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ERROR BOUNDS FOR FRACTIONAL STEP METHODS FOR
CONSERVATION LAWS WITH SOURCE TERMS*

TAO TANG! AND ZHEN-HUAN TENGH

Abstract. Fractional step methods have been used to approximate solutions of scalar conser-
vation laws with source terms. In this paper, the stability and accuracy of the basic fractional step
algorithms are analyzed when these algorithms are used to compute discontinuous solutions of nonho-
mogeneous scalar conservation laws. The authors show that time-splitting methods for conservation
laws with source terms always converge to the unique weak solution satisfying the entropy condition.
In particular, it is proved that the L! errors in the splitting methods are bounded by O(v/At), where
At is the splitting time step. The L! convergence rate of a class of fully discrete splitting methods
is also investigated.
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1. Introduction. We consider the initial value problem for the nonhomogeneous
scalar conservation law

(L.1) ug + (f(w)e = g(v),  (z,t) eRx[0,T],
(1.2) u(z,0) = ug(x), z €R,

with ug € BV(R)NL>®(R)NL'(R), f € C}(R), and g satisfies a Lipschitz condition,
with a Lipschitz constant L, and g(0) = 0. For ease of exposition we shall consider the
one-dimensional equation (1.1) in the analysis; its extension to the multi-dimensional
case is straightforward (see §6). Also, we assume that g = g(u), but the results of this
paper can be easily extended to the more general case g = g(x,u) which is assumed
in [1], [13].

Most problems of technological interest are nonhomogeneous, or multi-dimensional,
or both. The source term in the nonhomogeneous problem is due to physical or ge-
ometrical effects. (see, e.g., [2], [17]). The nonhomogeneous conservation laws have
been investigated theoretically and numerically by several authors (see, e.g., [10],
(13}, [25], (3], [8], [12], [17]). In the scalar case Kruzkov [10] proved the existence and
uniqueness of the solution.

In the present paper we shall consider time-splitting methods for the numerical
solutions of (1.1). In the simplest case the first step is to use the method known as
operator splitting to remove the nonhomogeneous term g(u) from (1.1). That is, we
solve the homogeneous scalar conservation law

(1.3) ut + (f(u))z =0.
The second step is to solve the ordinary differential equation
(1.4) ug = g(u).
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Let S(t) denote the exact solution operator of (1.1) which satisfies the entropy con-
ditions. Therefore, the solution of (1.1)—(1.2) can be expressed in the form u(z,t) =
S(t)uo. Similarly, let S;(t) and Sa(t) denote the solution operators of (1.3) and (1.4),
respectively. The first-order fractional step method is based on the approximation

(1.5) Stn)uo = (S2(A)S1(A) ug,  tn = nAt € [0,T),

or on the one with the roles of Sy and S; reversed, where At is the splitting time step.
To maintain second-order accuracy, the Strang splitting [18] can be used, in which
the solution S(t,)ug is approximated by

(1.6) S(tn)uo ~ (S2(At/2)Sy (A8)Sa(AL/2))™ uo,

or by the one with the roles of Sy and S; reversed. It should be pointed out that
first-order accuracy and second-order accuracy are based on the truncation errors for
smooth solutions. For discontinuous solutions of conservation laws, it is not difficult
to show that both approximations (1.5) and (1.6) are at most first-order accurate
[4]. To analyze the principal properties of fractional step methods for discontinuous
solutions, we shall concentrate on the splitting method (1.5). The main results in this
paper for (1.5) can be easily extended to the scheme (1.6).

For multi-dimensional homogeneous conservation laws, a first-order fractional step
method was introduced by Godunov [6], which was modified by Strang [18]. The sta-
bility, accuracy and convergence of their methods are analyzed by Crandall and Majda
[4], who proved that both the Godunov splitting algorithm and Strang splitting al-
gorithm converge to the unique weak solution satisfying the entropy condition. In
the recent work of Teng [22], the convergence rates of both methods are investigated.
However, the splitting methods for nonhomogeneous conservation laws have not been
analyzed so far. In this work, we shall show that the splitting algorithm (1.5) con-
verges to the entropy solution of (1.1)-(1.2) and a convergence rate is obtained. In
practical calculations, the solution operators S; and S should be replaced by certain
discrete splitting operators, G; and (s, respectively. That is, we need to consider
one-dimensional difference approximations, G1(At) = S1(At), Ga(At) =~ Sa(At), to
define fully discrete splitting methods. In this work, we consider the case when G is
a monotone scheme and G4 is the forward Euler method. A difference scheme,

W) Gi(atul = u = M FW i) = F 0y, ))

( ) 0 1 (7+1/2)Ax )
1.8 u~=—/ up(z)dx,
T A Jis12)80 (

where A = At/Az is a constant and Az is the spatial step length, is locally monotone
on the interval, [a,b], if the right-hand side of (1.7) is a nondecreasing function of
all arguments as they vary over [a,b]. The basic properties of monotone schemes are
provided in [5], [9], [11]. The forward Euler scheme

(1.9) Ga(At)w(z) = w(z) + g(w(zx))At

is the simplest and most well-known method for solving ordinary differential equations.

