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ERROR ANALYSIS OF A MIXED FINITE ELEMENT METHOD FOR
THE MOLECULAR BEAM EPITAXY MODEL∗

ZHONGHUA QIAO† , TAO TANG‡ , AND HEHU XIE§

Abstract. This paper investigates the error analysis of a mixed finite element method with
Crank–Nicolson time-stepping for simulating the molecular beam epitaxy (MBE) model. The fourth-
order differential equation of the MBE model is replaced by a system of equations consisting of one
nonlinear parabolic equation and an elliptic equation. Then a mixed finite element method requiring
only continuous elements is proposed to approximate the resulting system. It is proved that the
semidiscrete and fully discrete versions of the numerical schemes satisfy the nonlinearity energy
stability property, which is important in the numerical implementation. Moreover, detailed analysis
is provided to obtain the convergence rate. Numerical experiments are carried out to validate the
theoretical results.
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1. Introduction. This paper is concerned with the continuum model for the
evolution of the molecular beam epitaxy (MBE) growth with an isotropic symmetry
current, with the following initial value problem [16, 25]:

(1.1)

{
∂φ
∂t = −εΔ2φ−∇ · [(1 − |∇φ|2)∇φ] in Ω× (0, T ),

φ(x, 0) = φ0(x) in Ω,

subject to the periodic boundary condition. Here φ = φ(x, t) is a scaled height
function of a thin film in a co-moving frame and ε is a positive constant; Ω = (0, L)2

with L > 0. The nonlinear second-order term models the Ehrlich–Schwoebel effect,
and the fourth-order term models surface diffusion. Problem (1.1) is the gradient flow
with respect to the L2(Ω) inner product of the energy functional [20, 22]

E0(φ(·, t)) =
ε

2
‖Δφ‖20 +

1

4
‖1− |∇φ|2‖20,(1.2)
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where the energy on the right-hand side is the standard 2-norm in space. The growth
equation (1.1) is the gradient flow in the sense that

(1.3) E0(φ(·, t)) ≤ E0(φ(·, s)) ∀ t > s ≥ 0.

This type of energy definition (1.2) often appears in other areas of material modeling
such as in structural phase transitions in solids [3, 21], in the theory of liquid crystals
[2], and in the buckling-driven delimitation of thin films [15, 18].

In recent years, several models describing the dynamics of MBE growth have
been developed, including atomistic models, continuum models, and hybrid models;
see, e.g., [5, 9, 24]. Many numerical methods for approximating the solutions of these
models have also been proposed. For example, semi-implicit time-stepping methods
were proposed in [27, 30] to solve the thin-film epitaxy model (1.1), where the un-
conditional energy stability was proved based on the convex splitting of the energy
functional. Besides application to the energy functional (1.2), the convex splitting
method has been used to solve the phase field crystal equation [31], the Cahn–Hilliard–
Brinkman system [10], and the thin-film epitaxy model without slope selection [6].
In [32], an implicit-explicit approach for solving MBE growth models was presented
where the nonlinear terms are treated explicitly. By adding some linear terms consis-
tent with the truncation errors in time, a gradient stability of type (1.3) is established
for the corresponding schemes. Similar techniques are used for the Cahn–Hilliard
equation in [33]. Recently, two semi-implicit schemes have been proposed in [26]: one
handles the diffusion term explicitly using the known previous data, and the other
uses the Crank–Nicolson (CN) approximation. For both schemes, the energy decay
(1.3) is preserved without introducing any artificial terms (compared with [17, 32]).
The CN-type implicit scheme uses a special treatment of the nonlinear term which
has also been used in [11] for a full discretization of one-dimensional Cahn–Hilliard
equations. In [26], an adaptive time-stepping technique is developed based on the
energy variation which is an important physical quantity in MBE growth models.
It is noted that the adaptive time-stepping method has been studied for many im-
portant problems, including solving initial value problems in [28], coupled flow and
deformation models [24], and hyperbolic conservation laws [29].

As for discretizing MBE growth models in space, the spectral discretization
method is analyzed in [23, 27, 32], and the finite difference method is discussed in
[26]. Further, [7] proposes using the mixed finite element method and a backward
Euler semi-implicit scheme with convex-concave decomposition of the nonlinear term.
It is noted that the MBE model (1.1) has three important features, namely high non-
linearity, small parameters (0 < ε � 1), and high-order derivatives. In practice, the
biharmonic terms cannot be approximated in standard ways such as central differenc-
ing, which may yield more strict conditions for time steps. To handle this, splitting
the biharmonic operators into two Laplacians has been used; see, e.g., [7, 12]. This
is similar to the well-known Navier–Stokes equations in terms of the streamfunction
or in terms of streamfunction-vorticity formulations; the latter seems more useful in
numerics. Furthermore, the biharmonic term makes the application of conforming
finite element methods become complicated since we need to use C1 elements. The
mixed finite element method gives a way to use the normal C0 elements, which can
be implemented by many software packages.

In this work, we will also use the operator splitting method to handle the bihar-
monic operator in (1.1). We will then use the mixed finite element method in space
and a CN time-stepping scheme in time. Our main interest in this work is to give the
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error analysis for the proposed numerical scheme. Corresponding convergence results
will be obtained, which will be confirmed by numerical experiments.

2. Mixed finite element discretization in space and error estimate. In
this section, we introduce a mixed finite element method for (1.1) and give the corre-
sponding error estimate for the semidiscrete approximation.

We shall use the standard notation for Sobolev spaces W s,p(Ω) and their associ-
ated norms and seminorms (see, e.g., [1, 8]). We denote Hs(Ω) =W s,2(Ω) and

H1
per(Ω) =

{
v ∈ H1(Ω) with periodic boundary condition

}
.

The corresponding norms ‖v‖s = ‖v‖s,2,Ω and ‖v‖0 = ‖v‖0,2,Ω are defined as

‖v‖2s =
∑
|α|≤s

‖Dαv‖20 and ‖v‖20 =

∫
Ω

|v|2dΩ.

To define the norm in Bochner spaces, let X be a Banach space with a norm ‖ · ‖X
and seminorm | · |X . Then we define

C
(
0, T ;X

)
=

{
v : [0, T ] → X, ‖v‖C(0,T ;X) = sup

t∈[0,T ]

‖v(t)‖X

}
,

L2(0, T ;X) =

⎧⎨⎩v : (0, T ) → X, ‖v‖L2(0,T ;X) =

(∫ T

0

‖v(t)‖2Xdt
)1/2

<∞

⎫⎬⎭ ,

Hm(0, T ;X) =

{
v ∈ L2(0, T ;X) :

∂jv

∂tj
∈ L2(0, T ;X), 1 ≤ j ≤ m

}
,

where the derivatives ∂jv/∂tj are considered in the sense of distributions on (0, T ).
The norm in space Hm(0, T ;X) is defined by

‖v‖2Hm(0,T ;X) =

∫ T

0

m∑
j=0

∥∥∥∥∂jv∂tj
∥∥∥∥2
X

dt.

The weak solution of (1.1) can be defined as follows [23]: Find φ ∈ L∞(0, T ;H2
per(Ω))

and ∂tφ ∈ L2(0, T ;H−2
per(Ω)) such that for any ϕ ∈ H2

per(Ω),

(2.1)

{
(∂tφ, ϕ) + ε(Δφ,Δϕ) + (|1− |∇φ|2|∇φ,∇ϕ) = 0 for t ∈ (0, T ),

(φ(x, 0), ϕ) − (φ0(x), ϕ) = 0.

