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ERROR ANALYSIS OF A MIXED FINITE ELEMENT METHOD FOR
THE MOLECULAR BEAM EPITAXY MODEL*

ZHONGHUA QIAOf, TAO TANG!, AND HEHU XIES

Abstract. This paper investigates the error analysis of a mixed finite element method with
Crank—Nicolson time-stepping for simulating the molecular beam epitaxy (MBE) model. The fourth-
order differential equation of the MBE model is replaced by a system of equations consisting of one
nonlinear parabolic equation and an elliptic equation. Then a mixed finite element method requiring
only continuous elements is proposed to approximate the resulting system. It is proved that the
semidiscrete and fully discrete versions of the numerical schemes satisfy the nonlinearity energy
stability property, which is important in the numerical implementation. Moreover, detailed analysis
is provided to obtain the convergence rate. Numerical experiments are carried out to validate the
theoretical results.
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1. Introduction. This paper is concerned with the continuum model for the
evolution of the molecular beam epitaxy (MBE) growth with an isotropic symmetry
current, with the following initial value problem [16, 25]:

9% — A% —V-[(1-|V[*)Ve]  inQx(0,T),
(1.1) { ¢(x,%) = ¢o(x) in Q,

subject to the periodic boundary condition. Here ¢ = ¢(x,t) is a scaled height
function of a thin film in a co-moving frame and ¢ is a positive constant; Q = (0, L)?
with L > 0. The nonlinear second-order term models the Ehrlich—Schwoebel effect,
and the fourth-order term models surface diffusion. Problem (1.1) is the gradient flow
with respect to the L?(£2) inner product of the energy functional [20, 22]

1
(1.2) Eo(6()) = S[1A¢[3 + 711 - Ve[,
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where the energy on the right-hand side is the standard 2-norm in space. The growth
equation (1.1) is the gradient flow in the sense that

(1.3) Eo(¢(-,)) < Eo((-,8)) Vt>s>0.

This type of energy definition (1.2) often appears in other areas of material modeling
such as in structural phase transitions in solids [3, 21], in the theory of liquid crystals
[2], and in the buckling-driven delimitation of thin films [15, 18].

In recent years, several models describing the dynamics of MBE growth have
been developed, including atomistic models, continuum models, and hybrid models;
see, e.g., [5, 9, 24]. Many numerical methods for approximating the solutions of these
models have also been proposed. For example, semi-implicit time-stepping methods
were proposed in [27, 30] to solve the thin-film epitaxy model (1.1), where the un-
conditional energy stability was proved based on the convex splitting of the energy
functional. Besides application to the energy functional (1.2), the convex splitting
method has been used to solve the phase field crystal equation [31], the Cahn-Hilliard-
Brinkman system [10], and the thin-film epitaxy model without slope selection [6].
In [32], an implicit-explicit approach for solving MBE growth models was presented
where the nonlinear terms are treated explicitly. By adding some linear terms consis-
tent with the truncation errors in time, a gradient stability of type (1.3) is established
for the corresponding schemes. Similar techniques are used for the Cahn—Hilliard
equation in [33]. Recently, two semi-implicit schemes have been proposed in [26]: one
handles the diffusion term explicitly using the known previous data, and the other
uses the Crank—Nicolson (CN) approximation. For both schemes, the energy decay
(1.3) is preserved without introducing any artificial terms (compared with [17, 32]).
The CN-type implicit scheme uses a special treatment of the nonlinear term which
has also been used in [11] for a full discretization of one-dimensional Cahn-Hilliard
equations. In [26], an adaptive time-stepping technique is developed based on the
energy variation which is an important physical quantity in MBE growth models.
It is noted that the adaptive time-stepping method has been studied for many im-
portant problems, including solving initial value problems in [28], coupled flow and
deformation models [24], and hyperbolic conservation laws [29].

As for discretizing MBE growth models in space, the spectral discretization
method is analyzed in [23, 27, 32|, and the finite difference method is discussed in
[26]. Further, [7] proposes using the mixed finite element method and a backward
FEuler semi-implicit scheme with convex-concave decomposition of the nonlinear term.
It is noted that the MBE model (1.1) has three important features, namely high non-
linearity, small parameters (0 < € < 1), and high-order derivatives. In practice, the
biharmonic terms cannot be approximated in standard ways such as central differenc-
ing, which may yield more strict conditions for time steps. To handle this, splitting
the biharmonic operators into two Laplacians has been used; see, e.g., [7, 12]. This
is similar to the well-known Navier—Stokes equations in terms of the streamfunction
or in terms of streamfunction-vorticity formulations; the latter seems more useful in
numerics. Furthermore, the biharmonic term makes the application of conforming
finite element methods become complicated since we need to use C' elements. The
mixed finite element method gives a way to use the normal C° elements, which can
be implemented by many software packages.

In this work, we will also use the operator splitting method to handle the bihar-
monic operator in (1.1). We will then use the mixed finite element method in space
and a CN time-stepping scheme in time. Our main interest in this work is to give the



186 ZHONGHUA QIAO, TAO TANG, AND HEHU XIE

error analysis for the proposed numerical scheme. Corresponding convergence results
will be obtained, which will be confirmed by numerical experiments.

2. Mixed finite element discretization in space and error estimate. In
this section, we introduce a mixed finite element method for (1.1) and give the corre-
sponding error estimate for the semidiscrete approximation.