The main results of the present work are given by the following two theorems.
THEOREM 1.1. Let up € BV(R)NL®(R)NLY(R), f € C*(R), and assume that

g satisfies a Lipschitz condition and g(0) = 0. Let S(t)uo denote the unique weak
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solution of (1.1)—(1.2) satisfying the entropy condition; then the L' convergence rate
of the semi-discrete fractional step algorithm (1.5) is 1/2. More precisely, for any
t, = nAt € [0, T, the following estimate holds:

(1.10) “S(tn)ug - (SQ(At)sl(At))"uo[ VAL,

<
LY(R) —

where C' is a constant independent of At. Similar results are valid with the roles of
So and S; reversed.

THEOREM 1.2. Let up € BV(R) N L®(R) N LYR), f € CH(R), and assume
that g satisfies a Lipschitz condition and g(0) = 0. Assume the finite difference
scheme (1.7)—(1.8) to be monotone and consistent with (1.3), the numerical fluz f to be
Lipschitz continuous, and G to be the forward Euler operator. If § ;== max{Ax, At}
is sufficiently small, then for any t, = nAt € [0,T],

. - " <

(1.11) “S(tn)uo (Ga(AY)G1(AL)) uOHLl(R) < CVS,

where C is a constant independent of 6 and where the function (G2(At)G1(At)) ug
is a piecewise constant function, i.e., for (j —1/2)Az <z < (j + 1/2)Az,

(G2(At)G1(A1))" ug(x) = (G2(At)G1(AL))"™ uo(z5).

Similar results hold with the roles of Go and G, reversed.

Remark. In the one-dimensional case, the L* condition for ug can be dropped
since BV(R) C L*(R), but in the N-dimensional case (N > 1) the L (R") con-
dition has to be imposed since BV(RY) ¢ L*®(R") (see [7]). In order to extend
Theorems 1.1 and 1.2 to multi-dimensional nonhomogeneous conservation laws we
still list the L° condition for ug in the one-dimensional case.

2. Preliminaries. A bounded measurable function, u, is a weak solution of (1.1)
and (1.2) if for all € C*(R x [0,7T]) with compact support in R x [0,T) (i.e.,
¢ € Co(R x [0,T7))),

/R /0 ’ (uge + F(w)pe ) dudt + /R wo(2)(z, 0)dz = — L /0 " odudt,

The bounded-variation seminorm of a function u € BV(R) is defined by

U.’C+h,,t —U :B,t
[u(-,t)|Bv(R) = sup / [u( ) —uz,t)]
0<|h|<oo JR |h|

Weak solutions are not uniquely determined by their initial data and additional prin-
ciples, entropy conditions, are needed to select the appropriate physical solution. A
weak solution, u, of (1.1)-(1.2) is an entropy solution if for all » € C3(R x (0,T))
with ¢(z,t) > 0 and any k € R,

T
@1 [ [ (1u=Hou+ sign(u = k)(F(w) = F(0))¢ + sign(u ~ K)gs) dude > 0,

PROPOSITION 2.1. (See [10].) Ifug € L*®(R), f € C}(R), and g satisfies a Lips-
chitz condition with a Lipschitz constant L, then the nonhomogeneous conservation law
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(1.1) possesses a unique weak solution u(z,t) = S(t)ug € L>*°(R) N C([0,T], Lioc(R))
with u(x,0) = ug satisfying the entropy condition (2.1) and the following inequality:

S(@uoll(ry < € (Jluolocmy +g(O)It).
Moreover, for any vg € L°(R), the following inequality holds:

I1S(t)uo — S(t)vollLr(ry < €™ lluo — voll L1 (r)-

Using the above results and the properties for the S; [10] and G; [5], [11] we can
establish the following stability results, given in Propositions 2.2-2.4, which will play
an important role in the proofs of Theorems 1.1 and 1.2. The detailed proof of them
can be found in [20].

PROPOSITION 2.2. If ug, f, and g satisfy the conditions stated in Theorem 1.1,
then there exists a unique weak solution, u(z,t) = S(t)ug, belonging to BV(Rx [0, T])N
L'(R x [0,T)) n C([0,T), L*(R)) and satisfying the following entropy condition: for
any nonnegative function ¢ € C§(R x R¥), any k € R, and any 11,72 € [0,T) such
that 1 < 19,

_ /R /Tz (lu — k|¢, + sign(u — k)(f(u) — f(k))¢s + sign(u — k)g(u)d)) dxdr

(2.2) +/R(|u—k|¢>) ”

where u = u(z,7),¢ = ¢(z,T), and h(z, ) Lzﬁ
function S(t)ug satisfies the following properties:

T2
dz <0,

T=T1

T=T2

= h(z,72) — h(z, ). Moreover, the

(2:3)  [IS(t)uolle(m) < e lluollLe(m),

(24)  [S(t)uolsv(r) < e“|uolBv(R),

(2.5)  [1St)uollrrwy < €™ lluollLr(wy,

(2.6) [1S(2)uo — S(m1)uoll1r)y < €7 (CllU0|BV(R) + LlluollLl(R))|7‘2 -7,

where Cl = MaX|y|<elT |lug|| L (R) If’(u)l
Following the notations in [4], we define ua(x,t) as follows:

(2 7) UA = { 51(2(t - tn))(S2(At>Sl(At))nU0a te [tna tn+1/2),
' 4 S2(2(t = tny1/2))S1(At)(S2(At)S1(AL)"ug, 1t € [tnt1/2,tn+1),

where t, = nAt and t,41/2 = (n + 1/2)At. Further, let x;,.,0 = (j + 1/2)Ax,
z; = jAzr, X; = [xj—1/2,$j+1/2),u?+1/2 = Gi(At)u?, and uj*! = Gz(At)U?+l/2~
We define function us(z,t) as follows:
Z(t—ta)u} %+ Z(tgrje — t)ul,