In [23], the stability of the weak solution for the MBE model is studied. Relevant
work has been done for the Cahn–Hilliard and Allen–Cahn phase field equations; see,
e.g., [13, 14]. Numerical stability is also studied in [13, 14, 23]. There are two kinds
of stability properties: one is in the classical sense, i.e., continuous dependence of
solutions on the initial conditions, and the other is the energy-type stability in the
sense of (1.3). In this work, both kinds of stability will be considered for our numerical
scheme.

To analyze the numerical stability, we first state the following known results for
the continuum MBE models.

Lemma 2.1 (energy identities [23]). If φ(x, t) is a solution of the MBE model
(1.1), then the following energy identities hold:

d

dt
‖φ‖20 + 4E0(φ) + ‖∇φ‖40,4 = |Ω| a.e. t ∈ (0, T ),(2.2)
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d

dt
E0(φ) + ‖∂tφ‖20 = 0 a.e. t ∈ (0, T ),(2.3)

where ‖ · ‖0 is the standard L2-norm on Ω, ‖ · ‖0,p is the standard Lp-norm, and the
energy functional is defined in (1.2).

2.1. The mixed weak form. The objective of this paper is to use a mixed finite
element method to solve an MBE model problem. We also give the corresponding
error estimates for the semidiscrete and fully discrete approximations.

For the aim of the mixed finite element discretization, we introduce a new function
w = −Δφ. Then the mixed form of (1.1) can be defined as

(2.4)

⎧⎨⎩
∂φ
∂t − εΔw = −∇ · [(1− |∇φ|2)∇φ] in Ω× (0, T ),
−Δφ− w = 0 in Ω× [0, T ),
φ(x, 0) = φ0(x) in Ω.

A weak solution to (2.4) is a pair (φ,w) solving the following problem.
Problem 1. Find (φ,w) ∈ L∞(0, T ;H1

per(Ω)) × L2(0, T ;H1
per(Ω)), ∂tφ ∈ L2(0, T ;

H−1
per(Ω)), and |∇φ|2∇φ ∈ L2(0, T ; (L2(Ω))2) such that for any (ϕ, v) ∈ H1

per(Ω) ×
H1

per(Ω),

(2.5)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(

∂φ
∂t , ϕ

)
+ ε(∇w,∇ϕ) =

(
(1 − |∇φ|2)∇φ,∇ϕ

)
for t ∈ (0, T ),

(∇φ,∇v) − (w, v) = 0 for t ∈ (0, T ),
(φ(x, 0), ϕ) = (φ0(x), ϕ),

(∇φ(x, 0),∇v) − (w(x, 0), v) = 0.

With a derivative similar to that in [23, Theorem 3.2], we can give the following
stability result.

Lemma 2.2. Let φ0, θ0 ∈ H1
per(Ω). Let (φ,w), (θ, u) be the weak solution of (2.5)

with φ0(x, 0) = φ0 and θ(x, 0) = θ0 a.e. Ω. Then

‖φ− θ‖L∞(0,T ;L2(Ω)) + ε‖w − u‖L2(0,T ;L2(Ω)) ≤ C‖φ0 − θ0‖0,(2.6)

where C = C(T ) > 0 is a constant.
Remark 2.1. Then the existence and uniqueness of the weak solution to (2.5) can

be deduced by a process similar to that in [23] with the addition of the semidiscrete
solution in Theorem 2.5, the error estimate in Theorem 2.8, and Lemma 2.2.

Similarly to [23, Theorem 3.3], we have the following regularity result.
Lemma 2.3. Let φ0(x) ∈ Hr

per(Ω) for some integer r ≥ 2. Then the weak
solution pair φ : Ω× [0, T ] → R and w : Ω× [0, T ] → R of the initial boundary value
problem (2.4) has the regularity φ ∈ L∞(0, T ;Hr(Ω)) ∩ L2(0, T ;Hr+2(Ω)), ∂tφ ∈
L2(0, T ;Hr−2(Ω)), and w ∈ L2(0, T ;Hr(Ω)).

For the mixed form of the MBE equation, the energy functional corresponding to
(1.2) is defined as

E(φ,w) =
ε

2
‖w‖20 +

1

4
‖1− |∇φ|2‖20.(2.7)

Similarly, the following energy identities hold.
Lemma 2.4. If (φ(x, t), w(x, t)) is a weak solution pair of the mixed MBE model

(2.4), then the following energy identities hold:

d

dt
‖φ‖20 + 4E(φ,w) + ‖∇φ‖40,4 = |Ω| a.e. t ∈ (0, T ),(2.8)
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d

dt
E(φ,w) + ‖∂tφ‖20 = 0 a.e. t ∈ (0, T ).(2.9)

Proof. Choosing ϕ = φ in the first equation of (2.5) and combining the result
with the second equation of (2.5) leads to(

∂φ

∂t
, φ

)
= −ε(∇w,∇φ) +

(
(1− |∇φ|2)∇φ,∇φ

)
= −ε

(
w,w

)
+
(
(1− |∇φ|2)∇φ,∇φ

)
= −ε‖w‖20 −

1

2
‖1− |∇φ|2‖20 −

1

2
‖∇φ‖40,4 +

|Ω|
2

= −2E(φ,w) − 1

2
‖∇φ‖40,4 +

|Ω|
2
.(2.10)

Thus the desired result (2.8) can be obtained by combining (2.10) and the fact that(
∂φ

∂t
, φ

)
=

1

2

d

dt
‖φ‖20.

It follows from the second equation of (2.5) that(
∂w

∂t
, w

)
=

(
∇∂φ

∂t
,∇w

)
.(2.11)

Using (2.11) and choosing ϕ = ∂tφ in the first equation of (2.5) yields(
∂φ

∂t
,
∂φ

∂t

)
= −ε

(
∇w,∇∂φ

∂t

)
+

(
(1 − |∇φ|2)∇φ,∇∂φ

∂t

)
= −ε

(
∂w

∂t
, w

)
+

(
(1− |∇φ|2)∇φ,∇∂φ

∂t

)
= −ε

2

d‖w‖20
dt

+
1

2

d‖∇φ‖20
dt

− 1

4

d‖∇φ‖40
dt

= − d

dt

(
ε

2
‖w‖20 +

1

4
‖1− |∇φ|2‖20 −

|Ω|
4

)
.

Consequently,

dE(φ,w)

dt
= −

(
∂φ

∂t
,
∂φ

∂t

)
,(2.12)

which is the desired result (2.9).

2.2. Mixed finite element discretization. In order to do the finite element
discretization, we introduce the face-to-face partition Th of the computational domain
Ω into elements K (triangles or rectangles) such that

Ω̄ =
⋃

K∈Th

K.

Here h := maxK∈Th
hK and hK = diamK denote the global and local mesh size,

respectively. A family of partitions Th is said to be quasi-uniform if it satisfies (see,
e.g., [8])

∃σ > 0 such that hK/τK > σ ∀K ∈ Th,
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∃β > 0 such that max
{
h/hK , K ∈ Th

}
≤ β.

