, and summing up the derived equality from k = 1 to n, one obtains

12|12 — ||z0||2+2529<k> (Apz, Ap2*) 220,@].<f(vh¢_$j)—f(thSj),thk). (4.2)

Now, by taking v* := V;,¢/ and z* := V2" in the second inequality of Lemma 3.4, one has

) =23 0 (F(Vie + Vazd) — F(Vid!), Vizh)

3J
<AVM Y0P (92, Va2h) = 4y M S 00 (<A, 2. (4.3)
k,j k.j

Note that Lemma 3.4 holds for the simplest case where f(v) := v. Thus one can take z¥ := —A,2F,
w’ = 27 and € = ¢/(2y/M,) to obtain

<nge (AR2T A2y + 8T IM2N 0 (27, 25, (4.4)
k,j

It follows from (4.2) and (4.4) that

12712 < (1202 + 8 M2 3T 00 (27 2Ky < (1202 + 8eTM2 3T 0 127112

k,j k.j

for 1 < n < N. Now by choosing some integer ny (0 < ny < n) such that ||2™| = maxocr<n |[2¥]], and
setting n = ny in the above inequality, we obtain by using Lemma 3.1(iii)

ni n
12" < 2" 1< 120+ 8 ME D mll2F]l < 11201+ 8T ME D w2 (4.5)

k=1 k=1

for 1 < n < N. By noticing the time-step condition 7,, < ¢/(16M?2), one gets from (4.5) that

n—1
2" < 20[2°) + 16e 7 M2 ||| for 1 <n < N.
k=1
Then the desired result follows by using the discrete Gronwall’s inequality in Lemma 4.1. O

Notice that Theorem 4.2 does not involve any undesirable unbounded factors, such as C,. or I';, in the
existing works [2,5,8]. For the time t,, < T, the stability factor exp(16M?2t,,_; /) remains bounded as the
time-steps 7,, vanish or the step-ratios r, approach the zero-stability limit rs = 3.561. Thus Theorem 4.2
also shows that the variable-step BDF2 time-stepping scheme is robustly stable with respect to the
variation of time-step sizes. Now by taking ¢9 = 0 in Theorem 4.2 and using together Theorem 2.1, we
have the following corollary which simulates the L? norm estimate (1.4).

Corollary 4.3.  If S1 holds, the solution of the variable-step BDF2 scheme (1.7) fulfills

™| < 5exp (SM rhn 1)||¢0| Jor m, < (0<d<1) and 1<n<N.

(1-9)

4.2 L? norm error estimates

8/\/12

We are now at the stage to give the error estimates of the variable-step BDF2 scheme. To do this, let
&= Dy®(t;) — 0;®(t;) be the local consistency error of the BDF2 scheme at the time ¢t = ¢;. We will
consider a convolutional consistency error =F defined by

k

k
2F =30 =30 (Dot (ty) — 0,0(t;)) for k> 1. (4.6)

Jj=1 Jj=1
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Lemma 4.4 (See [17, Lemma 3.4]).  If S1 holds, the consistency error = in (4.6) satisfies

t1 tj
= <o / D" ()| dt + 329““) / " (t)|dt  for k=1
0

ti—1

such that

n

t;
2F <m |<I>” Idt n max | 7; | (t)|dt ) formn >1.
0 "1<i<n

tj71

k=1 k=1i= 2

Hereafter, we shall use a generic constant Cy > 0 in the error estimates which is not necessarily the
same at different occurrences, but always independent of the time-steps 7,, the step-ratios r, and the
spatial length h.

Theorem 4.5.  Assume that the MBE problem (1.1) has a smooth solution ® € C(G % (Qx(0,7)). IfS1
holds with the time-steps 7, < ¢/(16 M2), the BDF2 scheme (1.7) admits the followmg error estimate:

|8 — ¢"| < Cy exp(16M?3t,,_, /€) [Tl ZH +tn(72 +h?)| for 1<n<N.

k=11i=2
Proof.  Let ®} := ®(xp,t,) and €} be the error function e} := @ — ¢ with e} := 0 for ), € Q. We
then have the following error equation:

Doe] + eA2e] + Vi, - [f(Va®)) — F(Vad))] = & + i, (4.7)

where fi and 77{;, are the local consistency error in time and physical domain, respectively. If the solution
is smooth, Lemma 3.1(iii) gives

n k
SR < Cotoh?® for 1<n< N, where I == > 0" 1y (4.8)
k=1 =1

Multiplying both sides of (4.7) by the DOC kernels Qk Zj» and summing up the superscript from j = 1
to k, we obtain by applying the equality (1.10)

Vren +€Zek jAheh+Zek iVa - [F(Va®)) — f(Vaeh)] = Zf + 10,

Jj=1

where = and II} are defined by (4.6) and (4.8), respectively. Now by taking the inner product of the
above equality with 2e*, and summing up the superscript from k& = 1 to n, we obtain by using the discrete
Green’s formula

n

le™[[2 = (€212 +2¢ > 05 (Ane, Ape®) < F(o",e) +2D (R +T1F, ), (4.9)

k.j k=1

where §(¢", e™) is defined in (4.3). The derivation of (4.4) yields

F(p™,e") <2¢ Z Hgi)j(Ahej, ApeP) + 87 M2 Z 91(!2)]. (e, ).