T € Xj, t € [tnstn1/2), s
Fp(tnsr = U + (8~ tnyaja)uy z,

T € Xj, t € [tngr/2,tn+1)

(2.8)

3
>
Il

Therefore, us(z, -) is a piecewise constant function in R and us(-,t) € C([0,T]). Also,

1/2
us(xj,tn) = u} and ug(zj,tny1/2) = u;H /2,
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PROPOSITION 2.3. Let the functions ug, f, and g be subject to the conditions
stated in Theorem 1.1. Then the splitting solution ua defined in (2.7) satisfies the
following properties:

(29) luaC,t)llemy < € lluollLe(r),
(2.10) Jua(-t)|Bv(r) < € |uolpv(r),
(2.11) |luaC, Ol wy < e lluollziry,

(2.12) flua(, ) —ual,m)ll @y < 27 (C1|U0|BV(R) + L““O||L1(R)>|T2 -,

where 0 < 11,72 < T, and C; is defined in Proposition 2.2.

PROPOSITION 2.4. Let the functions ug, f,9 and the operators Gy, G2 be subject
to the conditions stated in Theorem 1.2. Then the fully discrete solution us defined in
(2.8) satisfies the following properties:

(2.13) lus( )llomy < €T lluoll Loy,
(2.14) us(-,t)lBvry < e“Tluolpv(ry,
(2.15) Jus(-, )l L1y < € lluollmy,

(2.16) |jus(-,72) — us(-, )|l L1 (my < 2657 (C2|UO|BV(R) + LlluollLI(R)) |72 — 71,

for all t, 71,72 € [0,T], where C2 = (2p + 1)_IL, with 2p + 1 the number of difference
grid points and L the Lipschitz constant of f.

3. A general error bound. Throughout this paper, C' denotes a positive con-
stant independent of ¢, At, and Az, but possibly with different values at differ-
ent places. Moreover, in the subsequent sections, u’' and ¢’ denote u(z’,7’) and
q(z’, "), respectively, and u,q, and w should be understood as u(z, ), g(z, ), and
w(z, o', 7,7") = @(xr —2',7 — 7'), respectively. We first introduce a nonnegative func-
tion § € C* satistying 6(¢) = 6(—£),0(¢) = 0 for |¢] > 1, sign(£)6’(€) < 0, and
Jr 0(€)dg = 1. For e > 0, let

B, 1) = 0(0(a), 0 = 26(1/0), 6°(z) = 20(w/e)
It can be shown that ¢ € C3°(R), © € C°(R?), and
. . . 2
B1) @) =0 it [Elze  [0Nmm =1 6w = -0(0);
- - 2
(32) @(z,t)=0 if [z]ze or |26  [@loime) = [@a]lLrre) = Z0(0).

Assume functions p,q € L*(R x [0,T)) satisfying

(33) p(- + h,72) = p(, 7))l L2 (r) < Amax {|h],|r2 — 7]},
(3.4) llg(- + h,72) = q(-s 1)l L2 (r) < Bmax{|hl,|r2 — 71|},
for any h € R and 72,7 € [0,T], where A and B are positive constants independent

of h,7; and 72. For a given t € (0,77, let S =R x [0,t], ds = dzdr and ds’ = dz'd7r’.
For p,q € L*(R x [0,7T]) satisfying (3.3) and (3.4), we define the functional A as
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follows:

Apa,t) = = [ [ (1o~ dlor +signto = )(5) = (gD s’

T=t
(3.5) [ [ tp-alo | dods,
sJR 7=0

where S =R x [0,t],p = p(z,7),q = q(¢',7), and w = w(z,2',7,7") = O(zx — 2/, 7 —
7'). Our global error bound result, Lemma 3.1, is based on Kuznetsov’s lemma [11],
which states that if p,q € L>(R x [0, T) satisfy (3.3) and (3.4), respectively, then for
any t € [e, T},

(3.6) Ip(52) = (- D)l La ()
< lp(-,0) = 4, 0)llLr(r) + Alp, 0, 8) + Alg, P t) + (A + Ble.

Propositions 2.2-2.4 indicate that u, ua, and us belong to L*°(R x [0,T]) N L} (R x
[0,T]) and satisfy (3.3) and (3.4).

LEMMA 3.1. Assume function ¢ € L®(R x [0,7]) N LY (R x [0, T)) satisfying the
condition (3.4). Let ug, f, and g be subject to the conditions stated in Theorem 1.1.
Moreover, if u, the entropy solution of (1.1)—(1.2), and q satisfy the condition

tm+1
37)  Algut) -2 / / / sign(u — ¢)o(q \wdsda'dr’ + O,
m41/2 S

with v = v(e, At, 6) > 0, where S = R x [0,t,], then the following result holds:
(38) ”u(a tn) - Q('7 tn)”Ll(R)

At
< Ju(-,0) = g(- O)llzrmy + C (e+7+m+ “:) .

