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Abstract

In this paper we show that the monotone difference methods with smooth
numerical fluxes possess superconvergence property when applied to strictly
convex conservation laws with piecewise smooth solutions. More precisely, it
is shown that not only the approximation solution converges to the entropy
solution, its central difference also converges to the derivative of the entropy
solution away from the shocks.
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1 Introduction

In this paper we consider numerical approximations to weak solutions of the initial
value problem for strictly convex conservation laws

up + f(u), =0, t>0, zeR, (1.1)
which is subject to the initial condition prescribed at ¢ = 0,
u(z,0) = up(x). (1.2)

There has been an enormous amount of papers related to the error estimates for the
viscosity or more general approximations to scalar conservation laws, see, e.g., the
review article of Tadmor [16]. The results on error estimates include
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e For BV entropy solutions to (1.1), an O(+/€) convergence rate in L' obtained by
Kuznetsov [8], Lucier [12], Cockburn-Gremaud-Yang [4] etc (in the BV-solution
space, it is shown by Sabac [14] and Tang & Teng [19] that the L'-convergence
rate of order O(y/€) is optimal);

e For BV entropy solutions, an O(¢) convergence rate in W~1! obtained by Tad-
mor [15], Nessyahu & Tadmor [13], Liu-Wang-Warnecke [9] etc;

e For piecewise smooth solutions for (1.1), an O(¢) convergence rate in L' ob-
tained by Bakhvalov [1], Harabetian [6], Teng & Zhang [23], Fan [2], Tang &
Teng [20], Teng [22], Liu [10], Wang [24], etc;

e For piecewise smooth solutions, an O(¢€) convergence rate in smooth region of
the entropy solution obtained by Goodman & Xin [7], Engquist & Sjogreen [5],
Tadmor & Tang [17, 18] etc.

For multidimensional conservations laws, there are also error estimates for numer-
ical approximations, see, e.g., [3]. In [21], the authors consider the errors between
the solutions of (1.1) and its parabolic regularization. We addressed the questions of
the convergence rate in a weighted W! space when (1.1) pocesses piecewise smooth
solutions. Convergence rate for the derivative of the approximate solutions is estab-
lished under the assumption that a weak pointwise-error estimate is given. In other
words, we are able to convert weak pointwise-error estimates to error bounds in a
weighted W space.

The approximation dealt with in [21] is essentially a viscosity method which can
not be used as a practical numerical scheme. When the approximation is truly dis-
crete such as finite difference/element/volume methods, the analysis is much more
complicated. In this work, we wish to extend the results in [21] to a fully discretized
case. More precisely, we will consider the so-called monotone finite-difference schemes
for (1.1). To this end, we first introduce the definitions of the monotone schemes.
The numerical approximations v} are obtained by (2k + 1)-point explicit schemes in
conservation form

U;'ZH = H(U;Z—k 7_”?—]@-1—1 T 7U;Z+k)
= U? — A gn+1/2 - fjn—l/Q) (1.3)

which is subject to the initial condition:

Uj - Uo(l'j),

where

]F]n+1/2 = ]F(U?—kﬂ e >U?+k) . (1.4)
Here v} = v(jAz,nAt), \ = At/Axz, and f is a numerical flux function. We require
that the numerical flux function to be consistent with the flux f(u) in the following
sense:

f(uv 7u):f(u) (15)



Definition 1.1. The finite difference scheme (1.2) is a monotone scheme if H in
(1.3) is a monotone nondecreasing function of each of its 2k + 1 arguments.

The main results of this work are the following: for the monotone finite difference
schemes we first show that error bounds in a weighted W'! space can be obtained
provided a weak pointwise-error estimate is given. The weak pointwise-error estimate
with monotone schemes is indeed established for the convex conservation lows by
Nassyahu and Tadmor [13]. Furthermore, with the W!-error bounds we can obtain
the optimal pointwise-error bounds for the monotone schemes.

The paper is organized as follows. In Section 2, we re-consider the viscosity ap-
proximations to the conservation laws (1.1). The convergence rate in the weighted
WL for the viscosity approximations are recovered, but by proofing techniques differ-
ent with those used in [21]. The main tool for recovering the viscosity approximation
results is the maximum principle, which can be applied to the discrete approximations.
In Section 3.1, we will obtain some properties for the monotone schemes. By multi-
plying the weighted distant function, the error bounds with monotone finite difference
schemes for the piecewise smooth solutions in the weighted W1 are established.

2 Viscosity approximation

In this section, we wish to recover the main results obtained in Tang and Teng [21]
by using the maximum principle for differential equations. In [21], the energy-type
methods are used to obtain the convergence rates. Since we will in this paper ob-
tain the convergence for the finite difference methods using the (discrete) maximum
principle, the brief re-consideration of the viscosity approximation will be useful.

2.1 Weighted error for the viscosity solution

Viscosity approximation for the nonlinear conservation laws (1.1)-(1.2) is to find the
solution of the following differential equation:

Oy + Oy f (u€) = €0z, (2.1)
which is subject to the initial data
u(x,0) = up(z). (2.2)

For ease of exposition, we will make the following assumptions:

(A1) the initial data wg is piecewise C3-smooth and compactly supported;

(A2) there exists a smooth curve, x = X(¢), such that u(x,t) is smooth at any
point away from x = X (¢);

(A3) there is a constant 0 < v < 1 and a constant C' > 0 such that

lu(z,t) — u(x,t)] < Ce" for |z — X(t)] > Ce” (2.3)
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and
o — ey, ta)| < CALT for |2, — X(t,)] > CAa”, (2.4)

where u€ is viscosity solution and v} is difference solution.