We shall use the standard notation for Sobolev spaces W*P(£2) and their associ-
ated norms and seminorms (see, e.g., [1, 8]). We denote H*(Q2) = W*2%(Q) and

H;CY(Q) = {v € H'(Q) with periodic boundary condition}.

The corresponding norms |[|v||s = [|v]ls.2,0 and [[v]jo = ||v]|o,2,0 are defined as

ol = 32 100l and ol = [ fodn.

lal<s @

To define the norm in Bochner spaces, let X be a Banach space with a norm || - || x
and seminorm | - |x. Then we define

C(O,T;X)Z{v:[OaT]%Xa [vllco,rix) = sup Iv(t)llx}a

t€[0,T]
1/2

T
LYH0,T:X) =S v:(0,T) = X, |[oll2mx) = (/ ||U(t)|§<dt> <00,
0

J
H™0,T; X) = {v € L(0,T; X) : % € L}0,T;X), 1<j< m} ,
where the derivatives 87v/0t) are considered in the sense of distributions on (0,7).
The norm in space H™(0,T; X) is defined by

T m
||UH?{M(07T;X) = / Z

The weak solution of (1.1) can be defined as follows [23]: Find ¢ € L>(0,T; H2,,(€2))
and dy¢ € L*(0,T; H;2(2)) such that for any ¢ € H2_ (),

per per

' (¢(X, 0)7 90) - (<Z50 (X)v 90)

In [23], the stability of the weak solution for the MBE model is studied. Relevant
work has been done for the Cahn—Hilliard and Allen—Cahn phase field equations; see,
e.g., [13, 14]. Numerical stability is also studied in [13, 14, 23]. There are two kinds
of stability properties: one is in the classical sense, i.e., continuous dependence of
solutions on the initial conditions, and the other is the energy-type stability in the
sense of (1.3). In this work, both kinds of stability will be considered for our numerical
scheme.

To analyze the numerical stability, we first state the following known results for
the continuum MBE models.

LEMMA 2.1 (energy identities [23]). If ¢(x,t) is a solution of the MBE model
(1.1), then the following energy identities hold:

2

dt.
X

ot

0 forte(0,7),
0.

d
(2.2) al\(ﬁll% +4E(¢) + [Vollos = 10| ae te(0,T),
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d
(2.3) S Eo(9)+ 0:012=0 a.e. tec(0,T),
where || - ||o is the standard L*-norm on Q, || - ||o, is the standard LP-norm, and the

energy functional is defined in (1.2).

2.1. The mixed weak form. The objective of this paper is to use a mixed finite
element method to solve an MBE model problem. We also give the corresponding
error estimates for the semidiscrete and fully discrete approximations.

For the aim of the mixed finite element discretization, we introduce a new function
w = —A¢. Then the mixed form of (1.1) can be defined as

—eAw = =V [(1-|Ve[* )V in Qx(0,7),
(2.4) —A¢p—w = 0 in Qx[0,7),
P(x,0) = ¢o(x) in Q.

A weak solution to (2.4) is a pair (¢, w) solving the following problem.
Problem 1. Find (¢,w) € L=(0,T; H,(Q)) x L2(0, T; HL,. (%)), dy¢ € L2(0,T;

per

H 1 (Q)), and |[V¢[*V¢ € L*(0,T; LQ(Q)) ) such that for any (p,v) € H! () x

Hye (), -
(%,w) +e(Vw,Vy) = ((1-1|V¢*)Ve, V)  forte (0,T),
(2.5) (Vo, Vo) — (w,v) = 0 for ¢ € (0,7),
(o(x, )s0)=(¢o()),
(Vo(x,0), Vo) — (w(x,0),v) = 0.

With a derivative similar to that in [23, Theorem 3.2], we can give the following
stability result.

LEMMA 2.2. Let ¢o, 0o € H).,.(Q). Let (¢, w), (0,u) be the weak solution of (2.5)
with ¢o(x,0) = ¢o and 6(x,0) =0y a.e. Q. Then

(2.6) |6 — Ol Lo 0,7;02()) + €llw — ullL2(0,7;22(2)) < Cll¢o — bollo,

where C' = C(T) > 0 is a constant.

Remark 2.1. Then the existence and uniqueness of the weak solution to (2.5) can
be deduced by a process similar to that in [23] with the addition of the semidiscrete
solution in Theorem 2.5, the error estimate in Theorem 2.8, and Lemma 2.2.

Similarly to [23, Theorem 3.3], we have the following regularity result.

LEMMA 2.3, Let ¢o(x) € Hp., (Q) for some integer r > 2. Then the weak
solution pair ¢ : Q x [0,T] = R and w : Q x [0,T] — R of the initial boundary value
problem (2.4) has the regularity ¢ € L°°(0,T; H"(Q)) N L2(0,T; H™2(Q)), di¢ €
L2(0,T; H"=2(Q)), and w € L*(0,T; H"(2)).

For the mixed form of the MBE equation, the energy functional corresponding to
(1.2) is defined as

€ 1
(2.7) B(éw) = 2wl + 7111 - VP[5,

Similarly, the following energy identities hold.
LEMMA 2.4. If (¢(x,t), w(x,t)) is a weak solution pair of the mized MBE model
(2.4), then the following energy identities hold:

d
(2.8) allcbl\% +4E(¢,w) + [Volos =12 ae. te(0,T),
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d 2
ZE6.w) 1093 =0 ae. te(0.1).