Remark. An alternative definition of the functional A is
(3.9) Apa.t) = M) = [ [ sienlp = otpyudsds'

which incorporates the inhomogeneous term into A (see [23], [24]). By the entropy
condition (2.2) we have A(u,q,t,) <0 for any ¢ € L>°(R x [0,T]). The Kuznetsov’s
lemma can also be generalized for A with no problem. However, if we use the fact
A(u q,tn) <0 and try to bound A(q, u,t,), then the global error estimate cannot be
obtained. For example, in the case ¢ = ua, the splitting method yields (cf. (4.6))

n-1 tm41
Alup,u,ty) < 2 Z / / / sign(ua — u')g(ua)wdrdxds'

tmy1/2

/ / sign(ua — u')g(ua)wdsds’ + —C%E

=;{,0 LI {sontuaten) ~otua e,
CAt

drdzds’ + "
r=r—At/2

xw(z,z’ r,r)}
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Since the function sign(-) is discontinuous, it seems impossible to obtain an o(At) error
bound from the last integral term. To avoid the discontinuity of the sign function, we
replace the integral term in (3.9) by the integral term in (3.7). We also estimate both
A(u,q,t,) and A(q,u,t,) so that the resulting inequality does not involve subtraction
of two sign functions (cf. (3.11)).

In order to obtain Lemma 3.1, we need to use the following inequality; we defer
its proof to the Appendix and simply give the result here:

n—1 tmtl
<2 Z / / / sign(u — ¢')g(w)wdsdz'dr’ + C (At + ﬁ) )
m=0"tm+172 VRIS €

Note that g satisfies a Lipschitz condition. From (3.6), (3.7), and (3.10), we have, for
all t, € [¢,T),

(3.11) lu(- tn) = a( ta)llLr(m)

n-1 tm+1
<23 [T [ [ st =)o) - g odsda'ar
m=0Ytm+1/2 VRIS
At
Hu(,0) =g O)llLimy + C (v + e+ At + —
<2 [ [ o) ~ olalodsds’ + (-, 0) = O)lurc
At
+C (7+6+At+ T)
<C [ [ = aludsds + fut-0) = o 0)lx
At
+C (’Y+€+At+ —6—) .
Using the properties of w, we can easily show that

(3.12) /S/R Iu(a:, T) — q(:c’,'r’)‘wdxds’ < Nlu, 1) = q(, )|l (m) + Ce.

From (3.11) and (3.12), we obtain that for all ¢,, € [¢, T

s tn) = a(rta) 22y < C /0 "o 7) = gl ) oy
(3.13) Hul0) — Ol + € (v + e+ A ).

In the case t,, € [0, €], we obtain from (2.6) and (3.4) that ||u(-,tn) — q(-, tn) L (r) <
lu(-,0) — q(-,0)|| L1 (r) + Ce. This, together with the Gronwall-type inequality (3.13),
yields (3.8). Therefore, we have proved Lemma 3.1.

4. Proof of Theorem 1.1. We begin by estimating A(ua,u,t,), where ua is
defined by (2.7) and w is the unique entropy solution of (1.1)-(1.2).



Downloaded 02/13/21 to 124.16.148.12. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

ERROR BOUNDS FOR FRACTIONAL STEP METHODS 117

LEMMA 4.1.

B i / / / mﬂ/z IuA = u'|wr + 2sign(ua — u')(f(ua) - f(u '))wm)d‘rdxds’

m=0

-1
41) < _"Z // (1uA—u’|w) |:m+1/2 dzds';
—/s/r

m

-1

tmi1
_ Z / / / |UA - u’|w-,- + 2sign(ua — u )Q(UA)w)dexds
m+1/2
n—1 "
(4.2) =_Z// (jua = o/l ‘ dods’.

m+1/2

Proof. Given ¢(z, ) belonging to C}(RxR™T) and k € R. Let ¢(z,7) = ¢(z,7/2)
and

W™ () = S1(r)(S2(A)S (A ™us,  uS™ (1) = Sa(r) Sy (A)(S2(AL) Sy (At))™u,

where 0 < r < At. Using the change of variable r = 2(7 —t,,,) and using the definition
of ua, we have

(43) - /R / A (jus = ki~ + 2sign(ua ~ K)(f(ua) ~ ()6 ) drda

At
[ (™ = R+ sin(al™ — W(7E™) - £0)0 ) drde
R JO

r=At
— (m) _ go)op(m)
< /R(Iul K|y ) o dz,
T=tm+1
=~ [ (juaer) - Kotz ) da.
R T=tm+1/2

where (™ (z,r) = 9 (z, tam +7), and where the second step follows from the entropy

condition for ugm , since u(lm) is the (unique) entropy solution of (1.3). By setting
k=u(z,7),é¢(x,7) = w(z,2’,7,7") in (4.3) and integrating the resulting inequality
with respect to =’ and 7/, we obtain (4.1). Next, using the change of variable r =
2(T — tm41/2) and using the integration by parts, we obtain

@) - "™ (jua  Hlo, + 2sign(ua — Kig(ua)s)dr

tm+1/2

At
= - /0 (1™ = k172 4 sign(ud™ — k)g(ul™)p(™ /9 ) dr

= (™ — k) [Ty /O " signuf” =) (™) - g(us™) ) war,

where (™ +1/2)(z,r) = (2, tams1 +7). Since ugm)(r) satisfies (1.4) for r € [0, At], it
follows that the last term of (4.4) is 0. Then (4.2) is obtained. O

Remark. Lemma 4.1 characterizes the main property of the time-splitting method.
In the time interval [tm, t,m41/2) we used the entropy condition for the solution opera-
tor Sy, while in [t,,11/2,tm+1) We noticed that S is an ordinary differential equation
(ODE) solution operator.
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As in the proof for (A.2), the following inequality can be established:

n—1 tm+1
4s) -5 /S /R / sign(ua — o)(f (un) — f(u'))wodrdads’

tmy1/2
n-1 tmt1/2
+>° / / / sign(ua — u')(f(ua) — f(u))wedrdeds’ < CAt/e.
m=0 S R tm