Remark: Assumption (A3) is satisfied for convex conservation laws with Lip™-
bounded initial data, with v = 1/3 (see Tadmor [13]); it can be improved to v = 1/2
(see Tadmor and Tang [17]).

Let u(z,t) be the piecewise smooth entropy solution of (1.1). Without loss of
generality, we assume that the entropy solution of (1.1)-(1.2) contains one shock
discontinuity x = X (¢) only with starting point at origin, i.e., X(0) = 0. Therefore,
u satisfies

Oyu+ 0, f(u) = €0ppu + O(e)

in the region of = # X(t), where O(¢) = —€0,,u.
It can be further verified that the error function e := u¢ — u satisfies

Oe + 0 (A(u,u)e) = €dype + Ofe), (2.5)

where .
A(u,v) = /0 f'(su+ (1= s)v)ds.

Following Tadmor and Tang [17], we introduce a non-negative function ¢(z) € C*(R)
which satisfies

o () ox) ~z*,  fo] <1,
o (ii): =z¢'(z)>0, x#£0,
o (i) @) —1, ol — oo,

where a@ > 1 is a finite constant. The second requirement above implies that ¢
is monotonely decreasing for x < 0 and increasing for x > 0. More precisely, the
distance function ¢ is required to satisfy

»(0) =0, 0<z¢(z) <ap(x), for x#0, 56
o)l <la*, oM@ <C, k=012, (26)

where the constants C' are independent of x. The functions satisfy the above require-
ments include ¢(z) = (1 — e™*")*/2,

In this work, we choose a@ = v~ + 3, where v is the constant given in the assump-
tion (A3). In other words,

|zl <1
T) ~ ’ 2.7
() {17 2| > 1. (2.7)



For convex conservation laws we have 7 = 1/2. Multiplying the error equation by
¢ = ¢(x — X (t)) and applying the product rule for 9, (¢w) and 0,(¢pw) gives

Oy (e) + 3x<(¢4(u6, u) + 2¢¢’ /) qbe)
v <eﬂ¢"/¢ + (X — A(uf, u))¢'/¢> e — eDya(de)
= O(e) +e(B+1)¢"e=0O(e),

where we have used the fact €¢”e = O(e) and 3 is a constant to be determined later.
By letting

L{w) =y(w) + 0, ( (A(u,u) + 266/ [6)w) + (8" /o

+ (X — A(uf, u))gf)’/gf))w — €0z (W),
we have L(¢e) = O(e). Therefore ¢e satisfies

{Lw@=0©, (2.9)

(2.8)

peli—o = 0.
We can re-write the differential operator L(w) in a non-conservative form:

{ L(w) = dyw + (A(us, u) + 26.¢’/¢)8$w + cw — €0, w,
c(w,t) = Blu,u, ug, us) + (X — A(u,u) + (B +2)¢" /¢ — 2¢'/9))¢' /9,

(2.10)
where )
B(uf,u, us, uy) := / f"(su+ (1 — s)u)(su, + (1 — s)uy)ds. (2.11)
0
Now we will prove an important maximum theorem for L(w).
Theorem 2.1. If w(x,t) satisfies
L(w) = g(z,t) >0, (z,t) e R xR
(A) (w) = g(z,1) 2 0, (2,1) (2.12)
wli=o > 0,

then w(x,t) >0 for all (x,t) € R x RT.

Proof. If there is a constant M such that c(z,t) > —M for (x,t) € R x Rt, then
the theorem is a classical maximum theorem for parabolic equation. But it follows
from f”(u) > 0 and u(z,t) — —oo as (z,t) — (0,+0) that B(u®, u,u$, u,) — —00 as
(x,t) — (0,40). Thus c(z,t) > —M for (z,t) € R x R can not be satisfied. Since
the singularity of B is only at the origin, we can deduct a small neighborhood at the
origin from the upper half-space. More precisely, we consider an auxiliary problem

A,, for any p > 0

(2.13)

(4) L(w,) = g(x,t) >0, (z,t) € Q,
g wp:w|t:0207 ('Tvt) eana
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where

Q, ={(z,t) |t >0 for |x| > p; t > /p? — 22 for |z] < p}.
The next lemma will show that there is a constant M such that c¢(x,t) > —M for
(x,t) € Q,. Therefore the maximum principle is true for the problem A4,, i.e., w, >0
on €2,. Let p go to zero and we get w > 0 on R x R*. This completes the proof of
the theorem. O

In the following lemma, we will lower bound the coefficient ¢(z,t) on Q, defined
in (2.10).

Lemma 2.1. Let vy > 2/(a—1), then the coefficient function c(z,t) defined in (2.10)
can be lower bounded on ),. More precisely, there exists a positive constant M such
that

c(z,t) > =M  forall (x,t) € Q,.