Based on the partition Th, we build the finite element space Vh of piecewise polynomial
functions

Vh :=
{
vh ∈ H1

per(Ω), vh|K ∈ Pm or Qm ∀K ∈ Th
}
,(2.13)

where Pm denotes the space of polynomials with degree not greater than m and Qm

denotes the space of polynomials with degree not greater than m in each variable.
Below we define the corresponding semidiscrete weak solution to (2.5).
Problem 2. Find (φh, wh) ∈ L∞(0, T ;Vh) × L2(0, T ;Vh) and ∂tφh ∈ L2(0, T ;Vh)

such that for any (ϕh, vh) ∈ Vh × Vh,

(2.14)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(

∂φh

∂t , ϕh

)
+ ε(∇wh,∇ϕh) =

(
(1− |∇φh|2)∇φh,∇ϕh

)
for t ∈ (0, T ),

(∇φh,∇vh)− (wh, vh) = 0 for t ∈ (0, T ),
(∇φh(x, 0),∇ϕh) = (∇φ0(x),∇ϕh),

(∇φh(x, 0),∇vh) = (wh(x, 0), vh).

Theorem 2.5. The semidiscrete scheme (2.14) has a unique solution.
Proof. LetN = dimVh and {λj , ψj}1≤j≤N be the eigenpair system of the following

eigenvalue problem: Find (λ, ψ) ∈ R× Vh such that ‖ψ‖0 = 1 and

(∇ψ,∇v) = λ(ψ, v) ∀v ∈ Vh.

Then we have

(∇ψi,∇ψj) = λiδij , (ψi, ψj) = δij ,

where δij is the Kronecker delta function. Let

φh(x, t) =

N∑
j=1

aj(t)ψj(x), wh(x, t) =

N∑
j=1

bj(t)ψj(x).

From the second equation in (2.14), we have bj(t) = λjaj(t) for j = 1, . . . , N . Then
the first equation in (2.14) can be written in the following form:

∂aj(t)

∂t
+ ελ2jaj(t) = fj(a1(t), . . . , aN (t)), j = 1, . . . , N,(2.15)

where all fj : RN 
→ R (1 ≤ j ≤ N) are smooth and locally Lipschitz. Set

aj(0) = (φ0(x), ψj(x)), j = 1, . . . , N.(2.16)

From the theory of initial value problems for ordinary differential equations, we
know that the initial value problem (2.15) and (2.16) has a unique smooth solution
(a1(t), . . . , aN(t)) for t ∈ [0, T ].

For the semidiscrete weak solution (φh, wh), similar energy identities hold.
Lemma 2.6. If (φh(x, t), wh(x, t)) is a weak solution of the discrete problem

(2.14), then the following energy identities also hold:

d

dt
‖φh‖20 + 4E(φh, wh) + ‖∇φh‖40,4 = |Ω| a.e. t ∈ (0, T ),(2.17)
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d

dt
E(φh, wh) + ‖∂tφh‖20 = 0 a.e. t ∈ (0, T ).(2.18)

Proof. The first desired result (2.17) can be proved in the same way as for (2.8).
To prove (2.18), we begin by using the second equation of (2.14) to obtain(

∂wh

∂t
, wh

)
=

(
∇∂φh

∂t
,∇wh

)
.(2.19)

Using (2.19) and choosing ϕh = ∂tφh in the first equation of (2.14) yields(
∂φh
∂t

,
∂φh
∂t

)
= −ε

(
∇wh,∇

∂φh
∂t

)
+

(
(1− |∇φh|2)∇φh,∇

∂φh
∂t

)
= −ε

(
∂wh

∂t
, wh

)
+

(
(1 − |∇φh|2)∇φh,∇

∂φh
∂t

)
= −ε

2

d‖wh‖20
dt

+
1

2

d‖∇φh‖20
dt

− 1

4

d‖|∇φh|2‖20
dt

= − d

dt

(
ε

2
‖wh‖20 +

1

4
‖1− |∇φh|2‖20 −

|Ω|
4

)
.(2.20)

Consequently,

dE(φh, wh)

dt
= −

(
∂φh
∂t

,
∂φh
∂t

)
,(2.21)

which is the desired result (2.18).

2.3. Error estimate of semidiscrete form. Now we turn to analyzing the
error estimate of the semidiscrete approximation (φh, wh) defined in (2.14).

Based on the finite element space Vh, we define the Ritz-projection Ph by

(∇Phu,∇vh) = (∇u,∇vh) ∀vh ∈ Vh,(2.22)

and the L2-projection operator πh by

(πhu, vh) = (u, vh) ∀vh ∈ Vh.(2.23)

Let

ξφ := φh − Phφ, ηφ := Phφ− φ, ξw := wh − Phw,(2.24)

ηw := Phw − w, ξ̃w := wh − πhw, η̃w := πhw − w,(2.25)

which gives

φh − φ = ξφ + ηφ,(2.26)

wh − w = ξw + ηw,(2.27)

wh − w = ξ̃w + η̃w.(2.28)

It follows from (2.14), (2.22), and (2.23) that

(∇(φh − Phφ),∇vh) = (∇φh,∇vh)− (∇φ,∇vh)
= (wh − w, vh) = (wh − πhw, vh) ∀vh ∈ Vh,
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which leads to

‖∇ξφ‖20 ≤ ‖ξ̃w‖0‖ξφ‖0.(2.29)

On the other hand, it follows from (2.5) and (2.14) that

(∇ξw,∇ξφ) = (∇ξw,∇(φh − Phφ)) = (∇ξw,∇(φh − φ))

= (∇ξw,∇φh)− (∇ξw ,∇φ)
= (ξw, wh − w) = (ξw , wh − πhw)

= (ξw, wh − Phw) + (ξw, Phw − πhw)

= ‖ξw‖20 + (ξw , ηw − η̃w).(2.30)

In our analysis, we also need the following inequality:

‖ξ̃w‖20 ≤ 2‖ξw‖20 + 2‖Phw − πhw‖20
≤ 2‖ξw‖20 + 4‖Phw − w‖20 + 4‖w − πhw‖20
= 2‖ξw‖20 + 4‖ηw‖20 + 4‖η̃w‖20,(2.31)

where ξ̃w is defined by (2.25).
Lemma 2.7. Let (φ,w) be the solution of (2.4). The finite element approximation

(φh, wh) of (2.14) has the following error estimate:

‖φ(x, T )− φh(x, T )‖20 +
∫ T

0

ε‖w − wh‖20dt

≤ C

(∫ T

0

(
‖∇ηφ‖20 + ‖ηw‖20 + ‖η̃w‖20 + ‖∂tηφ‖20

)
dt

+‖φ0(x)− φh(x, 0)‖20

)
,(2.32)

where the constant C is independent of the mesh size h but is dependent on φ and ε.
Proof. It follows from (2.5), (2.14), (2.22), (2.23), the regularity result in Lemma

2.3 (meaning φ ∈ L∞(0, T ;W 1,∞(Ω))), and the Cauchy–Schwarz inequality that

(∂tξφ, ξφ) + (|∇φh|2∇φh,∇ξφ)− (|∇Phφ|2∇Phφ,∇ξφ) + ε
(
∇ξw,∇ξφ

)
− ‖∇ξφ‖20

= (∂tηφ, ξφ) + (|∇φ|2∇φ,∇ξφ
)
−
(
|∇Phφ|2∇Phφ,∇ξφ)

≤
∣∣(∂tηφ, ξφ)∣∣+ ∣∣(|∇Phφ|2 − |∇φ|2,∇Phφ · ∇ξφ

)∣∣+ ∣∣(|∇φ|2∇(Phφ− φ),∇ξφ
)∣∣

≤ ‖∂tηφ‖0‖ξφ‖0 + C‖∇ηφ‖0‖∇ξφ‖0.(2.33)