Proof. Choosing ¢ = ¢ in the first equation of (2.5) and combining the result
with the second equation of (2.5) leads to

(2.9)

50 ?
= —c(w,w) + (1= IV9[*)Ve, Vo)
= —elhwl} ~ 21~ Vo3 — LIVl + o
)
2
Thus the desired result (2.8) can be obtained by combining (2.10) and the fact that

o6 \ 1d, . .,
(5-¢) = 551013

It follows from the second equation of (2.5) that

(2.11) (%—f,w) = <v%,v@u) :

Using (2.11) and choosing ¢ = 0;¢ in the first equation of (2.5) yields
99 09\ 99 a2 09
_ (v Ve 9
— ¢ (Gru) + (0= 1vepve. v )

__edwlg | 1dIVelE _ 1dIVel

2 dt 2 dt 4 dt
_d (e 2, 1 22 19
— 4 (5ot + gn - 1vepiz - 1),

<8¢ ) = —£(Vw, Vo) + ((1 — |V4|*)V¢, Vo)

(210) = 2B(6,u) - 5 IVolia+

Consequently,

dE(bw) _ (96 96
(2.12) - <8t’ ot)’
which is the desired result (2.9). O

2.2. Mixed finite element discretization. In order to do the finite element
discretization, we introduce the face-to-face partition 7, of the computational domain
Q into elements K (triangles or rectangles) such that

o= J K
KeTy

Here h := maxgeT, hx and hg = diamK denote the global and local mesh size,
respectively. A family of partitions 7y, is said to be quasi-uniform if it satisfies (see,

e.g., [8])
Jo > 0 such that hx/Txk >0 VK € Ty,
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3B > 0 such that max {h/hx, K € Tp} <.

Based on the partition 7}, we build the finite element space V}, of piecewise polynomial
functions

(2.13) Vi, = {Uh € Hpcr( ), Un|Kk € Pm or Q,, VK € 771},

where P,,, denotes the space of polynomials with degree not greater than m and Q,,
denotes the space of polynomials with degree not greater than m in each variable.
Below we define the corresponding semidiscrete weak solution to (2.5).
Problem 2. Find (¢p,wp,) € L>=(0,T;V3) x L*(0,T;V3) and 0, € L2(0,T;V3)
such that for any (¢pn,vn) € Vi X Vi,

(agth ) ‘Ph) +e(Vwp, Vi) = ( (1—|Von*)Ven, thh) for t € (0,7),
(2.14) (Vén, Vo) — (wn,vn) = 0 for t € (0,T),
(Vén(x,0), Vn) = (Vo(x), Veon),
(Von(x,0), Vo) = (wn(x,0),vp).

THEOREM 2.5. The semidiscrete scheme (2.14) has a unique solution.
Proof. Let N = dimV}, and {\;,¥; }1<j<n be the eigenpair system of the following
eigenvalue problem: Find (A, 1) € R x V}, such that [|¢|lo =1 and

(VY, Vo) = A(,v) Yo € V).
Then we have
(Vi, Vo) = Xidig,  (Yi,15) = bij,
where 0;; is the Kronecker delta function. Let
N N
n(xt) =Y aj (v (x),  wa(x,t) =Y bi(t);(x)
j=1 j=1

From the second equation in (2.14), we have b;(t) = \ja;(t) for j =1,...,N. Then
the first equation in (2.14) can be written in the following form:

0 .
e15) 20 ) = f@@,an®), =1,
where all f; : RN — R (1 < j < N) are smooth and locally Lipschitz. Set
(2.16) a;(0) = (¢o(x),v;(x)), j=1,...,N.

From the theory of initial value problems for ordinary differential equations, we
know that the initial value problem (2.15) and (2.16) has a unique smooth solution
(ar(t),...,an(t)) for t € [0,T]. O
For the semidiscrete weak solution (¢p,wy, ), similar energy identities hold.
LEMMA 2.6. If (¢n(x,t), wn(x,t)) is a weak solution of the discrete problem
(2.14), then the following energy identities also hold:

d
(2.17) al\(bhl\% +A4E(én, wn) + [Vonlos =10 ae te(0,T),
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d
(2.18) EE(qSh,wh) +|0ipnllZ =0 a.e te(0,T).

Proof. The first desired result (2.17) can be proved in the same way as for (2.8).
To prove (2.18), we begin by using the second equation of (2.14) to obtain

(2.19) <%,wh> - (v%, th> .

Using (2.19) and choosing ¢, = 0y¢y, in the first equation of (2.14) yields

(%200 - < (v, 92 + (11~ 19y v, 0

ot ot ot ot
0 0
== (%) + (@ =199, 7 )
_edlwnl} , 1dIVeul3 1 dIVen?l3
2 dt 2 dt 4 dt
_d (e 5, 1 22 1Y
(2.20) — 5 (Grontg+ 1= venig - ).
Consequently,
dE(¢n,wn) Opn 0oy,
(2.21) T—‘(W’W |

which is the desired result (2.18). O

2.3. Error estimate of semidiscrete form. Now we turn to analyzing the
error estimate of the semidiscrete approximation (¢, wy) defined in (2.14).
Based on the finite element space V;,, we define the Ritz-projection P}, by

(2.22) (VPyu,Vop) = (Vu,Vu,) Yo, € Vj,

and the L?-projection operator 7, by

(2.23) (rpu,vp) = (u,vp) Yo € Vi

Let

(2.24) £ = On — Pro, ng = Prd— ¢, & :=wn— Prw,
(2.25) Nw = Prw — w, éw = Wp, — TRW, Ty = TRW — W,

which gives

(2.26) bn — ¢ = & + Ny,
(2.27) wp, —w = &y + Nw,
(2.28) Wy — w = &y + Ty

It follows from (2.14), (2.22), and (2.23) that

(V(pn = Pro), Vor) = (Vén, Vo) — (Vo, Voy)
= (wp, —w,vp) = (wy, — mpw,vp) Yoy, € Vi,
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which leads to

(2.29) IVEslI5 < lI€wllollésllo.

