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ABSTRACT. Convection-dominated problems are of practical applications and
in general may require extremely fine meshes over a small portion of the phys-
ical domain. In this work an efficient adaptive mesh redistribution (AMR)
algorithm will be developed for solving one- and two-dimensional convection-
dominated problems. Several test problems are computed by using the pro-
posed algorithm. The adaptive mesh results are compared with those obtained
with uniform meshes to demonstrate the effectiveness and robustness of the
proposed algorithm.

1. Introduction. Adaptive mesh redistribution (AMR) methods have important
applications in a variety of physical and engineering areas such as solid and fluid dy-
namics, combustion, heat transfer, material science etc. The physical phenomena in
these areas develop dynamically singular or nearly singular solutions in fairly local-
ized regions, such as shock waves, boundary layers, detonation waves etc. The nu-
merical investigation of these physical problems may require extremely fine meshes
over a small portion of the physical domain to resolve the large solution variations.
One class of such problems is the convection-dominated problems, including viscous
shocks and large Reynolds number incompressible flows [6, 8, 9]. In this work, we
will develop an efficient and robust AMR algorithm to solve convection-diffusion
problems with small viscosity.

It is a challenging problem to generate an efficient AMR algorithm for two or more
dimensional problems, especially when the underlying solution develops complicated
structures and becomes singular or nearly singular. The earliest work on adaptive
methods, based on moving finite element approach (MFEM) was done by Millers
[14]. There are many applications and extensions of Miller’s moving finite element
methods, see e.g. Baines [1], Cao et al. [3], and Moore and Flaherty [15]. On the
other hand, several moving mesh techniques have been introduced based on solving
elliptic PDEs first proposed by Winslow [20]. There are also many applications and
extensions of Winslow’s method, see e.g. Brackbill and Saltzman [2], Thompson et
al. [19], Ren and Wang [16], Ceniceros and Hou [5], and Ceniceros [4]. Winslow’s
formulation requires the solution of a nonlinear, Poisson-like equation to generate
a mapping from a regular domain in a parameter space to an irregularly shaped
domain in physical space. By connecting points in the physical space corresponding
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to discrete points in the parameter space, the physical domain can be covered with
a mesh suitable for the solution of finite difference/element equations. Typically,
the map transforms a uniform mesh in the logical domain to cluster grid points at
the regions of the physical domain where the solution has the largest gradients.

A class of efficient AMR methods are based on the so-called harmonic mappings.
Dvinsky [7] suggests the possibility that harmonic function theory may provide a
general framework for developing useful mesh generators. His method can be viewed
as a generalization and extension of Winslow’s method. However, unlike most other
generalizations which add terms or functional to the basic Winslow grid generator,
his approach uses a single functional to accomplish the adaptive mapping. Recently,
Li et al. [12] introduced a general AMR scheme based on the harmonic mapping.
The numerical algorithm contains two independent parts, namely a solution algo-
rithm and a mesh-redistribution algorithm. Using this framework, adaptive mesh
solutions for singular problems in two and three space dimensions have been ob-
tained successfully [13].

The main objective of this work is to develop an efficient adaptive mesh algo-
rithm for convection-diffusion equations with very small viscosity. Our numerical
method is based on an extension of a recent work of Tang and Tang [18], where an
adaptive mesh redistribution algorithm was developed for solving multi-dimensional
hyperbolic problems. Their algorithm is again formed by two independent parts:
a PDE evolution part and a mesh-redistribution part. The first part can be any
appropriate high resolution schemes, and the second part is to solve a nonlinear
elliptic equation by the Gauss-Seidel (GS) iterations. The key idea in [18] is to
employ a conservative-interpolation such that mass-conservation of the underlying
numerical solution is preserved at each re-distribution step. The difference between
the present problems and the one considered in [18] is that a diffusion term is now
involved, which (although with a small coefficient) creates some additional numer-
ical difficulty. This work is to provide simple but efficient AMR algorithms for
solving 1D and 2D convection dominated problems.

2. Adaptive mesh Algorithm in 1D. To begin with, let us consider a simple
one-dimensional convection-diffusion equation:

ur + f(u)y = €(o(u)ug)s (2.1)

where 0 < ¢ <« 1 is a (small) viscosity coefficient, ¢ > 0. Our AMR scheme
consists of two independent parts: a PDE evolution and a mesh-redistribution, and
a detailed solution flowchart was presented in [18]. An overview of the sequence of
computations is given in Table 1.