Using the Cauchy–Schwarz inequality, we have the following estimate for the
nonlinear term:(

|∇φh|2∇φh,∇(φh − Phφ)
)
−
(
|∇Phφ|2∇Phφ,∇(φh − Phφ)

)
= ‖∇φh‖40,4 + ‖∇Phφ‖40,4 −

(
|∇φh|2∇φh,∇Phφ

)
−
(
|∇Phφ|2∇Phφ,∇φh

)
≥ 1

2
‖∇φh‖40,4 +

1

2
‖∇Phφ‖40,4 −

(
|∇Phφ|2, |∇φh|2

)
≥ 0.(2.34)

Combining (2.29), (2.31), and (2.33)–(2.34) leads to the following estimates:
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(∂tξφ, ξφ) + ε
(
∇ξw ,∇ξφ

)
≤ C‖∇ηφ‖20 + 2‖∇ξφ‖20 + ‖∂tηφ‖0‖ξφ‖0
≤ C‖∇ηφ‖20 + 2‖ξφ‖0‖ξ̃w‖0 + ‖∂tηφ‖0‖ξφ‖0

≤ C‖∇ηφ‖20 +
8

ε
‖ξφ‖20 +

ε

8
‖ξ̃w‖20 + ‖∂tηφ‖0‖ξφ‖0

≤ C‖∇ηφ‖20 +
(
1

2
+

8

ε

)
‖ξφ‖20 +

ε

4
‖ξw‖20

+
ε

2

(
‖ηw‖20 + ‖η̃w‖20

)
+

1

2
‖∂tηφ‖20.(2.35)

It follows from (2.30) and (2.35) that

(∂tξφ, ξφ) +
ε

2
‖ξw‖20

≤ C
(
‖∇ηφ‖20 + ‖ηw‖20 + ‖η̃w‖20

)
+

(
1

2
+

4

ε

)
‖ξφ‖20 +

1

2
‖∂tηφ‖20,(2.36)

which implies that

1

2

d

dt
‖ξφ‖20 +

ε

2
‖ξw‖20

≤ C
(
‖∇ηφ‖20 + ‖ηw‖20 + ‖η̃w‖20 + ‖∂tηφ‖20

)
+ C‖ξφ‖20.(2.37)

Using Gronwall’s inequality gives

‖ξφ(x, T )‖20 +
∫ T

0

ε‖ξw‖20dt

≤ C

(∫ T

0

(
‖∇ηφ‖20 + ‖ηw‖20 + ‖η̃w‖20 + ‖∂tηφ‖20|

)
dt+ ‖ξφ(x, 0)‖20

)
.(2.38)

We can arrive at the desired result, (2.32), by using the triangle inequality and (2.26)–
(2.28).

We close this section by providing the following error estimates for the semi-
discrete approximations.

Theorem 2.8. Let (φ,w) be the solution of (2.4) and φ0 ∈ Hm+2
per (Ω). Then the

finite element approximation (φh, wh) of (2.14) has the following error estimate:

‖φ(x, T )− φh(x, T )‖20 +
∫ T

0

ε‖w − wh‖20dt

≤ Ch2m

[∫ T

0

(
‖φ‖2m+1 + ‖∂tφ‖2m + ‖w‖2m

)
dt+ ‖φ0‖2m

]
,(2.39)

where the constant C is independent of the mesh size h.
Proof. We take φh(x, 0) = Phφ0. Combining Lemmas 2.3 and 2.7 and the error

estimates

‖∇ηφ‖0 ≤ Chm‖φ‖m+1, ‖∂tηφ‖0 ≤ Chm‖∂tφ‖m,
‖ηw‖0 ≤ Chm‖w‖m, ‖η̃w‖0 ≤ Chm‖w‖m,

‖φ0 − φh(x, 0)‖0 ≤ Chm‖φ0‖m,



MIXED FEM FOR MBE PROBLEM 193

we can obtain the desired result (2.39).
Remark 2.2. Unlike the case with the normal error estimates for the parabolic

equations, which give (m + 1)th convergence order, the convergence rate obtained
above is of mth order only. This is due to the difficulty arising from the second-order
nonlinear term. This issue requires some future investigation.

3. Time discretization and energy properties. In this section, we use the
Crank–Nicolson (CN) scheme to carry out the time discretization. Application of the
CN scheme for MBE-type equations can be found in, e.g., [26, 27]. The use of the CN
approximation leads to the following fully discretized scheme for (1.1).

Problem 3. Given (φnh , w
n
h) ∈ Vh × Vh, find (φn+1

h , wn+1
h ) ∈ Vh × Vh such that for

any (ϕh, vh) ∈ Vh × Vh,

(3.1)

{ (
φn+1
h −φn

h

Δt , ϕh

)
= −(μ

n+ 1
2

h ,∇ϕh),

(wn+1
h , vh) = (∇φn+1

h ,∇vh),

with

μ
n+ 1

2

h = ε

(∇wn+1
h +∇wn

h

2

)
+

((
|∇φn+1

h |2 + |∇φnh |2
)(
∇φn+1

h +∇φnh
)

4

)

−
(
∇φn+1

h

2
+

∇φnh
2

)
.

To begin with, we will state the following discrete Volterra-type inequality which
will be used in this section.

Lemma 3.1 (see [4]). Let k, B and aμ, bμ, cμ, γμ, for integer μ ≥ 0, be nonneg-
ative numbers such that

(3.2) an + k

n∑
μ=0

bμ ≤ k

n∑
μ=0

γμaμ + k

n∑
μ=0

cμ +B for n ≥ 0.

Suppose that kγμ < 1 for all μ, and set σμ = (1− kγμ)
−1. Then,

(3.3) an + k

n∑
μ=0

bμ ≤ exp

(
k

n∑
μ=0

γμσμ

){
k

n∑
μ=0

cμ +B

}
for n ≥ 0.

Lemma 3.2. Let (φnh , w
n
h) and (θnh , u

n
h) be two solutions of (3.1) for the initial

values φ(x, 0) = φ0 and θ(x, 0) = θ0, respectively. Then we have

‖φNh − θNh ‖20 +
ε

2

N−1∑
k=1

‖wk+1
h + wk

h − (uk+1
h + ukh)‖20 ≤ C‖φ0h − θ0h‖20(3.4)

when the time step size Δt is small enough.
Proof. Set fk

h = φkh − θkh and gkh = wk
h − ukh (k = 0, . . . , N). We have

(3.5)

{ (
fn+1
h −fn

h

Δt , fn+1
h + fn

h

)
= −(ν

n+ 1
2

h ,∇(fn+1
h + fn

h )),

(gn+1
h , gn+1

h ) = −(∇fn+1
h ,∇gn+1

h ),

with

ν
n+ 1

2

h = ε

(∇gn+1
h +∇gnh

2

)
+

((
|∇φn+1

h |2 + |∇φnh |2
)(
∇φn+1

h +∇φnh
)

4

)



194 ZHONGHUA QIAO, TAO TANG, AND HEHU XIE

−
((

|∇θn+1
h |2 + |∇θnh |2

)(
∇θn+1

h +∇θnh
)

4

)
−
(
∇fn+1

h

2
+

∇fn
h

2

)
.