On the other hand, it follows from (2.5) and (2.14) that

(Véuw, V&) = (V&uw, V(on — Pro)) = (Véu, V(dr — ¢))
véwa v¢h) - (nga V(b)

Ew,wp —w) = (§w, wy — THW)

Ew,wp, — Prw) + (§w, Phw — Tpw)

(2.30) = [16wlI§ + (Ew, Mo = Thw)-

= (
= (
= (
= (

In our analysis, we also need the following inequality:
€alls < 2l€ull§ + 2/l Paw — mhwlf3

< 2)|€ull + 4l Prw — w[§ + 4l|w — mywlf3
(2.31) = 2/1€wll§ + 4llnwllg + 4117113,

where &, is defined by (2.25).
LEMMA 2.7. Let (¢, w) be the solution of (2.4). The finite element approzimation
(o, wp) of (2.14) has the following error estimate:

T
16(x.T) — n(x. T2 + / ellw — w2t
0
T
<c ( / (1612 + [7l12 + 1712 + 1B170]2) dt

(2.32) +l¢o(x) — ¢h(X,0)IIS>,

where the constant C' is independent of the mesh size h but is dependent on ¢ and €.
Proof. 1t follows from (2.5), (2.14), (2.22), (2.23), the regularity result in Lemma
2.3 (meaning ¢ € L>(0,T; W1>°(Q))), and the Cauchy—Schwarz inequality that

(066,€5) + (IVOR[*Von, VEs) — (IVPho|>V Pr, VEy) + e(VEw, VEs) — [ VEs |12
= (0. &) + (IVO*V6,VE) — (IVPro?V Pug, VEs)

< |(@ms, €0)| + [(IVPLo > — V8|2, VPuo - VE) | + | (IVOPV (Pro — ¢), VEs)|
<

(2.33) 10:ngll0ll€s llo + ClIVngllol VEs]|o-

Using the Cauchy—Schwarz inequality, we have the following estimate for the
nonlinear term:

(IVon’Von, V(n — Pud)) — (IVPro|*V Pa, V(i — Prop))
= Vonllg.a+ IVPdlts — (IVRI*Vor, VPug) — (IVPag|*V P, Vr,)

1 1
(234) > S |IVenllia+ 3IIVPGlIG — (IVPaol, [Vonf?) > 0.

Combining (2.29), (2.31), and (2.33)—(2.34) leads to the following estimates:
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(0:6p,€0) + £(VEw, V)
< ClIVnsllg + 2I1VEG + 10emsllollEsllo
< ClIVnsllg + 2l1€slloll€wllo + 110emelloll€sllo

8 €5
< C||Vnyllg + g||§¢>||(2> + §||€w||3 + [10englloll€glo
1 8 €
< CITnal+ (5 +2) ool + Sleul?
€ . 1
(2.35) +5 (Imwll§ + 1715) + 51913
It follows from (2.30) and (2.35) that

(9u66,€6) + 51l

- 1 4 1
236) < C(IIVnslld + Imall3 + 17 13) + (5 + g) €613 + 5 1mel3,
which implies that
1d 9 € 5
5@”%”0 + §||€w||0
(2.37) < C (1903 + ol + Will3 + 10ml13) + CllEs |3

Using Gronwall’s inequality gives

T
6o (x, T2 + / N2t

T
(2.38) <C (/0 (V9615 + oI + 170115 + 10 l15]) dt + 110(x, O)II3> :

We can arrive at the desired result, (2.32), by using the triangle inequality and (2.26)—
(2.28). O
We close this section by providing the following error estimates for the semi-

discrete approximations.
THEOREM 2.8. Let (¢, w) be the solution of (2.4) and ¢o € HILF?(). Then the
finite element approxzimation (¢n,wp) of (2.14) has the following error estimate:

T
16(x,T) — én(x, T + / el — w2t

T
(2:39) <o | [ (||¢||a+1+||at¢||$n+||w||;)dt+||¢o||?n],

where the constant C' is independent of the mesh size h.
Proof. We take ¢p,(x,0) = Pr¢o. Combining Lemmas 2.3 and 2.7 and the error
estimates

IVigllo < Ch™ [ ¢llm+1, N0imsllo < Ch™(|0¢|m,
7w llo < CR™ [|w]|m, 17hwllo < CR™ [[w]|m,
[0 — én(x,0)llo < Ch™[do]lm,
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we can obtain the desired result (2.39). O

Remark 2.2. Unlike the case with the normal error estimates for the parabolic
equations, which give (m + 1)th convergence order, the convergence rate obtained
above is of mth order only. This is due to the difficulty arising from the second-order
nonlinear term. This issue requires some future investigation.

3. Time discretization and energy properties. In this section, we use the
Crank—Nicolson (CN) scheme to carry out the time discretization. Application of the
CN scheme for MBE-type equations can be found in, e.g., [26, 27]. The use of the CN
approximation leads to the following fully discretized scheme for (1.1).