We first describe a PDE evolution algorithm based on a finite volume approach,
which will be used in Step 2 of Table 1. Assume we already have a partition of the
physical domain and denote

1 1
Titd = 5(%‘ + Tit1) Ii+% = [z, 211, Uip L = T 1] /1 u(x)dx .
L) itd

Integrating the above equation over the cell I; 1 x [t", t"*t1] leads to the following

numerical scheme

n+l _ . n Atn

i+3 = Yy T
i+3

u (fla = ) +e((@wua)iy — (o(wug)?)  (2:2)
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TABLE 1. Outline of the numerical algorithm

Initial variables

0. Determine the initial mesh based on the initial function.

1. Determine At based on CFL-type condition so that ¢"+1 =" + At.

2. Advance the solution one time step based on an appropriate numerical
scheme.

3. Grid Restructuring

a. Solve the mesh redistributing equation (a generalized Laplace equation)
by one Gauss-Seidel iteration, to get x(*):"

b. Interpolating the approximate solutions on the new grid x(*).»

c. A weighted average of the locally calculated monitor at each computa-
tional cell and the surrounding monitor values.

d. The iteration procedure (a.)-(c.) on grid-motion and solution-
interpolation is continued until there is no significant change in calculated
new grids from one iteration to the next.

Start new time step (go to 1 above).

where At" = "t — " f; = f(u; ,u;) is the numerical flux. In this paper, we
adopt the simple and inexpensive Lax-Friedrichs flux:

Fla,b) = 31f(a) + f(8) — max]|fu] - (b~ a)] (23)

where the maximum is taken between a and b. Godunov flux and Engquist-Osher
flux can also be applied here. In order to approximate the flux, we reconstruct a
linear approximation in each cell:

1
- + _
U =L F 551'—%(%‘ - l’i—%)» U =Uppit §Si+%(93i - xz’—&-%) (2.4)
where
+ Yitd — Yits - Ujpl — U1
S,H,l = ’ SZ. 1=
2 .’L‘Z+%—$i+% 2 $i+%—l’i7%
- +
ls 15" 4]
s — - + it+3 it+3
Sitl = (blgn(3i+%) + Mgn(SH%)) RG]
Sit1 Sit1

We apply the following standard scheme to handle the diffusion term

(i —x;_)u;1 (1 —@)u;_ 1 Uyl — U1
w & i i—5/ it + i+5 1) %i—3 , (Um)z s Zity i (2.5)

Remark 2.1. It is noted that the approximation formula for the first derivative,
(2.5), is of first order only. In the interior layer region, this approach is not accurate
enough. However, we found in our numerical experiments that this first-order ap-
proach is sufficient for 1D problems, although its extension to 2D is unsatisfactory.

The fully discretized numerical scheme (2.2)-(2.4) yields a semi-discretized differ-
ence equations (i.e. method of line) which will be solved by a 3-stage Runge-Kutta
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method proposed by Shu and Osher [17]. A two-dimensional 3-stage RK method
will be given in Section 4.

We further describe the mesh redistribution at each time step. The mesh gener-
ation equation, based on the standard equidistribution principle, is

(wl'g)g = 07 f € [07 1]7 (26)

where the function w is called monitor function which in general depends on the
underlying solution to be adapted and is an indicator of the degree of singularity.
The above equation is solved in the computational domain [0, 1] with an uniform
mesh.

The final part of this section is to discuss the solution-updating on the new
mesh, i.e. Step 3(b) in Table 1. After obtaining the new mesh {Z,} from (2.6), we
need to update the numerical solution on the new points ;1 = (Z; + #;31)/2. In
Tang and Tang [18], a second-order conservative interpolation formula is introduced.
This interpolation formula does not increase the total variation, and as a result the
resulting adaptive mesh solutions satisfy several fundamental properties for the
hyperbolic conservation laws. For the convection-dominated problems, we will use
the same conservative interpolation formula:

Afj sty s =Ary suy s — ((cu)j — (cu);) (2.7)
where Aij+% = Zj41 — Tj,¢; = ©j — T;. The information on the right hand-side,
ie. Z; 1 (new mesh), z; 1 (old mesh), and u; 1 (numerical solution on the old
mesh), are all available information. In the actual computation, the linear flux cu

is approximated by a up-winding scheme, see [18]:

— cj ;]
(cu)j = é(uﬁ_% —Q—uj_%) — 7]<uj+l — uj_%). (28)

2

3. Numerical experiments in 1D. In this section, numerical experiments will
be carried out to demonstrate the effectiveness of the AMR algorithm proposed in
the last section. Some 1D convection-dominated problems will be considered. Most
test problems here are taken from Kurganov and Tadmor [11].