Proof. 1t follows from ¢(&) ~ [£]* as |€| < 1, where o > 2, that

O o g #O a o1

o) ¢ ¢'(8) 3

i henee SO O _ (Bra—1)-2
a—1) -2«
G056 oo ¢
as || < 1. The above relationships and the assumption 3 > 2/(a — 1) show that
9'(€) ") ()
— d - —
s " b UG T g T

as £ — £0. Hence there is an § > 0 such that when (z,t) € {|z — X(¢)| < 6} (€,
c(x,t) > 0. On the other hand |c¢(x,t)| is bounded for |z — X (¢)| > . Here we have
used the fact that u, u,, u¢ and u$ are bounded on 2,. This completes the proof of
this lemma. O

Lemma 2.2. Let w be the solution of

{ L(w) = |0(e)], (2.15)

w’t:O - Oa
where the term O(e) is as same as that in (2.9), then w > 0 and |pe| < w.
Proof. 1t is known that w + ¢e satisfies

L(w = ¢ge) > 0,
{ (w £ ¢e)|=o = 0. (2.16)

The maximum principle for the parabolic equation of L(w 4 ¢e) > 0 shows that
w(x,t) + o(x — X(t))e(z,t) >0, V(z,t) e RxR"

and this concludes the results of the lemma. O



Theorem 2.2. The weighted error of ¢e is bounded by O(e) in L' norm. More
precisely, we have

[o(- = X (@)e( )@ < Ofe). (2.17)

Proof. Integrating the equation of L(w) = |O(e)| in (2.15) with respect to z from
—o0 to oo gives

d o0 /! . /
@) wdr = — /OO (eﬁq; + (X - A(ue,u))%) wdz + O(e), (2.18)

where the differential operator of L(w) is taking the conservative form of (2.8). It is
proved in [21] that for any F' € L'(R) the following inequality holds:

_/oo (X—A(ue,u))gf),|F‘dx§O/oo ¢|F|dx + Ce.

[e.o]

In deriving the above inequality, a weak pointwise-error estimate of |u® — u/ is used.

Since ¢"(§) > 0 for 0 < [§] < 1, there is a § > 0 such that —ey¢” < 0 for
¢ € (—4,0). Therefore, on account of ¢(£)~! being uniformly bounded on R\ (=46, §),
we have

—/ B¢ |F|dx < _/R\(éa €f— ¢|F\dx< C’e/ O|F|dx.

o0

Applying the above result to the equation (2.18) and using the result w > 0 yield

—/ wdx<C/ wdx + O(e

Solving the above inequality with w|;—o = 0 yields
[w(- D)@ < O(e).

The inequality of |¢e| < w concludes the desired result. O

2.2 Weighted error for the derivatives of the viscosity ap-
proximations

Now we derive a differential equation for the weighted error of the derivatives, namely
o(x — X (t))ey(z,t). First differentiating (2.1) with respect to = gives

O (us) + Op(a(u)us) = €0pe(us).

In the smooth region of the solution of (1.1), i.e. = # X(t), differentiating (1.1) with
respect to x gives

Oi(ug) + Op(a(u)uy) = €0zz(uy) + O(e).
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It follows from the above equations that, away from the shock curve x = X(¢), the
derivative of the error function e, = uf, — u, satisfies

Oi(ez) + Op(a(u)ey) + ' (u)e, = €dpr(es) + O(e) + O(Jus — ul). (2.19)

In deriving the above equation, we have used the following facts:

= +d'(
= Ou(a(u)es) + a'(u)es + O(Ju’ — ul).

Multiplying the equation (2.19) by ¢(z — X(t)) and applying the product rulers for
O (¢pw) and Oy(pw) gives

Oy (des) + &;((&(ue) + 2¢¢'/9) ¢e$) + <eﬁ¢”/¢ + (X —a(u))¢' /o + a’(ue))¢ex
— €0y (Pes) = €(B+ 1)¢" e, + O(|del).

By introducing the notation L,

Llger) = Bildes) + 0y ((alu) + 260/ /6) be. )
+ <66¢"/¢ + (X — a(ue))qﬁ'/qb - a'(ue))qﬁex — €0px(0€s) |
we obtain that L£(¢e,) = e(8 + 1)¢"e, + O(|pe|). Therefore pe, satisfies

L(pe,) = e(B+ 1)¢"e, + O(|pe])
{ Pezli—0 = 0. (2.20)

We can write the differential operator of £(w) in a non-conservative form:

{gmo:@w+(dw)+&w%w@w+dw—d%w’ (2.21)

d(z,t) = a'(u) (1 + uf) + (X — a(u) + (B +2)¢" /¢ = 2¢//9))d/ /¢,
Similar to the proof of Theorem 2.1, we can obtain the following maximum theorem.

Theorem 2.3. If w(x,t) satisfies

2.22
w|t:0 Z 07 ( )

{E@QzF@ﬂEOJ@ﬂGRXR*
then w(x,t) > 0 for all (x,t) € R x RT.

The following comparison lemma will be useful in controlling the derivatives of
the approximation errors.



Lemma 2.3. Let w be the solution of the following initial value problem:

{ L(w) = e(y+ 1)[¢"es| + |O(ge)] (2.23)

W‘t:o = 07
where the term O(ge) is as same as the one in (2.20), then w > 0 and |pe,| < w.
Proof. 1t follows from (2.20) and (2.23) that w £ ¢e, satisfies

L eradis e 221
The maximum theorem 2.3 shows that
w(x, t) + o(x — X(t))es(z,t) >0, V(r,t) e RxR"
and this concludes the results of the lemma. O

With the above preparations, we are ready to state and prove the following theo-
rem.