Problem 3. Given (¢}, w}) € Vi, x Vi, find (¢}, w™) € Vj, x Vj, such that for
any (pp,vp) € Vi X Vi,

n+l_ . n n+i
(3.1) { (7% At ¢"a80h) —(p 2, Ven),

(wptt o) = (Vop™t, Von),
with
n+% VwZJrl—FVwZ (|V¢Z+1|2+|V¢Z|2) (V¢Z+1+V¢2)
Hyp “ =gl ———F— | +
2 4
v n+1 v n
(Yo VoY
2 2

To begin with, we will state the following discrete Volterra-type inequality which
will be used in this section.

LEMMA 3.1 (see [4]). Let k, B and a, by, cu, Yy, for integer p > 0, be nonneg-
ative numbers such that

(3.2) an—l—kZbung"mau—i—chu—i—B forn > 0.
pn=0 pn=0 pn=0

Suppose that kv, <1 for all u, and set o, = (1 — kv,)~'. Then,

(3.3) an+kZbM<exp<kZ"mau> {chu—l—B} forn > 0.
n=0

pn=0 n=0

LEMMA 3.2. Let (¢}, w}) and (0}, u}) be two solutions of (3.1) for the initial
values ¢(x,0) = ¢g and 0(x,0) = 6y, respectively. Then we have

N-1
€
B4 llen =07l + 5 Dl g = (™ )l < Clloh - 613
k=1

when the time step size At is small enough.
Proof. Set ff = ¢k —0F and g = wF —u¥ (k=0,...,N). We have

n+1_fn n n n+3g n n
(3.5) { ( Bt h+1+fhl) —(v, 2,1V( h+11+ ),
(g o™ = (VT Ve,

with

ot _ (Vo + Vi (VR 12+ [Vop?) (Vert! + Vor)
ho TE€ 5 + 1
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- ((IWZ“P + [ VOR[2) (VO + WZ)) (Vf"“ . Vf;?)
4 2 2 '

Similarly to (2.34), we assume the nonnegative estimate for the nonlinear terms in
the left-hand side of (3.5),

n+12 n|2 n+1 n
((w P VO (VO - Vo) o nﬂﬂch))
n+1|2 n2 n+1 n
3.6) - ((wah | +|v9h4|1)(veh +vah)’v( "“+fh)> -

Then the following estimates hold:

Hf"“llo — I£7113 gt
+e€
At

+ Vg ” "
S g))

VU IR o :
- (fh VORI
OAt h 0+2( +1+gh7 +1+gh)_2( +1+gh7 +1+fh)
Hf}?Jrl”% - ||fl?||0 n+1 n+1 n+1 ni 2
> Mn oo S I P I
_ AR — AR n n n
o Wilo 4 & pgpeer 4 g3 — T + 713
> Hf}?+1||(2)_ ”f}?“() n+1 n| 2 n+12 n|2
(3.7 = AL ||9 +gnllo — 4_5("fh o + 1172115
From (3.7), we have
. At &
(3.5 713+ 5 3 Atk + g1 15 < 5 S 1K1+ 14213
k 0 k=0

The desired result (3.4) can be obtained by combining (3.8) and Lemma 3.1, provided
that At < 2e. O

Below we will use the Brouwer fixed-point theorem to show the existence of the
solution for the fully discrete scheme (3.1).

LEMMA 3.3 (see [19, p. 219]). Let H be a finite-dimensional Hilbert space with the
inner product (-,-) and induced norm || - ||gr. Further, let L be a continuous mapping
from H into itself and be such that (L(£),€) > 0 for all £ € H with ||£]| = « > 0.
Then there exists an element £* € H such that L(£*) =0 and ||€*]| < a.

THEOREM 3.4. The fully discretized scheme (3.1) has a unique solution.

n+1 n n+1 n
Proof. Let & = w, w= w, and define L(&) such that

(L(f), (ph) = (6, ‘Ph) - (¢Z? @h) + 6At(Vw, V‘Ph) - At(va V‘Ph)
A <(|2V§ ~ VORP + IVep[) v

5 7V%0h> Von € V.

From the Young and Holder inequalities, we have the following estimates:
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(1(©).9)
= (6.6) ~ (65.€) + AUV VE) + At (“M e 'wp)vé,vg)
— AI(TE VY
— (6.9 (6. 8) + ettt ) + g (LT TE TR LIVAL (2)
— AI(TE VY

Y

1 1, N
115 = SIEN5 = SNSRI + eAt(w, w) + A VSR, [VE*) + 248 VE o 4
— 2At(|VEP, [V ) — At|[VElg

Y

1 1, .n "
5”5”3 - §||¢h|\3 + eAt(w,w) + AL(|Vep [, [VE?) + 24t VE[G 4
3A¢ N
- T||V§||é,4 - 7|‘V¢h”374 — At V|3
= 1Hsz - l||¢)"H2 + eAt(w, w) + At([Vep|?, [VE[*) + §||V§H4
D) 07 5l%nllo w,w hl > 5 0,4
N
— At[| V€IS — THV%H@
= 1Hsz - l||¢)"H2 + eAt|wll§ + At(|Vor[*, 1 VE) + gl\lvilz — 13
=3 0~ 5%l Wilio nl s B) 0
At At
- 7|Q| - 7|\V¢h|\3,4
1 1 " "
> Sl = 5 (197113 + ALl + ALIVERIS.a)-

Take a = [|67 |3+ At|Q| + At Vepll3 1. I € € Vi and [|€]3 = a, we have (L(€),€) > 0.
By Lemma 3.3, there is at least one solution ¢ satisfying [|€||2 < ||o7 12 + At|Q| +
At|[Vor[5.4- It means we have at least one solution ¢, The uniqueness of the
solution can be derived from Lemma 3.2. d