Example 3.1. (One-dimensional viscous Burgers’ equation) Our first problem is a
simple Burgers’ equation

u?
ur + (2) = €Ugyy x € (-2,2) (3.1)

with boundary conditions u(2,t) = 0,u(—2,t) = 1 and initial condition

u(m70)={1 r=0

0 z > 0.

Adaptive solutions are obtained for the above Burgers’ problem with ¢ = 0.005
and 0.001, up to t = 2.5. The standard CFL constant is chosen as 0.4, and the
monitor function used is /1 + SOug. In the solution domain [—2,2], 25 grid points
are used, which in the uniform mesh case corresponds to quite large mesh size. In
Fig. 1, the mesh trajectory for 0 < ¢t < 2.5 is plotted. As desired, considerable
portion of grid points has been moved to steep gradient regions, which increases
the resolution of the numerical solutions. In Fig. 2, numerical solutions are also
compared with the exact solution at ¢ = 1.2, and very good agreement is observed.
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FIGURE 1. Example 3.1: adaptive mesh trajectory with 25 grid points.
Left for e = 0.005 and right for e = 0.001.
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FIGURE 2. Example 3.1: adaptive mesh solution (o) at ¢ = 1.2 and the
exact solution (solid line). Left for e = 0.005 and right for e = 0.001.
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FIGURE 3. Same as Fig. 2, except for uniform mesh solution.
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For comparison, we also plot in Fig. 3 the uniform mesh results. The accuracy
improvement for the AMR algorithm can be clearly seen from these two figures.

Remark 3.1. It should be pointed out that the trajectory points in Fig. 1 refer
to as grid points x;, while the cell-average values plotted in Fig. 2 are at z; :=
(xj_142;)/2,1 < j < N. Same notations are used in other figures in the remaining
of this section.
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FIGURE 4. Example 3.2: adaptive mesh trajectory with N = 30 (left)
and 50 (right).

Example 3.2. (One-dimensional Buckley-Leverett equation) Consider a prototype
model for oil reservoir simulations (two-phase) flow:

u + f(u)y = e(o(w)ug)y - (3.2)

Typically, o(u) vanishes at some values of u, and (3.2) is a degenerate parabolic
equation. In our computation, we take € to be 0.01, f(u) to have an s-shaped form
2

u
flu) = P2’ (3.3)
and o(u) vanishes at « = 0 and 1:
o(u) = 4u(l — u). (3.4)
The initial function is
1
O

and the boundary value of u(0,¢) = 1 is kept fixed.

This problem was solved numerically with several numerical techniques, includ-
ing the central schemes of Kurganov and Tadmor [11] and the operator splitting
methods of Karlsen et al. [10]. In Fig. 4, the trajectories of the grid points up to
t = 0.5 are presented, obtained with N = 30 and 50. The monitor function used is

W1+ 50u§. The ability of the AMR method to capture and follow the moving large
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Example 3.2: adaptive solution (o) at ¢ = 0.2 and the exact
solution (). N = 30 (left) and 50 (right).
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FIGURE 6. Same as Fig. 5, except for uniform mesh solution.

gradients is clearly demonstrated in this figure. The numerical solutions at t = 0.2
with 30 and 50 grid points are shown in Fig. 5. It is seen from these results that this
stiff problem can be well resolved by using 30 grid points. For comparison, Fig. 6
presents the uniform mesh results, which again demonstrate the great improvement

in accuracy for the AMR method.

Example 3.3. (Gravitational Effects).

fu) =

Consider the Buckley-Leveret equation
(3.2), with the same € and the diffusion coefficient as in Example 3.2. However,
the flux function now includes gravitational effects:

m(l —5(1 —u)?).

(3.5)
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FIGURE 7. Example 3.3 with gravitation: adaptive solution (left) and
the mesh trajectory (right) with N = 100. 7" = 0.2.
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FIGURE 8. Example 3.3 without gravitation: adaptive solution (left)
and the mesh trajectory (right) with N =90. T' = 0.2.