Adding the inequalities (4.1), (4.2), and (4.5) yields

! b1 CAt
(4.6) A(ua,u,t,) <2 Z / / / sign(ua — u')g(ua)wdrdzds’ + —
m=07S /R

tmt1/2

By changing notations, 7 < 7',z < z’, and noting that w(z,2’,7,7") = w(z’, z, 7/, 7),
we get

& e CAt
Aua,u,ty,) < =2 Z / / / sign(u — uly ) g(up )wdsda'dr’ + ——.
m=0Ytm+1/2 VRIS €
Noting that ua(-,0) = u(-,0), Lemma 3.1 gives
At
4.7) flu(,tn) —ua(te)lli@my < C | e+ At + —)-

Hence, setting € = v At in (4.7) yields Theorem 1.1.

5. Proof of Theorem 1.2. We now estimate A(us,u,t,), where us is defined
by (2.8) and wu is the entropy solution of (1.1)-(1.2).
LEMMA 5.1.

- :g,/s /R /t:"“/? (|u6 — ' |w, + 2sign(us — u')(f(us) — f(ul))wx) drdxds’

(5.1) +:§)/S/R(|u5—u'|w)

Proof. We shall use the following notations:

T=tmt1/2 Cé
dxds’ < —;
€

T=tm

Tiro™ = o™mHY2 _ym, THvj = vj41 — vy;
F(v(z,t),w) = sign(v(z,t) — w)(f(v(z, 1) — f(w)).
It can be verified that the left-hand side of (5.1) is equal to I13+ I14 + I15+ I16, where

n-1 tm+1/2
I3 := — Z / / / |us (2, tmy1/2) — U |wrdrdzds’
m=0YS /R Jtn

n—1
+m2=:0/S/R(|u5——u’|w) .

n—1 tmt1/2
I :=—Z/// 2F (us(z,tm), v )wydrdzds’,
sJr Jtn,

m=0

T=tm+t1/2

dxds’,
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m+1/2
s = Z / / / |U6(w tmt1/2) — U] — |us(z, T) — u’l)w,drdxds ,
tm
m+1/2
hg = Z // / 2(F(U6($atm),u') —F(Us(fv,T),u’))wzdrdxds’.
m=0 SJR Ity

Using (2.16) and the following facts (cf. the proof for (A.2)),

15 (3 s 2) = ] = s, 7) = 0| < s (@, tms/2) = wsl, 7,

| F(us(e,tm), ) = Fus(@,7),0)| < Clus(e, tm) - us(@,7),

we can show that I;5 < Cé/e and I14 < Cé/e. Also, we can show that

n—1
Lis = Z / / (lu,s(w,tm+1/2) — | = |us(z, tm) — u’l)w(x,w’,tm,t’)da:ds’.
m=0YS /R

Using the Mean Value theorem, we have

n-1 Tjt1/2
Iz = Z / ZTﬂu;” — | w(z, @', tm, 7")dzds’
m=0Y5 Tj-1/2
n-—1
(5.2) = Z /SZTQLIU;" —u'|Azw(z}, 2’ ty, 7')ds',
m=0 7

where x} € (x;_1/2,%;41/2). Similarly, for I;4 we have

= bmt1/2 ’ / ’
ha=-) /S/ > 2F (us(xj, tm), v) (@ (@412, 2, 7, 7)
m=0 tm j

—w(zj_12,2',7,7"))drds’'
n—1 tmt1/2
= Z/Z2T:F(u;",u')/ w(zjy1/2, 2, 7,7")drds’
0755 tm
n—1
(5.3) = Z/ZT:F(UT,u’)Atw(xjH/z,a:',t:n,T')ds’,
m=0"5

where ty, € (tm,tm+1/2). Using the following results,

Z lus(-, tmt1/2) — us (-, tm)ll L1 (r) < C,
=0

Z lus(- + Az, ) — us(- tm) Ly (r) < C,
m=0

Cé
/|w(x1,:v’,T1,T')—w(l‘z,l",m 7')|ds’' <
S

if  max{|z; — z2|, | — 2|} <6,
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we obtain from (5.2) and (5.3) that
(54) I13 + I14

n—1
S Z Z/S' (Ath+|u‘;n B U/I + AtT;F(u;n’ul))w(wjvx/;tmaTl)dS/ +

m=0 j

(o)

c .

Since u}n“/ 2 = G1(At)u]* with G, a monotone scheme, there exists a Lipschitz

continuous numerical entropy flux [5] satisfying

(5.5) F(v,...,v) = F(v,u), AxT{|uf —o'| + AtTF F(ul*,,...,uf, ;) <0.
The first part of (5.5), together with (5.4), yields
I3+ Iy
n—1
< Z Z/S (AmTt*'{u;." —u|+ AtT:F‘(u;"_p, . ,uﬂp_1)>w(xj,a:',tm,7’)ds’
m=0 j
n—1
+ Z E/SAtTZ"' (F(u;",...,u;“) - F(uj,.. .,uﬁp_l))w(mj,x',tm,T')ds'
m=0 j
cé
+=.