Theorem 2.4. The weighted error for the derivative of the viscosity approzimation,
dey, is bounded by O(e) in L' norm:

lp(e = X())ex(, )l 1) < Ofe). (2.25)
Proof. Integrating the differential equation in (2.23) with respect to x from —oo to
00, on account of ||e;||1 < M and ||gel|pr < O(e) (given by (2.17)), gives

/

d o0 o /! . o0
i) wdr < — /_Oo (eﬂz + (X — a(ue))%) wdz + C/_Oo wdx + O(e), (2.26)

where the differential operator of £(w) is taking the conservative form of (2.20). Using
the inequalities (see Lemma 1 of [21])

- [ = atwsiFs < [ ol

[e.o]

and

—/ efd"|Fldx < C’e/ O|F|dx

again to the above differential equality, on account of w > 0, gives

%/ wdng/ wdx + O(e).

Solving the above differential inequality with the initial condition w|;—g = 0 yields
l (e, )| 1y < O(e).

The above result, together with Lemma 2.3, leads to the desired error bound (2.25).
O



As proved in [21], the following results are immediate consequences of Theorems
2.2 and 2.4.

Corollary 2.1. If (z,t) is away from the shock discontinuity S(t) = {(z,t)|x =
X(t)}, then for any h > 0

e Pointwise convergence for u¢ away from the shock

|(u® —u)(x,t)| < C(h)e, dist(x,S(t)) > h.
e J,u converges to 0,u globally in regions away from shock discontinuity

10;u (-, 1) — Opu(-, )l Lr(ryx () -nx () +h)) < C(R)e.

3 Difference approximation

The main tool for obtaining error estimates for the monotone difference schemes is
a discrete maximum theorem, which is similar to that one used for the viscosity
methods.

3.1 Error and difference quotient error equations

For easy of notations and without loss of generality, we consider only three-point finite
difference schemes in the rest of this paper. In this case, we consider conservative
finite difference scheme in the following form:

i

J H(U?+1>U;Z>U;Z—1)

= v = A(f(0)) = F(0],0))) - (3.1)

Several notations will be used in this section. To begin with, we let

Vo = (va+1/2>va71/2)a Vy 1= (UaJrl;vonvafl)a
D$Uo¢ = (Ua+1/2 - Uozfl/Z)/Axa Da:'Ua = (Uoz+1/2 - 'Uafl/Z)/Ax .

In the remaining of this paper, we will concentrate on the estimates of the errors for

DIV]'I
Doy — (VLT U~ Y
. )
J Ar Az

We denote f (&;m) the derivative of the numerical flux in the following sense

F&m) = / DF (€ + 5(€ —m)ds = (F(€m), Fr(Em)). (3.2)
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where & = (£1,&), n = (n1,12) and
(f1(&m), [-1(&m))
= (/0 O f (&1 +s(m —&),&)ds, /0 Ao f (1, &+ 5(n2 — &) dS) - (33)

Here 0, f “denotes the partial derivative with respect to the j-th argument of the
function f. Therefore by using the above definitions we have

F(&) = f(n) =F (&m)(& —m)

Iic follovxls from the definition for the monotone scheme and from the definitions
for fi; and f_; that.

Lemma 3.1. If the numerical scheme (3.1) is monotone, then for any v, and ug the
following inequalities hold:

“fivaiu) 20, 1= A(fi(Vaiug) = fi(Vaiug)) 20, fa(Va,ug) =0,

The three-point finite difference scheme (3.1) can be rewritten into the following
form

UJT'LH = Ui —A (f(v?+1/2) - f('”?qﬂ))

= v —Atf (v?+1/2§'0?—1/2) D,v}. (3.4)

The above finite difference equation also has an equivalent form
Dywj+ f (”?+1/25 v?—yz) D,v} =0, (3.5)

where Dy} = (v;‘“ —v})/At. We say that the finite difference scheme (3.1) is of

first-order if for smooth solution u the following expansion holds:

U?H =u; — A (f(u;‘l+1/2) - f(u?—1/2)) + AﬁR;‘l

(3.6)

= ug‘ — At f (u?+1/25 u;[l/Q) Dxu;‘ + A:UQR;‘,

where R} is uniformly bounded by a constant independent of Az. The last term
above is the truncation error. The above equation can also be written in the following
equivalent form:

Dyuj+ f (w0 0] 1)) Douj = AzRy. (3.7)

We have to point out that if u(zx, t) is a piecewise smooth solution, which is discontinue
along = = X(t), then the above equation takes the following form:

Dyuf+ f (w)yr)05ujy o) Douf = TEY, (3.8)
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where the truncation error TEJ” will have the form

O(A s n g
O(l/A.I), J :]?>JQ+1>
where ;7 satisfies
JiAT < X(t,) < (57 + 1) A,

In what follows we will only consider u a piece-wise smooth solution of (1.1). Sub-
tracting (3.5) from (3.8) leads to the error equation for the error e} = v} — uf:

Dqel + D, <f (ul;v})e ) TEY, (3.10)

where the truncation error TE} is defined by (3.9).
Now we derive a difference equation for the difference quotient error D e}. It
follows from (3.5) that

DyD,vi + D, <f <v?+1/2; "’?71/2) Dﬂ?’”?) =0,
DDy + D, <f <u?+1/2; U?—1/2> Dxu?) = TE},

where T'E7 is the truncation error for the piecewise smooth solution u(z,t). Since
u(z, t) is discontinuous along the shock curve z = X (), some calculation shows that

TEn:{(’)(Af)v J A3 = LG L 2

(3.11)

At A ) (3.12)
O(1/Az?), j#j7— 148 + 1,75 +2,
where j7' satisfies
JiAT < X(t,) < (j2 + 1)Aw.
Subtracting the second equation from the first one above leads to the finite differ-

ence setting for D e} = (€?+1/2 € 1/2)/Ax

DyDyef + D, (f (V4121 V7-1)2) Dﬂ?)