THEOREM 3.5. The fully discrete scheme (3.1) is unconditionally energy-stable
with respect to the initial energy. More precisely, for any time step size At > 0 there

holds
(3.9) E(gpth wpth) < B(op,wi),

where the energy E is defined by (2.7) and (¢}, w})) denotes the numerical solutions
of (3.1) at t,,. Furthermore, we have the discrete form of the energy identity with the
form (2.18):

E(gpt wp™) — B¢, wp)
At

A
At

2
=0.
0

(3.10) + ‘

Proof. Choosing ¢, = (¢7 ! — ¢7)/At in (3.1) leads to

W= op ot — o
At At
. <ng+1 + Vuwp Veprtt — ws;;)

2 ’ At
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((|V¢n+1|2 4 |V¢Z|2)(V¢)n+l + v¢n) V(bn—H v(bz)
t

4 A
N Voitt +Vep Vet — ver
2 ’ At
o wpt Fwp wptt — wp [Vt + |V<b”|2 Vo2 — | Vep|?
-F 2 ' At 4 At
311+ o0 (IVer |2 - 961 )

Similarly, from the energy definition (2.7) and (3.11), we have

TL+1 o ¢n

E( ZJrl’wnJrl) ((bhv ) = _At‘ At

0

Thus we obtain the desired energy stable result (3.9) and the discrete energy identity
(3.10). O

4. Error estimate of the fully discrete form. In this section, we derive
the error estimate for the fully discrete solution of (3.1). Toward this aim, we now
introduce some useful notation. Let

(41) é.g = QSZ - Ph¢('7tn)v 77; = Ph¢('a tn) - ¢(a tn)v
(4.2) 5}‘” =wp, — Pow(-,ty), my = Pyw(-ty) —w(-, L),
(43) leu = w;zl - 7Th’LU(-, tn), TN]Z} = 7Th’LU(-, tn) - w(vtn)
It can be easily verified that

(4.4) On — O(tn) = £ + 1y,

(45) wh - UJ( ) 6 + nwv

(4.6) wh = w(-tn) = &b +1]

For simplicity, we set ¢" := ¢(x,t,), w" := w(x, tn), and

tn + 1t tn +1
nt+1/2 n + lng1 nt+1/2 n + lng1
10) .—¢(X,72 ), w .—w<x,72 )

LEMMA 4.1, Let (¢,w) be the solution of (2.5), and assume ¢o € HS. (),
@Y = Pyoo, and T = NAt. If the time step size At is sufficiently small, then with the
notation given in (4.1)—(4.3) the finite element approzimation (o5, wy) of (3.1) has
the following error estimate:

N-1
3
€513 + 5 D Atliel™ + €513
k=0

T T T
gcm‘*/ |\¢ttt|\gds+cm4/ ||V¢tt|\(2)ds+CsAt4/ Ve |2ds
0 0

T N—-1
+c/ 10mslidds +C > AtV (5T +nb) ||0 +C Z At|nErt k)12
0 k=0 k=0

@n +c Z AL|7E )2+ 16203,
k=0
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where the constant C' is independent of the mesh size h and time step At but dependent
on ¢.

Proof. First, from the regularity results in [23, Theorem 3.3], we have ¢ €
L?(0,T; L*(Q)) and ¢ € L>=(0,T; Wh(2)) when ¢g € HS.,(Q). From (2.14), (2.22),
(2.23), and (3.1), we have

n+1
(5 5‘15 7gn-i-l + 5;)

At
vn+12 vn? v?’H—l AV
<(| o 1T+ ¢hi)( oy~ +Voy ) (§n+1_’_€$)>
P, n+1|2 P o™ 2 P, n-+1 P
+E(VE + €0, VET +6) - IVET + eI
(48) =T1+To+ T3+ 7Ty,
where
' n+1 _
(4.9) YT, = (3t¢”+2 — w’gnﬂ _|_€g> ;
2= (Ve Pwgd v +¢))
(4.10) B <(|VPh¢n+1|2 + |Vph¢"l2)(vph¢”+1 + VPo" ) (€n+1 i 53;)) 7

Pyuw™! + VP
(4.11) T3=¢ <Vw”+% _ Vhw 2+ Ve Vgt +€$)) :
VPt + VP

We now estimate the terms Y1, To, T3, and Y4. First we have the following estimate
for Y1 by using a Taylor expansion, (2.22), and the Cauchy—Schwarz inequality:

N n+1
T, < (3t¢n+§ - u;fnﬂ +§£>
n+l _ n+1y _ _
+‘((¢ L R A )’€n+l+é—g)

At
. n+1 n 1 tnt1
-|(orrt - Eg g v s g ([T aman g )

trt 1 tn41
<t [ ouloastey ™ + sl 55 ([ 1omalods ) ey + €2l
t

n

t t
n+1 O n+1 " ”
(113) <€A [ ol + 55 [ Iomelias + 1€ + g

The second step is to analyze the term T3, which has the following decomposition:
(4.14) Ty =m + ma,

where
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_ (|v¢n+%|2v¢n+2 (€n+1 _'_6(1;))
B <(|V¢”+1|2 +[Vor ) (Vo + V¢")
4
n+112 n|2 n+1 n
_ ((|v¢ | +|WJL)(W +Ve"). (§n+1+§$)>

n+1|2 n |2 n+1
- <(|vph¢ 2+ VP Z|l )P+ VP (gt +5$)>-

(§n+l +€Z)) ’