€
The inequality in (5.5) indicates that the first term of the right-hand side of the above
inequality is nonpositive. Also, since F' satisfies a Lipschitz condition, the second term
of the right-hand side of the above inequality can be bounded by

n—1
o o Cs
3 Z/sAtIF(uj ) = PO Tl 2 o, )l < .

m=0 j

Therefore, we have proved that I3+ I14 < C6/e. This completes the proof of Lemma
5.1. 0

LEMMA 5.2.
n—1 tm+1
- Z / / / (|u5 — v/|w, + 2sign(us — u’)g(ug)w)drdxds'
m=0"YS YR Jtm 12
5.6 5 W) = deds’ < 06
. us — u'jw x .
0 +mz=0/S/R(| ’ | ) T=tm+1/2 =

Proof. Using the integration by parts and the definition of us, we obtain

tmt1
—/ (}u,g — ' |w, + 2sign(us — u')g(ug)w>d7'

tm+i1/2

= —(|u5 - u'lw)
T=tm41/2

bm+1 7t - 7tm
+/ 2sign(us _u,)(ws(Clc m+1) Aitla(l‘ +1/2) —g(u,g))wdr

T=tm+1

tmt1/2

=— (lua - u’lw)
T=tm+1/2

[ asign(us — ) (g(usa,tms12)) = (s, ) )i

timt1/2

T=tm+1
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Observe that

m41/2

:Lizi)/s/R/ttmLl 2sign(us — u') (g(u,s(g;, tmt1/2)) — Q(us(ﬂv,T)))wdewds'

n—1 tmt1
<2L Z / / |us (@, tmy1/2) — us(x, 7)|drde < CAt < CS6.
m=0’R Jt

m+1/2

Using the above two results we obtain (5.6). 0
Similar to the proof for (A.2) the following inequality can be obtained:

n—1 1
-2 L /R / sign(us — ') (f (us) — £(u'))wodrdads’

tmt1/2
n—1 m+1/2
(5.7) +mX_:0/S/R/t,tn ! sign(us — v')(f(us) — f(u'))wedrdrds’ < Cé/e.

Adding the inequalities (5.1), (5.6), and (5.7) gives

n—1 tm+1 Cé
Aus,u,tn) 2 / / / sign(us — u')g(us)wdrdzds’ + — +Cb
sJrJt

m=0 m+1/2
n—1 tm+1
(5.8) = -2 Z / / / sign(u — uf)g(us)wdsdz'dr’ + s + Cé.
m=07tm+1/2 JRJS €

Note that |Jus(-,0) — u(-,0)||z1(ry < C6. Then Theorem 1.2 can be obtained from
Lemma 3.1 by setting ¢ = us and € = /6.

6. Extensions. In this section we describe some extensions of the error bound
results given in §1. For simplicity, the proofs are omitted since they are for the most
part analogous to the ones given before.

6.1. Conditions for the initial data and the source term. In this sub-
section, we discuss the conditions for uy and g. Unlike the homogeneous case [4],
[22], up € L*(R) is required when the nonhomogeneous term is given. This condi-
tion is used to ensure the continuity in time, i.e., the estimates (2.6), (2.12), and
(2.16). These properties are very important in obtaining Theorems 1.1 and 1.2, at
least under the general framework used in the present work. Without the assumption
up € L'(R), none of the estimates (2.6), (2.12), and (2.16) holds. To see this, we
consider the case when f = 0,g(u) = u, and up = 1. In this case, the exact solution
is u(z,t) = e*. Therefore, for any 7o # 71, we have |lu(-, 72) — u(-, 71)||lL1(r) = +00,
lua(:,72) =ua(-, 7)oy (r) = +00, and [lus(-, 72) —us(-, 71)|| L1 (r) = +00. Also, with-
out the assumption ug € L*(R), the error estimates in Theorems 1.1 and 1.2 cannot
be obtained. Consider the same example (i.e., f =0, g(u) = u, and ug = 1), we have
for any [a,b] C R,

(6.1) ||u(~,At) — us(-, At)”Ll([a,b]) = (b—a) (eAt —-1- At) .

If b — a — oo, then the right-hand side of (6.1) goes to infinity, no matter how small
At is. Therefore, the error ||u(:,t) — us(-,t)||L1(r) cannot be bounded without the
assumption ug € L}(R).
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In most practical problems, g(0) = 0 is satisfied (see, e.g., 2], [17]). This condition
is also assumed in [1]. Again, without this requirement, the estimates (2.6), (2.12),
and (2.16) do not hold. This can be seen by considering the case when f = 0, g(u) =
1+ v and up = 0. In this case, the exact solution is u(z,t) = e* — 1, and therefore
lu(-, At) — us(-, At)|| L1 (r) is unbounded.

For the nonhomogeneous problem (1.1)-(1.2), one of the basic problems is the
so-called Riemann problem. In this case,

_Jw ifr<a
62) we ={ 1 EESe

where a,u;,u, € R are constants. Hence, for the Riemann problem, ug ¢ L!'(R),
but it is easy to see that ug € Lio.(R). In order to cover the case ug ¢ L'(R),up €
Lio.(R), we give the following results; their proofs are similar to the proofs of Theo-
rems 1.1 and 1.2.

THEOREM 6.1. Letug € BV(R)NL*®(R), f € C'(R) and assume that g satisfies
a Lipschitz condition and g(0) = 0. Let S(t)ug denote the unique weak solution of
(1.1)—(1.2) satisfying the entropy condition. Then for all [a,b] C R with a,b finite,

(6.3) |S(tayuo — (S208081(48)) "uo|

max
t,=nAt€[0,T)

< C(l + ||u0“L1([a~ctn,b+ctn})) VA,

L1 ([a,b])

where ¢ = MaXy|<eLT |yl Lo(R) | (¥)] and C is a constant independent of a,b, and
At.