k,j k.j

With the help of the Cauchy-Schwarz inequality, it follows from (4.9) that

le™ [ < [le®]f? + 8T M2 D" 0 [l ek + 2> 1= + Tl fleF|| for 1 <m < N. (4.10)
k,j k=1
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Then, by choosing some integer ny (0 < np < n) such that [|e"2|| = maxo<r<n ||€F], and setting n = ny
in the above inequality (4.10), we obtain by using together Lemma 3.1(iii) and the time-step condition
T < g/(16M2)

n—1 n
le"|| < 201 + 16 M2 > " mfle? + 4> EF + || for 1<n < N.
k=1 k=1

Then by the discrete Gronwall’s inequality in Lemma 4.1 we have

el < 2exp(16e20,1/6) (|e] + 23 |24 + 23 I ) for 1< < .
k=1 k=1

The desired result follows by using together the estimates in (4.8) and Lemma 4.4. O

Notice that Theorem 4.5 confirms at least a first-order convergence rate of the numerical solution under
the step-ratio condition S1, as 71y ;_; Hf:z % < tn. The second-order rate of convergence can be
recovered if the following assumption is fulfilled:

S2. The time-step ratios 7, are contained in S1, but almost all of them are less than 1 + /2, or
|M| = No < N, where R is an index set R := {k | 1 +v2 < rp < (3+/17)/2}.

Although the condition S1 allows one to use a series of increasing time-steps with the amplification factors
up to 3.561, while in practice, the use of large time-steps will result in a loss of the numerical accuracy. In
this sense, the condition S2 is much more reasonable because large amplification factors of the time-step

size rarely appear continuously in long-time simulations. As shown in [19, Lemma 3.3|, there exists a

k Ty
i=2 T+2r;

Corollary 4.6.  Assume that the nonlinear MBE problem (1.1) has a unique smooth solution. If the
step-ratio assumption S2 holds with the time-steps T, < €/(16M?2), the BDF2 scheme (1.7) is second-
order convergent in the L? norm,

step-ratio-dependent constant ¢, such that Y ;_, [] < ¢,. This results in the following corollary.

|7 — ¢"[| < Cpexp(16M3t,—1/e)(ermi +ta(r? + h%))  for 1<n < N.

5 Numerical examples

In this section, we shall present some numerical experiments by using generic MATLAB on a Windows7
platform with 2 GHz CPU and 6GB of RAM. In all our computations, a fixed-point iteration scheme is
employed to solve the nonlinear BDF2 scheme at each time level with a tolerance 107 '2.

5.1 Random generated time meshes

We first test the performance on random generated time meshes. To this end, we set € = 0.1 and consider
the following exterior-forced MBE model:

&y = —eA*® — V- f(VO) + g(z,y,t), Q= (0,27)°

The function g(x,y,t) is chosen such that the exact solution yields ®(x,y,t) = cos(t) sin(z) sin(y). The
accuracy of the variable-step BDF2 scheme is tested via the random meshes. We take

T, =Tor/S, 1<k<N,

where o, € (0,1) is a uniformly distributed random number and S = Zivzlok. The discrete error in the
L? norm will be tested: e(N) := ||®(T) — ¢™||, and the following convergence rate will be reported:

Order = log(e(N)/e(2N))/log(7(N)/7(2N)),

where 7(N') denotes the maximal time-step size for total N subintervals.
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Table 1 Accuracy of the BDF2 scheme (1.7) on the random time mesh

N T e(N) Order max ry Ny
10 1.49E—-01 1.23E-01 — 2.94 0
20 9.16E—02 8.20E—-02 1.84 11.98 3
40 5.52E—-02 2.57TE—-02 2.29 34.82 7
80 2.70E—02 4.78E—-03 2.35 37.72 13
160 1.23E—-02 7.20E—-04 2.42 71.89 24
320 6.26E—03 1.85E—04 2.00 850.80 49

In this example, we use 3,000 grid points in the physical domain and solve the problem until 7' = 1. The
numerical results are tabulated in Table 1, in which we have also recorded the maximal time-step size T,
the maximal step-ratio and the number (denoted by Nj in Table 1) of time levels with the step-ratio
re = (3+ V/17)/2. Tt is clearly seen that the BDF2 scheme possesses a second-order rate of convergence
for those nonuniform time meshes.