+D, ((f (’U?Jrl/Z;'U;L—l/Q) - f (U?H/Q;ugilﬂ)) Dxu?) =TE?. (3.13)
T

J/

We re-write the term [ in the following form:
1= (F () = F (ufsswg)) Dl
+D, <f (U?+1/25 v?71/2> ~-f (u?+1/25 u?71/2>> Dxu?fl/Q

- f(’_’?+1/2? +1/2) +1/2Du

+ D, (f (V121 V51j2) = F (Uil “?—m)) Doy

I
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We further re-write the term I7 in the form:

f
(9541721 05-172) Da®i— F (
( 1/27 Jj— 1/2)D _?_" (f

cl

?+1/25‘_’§11/2)— F (@05 1/2)> D.uj

f‘(ﬁmﬁﬁ):/o Df(ﬂg—i—s((@a—ﬁg))ds.

The above result can be written in the following equivalent form:
I f (T 1 )9; 0} 1 0) D€} + f (T} 110> B 123 W1y, TGy jo) (€410, €]y 1) D]
where the notation f is defined by

f (7_1a+1/2, Vo-1/2; UB11/2, ﬁﬁ—l/Q)

1 .
o / D f <uﬁ+1/2 + 5(Vas1/2 — Upr1/2); Wa-12 + (Vo172 — Up- 1/2))d8'
0

Substituting I and II into (3.13) gives the difference quotient error equation for D,e}

Dthe?jLDx (f (U?+1/2§U?—1/2) >+ f( Vit1/2: 05— 1/2)D €; ;D ug 1/2

+ f (o) CIRP R R TRy T 1/2) (€711/2: €j_1/2) DB} Dyt o (3.14)

+ F (04123 Whir2) €41 e Diu = TE].

3.2 Weighted error for the difference solution

In this section we consider the case that the entropy solution of (1.1) has one shock
discontinuity. Let x = X (¢) be a shock curve. Denote

¢ =z, — X", ¢ = (x;—X"), X"=X(t), X"=X'(tn),
where ¢ is the weighted distance function introduced in Section 2. It is easy to show

that
Dy = ¢n + O(A2?), D" = ¢ + O(At)
{ qﬁ”“ "o+ O(AL+ Ax). B (3.15)
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Using the product rule D,(a;b;) = a;41/2Db; + (Dya;)bj—1/2 to the following equa-
tions gives

D, (f (wjiv})(¢e);)
D, (fl( iv ')¢j+1/26j+1/2 +f—1(u?§"’?)¢?71/26?71/2)
;'l+1 (fl( Uy ]) ?+1/2)+Dw¢;}+1/2f1(u?fl/2;v?*1/2)6?
Dy (f-1(uf u;; g) ?—1/2)+Dm¢?_1/2f—1(u?+1/25v?+1/2)6?
¢?+1D1 <f( u;; ]) )+¢ (fl(u;'lfl/Z;v?fl/2>+ffl(u;zrl/?;v;zrl/?))e?+O(Ax)'

It follows from the above result that
oD, (F (wioner) = D (F (s o)) (ge);)
_éj (fl(uj—l/QS Vi 1ye) + S (U Uj+1/2)) ¢j + O(Az).  (3.16)
Multiplying the error equation (3.10) by ¢7 gives

O(A L
)e?)—d)?{ (Az),  j#jr g0+

"Dye? + @7 D, ; -
1D} + 6D, (F (u) 0] O(1/Az), j=jrjr+1

_ {O(Ax), R Y (3.17)

o), Jj=7iis+1
This is due to the fact that ¢} = O(Ax) for j = j¢,j¢ + 1. Now we will derive a
difference equation for ¢7e? from (3.17) and (3.16). To begin with, we observe

Dy(¢je})
= O[T Dl + (Dig) el

O(Az), j#j¢,j¢+1
= —'D, (F (wso)er) — drxrer + Sieieal
7 o), Jj=jhi+1
= —-D, (f( u;; ])(¢e) > + ¢? (fl(u?—1/2§vz‘l—1/2) + ffl(u?+1/2$ U?+1/2) - Xn) e;‘l
O(Ax), j+ o4 +1
+ .o .
o), Jj=gdi+1
Rearranging the above difference equation gives the equation for ¢e’:
Dilye}) + D, (F (wjiv))(¢e)?)

n

__i (fl(u?—1/2; ’U;'Z—I/Q) + f—l(u;‘l+1/2§ v?+1/2) - Xn) (qb;le;l)

B {0<Ax>, G+ 1

e : (3.18)
oQ1), j=grr+1
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Since for j = 7', 70 + 1, we

q.bn r n n r n n o n_n
- ¢_i (fl(uj—1/2§'uj—1/2) + f—l(uj+1/2§ vj+1/2) - X ) ( jej)
j
= _ﬁf);l <f1('u,;-‘_1/2; 'U;'Z—1/2) + f—l(u?+1/2§ 'U;‘Z+1/2) - Xn) 6;‘1
= O(Ax),

where we have used the fact |¢'(z)| < C|z| for |x| < 1. Let
LW}) i= DW] + D, (f (w}s0])W3) + Wy,
where
. 0, J=173808 +1

¢ = ar r n n £ n ) 2 . nan
! <X - fl(’u’jfl/Q; vj71/2) - f—l(uj+1/2a vj+1/2)> ¢_§?7 J# Js:Js + 1L

Thus ¢7e? satisfies

- \n O(Ax), j#jiji+1
L((e))) = #9500
o), j=jiji+1
(¢e)) =0
It follows from (3.23) and (2.14) that
. 0, J=1JdJs +1 n 0, J=1Js:Js +1
¢l = , o or Atcj = , o
O(1/Ax), j#jiji+1 O\), J#30 58 +1,

where A = At/Ax. ~
Now we prove an useful discrete maximum theorem for L(W'";).

j
Theorem 3.1. If L(W?}) >0 and WP > 0, then

Wi>0 vV (n,j) € ZxN
provided that the Courant Number X is suitably small.

