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Chapter 1
���ÕÕÕ���ÕÕÕ���óóó���ããã888***FFFºººýýýRRR

×�¼1�.êó.Ý@
$ð;ðÎ�.ÑJóÝ°JºÕ��.°JTàÞÝAÖ

È!T�`Ö®Þ���Q¡�
�.ê���ó�Í@��Õ�Õ�óôµÎ39]

«ÝÃ�ó.Ý�Q
;a��ãh���3@D�ó.ÝR��§	hÍ~Ù"Dã

Õ�Õ�óÝ
M¢3��X|�ñhðzÝMÓP¤�êÎ°%��

1.1 ���»»»uuukkkÝÝÝºººÕÕÕ������ããã888***FFFººº°°°ýýýRRR

hq~9���ó.ÝqÍ3yÑÑÑJJJóóó����ùÌ�Û���QQQ���óóó�Ý°°°JJJºººÕÕÕ�ù

Ç+�−�×�÷��¸ÛÎãóóóÍÍÍóóó�counting�Ým��Q�QxC�WÝÞ��
��Í�tÃÍÝ�xµÎ5+16�5+a6ÛÎ.5+16¥�� a gÝ�)�
5k ·a6JÎ kÍ a�8�Ý���aℓÛÎ ℓÍ a�8¶ÝXÿ�¢:ÏëàÏ×ý��
Ah@Mhû�x�WÝÑJó��µÎ&Æ��.���Ç�!êYàÌb×��888

���ºººÕÕÕ����ùÇ���¶Ýøøøððð�������)))���õ555ggg����¼¼¼óóó���JJJ�ÝÑJó��»A

¶Ey�Ý555ggg���

m · a+ n · a = (m+ n) · a�

Í@µÎ5mÍ aÝ�8�6��|5nÍ aÝ�8�6�y5(m+n)Í aÝ�8�6
ÝÞ����¸ÛÎ¶°�qy�°ÝÌ�À��!øÝ�¼ó�J

am · an = am+n�

ôµÎ¶]ÝÍ²Î5�8¶6ÝÞ����Ì�À��

À����î�9×��ºÕ�ÎEy�¢ÑJóKûûûÅÅÅWWWñññÝ�¸Æ�R/�2

À�ÝÑJó�J��xÝ�Y;;;PPP�|Õ?à�ÎJÍ��ó.�5�»uk6	©

½Î555ggg���ÛÎ°JºÕÝÞ�X3�

1.1.1 888***FFFººº°°°������ààà555ggg���ÝÝÝ@@@


ïïï

3�óºÕî�&ÆEyî���ºÕ�	QK�5Bh2×Rºà�¬ÎÍ�|5g

�t¥��bæ��v¸Ýà�õà°îô©½bý~�3�9�ó®ÞÝ@~î�

ÎÍ��à5g�??µÎW?Ýn"�39×F��»�Õ�b×Í}ÕÝx�5888

***FFFººº°°°6�¸ôµÎ3ó¡�ÌbÃÍ¥�PÝ���»»»yyyõõõ���§§§�Chinese remainder
theorem��
&Æ�¼+Û×ÍSßá{ÝF1��1	O�½�8Ê��8*Î�¢Ý�Þ�

b×F��¢ÏÛ8*Ý����3º�îVbÞû(ÿº3EY�8*ú�ÿºÆ�

7



8 Chapter 1. �Õ�Õ�ó�ã8*FºýR

¡|Úß×à�è×ß×àCèëß×à�/W�à�¬.Ngõì��àWÚ�Tè

×�èë�ß�àÝßó î�Q¡�-�|">2Õ�ÿºÝ@6óê�»A�3

àÚß�à`õì 3ß�àè×ß�à`õì 4ß�àèëß�à`õì 8ß�8*
�"-Õ�Í@6óêÎ 1,984ß�Í¡à×Í«½×ÍFÝð`ó°@-ÝßóÑÎ
1,984��v	�?�À×°ã�¢²�Öò�áÿºÆ�Ýó(����|§8*¯G
�á¼ÿºóêÝ��P�Æ¯&Æµ©1Õ9��#½¯&Æ¼D¡î�58*Fº