The initial condition is given by the Riemann data

ulz.0) = 0, 0<z<1-1/V2,
), 1-1/V2<z<1.

As pointed in [11], this problem is more complicated than the previous one since
we have to handle the flux (3.5) where f’(u) changes sign. Indeed, it is found
that more grid points are required to resolve this problem. Figs. 7 and 8 present
numerical solutions for this problem with (i.e. flux (3.5)) and without (i.e. flux
(3.3)) the gravitational effects, respectively, at ¢ = 0.2. The corresponding mesh
trajectories are also plotted for time up to ¢ = 0.5. The solid lines are numerical
solutions with a uniform mesh of 800 grid points. The monitor function used is

JJ1+ ug for this example.
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4. AMR method in 2D. Without loss of generality, we consider in this section
the following 2D convection dominated equation

ot f)s tglu)y =cdu (2,y) €9, (4.1)

where 0 < € < 1 is the (small) viscosity coefficient, A is the standard Laplacian
operator, 2, is the physical domain. The AMR method in 2D also follows the same
procedure as given in Table 1. As mentioned in Remark 2.1, it is difficult to provide
a second-order approximation for the first order derivatives in a compact stencil
setting so we will use a transformed equation for 2D. In contrast to the hyperbolic
system of conservation laws, the solutions for the PDE (4.1) are smooth so this
approach seems reasonable. Using the following transformation formulas:

e = 5 (gyule — (veul]

Uy = % [—(znu)e + (zeu)y] ,

Ugy = % (T y2ue)e — (T yeynun)e — (T yeynue)y + (T y2uy)y]

Uy = % [_(J_lwnyvﬂ%)& + (T weygun)e + (I egyeue)y — (J_lxﬁyﬁun)n] J

Uyy = i [(J T u£)£ - (J_lexnun)f - (J_lxﬁxnuf)n + (J_lxgun)n}

where J = ¢y, — z,y¢ is the Jacobian of the coordinate transformation. Using the
above formulas, the underlying equation (4.1) becomes:

e+ () = 2ag())_+ 5 (wegto) ~ vef (). (42)

= 3 [(J_ (ynug + x%ug — YeYnUy — xﬁxn“n))g

—I—(J—l(ygun + xgun — YeYnUe — xgxnug))n} (&n) € Qe

where €2, is the computational domain with fixed (uniform) mesh (&;,7n:). For
convenience, we write the above equation in a simpler form:
1 1 €
w+ SF (e + 3Gy = SRe +,) (13)
We will solve the above equation again by a finite-volume approach. Denote the
control cell [§;,&4+1] X [k, Mk+1] by Aji1 ke and the cell average value by

—=N 1 n
Ty ek = REAT / u(E,m. 1" dedy.

+1k+3
We use a cell-center finite volume method to discretize (4.3), and the following trick
will be used to obtain a simple finite volume scheme:

€J+1 Nk+1 1
S wedgdn
AéAn / /n :

€]+1 MNk+1 )
- wed&dn + O(AE
AT — / / edgdn + O(AE)

1 < j+1k+L T g,k+;) 2
= + O(AE7)
Jitdhri AL
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where a mid-point rule is used in the first step. Similar approach can treat terms
involving J'w,. Integrating equation (4.3) over the cell [t", "] x Ajii gy in
the computational domain leads to

—n—+1 _=n
Uit ktd T Yitd e+l
n _rm ~n al
At Fioiery ~ Fieey . Gliyrn ~ Ol
Titdhrt AL An
n RN n . Qn
eAt" ket " Riees STiien ~Siik 44
7R AE * A - (44)
Jjt+3.k+3 n

The one-dimensional Lax-Friedrichs numerical flux will be applied to F', G in &-,
n-direction, respectively:

i —F ~ — O~ +
Fj,k+é = F( Gj,k—&-% = G(Uj,kJr%an’H%)- (4.5)

- +
Uy Uik d):

The 1D Lax-Friedrichs flux for F' and G is the same as (2.3). In (4.5), we use

- A¢ i =
U =1U;_1 1+ ——8i_1 1 ut =Uig1 1= Sj+1 1
Gkt = Y-tk T Ty 8-ttt RS B A fan BENDINCAS Sas
N _
|5- 1 15,1 1|
. _ . + Jt+3z.kt+3 Jt5.kt35
3].+%7k+%_(51gn(sj+%’k+%)+81gn(sj+%’k+%>) B I+ |5 |
J+k+1 Jt+3kt3
5T B R Bt Tn st _ YitEkts T Y ktd
4kt A& ’ J+hik+d A¢ '