5.2 Adaptive time-stepping strategy

Algorithm 1  Adaptive time-stepping strategy

Require: Given ¢™ and time-step 7n;
: Compute (j)?'H by using the BDF1 scheme with time-step 7.
Compute ¢§+1 by using the BDF2 scheme with time-step 7.
Calculate ent1 = [|¢5 " — o7 |1/llg5 ™.
if ep41 < tol or 7, < Thin then
if en4+1 < tol then
Update time-step size 7,41 < min{max{7Tmin, Tada }> Tmax }-
else
Update time-step size Tp+1 <= Tmin-
9: end if
10: else
11: Recalculate with time-step size 7, < min{max{7Tmin, Tada }, Tmax }; Goto 1.
12: end if

In what follows, we test a practical adaptive time-stepping strategy proposed in [11]. In addition,
several adaptive time-stepping strategies can also be found in [21,27]. As verified in the previous sections,
the variable-step BDF2 scheme (1.7) is robustly stable with respect to the step-size variations satisfying
the step-ratio condition S1. In [11], the adaptive time-step T.q, (the next step) is updated adaptively by
using the current step information 7, via the following formula:

Tada(ea TCI]I‘) = min{Sa V tOl/e Tcurs rsﬂ:ur},

where e is the relative error of the solution at the current time-level, tol is a reference tolerance, and S,
is some default safety parameter determined by try-and-error tests. Notice that r; = 3.561 is an artificial
constant that is due to the condition S1. More details of the above adaptive time-stepping strategy can
be found in Algorithm 1. In our computations, if not explicitly specified, we choose the safety coefficient
as S, = 0.9, and set the reference tolerance tol = 1073. The maximal time-step is chosen as Tmax = 0.1
while the minimal time-step is set to be Tmin = 1074

In this example, we consider the MBE model (1.1) with the following initial condition:

¢o(z,y) = 0.1(sin 3z sin 2y + sin 5z sin 5y). (5.1)

We take the parameter ¢ = 0.1 and use 128 x 128 uniform meshes in the physical domain Q = (0, 27)2.
To obtain the deviation of the height function, we define the roughness measure function R(t) as follows:

R(t) = \/ ﬁ /Q (é(@,1) — B, 1))?de,
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where ¢(t) = ﬁ Jq &(x, t)dx is the average.

We aim at simulating the benchmark problem with the initial condition of (5.1). We first test the
efficiency and accuracy of the adaptive time-stepping stretchy Algorithm 1. To make a comparison, we
carry out the numerical simulation until time 7" = 30 by using a uniform time mesh. Subsequently,
we employ the adaptive strategy described in Algorithm 1 to repeat the simulation. The numerical
results are summarized in Figure 1. We note that it takes 30,000 uniform time-steps (with the CPU
time 1,914.47 seconds) with 7 = 1073, while the total number of adaptive time-steps is only 529 (107.71
seconds) to get the similar results. Consequently, one can find that the time-stepping adaptive strategy
is computationally efficient. In addition, the right subplot in Figure 1 shows that the adaptive step-ratios
satisfy the condition S1 during the current adaptive computation.

The evolutions of the numerical solutions obtained by using the adaptive time-stepping strategy are
depicted in Figure 2. Correspondingly, the evolutions of the energy, the roughness and the adaptive
time-steps for the MBE model are summarized in Figure 3, demonstrating a very good agreement with
the existing works [16,20,21]. In order to see the numerical performance, we use the same initial data
with different parameters e = 0.20, ¢ = 0.10 and € = 0.05 to carry out the simulations. The energy curves
and the correspondingly adaptive steps are summarized in Figure 4. We observe that the variable-step
BDF2 scheme (1.7) with the adaptive settings Tiax = 0.1 and 7, = 10~* can work well for the current
numerical simulations.

— Uniform step 010
- - - Adaptive step 1 2.6
10 B 2.4
0.08 : 2.2
5 . ' " .
P 0.06 ’ . "I § -
2 0. ' | 2 1.
0 g i ' 810
w g o < 16
" 2
£ 1 D
5 E 004 ! 7 14
I Ez
1
10 002t ) 10
'
[ 0.8
15 0 0.6
5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time Time Time
(a) (b) (c)

Figure 1 (Color online) Evolutions of energy (a), time-steps (b) and time-step ratios (c) of the MBE equation by using
different time strategies until time 7" = 30

Figure 2 (Color online) The profiles of numerical solutions of the height function ¢ for the MBE equation by using
adaptive time strategy at t = 0, 1, 5, 10, 20, 30, respectively
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i 2 E

5 " 004

-10 0.02

15 0

0 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30
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Figure 3 (Color online) Evolutions of energy (a), roughness (b) and adaptive time-steps (c) for the MBE equation by
using adaptive time strategy, respectively
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Figure 4 (Color online) Evolutions of energy (a) and time-steps (b) of the MBE equation by using the initial data (5.1)
with different € = 0.20, € = 0.10 and € = 0.05 until time 7' = 30

6 Conclusions

We have performed the stability and convergence analysis of the variable-step BDF2 scheme for the
molecular beam epitaxial model without slope selection. The main contribution is that we show that
the variable-step BDF2 scheme admits an energy dissipation law under the time-step ratio constraint
T = Tk/Tk—1 < 3.561. Moreover, the L? norm stability and rigorous error estimates are established
under the same step-ratio constraint that ensures the energy stability, i.e., 0 < rx < 3.561. This is known
to be the best result in the literature. We remark that the technique in this work is not applicable to the
molecular beam epitaxial model with slope selection, and we shall pursuit this study in our future works.
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