Proof. 1t follows from L(W7) > 0 that if W > 0 for all j, then

WP > =Ml 0540 2) Wi + M) o505 0) WS
(LA (Pt 95m) — 5050 )) = 1)
> (U] 0 )W+ A (U] 03 05 )W

+ (1 - A(f_l(u;-‘+1/2; 'U;'Z+1/2) - fl(u?—1/2§ v?—1/2) + |O(1)|>> Vana
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(3.24)

(3.25)

(3.26)

(3.27)



where in the last inequality we have used the expression (3.25) and the assumption
W]” > 0. The monotonicity of H shows that the first and second coefficients of W;‘
given in (3.27) are nonnegative and under little more restriction on A than the mono-
tone condition the third coefficient also nonnegative. Since VVJQ > 0, the inequality
(3.27) indicates that the conclusion (3.26) is right for n = 1. By induction on n we
can conclude that the inequality (3.26) holds for any n € N. This completes the proof
of this theorem. O

Lemma 3.2. Let W} satisfy

O(Az)[, j#jij8 +1

3.28
OW),  j=gm g+ (3.28)

L(W7}) = {

with W) = 0, where O(Az) and O(1) are defined as in (3.24). Then we have
Wi>0 and |pjef| <W; V¥ (n,j)€ZxN.

Proof. 1t is easy to conclude from Theorem 3.1 that W;* > 0 for all n > 0 and j. Tt
follows from (3.24) and (3.28) that L(W £ (¢e)?) > 0 and WP+ (¢e)? = 0 and hence
the maximum Theorem 3.1 gives W} & (qﬁe);‘ > 0 or equivalent |¢?e?\ <Wwp. O

Theorem 3.2. The weighted error of (¢e)’ is bounded by O(Ax) in LY norm. More
precisely, we have

I6(- = X(t))e(sta)lli ==Y [(ge)j|Az < O(Aw). (3.29)

j=—00
Proof. Multiplying the difference equation (3.28) by Az and summing up the equa-
tions for j from —oo to oo give

Dy Y WAz =— ) WAz + O(Ax), (3.30)
j=—00 j==00

where we have used the conservative form (3.22) of L(W). In order to get the
desired estimate we need an inequality:

=) WA < C Y WAz + O(Ax). (3.31)

J=—00 Jj=—00

From the definition (3.23) of ¢ we see that |c}| is not uniformly bounded by some
constant. So we can not get the inequality (3.31) directly by using |c}| < C for

16



all n > 0 and j. But the following important inequality helps to get the requested
estimate, namely for any F' € L'(R) the following inequality holds:

[e.o]

= 3 (R A 0 ) — FaW i) ) 51 ()| A
j=—00

- (3.32)
<C S Py )| Az + CAa,

j=—o0

which will be proved in next lemma. Setting ¢|F(z;,t,)|

= W}" and substituting it
into the above inequality give (3.31). Applying (3.31) to (3.30)

ylelds
D, Y WAz =— Y WAz + O(Ax)
j=—o00 j==00
<C ) WiAz+O(Ax),
j=—00

Solving the above inequality gives

Y WrAz<O(Ar) VneN.
j=—00
This estimate with |¢fe?| < W} gives the desired result of (3.29). O

Now we prove the important inequality (3.32) by using the assumption (A3).

Lemma 3.3. For a weighted distance function ¢, ¢ ~ min(|z|/7*1 1), and for any
F € L'(R), we have

- Z < - fl u; 1/257’?—1/2) - f—l(u?+1/2§v?+1/2)> ¢?|an|AI

]7—00

0 (3.33)
<C D @Az + CAx,
j=—00

where F}' = F(xj,t,).
Proof. We split the left-hand of (3.33) into tow parts: I; + I, where

I = Z <f1(u?71/2; v?fl/2) + ffl(u?+1/25 U?H/Q) - Xn) QS?‘F?‘A%

25— X (t)| 2 A0
I = Z <f1('u,;-‘_1/2; v?—1/2) + f—l(u;‘l+1/2§ 'U;‘Z+1/2) - Xn) ¢?|FJn‘A$=

|x;j—X (tn)| <Az

17



where v is the constant given in (A3). It follows from (2.7) that
|¢'(2)] < Cla]'7, [67] = ¢/ (2 = X (8a))] < Clay = X (ta)[')7.
This result gives
I, < CAz. (3.34)

Now for |z; — X (¢,)| > Az?, we use the facts that gf);” >0 and X, > f'(u”), where
u”t = u(X(t,) +0,t,), to obtain