For R and S terms in (4.3), the coordinate derivatives are also involved. We use the
standard central differencing to discretize them, such as

IrZjpi e —Tj—1k Tjp1 k1 — Tj—1,k+1
(re)sary = 5 N I ]
Ljk+1 — Tjk
(@n)jpss = Ay

(Te)j4 1,041 = 2

1 {xj+17k —Tik | Titlktl — fﬂj,k+1}

A¢ A¢
Lrejper —%jk | Tj+1,ke+1 — Tj+1,k
(‘/En)j-‘r%,k-‘r% - §|: An + An ] :

For the diffusion terms in the right hand side of (4.3), central differencing is also
used, for example:

U, 1 1 — U, 1
Jj+35.k+3 j—5,k+
(ue)jpys = Y;

N

27 * 27

(un)j,kJr% = B

1 [uj+%,k+% A Tt T et T B et Tt

The fully discretized numerical scheme (4.4) yields a semi-discretized difference
equations (i.e. method of line) which will be solved by a 3-stage Runge-Kutta
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method proposed by Shu and Osher [17]. For the ODE system v’(t) = L(u), we use
uﬁ) = ujy + AtL(u?k)
uly) = ZU}E + i {ug}j + AtL(ug.}j)}
Wit = %u}z + g [u + ar)].
We now describe the mesh redistribution in two space dimension. It is assumed

that a fixed (square uniform) mesh is given on the computational domain. The
mesh generation equation is of the form

0e(G10ez) + 0, (G10yz) = 0,
6§(G26§y) + 8,,(G28ny) =0.

where G1,G2 are monitor functions. In our computations, we choose very simple
monitor functions so that the mesh generation equation becomes

V- (wVz) =0, V- (wVy)=0 (4.6)

where V = (0¢,0,)T. In our 2D computations, we again use the conservative
interpolation proposed by Tang and Tang [18]

R LS WS Sl CTE WY LU .7
a [(Cwu)j+1,k+% - (Cw“)jyk%] a [(Cyu)ﬂé»kﬂ —(u)iy 1
where cjk =ZTjk — Tjk, C?’k =Yk = Yk -

5. Numerical experiments in 2D. In this section, numerical experiments in 2D
will be carried out to demonstrate the effectiveness of the AMR algorithm proposed
in this work. Throughout this section, the time step used satisfies

At = Amin < T L ) , (5.1)

AN E (TR WSS | A (TR WD)
where A is called a CFL constant.

Example 5.1. (Two-dimensional Burgers’ equations). Our first 2D problem is
concerned with the two-dimensional Burgers’ equation in the unit square:

Up + UL + ULy = €Au 0<z,y<l. (5.2)

Initial and boundary conditions are chosen so that the exact solution is given by
u(z,y;t) = (1 + e(x+y_t)/26)7l )

It should be pointed out that (5.2) is just a special case of Burgers’ equation.
The standard Burgers’ equations in 2D are a system of two PDEs for the velocity
components derived from the Navier-Stokes equations. In our computation the vis-
cosity coeflicient is chosen as € = 0.005. In this problem, large gradient solutions
are developed to the boundaries for ¢ > 0. As a consequence, boundary point redis-
tribution should be made in order to improve the quality of the adaptive mesh. A
simple redistribution strategy is described as follows. The basic idea is to move the
boundary points by solving 1-D moving mesh equations. Without loss of general-
ity, we consider a simple boundary [a,b] in the z-direction. Solving the two-point
boundary value problem for (wz¢)e = 0,w(0) = @ and w(1) = b, with uniform mesh
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FIGURE 9. Example 5.1 at t = 1. Left: pointwise error and adaptive
mesh with 40% grid points; right: those with 802.
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FIGURE 10. Example 5.1 at ¢t = 1: pointwise errors for uniform mesh
solution with 402 (left) and 80? (right) grid points.
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FIGURE 11. Example 5.1: the number of Gauss-Seidel cycles against
time. 40 grid points are used.
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FIGURE 12. Example 5.1: time step against time. The solid line is
the time step for the uniform mesh and the broken line is that for the
adaptive mesh. 40? grid points are used.

in ¢ will lead to a new boundary redistribution. Here the monitor function is re-
stricted in the boundary [a,b]. This approach of the boundary point redistribution
has been used in [3, 12, 18].