Similarly to (2.34), we assume the nonnegative estimate for the nonlinear terms in
the left-hand side of (3.5),((

|∇φn+1
h |2 + |∇φnh |2

)(
∇φn+1

h +∇φnh
)

4
,∇(fn+1

h + fn
h )

)

−
((

|∇θn+1
h |2 + |∇θnh |2

)(
∇θn+1

h +∇θnh
)

4
,∇(fn+1

h + fn
h )

)
≥ 0.(3.6)

Then the following estimates hold:

0 ≥ ‖fn+1
h ‖20 − ‖fn

h ‖20
Δt

+ ε

(
∇gn+1

h +∇gnh
2

,∇(fn+1
h + fn

h )

)
−
(∇(fn+1

h + fn
h )

2
,∇(fn+1

h + fn
h )

)
=

‖fn+1
h ‖20 − ‖fn

h ‖20
Δt

+
ε

2

(
gn+1
h + gnh , g

n+1
h + gnh

)
− 1

2

(
gn+1
h + gnh , f

n+1
h + fn

h

)
≥ ‖fn+1

h ‖20 − ‖fn
h ‖20

Δt
+
ε

2
‖gn+1

h + gnh‖20 −
ε

4
‖gn+1

h + gnh‖20 −
1

4ε
‖fn+1

h + fn
h ‖20

=
‖fn+1

h ‖20 − ‖fn
h ‖20

Δt
+
ε

4
‖gn+1

h + gnh‖20 −
1

4ε
‖fn+1

h + fn
h ‖20

≥ ‖fn+1
h ‖20 − ‖fn

h ‖20
Δt

+
ε

4
‖gn+1

h + gnh‖20 −
1

4ε

(
‖fn+1

h ‖20 + ‖fn
h ‖20).(3.7)

From (3.7), we have

‖fn
h ‖20 +

ε

4

n∑
k=0

Δt‖gkh + gk+1
h ‖20 ≤

Δt

2ε

n∑
k=0

‖fk
h‖20 + ‖f0

h‖20.(3.8)

The desired result (3.4) can be obtained by combining (3.8) and Lemma 3.1, provided
that Δt < 2ε.

Below we will use the Brouwer fixed-point theorem to show the existence of the
solution for the fully discrete scheme (3.1).

Lemma 3.3 (see [19, p. 219]). Let H be a finite-dimensional Hilbert space with the
inner product (·, ·) and induced norm ‖ · ‖H . Further, let L be a continuous mapping
from H into itself and be such that (L(ξ), ξ) > 0 for all ξ ∈ H with ‖ξ‖ = α > 0.
Then there exists an element ξ∗ ∈ H such that L(ξ∗) = 0 and ‖ξ∗‖ ≤ α.

Theorem 3.4. The fully discretized scheme (3.1) has a unique solution.

Proof. Let ξ =
φn+1
h +φn

h

2 , w =
wn+1

h +wn
h

2 , and define L(ξ) such that

(L(ξ), ϕh) = (ξ, ϕh)− (φnh , ϕh) + εΔt(∇w,∇ϕh)−Δt(∇ξ,∇ϕh)

+Δt

((
|2∇ξ −∇φnh |2 + |∇φnh |2

)
∇ξ

2
,∇ϕh

)
∀ϕh ∈ Vh.

From the Young and Hölder inequalities, we have the following estimates:
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(L(ξ), ξ)

= (ξ, ξ)− (φnh , ξ) + εΔt(∇w,∇ξ) + Δt

((
|2∇ξ −∇φnh |2 + |∇φnh |2

)
∇ξ

2
,∇ξ

)
−Δt(∇ξ,∇ξ)

= (ξ, ξ)− (φnh , ξ) + εΔt(w,w) + Δt

(
4|∇ξ|2 − 4∇ξ · ∇φnh + 2|∇φnh|2

2
, |∇ξ|2

)
−Δt(∇ξ,∇ξ)

≥ ‖ξ‖20 −
1

2
‖ξ‖20 −

1

2
‖φnh‖20 + εΔt(w,w) + Δt(|∇φnh |2, |∇ξ|2) + 2Δt‖∇ξ‖40,4

− 2Δt(|∇ξ|3, |∇φnh |)−Δt‖∇ξ‖20
≥ 1

2
‖ξ‖20 −

1

2
‖φnh‖20 + εΔt(w,w) + Δt(|∇φnh |2, |∇ξ|2) + 2Δt‖∇ξ‖40,4

− 3Δt

2
‖∇ξ‖40,4 −

Δt

2
‖∇φnh‖40,4 −Δt‖∇ξ‖20

=
1

2
‖ξ‖20 −

1

2
‖φnh‖20 + εΔt(w,w) + Δt(|∇φnh |2, |∇ξ|2) +

Δt

2
‖∇ξ‖40,4

−Δt‖∇ξ‖20 −
Δt

2
‖∇φnh‖40,4

=
1

2
‖ξ‖20 −

1

2
‖φnh‖20 + εΔt‖w‖20 +Δt(|∇φnh |2, |∇ξ|2) +

Δt

2
‖|∇ξ|2 − 1‖20

− Δt

2
|Ω| − Δt

2
‖∇φnh‖40,4

≥ 1

2
‖ξ‖20 −

1

2

(
‖φnh‖20 +Δt|Ω|+Δt‖∇φnh‖40,4

)
.

Take α = ‖φnh‖20+Δt|Ω|+Δt‖∇φnh‖40,4. If ξ ∈ Vh and ‖ξ‖20 = α, we have (L(ξ), ξ) ≥ 0.
By Lemma 3.3, there is at least one solution ξ satisfying ‖ξ‖20 ≤ ‖φnh‖20 + Δt|Ω| +
Δt‖∇φnh‖40,4. It means we have at least one solution φn+1

h . The uniqueness of the
solution can be derived from Lemma 3.2.

Theorem 3.5. The fully discrete scheme (3.1) is unconditionally energy-stable
with respect to the initial energy. More precisely, for any time step size Δt > 0 there
holds

E(φn+1
h , wn+1

h ) ≤ E(φnh , w
n
h),(3.9)

where the energy E is defined by (2.7) and (φnh , w
n
h) denotes the numerical solutions

of (3.1) at tn. Furthermore, we have the discrete form of the energy identity with the
form (2.18):

E(φn+1
h , wn+1

h )− E(φnh , w
n
h)

Δt
+

∥∥∥∥φn+1
h − φnh

Δt

∥∥∥∥2
0

= 0.(3.10)

Proof. Choosing ϕh = (φn+1
h − φnh)/Δt in (3.1) leads to(

φn+1
h − φnh

Δt
,
φn+1
h − φnh

Δt

)
= −ε

(∇wn+1
h +∇wn

h

2
,
∇φn+1

h −∇φnh
Δt

)
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−
(
(|∇φn+1

h |2 + |∇φnh |2)(∇φ
n+1
h +∇φnh)

4
,
∇φn+1

h −∇φnh
Δt

)
+

(∇φn+1
h +∇φnh

2
,
∇φn+1

h −∇φnh
Δt

)
= −ε

(
wn+1

h + wn
h

2
,
wn+1

h − wn
h

Δt

)
−
(
|∇φn+1

h |2 + |∇φnh |2
4

,
|∇φn+1

h |2 − |∇φnh |2
Δt

)
+

1

2Δt

(∥∥∇φn+1
h

∥∥2
0
−
∥∥∇φnh∥∥20).(3.11)

Similarly, from the energy definition (2.7) and (3.11), we have

E(φn+1
h , wn+1

h )− E(φnh , w
n
h) = −Δt

∥∥∥∥φn+1
h − φnh

Δt

∥∥∥∥2
0

.