<f1(u?_1/2; ’U;'l—l/2) + f—l(u?+1/2§ v?+1/2) - Xn) ¢?
< (fl(u?—1/2§ ’U;'l—l/2) + f—l(u;‘l+1/2§ 9?4—1/2) - f/(“?» ¢?
+ (' () = f'(uly) o)
< Cf"(0)Az"} + f"(®)ug (o) (an — x(ta))d}  (using (A3))
< Cf"(0)(wn — ()] + f(®)un(®)(xn — (t0))0]
< Clzn — 2(ty)) ] < O

Similarly, by noting that gf);” < 0 for z, < X(t,) we can also prove that for z, —
X(t,) < Az

<J?1(u?71/23 U?71/2) + ffl(u?+1/2§ v?+1/2) - Xn) ¢;L < C¢?-
The above results lead to

L<C Y ¢rFp|Ax,
j=—o00

This, together with (3.34), yields the inequality (3.33). The proof of the lemma is
complete. 0

3.3 Weighted error for the difference quotient of the mono-
tone solution

In this subsection we will consider the strictly monotone scheme, which satisfies more
strictly monotone condition:

OuH (u,v,w) >0, 0, H(u,v,w) >0 and 0, H (u,v,w) > 0.
This is equivalent to
Ouf(u,v) <0, Oy f(v,w) >0 and 1 — A9, f(u,v) — yf(v,w)) > 0.

The well known (generalized) Lax-Friedrichs scheme ([11]) is a strictly monotone
scheme, which is defined by

A

n n K, on n n
P =) = S F) + S0 = 200 + ),

v

18



where A\ = Ax /At satisfies a Courant-Friedrichs-Levy condition,

A sup  |f'(v)] <

[v|<[[v0]]oo
For the strictly monotone scheme we have

Lemma 3.4. If the numerical scheme (3.1) is strictly monotone, then for any v,
and ug the following inequalities hold:

_fl(va;u,ﬁ')>07 1_)‘<.f—1(va;uﬂ)_f1(va;u,6’)> >07 f—l(vaauﬁ)>0'

Now we will derive a difference equation for ¢ D,e’ from (3.14). The derivation
is similar to that for ¢7ef. Some calculation on (3.14), account of (3.12), gives

Dy(¢Dyef) + Dy (f (”?+1/2? U?71/2) (quxe)?)
= (A0 + f @) v)) = X7) (6Dse);

- f ( ?+1/2;5?—1/2) ($D$é)?Da:u;Z_1/2

_l’_
i

( ]+1/2’ 3 1/2? ]+1/2’ j— 1/2) (((Eé)?Jrl/%(éé)?fl/Z)Dwﬁ?DIu?fl/Z (3‘35)

+ f ( Vji/25 J+1/2) (¢é)?+1/2Dxu?
(1/A$ ), J=J¢— L8 08 + 158 + 2,
ACE J#FJs =L gd + 1,58 +2
J=17Js = LJis + 1,78+ 2

= ¢

where

Jedr < X(ta) < (47 + DAz, [¢f] < O(Az?),

with a > 3, for j =57 — 1,57, 70 + 1,70 + 2.
It follows from the definition of ¢ that if @ > 3 then

7] < O(Az?), |¢}] < O(Az?)
for j =52 — 1,52, 70 + 1,47 + 2. Thus we have
— 2 (W) + ()i v)) = X*) (6Dae);

= =37 (L@} V) + (0] i0)) = X7) (Dee)]
= O(Az) for j=ji—1,j07d+1,5+2 (3.36)
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and

f( J+1/2’ Jj— 1/2) ($D$é)?D$u;l_1/2

=0O(Ax) for j=jr—1,50504+ 1,750 +2. (3.37)
Therefore we define
LWS) = DWW} + Dy (F (04105011 )) W) + G W + AW (3.38)
where
. 0, J=73¢ = L5808 F 1,08 +2
TN G (Rl + o) < X)L A L L2
(3.39)
and
0, J=73¢ =158 08 F 1,8 +2

—n
C; f (o, .. 5" D,u" R R T (3.40)
j+1/20 Yi—1/2 i—1/2° J 7 Js I e g ’

Hence ¢} are uniformly bounded and |d}| = O(Az™").

Theorem 3.3. If W satisfies LIW) > 0 with W) > 0, then W > 0V (n,j) €
N x Z provided that At and Courant number are sufficient small.

Proof. We can write L(W) > 0 in the following form
Van-H = (_)‘fl( i+ Y ) Atcﬂ—l—l) an-‘rl
v (1 - ( Foa(olsom) — fl(v;;vg_l)) — At? +(9(>\)> Wr(3.41)
()\f ( g? g 1) Atc] 1) Van—l‘

It follows from the strictly monotonicity of H that coefficients of W ;, Wi* and W[
in the above inequality are positive provided At and A\ are sufficiently small. Since
w? > 0, W > 0 is right for n = 1. By induction on n we can conclude that the
inequality holds for any n € N. O

Lemma 3.5. If W} satisfies

LW) —’f V)2, U125 Ul o, Uy 1/2) ((Qgé)?ﬂ/za(a’é)?q/z)Dwﬁ?D:vU?A/z

+)f (05172 @41 12) (€)1 p Dyl | + [O(Aw)]

(3.42)
with W) = |¢9D,€]|, then

Wi>0, [¢]Dgef| < W},
for any (n,j) € N x Z.
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Theorem 3.4.
[¢(e — X (t))Dye(o,1)||11(r) = O(Ax). (3.43)

Proof. Integrating the difference inequality of (3.42) with respect to x, on account of
the estimate of (3.29) and

Sy awpse Y Wy

j=—00 J=—o0
gives
Z WiAz = O(Aw).
j=—o00

The above inequality comes from the assumption of (Az). This with the estimate of
|95 Dyef| < Wi yields the desired result of (3.43). O

Acknowledgments. The research of TT was supported by Hong Kong Baptist
University and the Research Grants Council of Hong Kong and the International
Research Team on Complex System of Chinese Academy of Sciences. The research of
Z'T was supported by the National Natural Science Foundation of China (10576001).