THEOREM 6.2. Letug € BV(R)NL®(R), f € C}(R), and assume that g satisfies
a Lipschitz condition and g(0) = 0. Assume the finite difference scheme (1.7)-(1.8) to
be monotone and consistent with (1.3), the numerical flux f to be Lipschitz continuous,
and G to be the forward Euler operator. Then for any [a,b] € R with a,b finite,

(6.4) ”S(tn)uo — (Ga(AD)G1(AY)" uo‘

max
t,=nAte€[0,T]

< C(l + ”U‘O”Ll([a—ctn,b+ctn]))\/Sa

Lt ([a,b])

where ¢ = Max|y|<etT |y Lo r) |f'(1)], 6 = max{Az, At}, and C is a constant inde-
pendent of a, b, and 6.

6.2. Multi-dimensional case. The results in the present work can be easily
extended to the multi-dimensional nonhomogeneous conservation laws

v+ Tty (fi(v)),, = G(v,z), forte (0,T],z RN,
v(z,0) = vo(z), for z € RV,

where £ = (z1,...,zn5) € RV, fi € C}(R), v € L*(RN) N BV(RN) N LYRY), G
satisfies a Lipschitz condition in v uniformly with respect to z, and in z uniformly
with respect to v; G(0,z) = 0. It can be shown that then there is a unique function
v(z,t), called the entropy solution of (6.5), which satisfies v € L*(RN)Nn BV (RN)N
LYRYN), wv(-,0) = vp, and the entropy condition: for each ¢ € CF(RN x (0,T)),
¢>0,and ke R

(6.5)

T N
/0 /RN (lv—k|¢t+2 sign(v—k) (f;(v) — fi(k)) ¢,i+sign(v—k)G(v,g)¢)d§dt > 0.
i=1
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Denote the entropy solution of (6.5) by S¥'l(t)vy with f = (f1,...,fn) € RV.
That is, SY¥"C(t)vy = v(z, t), where v is the entropy solution of (6.5). Set SU:0)(t) =
51(0,:-40,£:,0,...,0),0] (t). That is, $/+-0) is the solution operator of the following equation:
ov 0fi(v)
s .y TN,T
pn —(z3 TN, t) + oz,

=0,

where (z1,...,Ti_1,%it1,...,2N) € RV™1 is regarded as parameters. Also, we define
S(:G)(t) as the solution operator of the following equation:

%(g, t) = G(u(z,t),2).

Further, we define {h(i)}; such that h(i) # h(j) if i # j and h(i) € {f1,..., fn}.
Using the techniques developed in [22] and in this work, we can show that for nAt €
0,77,

(6.6) ||31LG1 (nAt)vg — (s<0»G>(At) INI s<h<i%0>(At))"v()“Ll(RN) < OVAL,
i=1

where C' is a positive constant independent of At.

7. Conclusions. In this work, we have proved that the nonlinear semigroup
S(t), the exact solution operator of (1.1), can be approximated by (S2(At)S;(At))",
as |t — nAt] < At < 1, where S; and Sy are the solution operators of (1.3) and
(1.4), respectively. In the homogeneous case, i.e., g = 0, setting p = u, the exact
solution of (1.3), in (3.6) and using the entropy condition, we have A(u,q,t) < 0 for
all ¢ € L*°(R). Therefore, it is not necessary to estimate the term A(u,gq,%,) in this
case. However, for nonhomogeneous conservation laws, this term plays an important
role in the error analysis and therefore a detail analysis for A(u, g, t,) is required.

In the homogeneous case, several authors provided convergence rates for various
difference schemes or splitting methods (see, e.g., [11], [14], [15], [16], [19], [22], [24]).
Although their problems are different, the convergence rates obtained are half in most
of the cases. Therefore, the convergence rates obtained in this paper might be the best
possible. In particular, the convergence rate in Theorem 1.2 should be the optimal
one, since even in the homogeneous case the optimum rate for monotone schemes is
1/2 (see [21]). However, no numerical evidence has been found so far to confirm that
the convergence order in (1.10) of Theorem 1.1, or in the general case (6.6), is the
best possible (see also the numerical experiments in [22]). It remains to be seen if the
optimum convergence rates in these two cases are higher than 1/2.

A. Appendix. Again, for ease of notation, we denote u(z, 1), p(z, 1), u(z’, '),
and ¢(z’,7') by u,p,u’, and ¢, respectively, in most of the integrands. Also, we
assume in this appendix that p,q € L*®(R x [0,7]) N L}(R x [0, 7)) satisfy (3.3) and
(3.4), respectively. In order to obtain (3.10), we first prove the following inequalities:

n=1l ittt/
_Z/ //|p—q’|wfdsdx’d7"
tm

tmt1
(A1) / / /|p ¢'|wrdsdz’dr’ < gﬁ
tm+1/2
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n-l ety
-3 / / / sign(p — ¢)(f(0) — £(¢'))wodsda’dr’
—0tm RS
n=l ot At
a2 +Y / / / sign(p — ¢)(f(0) — F())wedsda'dr’ < 2L,
m=0"Ytm+1/2 JRJS €

" dedz'dr!

nol ot it
g_;o/tm /R/R{lp—q’lw} L

el ptma . N
A. - o o Ay
(A.3) é/tmﬂ/z/R/R{h? q lw} L:o deda'dr’ < C <At+ : )