It follows from (2.29), (2.31), and regularity results in Lemma 2.3 that

|m| < ‘(IV¢"+1/2|2 <v¢n+1/2 _ V<¢”+; +¢”)> v +5:;))‘

v n+1|2 v n|2 v n+1 n

tnit
< oAt ( / ||v¢tt||ods) 19 + el
tn

tnt1
< CAf / IV ul2ds + V(€2 +€0)]2
t

n

tnt1 -
< oA / IV uel2ds + €27 + €2l l|En + €2l
tn

tnt1 - -
<t [ |Voulfds + o€t + €3IR + 1€ + IR
t

n

tnit
< oA / [V uliids + ||£"“+£$II3+251||£3“+£3||3
t

n

(4.15)  + 4oyt + i |1§ + 40, ||77”+1 + i l5-
Similarly, using (2.33) yields

|ma| < CIV (™ +

< CHV( nH +ng

< C|V(n; n+1 + 1y

ol V(&5* +€5) o
16+ 11V (€5 + €IS
I + II£"+1 + &0l + Eallo

(s ||£"+1 +E I3+ 200 + ELIIS

\_/\_/\_/\_/

< CIVytt +my

< CIVOE™ +n)lis + 45 ||s"+1 + €215 + 2620160 + €013
(4.16) + 485 ||t +77w||o+452||77"+1 + I3

Combining (4.14)—(4.16) gives

ITs] < CA / IVoullZds + ClIV (i +n)|I2

n

1
(g5 + g ) 6T+ €I+ 2000+ 8l + €LIR

(4.17) +4(01 + 52)||77”+1 +mlle + 4081 + o) 7+ 13-
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From (2.22), (2.29), (2.31), and the Cauchy—Schwarz inequality, the following estimate
holds:

Vw4 V"
‘TB‘ <le (Vw"-i_é — ¥’V(§Z+l +§g))
V"t + Vuw® VPt + VPw" " "
+‘5 ( 5 - B) av(§¢+l+€¢)>‘
Vw4 V"
= le (Vw"+% A (A g:;))

tnt1
< CeAt ( / ||tht||ods) 19 + )0
tn

tnt1
< CeAP / Ve |3ds + V(€3 + €113

n

tnt1 ~ B
< CeAr? / I Fuwne3ds + €2 + E2 o1 €5F + €30
t

n

tnt1 1
<Cent [ Vunlfds + €5 + €313 + 26l + €13
t

n

(4.18) + 483 np T+ 1§+ 40sllanT + IS,

where the constant C' is independent of €, h, and At. Similar arguments lead to

B v n+1 Yo
e (vwz AL +£$)>
v¢n+1 +V¢n VP ¢n+l+vp (bn " "
#| (T - TR VRS v gy
. v n+1 Yo
- <v¢"+f——¢ AL ,v<f;f“+s$>>

tn+1
<c (At / |V¢tt||ods) 1€+ el
tn

tna1
< CAP / IVul2ds + [ V(€21 + €22

n

tna1 1
<Oat [ IVaulds + o gt + €55 + 265 + 317
t

n

(4.19) + 484l n T+ |1+ 40allnT + I3

Similarly to (2.34), we assume nonnegativity for the nonlinear terms in the left-hand
side of (4.8):

Vo 2+ Vor2)(Vort! + Vop n o
OS((I h P hl)( h h)7v(€¢+l+§¢)>

(4.20)  — <(|Vph<l5”“|2 + IVPhcb”f)(VPhé”“ + VPh(b”)’v(fgﬂ N 5};)) .
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The same argument as (2.30) leads to

€

§(V<£"+1 +€0), VIET +€5))
Sl + €3+ S (6 4+ (i i) — i +0)

(4.21) z(——265) €5 + €nld = Cllmis™ + mi 3 — Clla ™ + s 3.

From (2.29) and (2.31), we have
1 n n n n
SIVET +€nls < e+ & loll&g +1+€¢||o
< Gall& + BBl + o 5T + €513
< 256||€”+1 + &5+ Cllm™ + i 15 + Clla™ +alIe
(4.22) ool + €T R

We choose d1, 02, 93, d4, 05, and dg such that

€

Z;

e.g., 01 = 0y = 03 = 04 = 05 = 06 = £/48. Thus combining (4.8), (4.13), and
(4.17)-(4.23) leads to

€n+1_§¢ 1 € 1 2
7,5’” +& |+ 1T + &l

tnt1 C [in+r tnt1
<oa [ foudias g [ lomlids - car [ Voulias
tn

(4.23) 2(51 + 8y + 83 + 04 + 05 +56) -

At

tn

tnt1
+C€At3/t IVwee§eds + C (€1 + 1€518) + CIV g™ +m)lIS

(4.24) +Cllnt +nplls + Cliap™ +inllg + ||£L3+1 +&nl
where

~ 1/1 1 1 1 1
(4.25) C=1+§(—+—+—+—+—).

Summing both sides with respect to n gives
No1T
€IS — 1€gls + > At;llfﬁ“ + 0115
n=0
T T
< CAt‘*/ e 12ds + OAt4/ Vet 2ds + CaA#/ Ve |2ds
0

T
e / Omeliids + 255" AERE +C 3 Attt 42

n=0 n=0
N-1

(4.26) +cz AV + IR+ C > Al + a3,
n=0 n=0
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Then Gronwall’s inequality in Lemma 3.1 yields the desired result (4.7), provided that
2CAt<1. O

We close this section by providing one of the main results of this paper, which
gives the error bounds for the fully discrete scheme (3.1).