Thus we obtain the desired energy stable result (3.9) and the discrete energy identity
(3.10).

4. Error estimate of the fully discrete form. In this section, we derive
the error estimate for the fully discrete solution of (3.1). Toward this aim, we now
introduce some useful notation. Let

ξnφ := φnh − Phφ(·, tn), ηnφ := Phφ(·, tn)− φ(·, tn),(4.1)

ξnw := wn
h − Phw(·, tn), ηnw := Phw(·, tn)− w(·, tn),(4.2)

ξ̃nw := wn
h − πhw(·, tn), η̃nw := πhw(·, tn)− w(·, tn).(4.3)

It can be easily verified that

φnh − φ(·, tn) = ξnφ + ηnφ ,(4.4)

wn
h − w(·, tn) = ξnw + ηnw,(4.5)

wn
h − w(·, tn) = ξ̃nw + η̃nw.(4.6)

For simplicity, we set φn := φ(x, tn), w
n := w(x, tn), and

φn+1/2 := φ

(
x,
tn + tn+1

2

)
, wn+1/2 := w

(
x,
tn + tn+1

2

)
.

Lemma 4.1. Let (φ,w) be the solution of (2.5), and assume φ0 ∈ H6
per(Ω),

φ0h = Phφ0, and T = NΔt. If the time step size Δt is sufficiently small, then with the
notation given in (4.1)–(4.3) the finite element approximation (φnh , w

n
h) of (3.1) has

the following error estimate:

‖ξNφ ‖20 +
ε

4

N−1∑
k=0

Δt‖ξk+1
w + ξkw‖20

≤ CΔt4
∫ T

0

‖φttt‖20ds+ CΔt4
∫ T

0

‖∇φtt‖20ds+ CεΔt4
∫ T

0

‖∇wtt‖20ds

+C

∫ T

0

‖∂tηφ‖20ds+ C

N−1∑
k=0

Δt
∥∥∇(ηk+1

φ + ηkφ)
∥∥2
0
+ C

N−1∑
k=0

Δt‖ηk+1
w + ηkw‖20

+C
N−1∑
k=0

Δt
∥∥η̃k+1

w + η̃kw
∥∥2
0
+ ‖ξ0φ‖20,(4.7)
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where the constant C is independent of the mesh size h and time step Δt but dependent
on φ.

Proof. First, from the regularity results in [23, Theorem 3.3], we have φttt ∈
L2(0, T ;L2(Ω)) and φ ∈ L∞(0, T ;W 1,∞(Ω)) when φ0 ∈ H6

per(Ω). From (2.14), (2.22),
(2.23), and (3.1), we have(

ξn+1
φ − ξnφ

Δt
, ξn+1

φ + ξnφ

)

+

(
(|∇φn+1

h |2 + |∇φnh |2)(∇φn+1
h +∇φnh)

4
,∇(ξn+1

φ + ξnφ)

)
−
(
(|∇Phφ

n+1|2 + |∇Phφ
n|2)(∇Phφ

n+1 +∇Phφ
n)

4
,∇(ξn+1

φ + ξnφ )

)
+
ε

2

(
∇(ξn+1

w + ξnw),∇(ξn+1
φ + ξnφ)

)
− 1

2
‖∇(ξn+1

φ + ξnφ )‖20
= Υ1 +Υ2 +Υ3 + Υ4,(4.8)

where

Υ1 =

(
∂tφ

n+ 1
2 − Phφ

n+1 − Phφ
n

Δt
, ξn+1

φ + ξnφ

)
,(4.9)

Υ2 =
(
|∇φn+ 1

2 |2∇φn+ 1
2 ,∇(ξn+1

φ + ξnφ)
)

−
(
(|∇Phφ

n+1|2 + |∇Phφ
n|2)(∇Phφ

n+1 +∇Phφ
n)

4
,∇(ξn+1

φ + ξnφ)

)
,(4.10)

Υ3 = ε

(
∇wn+ 1

2 − ∇Phw
n+1 +∇Phw

n

2
,∇(ξn+1

φ + ξnφ )

)
,(4.11)

Υ4 = −
(
∇φn+ 1

2 − ∇Phφ
n+1 +∇Phφ

n

2
,∇(ξn+1

φ + ξnφ)

)
.(4.12)

We now estimate the terms Υ1, Υ2, Υ3, and Υ4. First we have the following estimate
for Υ1 by using a Taylor expansion, (2.22), and the Cauchy–Schwarz inequality:

∣∣Υ1

∣∣ ≤ ∣∣∣∣(∂tφn+ 1
2 − φn+1 − φn

Δt
, ξn+1

φ + ξnφ

)∣∣∣∣
+

∣∣∣∣( (φn+1 − Phφ
n+1)− (φn − Phφ

n)

Δt
, ξn+1

φ + ξnφ

)∣∣∣∣
=

∣∣∣∣(∂tφn+ 1
2 − φn+1 − φn

Δt
, ξn+1

φ + ξnφ

)∣∣∣∣+ 1

Δt

∣∣∣∣(∫ tn+1

tn

∂tηφds, ξ
n+1
φ + ξnφ

)∣∣∣∣
≤ CΔt

∫ tn+1

tn

‖φttt‖0ds‖ξn+1
φ + ξnφ‖0 +

1

Δt

(∫ tn+1

tn

‖∂tηφ‖0ds
)
‖ξn+1

φ + ξnφ‖0

≤ CΔt3
∫ tn+1

tn

‖φttt‖20ds+
C

Δt

∫ tn+1

tn

‖∂tηφ‖20ds+ ‖ξn+1
φ ‖20 + ‖ξnφ‖20.(4.13)

The second step is to analyze the term Υ2, which has the following decomposition:

(4.14) Υ2 = π1 + π2,

where
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π1 =
(
|∇φn+ 1

2 |2∇φn+ 1
2 ,∇(ξn+1

φ + ξnφ )
)

−
(
(|∇φn+1|2 + |∇φn|2)(∇φn+1 +∇φn)

4
,∇(ξn+1

φ + ξnφ )

)
,

π2 =

(
(|∇φn+1|2 + |∇φn|2)(∇φn+1 +∇φn)

4
,∇(ξn+1

φ + ξnφ)

)
−
(
(|∇Phφ

n+1|2 + |∇Phφ
n|2)(∇Phφ

n+1 +∇Phφ
n)

4
,∇(ξn+1

φ + ξnφ)

)
.