Adaptive meshes and the corresponding solution errors at ¢ = 1 are presented in
Fig. 9. In these computations, 40 and 80 grid points are used, respectively. It is
seen that quite large portion of the grid points have been moved to the regions with
large solution variations. The CFL constant in (5.1) used is 0.18, and the monitor
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function used is /1 4 |Vu|2, where V = (¢, d,). For comparison, Fig. 13 shows
the solution errors with uniform meshes, showing clearly the advantage of moving
mesh algorithm for the convection-dominated problem in 2D.

It is seen from Table 1 that at each time level, several cycles of the Gauss-
Seidel iterations have to be performed. The iteration procedure on grid-motion and
solution-interpolation is continued until there is no significant change in calculated
new grids from one iteration to the next. It is essential that the (average) number
of iteration cycles should not be large, otherwise the efficiency gained by the AMR
methods will be seriously affected. In Fig. 11, the variation of the iteration numbers
against time is plotted. It is seen that for this 2D problem the average number of
iterations used at each time level is about 2.

It is observed that the AMR algorithm has to use smaller time steps than those
for the uniform mesh computation. In Fig. 12 the time steps used for both adaptive
mesh and uniform mesh with 402 grid points are plotted. It is seen that the time
step for the AMR algorithm is 5 times smaller, which is acceptable by considering
significant improvement for the accuracy. In fact, to achieve the same L'-error of
the 40%-adaptive results, more than 120%-uniform mesh grids are required, which
indicate about 10 times saving in the spatial grids. This is particularly useful when
dealing with 3D computations — much smaller storage is required if an adaptive
algorithm is employed.

Example 5.2. (Two-Dimensional Buckley-Leverett Equation). Consider
u+ f(u)e + g(uw)y = eAu, (5.3)

with € = 0.01. The flux functions are of the form
2
flu) =

g(u) = F(u)(1 - 5(1 - u?))

and the initial data is

1 2P +y? <05
u(z,y,0) = { 0 otherwise

Note that the above model includes gravitational effects in the y-direction. This
example is taken from Karlsen et al. [10], whose exact solution is unknown. Fig. 13
shows the numerical solutions with uniform and adaptive mesh solutions, computed
in the square domain [—1.5,1.5]% with 502 and 80 grid points. It is seen that the
adaptive mesh solutions are more accurate than the uniform mesh ones. The effects
of the mesh adaptation are also demonstrated in Fig. 14. For this example, the

CFL constant in (5.1) used is 0.4, and the monitor function used is \/1 + |[Vu/|2,
where V = (¢, d,).

6. Concluding remarks. In this work, an 1D adaptive mesh redistribution method,
based on solving PDEs in the physical domain and obtaining the moving meshes in
the computational domain, is developed. In the 1D approach, a first-order approx-
imation is used to approximate the first order derivative associated with the small
viscosity terms. In general, this is a first-order method, but the adaptation effects
are clearly observed from the numerical experiments. However, this approach seems



AN AMR ALGORITHM FOR CONVECTION-DOMINATED PROBLEMS 355

15

05F

-15 L
-15 -1

15

15

0.5F

L L L L L L L L L L
-1 -0.5 0 05 1 15 “15 -1 -05 0 0.5 1 15

FIGURE 13. Example 5.2 at ¢ = 0.5: uniform mesh solutions (top) and
adaptive mesh solutions (bottom). 502 (left) and 80 (right) grid points.
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inappropriate when being extended to 2D problems, i.e. if a first-order approxima-
tion is used to handle the diffusion term (although the viscosity coefficient is very
small) then the power of the adaptation can not be seen clearly. In the 2D case,
the given PDEs are transformed into the computational domain, so that both the
PDEs and the mesh generation equations are solved in the computational domain.
A formal second-order accuracy for the AMR algorithms can be easily obtained, by
using a mid-point integration rule and a central-differencing approach to handle the
first-order derivatives. In fact, with the midpoint rule, all the integrals (associated
with the finite-volume methods) in the computational domain can be handled essen-
tially in the same way as to those in the physical domain. Numerical computations
indicate that the 2D adaptive mesh redistribution algorithm proposed in this work
is efficient.
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