References

[1] N. S. BAKHVALOV, Estimation of the error of numerical integration of a first-order
quasilinear equation, Zh. Vychisl. Mat. i Mat. Fiz., 1 (1961), pp. 771-783; English
transl. in USSR Comput. Math. and Math. Phys., 1 (1962), pp. 926-938.

[2] H. FAN, Ezistence and uniqueness of traveling waves and error estimates for Godunov
schemes of conservation laws. Math. Comp., 67 (1998), pp. 87-109.

[3] B. CockBURN, F. COQUEL AND P. LEFLOCH, An error estimate for finite volume
methods for multidimensional conservation laws, Math. Comp., 63 (1994), pp. 77-103.

[4] B. COCKBURN, P.-A. GREMAUD AND J. YANG, A priori error estimates for numerical

methods for scalar conservation laws Part III: multidimensional flux-splitting monotone
schemes on non-cartesian grids, STAM. J. Numer. Anal., 35 (1998), pp. 1775-1803.

[5] B. ENGQUIST AND B. SJOGREEN, The convergence rate of finite difference schemes in
the presence of shocks, STAM. J. Numer. Anal., 35 (1998), pp. 2464-2485.

[6] E. HARABETIAN, Rarefactions and large time behavior for parabolic equations and
monotone schemes, Comm. Math. Phys., 114 (1988), pp. 527-536.

[7] J. GOODMAN AND Z. XIN, Viscous limits for piecewise smooth solutions to systems of
conservation laws, Arch. Rational Mech. Anal., 121 (1992), pp. 235-265.

21



8]

[17]

[18]

[19]

[20]

[21]

22]

[23]

N. N. KuzNETsov, Accuracy of some approrimate methods for computing the weak
solutions of a first-order quasi—linear equation, USSR Comput. Math. and Math. Phys.
16, 1976, pp. 105-119.

H. Liu AND G. WARNECKE, Convergence rates for relaxation schemes approximating
conservation laws, SIAM J. Numer. Anal., 37 (2000), pp. 1316-1337.

H.X. Liu AND T. PAN, L'-convergence rate of viscosity methods for scalar conservation
laws with the interaction of elementary waves and the boundary, Quart. Appl. Math.,
62 (2004), pp. 601-621.

J. L1u AND Z. XIN, L'-stability of stationary discrete shocks, Math. Comp., 60 (1993),
pp. 233-244.

B. J. LUCIER, Error bounds for the methods of Glimm, Godunov and LeVeque, SIAM
J. Numer. Anal., 22 (1985), pp. 1074-1081.

H. NASSYAHU AND E. TADMOR, The convergence rate of approximate solutions for
nonlinear scalar conservation laws, STAM J. Numer. Anal., 29 (1992), pp. 1505-1519.

F. SABAc, The optimal convergence rate of monotone finite difference methods for
hyperbolic conservation laws, STAM J. Numer. Anal. 34, 1997, pp. 2306-2318.

E. TADMOR, Local error estimates for discontinuous solutions of nonlinear hyperbolic
equations, STAM J. Numer. Anal., 28 (1991), pp. 891-906.

E. TADMOR, Approximate solutions of nonlinear conservation laws, in Advanced nu-
merical approximation of nonlinear hyperbolic equations. A. Quarteroni, Ed., Lecture
Notes in Mathematics, vol. 1697 (1998), pp. 1-149. Springer.

E. TADMOR AND T. TANG, Pointwise convergence rate for scalar conservation laws
with piecewise smooth solutions, SIAM J. Numer. Anal. 36, 1999, pp. 1739-1758.

E. TADMOR AND T. TANG, Pointwise error estimates for relaxation approximations
to conservation laws, STAM J. Math. Anal. 32 (2000), pp. 870-886.

T. TANG AND Z. H. TENG, The sharpness of Kuznetsov’s O(v/Ax) L-error estimate
for monotone difference schemes, Math. Comp. 64, 1995, pp.581-589.

T. TANG AND Z. H. TENG, Viscosity methods for piecewise smooth solutions to scalar
conservation laws, Math. Comp. 66, 1997, pp. 495-526.

T. TANG AND Z. H. TENG, On the regularity of approximate solutions to conservation
laws with piecewise smooth solutions. STAM J. Numer. Anal. 38 (2000), pp. 1483-1495.

7. H. TENG, First-order L' -convergence for relaxzation approzimations to conservation
laws, Comm. Pure Appl. Math., 51 (1998), pp. 857-895.

Z. H. TENG AND P. W. ZHANG, Optimal L'-rate of convergence for viscosity method
and monotone scheme to piecewise constant solutions with shocks, STAM J. Numer.

Anal., 34 (1997), pp. 959-978.

22



[24] H.Y. WANG, On the L? and L' convergence rates of viscous solutions of the Keyfitz-
Kranzer system with piecewise smooth and large BV data, J. Diff. Eqn, 211 (2005), pp.
382-406.

23