Proof of (A.1). By letting 7" — 7/ — At/2 and 7 — 7 — At/2, we rewrite the first
term of (A.1) as

n=1 Lt tn+AL/2
- E / / / lp(z, 7 — At/2) — q(a’, 7' — At/2)|w-dxdrda’dT’,
=0 St n JR S AL2 R

where we have used the fact that w,(z,2',7 — At/2,7" — At/2) = w,(z,2',1,7").
Therefore, the left-hand side of (A.1) can be written as I} + I + I3, where

n—1 tm+1 At/2
I, = Z / / / / (]p - q’|wT)dxd7'da:'d7";
— R Jo R

tmt1/2

n=1 ot tn
R [0 (b-a
m=0 tm+l/2 R At/2 R

—|p(z, T — At/2) — q(a’', 7" — At/2)|)wfdmd7'dx'd‘r';

n—1 it th4AL/2
I3 = — Z / / / / ‘p(z,r — At/2)
m=0"tm+1/2 VR Jin R

—q(z', 7" — At/)2)|w,dzdrdz’dr’.

Since p,q € L'(R x [0,7)), we have

At)2 At)2
I S// / |p]|wT|d:cd7'ds'+// / |¢||wr|dzdTds’ < CAt/e.
sJo R sJo R

Similarly, we can show that I3 has the same bound. Finally, noting that

e [0 (ot = 82 = st

+lg(z', " — At/2) — q(a’, T')l) |wr|dsds’
C

€

= (/At"/z lp(, 7 = A&t/2) = p(, )| 1wy dr

+/A:/2 lla(-, ™" — At/2) — q("TI)”Ll(R)dT')
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and using (3.3) and (3.4), we obtain I < CAt/e. O
Proof of (A.2). Since sign(p — ¢')(f(p) — f(¢')) = f(eV ¢) - f(p A ¢'), where

a Vb = max{a,b},a A b = min{a, b}, the left-hand side of (A.2) can be written as
I, + Is + Ig, where

w5 [ L G - sondesdeanirar
Is = g/ﬁ:ﬁ; /R/:ﬂ/R {#(pvd) = £(p(a,7 - At/2) v a(a', 7' - At/2))

—f(p A q') + f(p(w, T—At/2) Ag(2', T — At/2)) }wxda:d'rda:'dT’;

Ig:=— nil /ttmﬂL1 /R/ttMLM/2 /R {f(p(x,r - At/2) Vq(x', T - At/2))
m=0" tm+1/2 n

—f(p(a:, T—At/2) Ag(x', T — At/2)) }wwdxdrda:'dr'.
Let
M = max{||p|| L= (rx(o,))> lall L rx 0,1}, Mi= max, |df () /dul.

The term I can be bounded by

at/2
// / M|p — ¢||wz|dzdrds’ < CAt/e.
sJo R

Similarly, I¢ < CAt/e. The following simple observations are very useful:
lavb—cVvd|<lavb—cVbl+lcVb—cVd| <|a—c|l+|b—d],
laAb—cAd|<|laAb—cAbl+|cAb—cAd| <|a—c|+|b—d|,

which lead to

tn tn
I5§2M1/ // / (Ip-p(x,T—At/2)l
at/2 JrR JAt/2 JR

g’ = a(@!, 7' = At/2)]) waldsds’.

By (3.3) and (3.4) we obtain that Is < CAt/e. This completes the proof of (A.2). O
Proof of (A.3). The left-hand side of (A.3) is equivalent to I7 + Is + Iy + I,
where

8 =2:jlo L7 (i) = ate'rt - 52

tmt1/2

—|p(z, tn) — q(z’, T')|>w(.r, 2 ty, 7 )dzdx' dr’,

Is =m2= L7 [ (wte0 ey

tmt1/2

—|p(x,0) — q(z’, 7" — At/2)|)w(w, z',0,7")dzdx’dr’,
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n=1l atmg
b= [ [ [ et - a7 - sy/2)
m=0"tm+1/2 /RJR
(w(w,x’, tn, T — At/2) — w(z, 2/, ty, T'))da;dm’dr’,

Ig:= S_:l/

m=0"Ytm+1/2

tm+1

| [ o0 - a7 - aty2)]
RJ/R
(w(a:, z,0,7") —w(z,2',0,7" — At/2))dxdx’d7".
Similar to the proofs of (A.1) and (A.2) we can show that I; < CAt, Is < CAt, Iy <
CAt/C,IlO < CAt/E. O

We now turn to the proof of (3.10). Setting p = w in (A.1), (A.2), and (A.3) and
adding the resulting inequalities yields

A(u,q,tn)

n—1
<2y
m=0"tm+1/2

n—1 tm+1
(Ad) +2) /
m=0

tm41/2

tm+1

/R /S (l“ — ¢'|wr + sign(u — ¢')(f(v) - f (q’))wz)dsd,fc’dr’

[ o) [ dmar (01 ).

Since u is the entropy solution of (1.1)-(1.2), it satisfies the entropy condition (2.2).
By letting k = q(2/, 7'),¥(z,7) = w(z,2’,7,7"), 71 =0, and 75 = ¢, in (2.2), we obtain

__/S (lu - qllwq- + Sign(u — q')(f(u) _ f(Q'))wx)ds
+ [ = dio} [T do< [ sintu - dgtuguds.

Integrating the above inequality with respect to ' in R and 7/ in U™} [tm41 /2> tms1),
respectively, and using (A.4), we obtain (3.10). a
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