It follows from (2.29), (2.31), and regularity results in Lemma 2.3 that

∣∣π1∣∣ ≤ ∣∣∣∣(|∇φn+1/2|2
(
∇φn+1/2 − ∇(φn+1 + φn)

2

)
,∇(ξn+1

φ + ξnφ)

)∣∣∣∣
+

∣∣∣∣((∣∣∇φn+1/2
∣∣2 − |∇φn+1|2 + |∇φn|2

2

)
∇(φn+1 + φn)

2
,∇(ξn+1

φ + ξnφ )

)∣∣∣∣
≤ CΔt

(∫ tn+1

tn

‖∇φtt‖0ds
)
‖∇(ξn+1

φ + ξnφ)‖0

≤ CΔt3
∫ tn+1

tn

‖∇φtt‖20ds+ ‖∇(ξn+1
φ + ξnφ )‖20

≤ CΔt3
∫ tn+1

tn

‖∇φtt‖20ds+ ‖ξn+1
φ + ξnφ‖0‖ξ̃n+1

w + ξ̃nw‖0

≤ CΔt3
∫ tn+1

tn

‖∇φtt‖20ds+
1

4δ1
‖ξn+1

φ + ξnφ‖20 + δ1‖ξ̃n+1
w + ξ̃nw‖20

≤ CΔt3
∫ tn+1

tn

‖∇φtt‖20ds+
1

4δ1
‖ξn+1

φ + ξnφ‖20 + 2δ1‖ξn+1
w + ξnw‖20

+4δ1‖ηn+1
w + ηnw‖20 + 4δ1‖η̃n+1

w + η̃nw‖20.(4.15)

Similarly, using (2.33) yields∣∣π2∣∣ ≤ C‖∇(ηn+1
φ + ηnφ)‖0‖∇(ξn+1

φ + ξnφ)‖0
≤ C‖∇(ηn+1

φ + ηnφ)‖20 + ‖∇(ξn+1
φ + ξnφ)‖20

≤ C‖∇(ηn+1
φ + ηnφ)‖20 + ‖ξn+1

φ + ξnφ‖0‖ξ̃n+1
w + ξ̃nw‖0

≤ C‖∇(ηn+1
φ + ηnφ)‖20 +

1

4δ2
‖ξn+1

φ + ξnφ‖20 + δ2‖ξ̃n+1
w + ξ̃nw‖20

≤ C‖∇(ηn+1
φ + ηnφ)‖20 +

1

4δ2
‖ξn+1

φ + ξnφ‖20 + 2δ2‖ξn+1
w + ξnw‖20

+4δ2‖ηn+1
w + ηnw‖20 + 4δ2‖η̃n+1

w + η̃nw‖20.(4.16)

Combining (4.14)–(4.16) gives

∣∣Υ2

∣∣ ≤ CΔt3
∫ tn+1

tn

‖∇φtt‖20ds+ C‖∇(ηn+1
φ + ηnφ)‖20

+

(
1

4δ1
+

1

4δ2

)
‖ξn+1

φ + ξnφ‖20 + 2(δ1 + δ2)‖ξn+1
w + ξnw‖20

+4(δ1 + δ2)‖ηn+1
w + ηnw‖20 + 4(δ1 + δ2)‖η̃n+1

w + η̃nw‖20.(4.17)
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From (2.22), (2.29), (2.31), and the Cauchy–Schwarz inequality, the following estimate
holds: ∣∣∣Υ3

∣∣∣ ≤ ∣∣∣∣ε(∇wn+ 1
2 − ∇wn+1 +∇wn

2
,∇(ξn+1

φ + ξnφ)

)∣∣∣∣
+

∣∣∣∣ε(∇wn+1 +∇wn

2
− ∇Phw

n+1 +∇Phw
n

2
,∇(ξn+1

φ + ξnφ)

)∣∣∣∣
=

∣∣∣∣ε(∇wn+ 1
2 − ∇wn+1 +∇wn

2
,∇(ξn+1

φ + ξnφ)

)∣∣∣∣
≤ CεΔt

(∫ tn+1

tn

‖∇wtt‖0ds
)
‖∇(ξn+1

φ + ξnφ)‖0

≤ CεΔt3
∫ tn+1

tn

‖∇wtt‖20ds+ ‖∇(ξn+1
φ + ξnφ )‖20

≤ CεΔt3
∫ tn+1

tn

‖∇wtt‖20ds+ ‖ξn+1
φ + ξnφ‖0‖ξ̃n+1

w + ξ̃nw‖0

≤ CεΔt3
∫ tn+1

tn

‖∇wtt‖20ds+
1

4δ3
‖ξn+1

φ + ξnφ‖20 + 2δ3‖ξn+1
w + ξnw‖20

+4δ3‖ηn+1
w + ηnw‖20 + 4δ3‖η̃n+1

w + η̃nw‖20,(4.18)

where the constant C is independent of ε, h, and Δt. Similar arguments lead to

∣∣∣Υ4

∣∣∣ ≤ ∣∣∣∣(∇φn+ 1
2 − ∇φn+1 +∇φn

2
,∇(ξn+1

φ + ξnφ)

)∣∣∣∣
+

∣∣∣∣(∇φn+1 +∇φn
2

− ∇Phφ
n+1 +∇Phφ

n

2
,∇(ξn+1

φ + ξnφ)

)∣∣∣∣
=

∣∣∣∣(∇φn+ 1
2 − ∇φn+1 +∇φn

2
,∇(ξn+1

φ + ξnφ)

)∣∣∣∣
≤ C

(
Δt

∫ tn+1

tn

‖∇φtt‖0ds
)
‖∇(ξn+1

φ + ξnφ )‖0

≤ CΔt3
∫ tn+1

tn

‖∇φtt‖20ds+ ‖∇(ξn+1
φ + ξnφ)‖20

≤ CΔt3
∫ tn+1

tn

‖∇φtt‖20ds+
1

4δ4
‖ξn+1

φ + ξnφ‖20 + 2δ4‖ξn+1
w + ξnw‖20

+4δ4‖ηn+1
w + ηnw‖20 + 4δ4‖η̃n+1

w + η̃nw‖20.(4.19)

Similarly to (2.34), we assume nonnegativity for the nonlinear terms in the left-hand
side of (4.8):

0 ≤
(
(|∇φn+1

h |2 + |∇φnh |2)(∇φn+1
h +∇φnh)

4
,∇(ξn+1

φ + ξnφ )

)
−
(
(|∇Phφ

n+1|2 + |∇Phφ
n|2)(∇Phφ

n+1 +∇Phφ
n)

4
,∇(ξn+1

φ + ξnφ)

)
.(4.20)
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The same argument as (2.30) leads to

ε

2

(
∇(ξn+1

w + ξnw),∇(ξn+1
φ + ξnφ )

)
=
ε

2
‖ξn+1

w + ξnw‖20 +
ε

2

(
ξn+1
w + ξnw , (η

n+1
w + ηnw)− (η̃n+1

w + η̃nw)
)

≥
(ε
2
− 2δ5

)
‖ξn+1

w + ξnw‖20 − C‖ηn+1
w + ηnw‖20 − C‖η̃n+1

w + η̃nw‖20.(4.21)

From (2.29) and (2.31), we have

1

2
‖∇(ξn+1

φ + ξnφ )‖20 ≤ 1

2
‖ξ̃n+1

w + ξ̃nw‖0‖ξn+1
φ + ξnφ‖0

≤ δ6‖ξ̃n+1
w + ξ̃nw‖20 +

1

16δ6
‖ξn+1

φ + ξnφ‖20

≤ 2δ6‖ξn+1
w + ξnw‖20 + C‖ηn+1

w + ηnw‖20 + C‖η̃n+1
w + η̃nw‖20

+
1

16δ6
‖ξn+1

φ + ξn+1
φ ‖20.(4.22)

We choose δ1, δ2, δ3, δ4, δ5, and δ6 such that

2
(
δ1 + δ2 + δ3 + δ4 + δ5 + δ6

)
=
ε

4
;(4.23)

e.g., δ1 = δ2 = δ3 = δ4 = δ5 = δ6 = ε/48. Thus combining (4.8), (4.13), and
(4.17)–(4.23) leads to(

ξn+1
φ − ξnφ

Δt
, ξn+1

φ + ξnφ

)
+
ε

2
‖ξn+1

w + ξnw‖20

≤ CΔt3
∫ tn+1

tn

‖φttt‖20ds+
C

Δt

∫ tn+1

tn

‖∂tηφ‖20ds+ CΔt3
∫ tn+1

tn

‖∇φtt‖20ds

+CεΔt3
∫ tn+1

tn

‖∇wtt‖20ds+ C̃
(
‖ξn+1

φ ‖20 + ‖ξnφ‖20
)
+ C‖∇(ηn+1

φ + ηnφ)‖20

+C‖ηn+1
w + ηnw‖20 + C‖η̃n+1

w + η̃nw‖20 +
ε

4
‖ξn+1

w + ξnw‖20,(4.24)

where

(4.25) C̃ = 1 +
1

2

(
1

δ1
+

1

δ2
+

1

δ3
+

1

δ4
+

1

4δ6

)
.