THEOREM 4.2. Let (¢,w) be the solution of (2.4). Assume that ¢o € Hpi.(Q)
and that the conditions in Lemma 4.1 hold. If the time step size At is sufficiently
small, then the finite element approzimation (@), wy) of (3.1) has the following error
estimate:

N—-1
3
lo(x, T) — &3 |15 + 1 D Atfw(x, trr) + w(x, t) = (it + w13
k=0
(427) S Ca,d),w (th + At4)7

where the constant Ce 4. s independent of the mesh size h and time step At but
depends on €, ¢, ¢o, and w.

Proof. The desired result can be proved by an argument similar to that of Theorem
2.8 and using the triangle inequality. d

5. Numerical experiments. In this section, we use the mixed finite element
method and the second-order time-stepping scheme (3.1) to solve the MBE model
(1.1).

Example 5.1. In this example, we test the convergence results stated in Theorem
4.2. In order to check the convergence order, we consider the following MBE problem:

(5.1) { % = —eN?—V-[(1- V¢Vl + f  inQx(0,7),

o(x,0) = ¢o(x) in Q,
with = [0,1] x [0,1], T = 1, 1-periodic boundary condition, and parameter ¢ = 0.1.
We add a source term f to make the exact solution known. Here the initial solution
¢(x,0) and f are chosen such that the exact solution is
u(x,t) = 0.1 exp(—t) sin(rz ) sin(mwxs).
In this example, we will check the convergence order for the linear element (P;)
and quadratic element (P2) on triangulations, and bilinear element (Q;) and bi-

quadratic element (Q2) on rectangles.
The linear and quadratic elements on the triangulation 7;, are defined by

Vi, = {’Uh S Héor(Q)avh|K € P1or Py VK € 771},
and the bilinear and biquadratic elements on the rectangle 7}, are defined by
Vi, = {Uh € Héer(ﬂ),vhh{ € Qor Qy VK € 771}

In the convergence order test, the sequence of partitions is produced by the regular
refinement from the initial partitions. The error definition

N-1
3
oG, T) = 6 I3 + 7 D Atllw(x, ) — w3
k=0
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Errors by finite element method Errors by finite element method Ertors by time stepping method

-©-Error of time stepping
- - slope=2
%

—¥-Errorof P,
-g-Errorof P,
—slope=2 10"
- = slope=3

—¥-Errorof Q
--Erorof Q,
—slope=2

- - slope=3 10

Mesh size Mesh size Mesh size

F1c. 1. Ezxample 5.1: The convergence behavior of the spatial discretization with fized time step
size At = 1073 (left and middle), and the time-stepping method with fized spatial size h = 3—12 and
Qg element (right).

is adopted in this numerical experiment. The corresponding numerical results are
presented in Figure 1, where it is observed that the convergence orders are one or-
der higher than those predicted in Theorem 4.2. This phenomenon needs further
consideration in the future.

In this example, we also test the convergence order of the time discretization
for the scheme (3.1). The corresponding numerical results are shown in Figure 1.
From Figure 1, we can find that the scheme (3.1) has a second-order-accuracy-in-time
discretization.

Example 5.2. This example is concerned with a two-dimensional isotropic sym-
metry current model,

(5.2) { ¢(x% = —eA% -V -[(1-|V¢]*)Vg]  in[0,27]* x (0,T),

0) = ¢o(x) in [0, 27]?,

with 2m-periodic boundary condition and parameter € = 0.1. The initial condition is
chosen as

¢o(x) = 0.1(sin(3x1) sin(2x2) + sin(5z1 ) sin(bx2)).

This example was studied in [23, 26, 32] to study the solution instability. Here
we use the mixed finite element method and CN time-stepping scheme (3.1) to solve
this problem. The solution contours given by using the mixed bilinear element and
CN time-stepping scheme (3.1) at t =0, t = 0.05, t = 2.5, t = 5.5, t = 8, and ¢t = 30
(steady state) are plotted in Figure 2, and are in good agreement with those published
in [23].

In this example, we also check the energy decay property of the MBE growth
model. Figure 3(a) shows the corresponding results, which demonstrate the desired
energy decay behavior.

In this example, the roughness of the height function is also checked. The rough-
ness of the height function is defined as

(5.3) R(¢) = \/ﬁ /Q[QS(X, t) — ¢(x,1)]2dQ, where ¢(t) = ﬁ /Q o(x,t)dS.

The corresponding development of roughness is presented in Figure 3(b) and agrees
well with the results in [23, 26, 32].
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Fic. 2. Example 5.2: Contour plots for height profiles.
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Fic. 3. Ezample 5.2: (a) The energy decay, and (b) the development of the roughness.

6. Concluding remarks. In this paper, we have developed and analyzed a
mixed finite element method for nonlinear diffusion equations modeling epitaxial
growth of thin films. The biharmonic operator in the MBE models was decomposed
into two Laplacians, which allowed us to use the standard continuous finite element
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spaces commonly used for elliptic problems. We then concentrated on the gradient
flow properties of the corresponding numerical schemes, by establishing the discrete
version of the various energy decay properties for the continuous versions. The full
stability property, i.e., Theorem 3.5, was then established by using some careful en-
ergy estimates. The corresponding error estimates were then obtained based on the
stability results. These theoretical predictions for stability and convergence were,
finally, confirmed by two numerical experiments.
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