Summing both sides with respect to n gives

‖ξNφ ‖20 − ‖ξ0φ‖20 +
N−1∑
n=0

Δt
ε

4
‖ξn+1

w + ξnw‖20

≤ CΔt4
∫ T

0

‖φttt‖20ds+ CΔt4
∫ T

0

‖∇φtt‖20ds+ CεΔt4
∫ T

0

‖∇wtt‖20ds

+C

∫ T

0

‖∂tηφ‖20ds+ 2C̃

N∑
n=0

Δt‖ξnφ‖20 + C

N−1∑
n=0

Δt‖ηn+1
w + ηnw‖20

+C

N−1∑
n=0

Δt‖∇(ηn+1
φ + ηnφ)‖20 + C

N−1∑
n=0

Δt‖η̃n+1
w + η̃nw‖20.(4.26)
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Then Gronwall’s inequality in Lemma 3.1 yields the desired result (4.7), provided that

2C̃Δt < 1.
We close this section by providing one of the main results of this paper, which

gives the error bounds for the fully discrete scheme (3.1).
Theorem 4.2. Let (φ,w) be the solution of (2.4). Assume that φ0 ∈ Hm

per(Ω)
and that the conditions in Lemma 4.1 hold. If the time step size Δt is sufficiently
small, then the finite element approximation (φnh , w

n
h) of (3.1) has the following error

estimate:

‖φ(x, T )− φNh ‖20 +
ε

4

N−1∑
k=0

Δt‖w(x, tk+1) + w(x, tk)− (wk+1
h + wk

h)‖20

≤ Cε,φ,w

(
h2m +Δt4

)
,(4.27)

where the constant Cε,φ,w is independent of the mesh size h and time step Δt but
depends on ε, φ, φ0, and w.

Proof. The desired result can be proved by an argument similar to that of Theorem
2.8 and using the triangle inequality.

5. Numerical experiments. In this section, we use the mixed finite element
method and the second-order time-stepping scheme (3.1) to solve the MBE model
(1.1).

Example 5.1. In this example, we test the convergence results stated in Theorem
4.2. In order to check the convergence order, we consider the following MBE problem:

(5.1)

{
∂φ
∂t = −εΔ2φ−∇ · [(1− |∇φ|2)∇φ] + f in Ω× (0, T ),

φ(x, 0) = φ0(x) in Ω,

with Ω = [0, 1]× [0, 1], T = 1, 1-periodic boundary condition, and parameter ε = 0.1.
We add a source term f to make the exact solution known. Here the initial solution
φ(x, 0) and f are chosen such that the exact solution is

u(x, t) = 0.1 exp(−t) sin(πx1) sin(πx2).

In this example, we will check the convergence order for the linear element (P1)
and quadratic element (P2) on triangulations, and bilinear element (Q1) and bi-
quadratic element (Q2) on rectangles.

The linear and quadratic elements on the triangulation Th are defined by

Vh :=
{
vh ∈ H1

per(Ω), vh|K ∈ P1 or P2 ∀K ∈ Th
}
,

and the bilinear and biquadratic elements on the rectangle Th are defined by

Vh :=
{
vh ∈ H1

per(Ω), vh|K ∈ Q1 or Q2 ∀K ∈ Th
}
.

In the convergence order test, the sequence of partitions is produced by the regular
refinement from the initial partitions. The error definition√√√√‖φ(x, T )− φNh ‖20 +

ε

4

N−1∑
k=0

Δt‖w(x, tk)− wk
h‖20
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Fig. 1. Example 5.1: The convergence behavior of the spatial discretization with fixed time step
size Δt = 10−3 (left and middle), and the time-stepping method with fixed spatial size h = 1

32
and

Q2 element (right).

is adopted in this numerical experiment. The corresponding numerical results are
presented in Figure 1, where it is observed that the convergence orders are one or-
der higher than those predicted in Theorem 4.2. This phenomenon needs further
consideration in the future.

In this example, we also test the convergence order of the time discretization
for the scheme (3.1). The corresponding numerical results are shown in Figure 1.
From Figure 1, we can find that the scheme (3.1) has a second-order-accuracy-in-time
discretization.

Example 5.2. This example is concerned with a two-dimensional isotropic sym-
metry current model,

(5.2)

{
∂φ
∂t = −εΔ2φ−∇ · [(1− |∇φ|2)∇φ] in [0, 2π]2 × (0, T ),

φ(x, 0) = φ0(x) in [0, 2π]2,

with 2π-periodic boundary condition and parameter ε = 0.1. The initial condition is
chosen as

φ0(x) = 0.1(sin(3x1) sin(2x2) + sin(5x1) sin(5x2)).

This example was studied in [23, 26, 32] to study the solution instability. Here
we use the mixed finite element method and CN time-stepping scheme (3.1) to solve
this problem. The solution contours given by using the mixed bilinear element and
CN time-stepping scheme (3.1) at t = 0, t = 0.05, t = 2.5, t = 5.5, t = 8, and t = 30
(steady state) are plotted in Figure 2, and are in good agreement with those published
in [23].

In this example, we also check the energy decay property of the MBE growth
model. Figure 3(a) shows the corresponding results, which demonstrate the desired
energy decay behavior.

In this example, the roughness of the height function is also checked. The rough-
ness of the height function is defined as

R(φ) =

√
1

|Ω|

∫
Ω

[φ(x, t) − φ̄(x, t)]2dΩ, where φ̄(t) =
1

|Ω|

∫
Ω

φ(x, t)dΩ.(5.3)

The corresponding development of roughness is presented in Figure 3(b) and agrees
well with the results in [23, 26, 32].



MIXED FEM FOR MBE PROBLEM 203

Fig. 2. Example 5.2: Contour plots for height profiles.
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Fig. 3. Example 5.2: (a) The energy decay, and (b) the development of the roughness.

6. Concluding remarks. In this paper, we have developed and analyzed a
mixed finite element method for nonlinear diffusion equations modeling epitaxial
growth of thin films. The biharmonic operator in the MBE models was decomposed
into two Laplacians, which allowed us to use the standard continuous finite element
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spaces commonly used for elliptic problems. We then concentrated on the gradient
flow properties of the corresponding numerical schemes, by establishing the discrete
version of the various energy decay properties for the continuous versions. The full
stability property, i.e., Theorem 3.5, was then established by using some careful en-
ergy estimates. The corresponding error estimates were then obtained based on the
stability results. These theoretical predictions for stability and convergence were,
finally, confirmed by two numerical experiments.
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