°6e¡Ýó./��

888***FFFººº°°°333óóó...]]]«««ÝÝÝ555���

(i) ' x ÿºóê�J	 x t| 7�11�13 `Ýõó-5½Î 3�4�8��Ìõ
ó/ (3, 4, 8)��´��¥��î�f�¬��°×2@� x ÝÂ�¬uË
ó x� x′Ìb8!Ýõó/�JËïÝ-½ÛÎ×Í 7× 11× 13 = 1001Ý¹ó�
.h�8*��|µ�|ó�Í�t#�Õ£ÍßóV 2,000Ý£Í x�n�

(ii) ' x1�x2�x3 5½Î| (1, 0, 0)�(0, 1, 0)�(0, 0, 1) õó/�v�y 1,001 Ý
��qA�' x1 Î 11 × 13 = 143Ý¹ó�Ç x1 = 143 · y1��pO� y1 = 5�
Çÿ x1 = 715�!§�x2 = 7 × 13 · y2 = 91 · y2�y2 = 4�Çÿ x2 = 364�x3 =
7× 11 · y3 = 77 · y3�y3 = 12�Çÿ x3 = 924�x1�x2�x3-Î8*ï�\�Õ�
¬B3T�Ýó�\�bó��

(iii) «½ã5g��à#ÿ� r1 · x1 + r2 · x2 + r3 · x3 Ýõó/-Î (r1, r2, r3)�Í
� 0 ≤ r1 < 7�0 ≤ r2 < 11�0 ≤ r3 < 13�3î�»���(r1, r2, r3) = (3, 4, 8)�
X|8*�"-��Õ� xÝÂÎ 1,984�

888***FFFººº°°°ÝÝÝÃÃÃÍÍÍ���°°°õõõ@@@îîî

¨3¯&Æ¼ß�×ì58*Fº°6ÝÃÍ�°õ9ø×ÍW�P»X"¨Ý@î�

ÃÃÃÍÍÍ���°°°���3O�yõ®Þ`�	õó��©b×ÍÎ 1�Í�/ 0 Ý©��
���¬�|����v�|à9×��©���.×���Ý����2àì�2P

�¾��

' x1, x2, · · · , xk ÎEy��×à2.ó 1�Ç!²�Ýtó {a1, a2, · · · , ak}�Í
õóà5½Î (1, 0, · · · , 0)�(0, 1, 0, · · · , 0)�· · ·�(0, · · · , 0, 1)Ý©���J

x = r1x1 + r2x2 + · · ·+ rkxk (1.1)

µÎ×ÍõóàÎ (r1, r2, · · · , rk)Ý���v�¢| (r1, r2, · · · , rk)õóàÝ�õî
� x8-×Í a1a2 · · · ak ÝJó¹�

î�2P (1.1)�X|ûÅWñÝ§ãµÎ5g��ã5g��� rixi � ai tÝõ
óÎ ri��v x − rixi =

∑
j 6=i rjxj � ai tÝõóÎ 0�.N×Í rjxj�j 6= i�Kâ

b.ó ai��ãh���î�Õ°ÝÃÍ¤�µÎ�à5g��.yõ®ÞÝ×��
��à^Ý	2hy|�?ÕÝ©��¼�Ù����

bey8*Î½�8Ê`�Ý�Þ��3h�÷Ãà�¯�+¼f�î�ÃÍ¤

���A&Æ.yõ®Þ:�5;�Ý�	6Ý��J£°©�õóàÝ�µÎ�È�

�/�2�×�	Ý5;¯�F6�X|î�5�à)ã©����	�××��Ý�

°�Ý@"¨Ý8*3-Iõ�X®ÞîÝ5�Þ±P6���&ÆÝ×�P@î�l

Aì�



1.2. ��ó]�æ§��ÙºàºÕ�Ý@
ï 9

	&Æ3@DØ×Ë®Þ��!q©ô�Ä	§yæ�Ý®Þ��Î�.¸wÕ

ªÕ?�ÝÂ�õP�����§�°b9ø�b��.!vÝ®Þ��2à�

R¼�»A3yõ®Þ�ã5g�ÝºàXÿÝ (1.1)P��Q¡�à9Ëà��
@¨5�à)�Ù��Ý;¯¤��

	Q�A¢ÞØ×Ë®Þ8TÝÂ�õP�@�ÿªÕ?��A¢.Xó�Ý�	

��à�R¼ÎÛ68nÝ�h¯×¼�½��Ý®Þ���Þ¼ôã�ÞïE�®Þ

Ý-I�����X|ÉP�!�ôp|b×Ã�¡�¬Î3Ã�ó.�Q�Q�Q

2b?°ÃÍðàÝ®Þ�ôK�|!ø2à5g��|à��¸ÿ×��õ©��

� Ýn;ôõ (1.1)P!ø2Î×Ë¹óà)�TÌaPà)��9×v®ÞÙÌ
aP®Þ�@~b[��aP®Þ�¬vc"ÍTàÝ�ÞJ§�aaaPPP���óóó�Linear
Algebra��9Í@µÎ&Æ3�.Ã�ó.���X�@DÝ×Í�T�Þ��v¸
ôÎ3JÍó.�×ÍtÂ½bàÝÞ�X3�

À�î«9×ðD¡��|1aP�óÝÃÍ�°µÎ�Ù2ºà5g���X&

Ë&øaP®Þ��9Ë�à5g���XaP®ÞÝÃÍ]°õ¤�¼�38*F

º°��5�¨���/�2�¾ÿ5|�¼l6�ãh�á�aP�óÝÃÍ]°�

@jîÎRÙy�»�ÕÝ5�ºÞ°6�

)))aaaªªªÝÝÝÛÛÛBBB***���3¨áÝZ¤��h°3��Ý-���¬&ÊK;»����Õ

B.¡C�X|h°ùÌ��Õ°�

1.2 ������óóó]]]���æææ§§§������ÙÙÙºººàààºººÕÕÕ���ÝÝÝ@@@


ïïï

&Æ3�.`.êÕ��3��`
�.ê�ó�3ó.Ýs"ª���óÎãÕ�


M�¼Ý�¨3¯&Æ¼ß�×ì��Õ�Õ�óÝ
M�Í�F¢3�MÓF¢3�

/)	O�3�.Õ��X.Ý°JTàÞ�AOë®Þ�ÖÈ!T®Þ����î

¼1�	`Î;ÄEN×vlÝ®Þ��5��Í½2OÿÍXjEÝ2P¼�|�

�Ý�¬ÎÕÝ���ó�9°9øÝ°JÞÙÙK�|à��ÝaP]�à�|�

��Í�~b¸Ý%�5»ú6÷�»:R¼�Íú�?	3yS
Ý5Îáó6Ðr

�unknown��»A3ÖÈ®Þ���|à x, y 5½�î5Èó6�5Öó6�JX�
®Þ�Ýó�n;�|�WËÍ]�P�Ç

{
x+ y =�ó�
4x+ 2y =�ó�

3Õ��4Q�à x, y9ËÐr�Qô�|!ø2¶ì
{
Èó+Öó =�ó�
4×Èó+ 2×Öó =�ó�

ãh���Õhc��óõÕ�mPÍ²îÝ-½�Í@��ó�°ÝËÑú�¬�

3yS
ÎáóÐrõ�]�P��Î3y�Èã�ó]���ÿÎáóXTbÝÂ	

¨3¯&Æ|�ó��ó5½Î 15õ 38 »�¼5�×ì�ó�°õÕ��°Ý-
½�

(i) ���óóó���°°°�àÏ×P�ÿ y = 15− x��áÏÞPÇÿ

4x+ 2 · (15− x) = 38�

à5g�ÞîP�;�Çÿ

4x+ 30− 2x = 2x+ 30 = 38 =⇒ 2x = 38− 30 = 8 =⇒ x = 4�
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(ii) ÕÕÕ������°°°�uT��IÎÖ�Ç 15w��J�óT 2× 15 = 30�*@×|Èð
Ö�J�ó1¹����óJNg¦� 2�ãh����¸�óã 30¦�Õ 38�
X|�Ý?ðgóÎ (38 − 30)÷ 2 = 4�9øµOÿÈó = 4�

)))fff´́́555���***3�ó�°��&ÆàºÕ�õ5É46Ç��ÿ x, y XTb�Â
�;Îá�á�	�3Õ��°���/Í@\�5T�bP6�Ç

Èó = (�ó− 2×�ó)÷ 2�

Q¡�àî�9ø×�51Þ6¼�ÕÍ)§P�9�ô&\ïº®�5£��/9T

�bP:Ýî�2P~bÎA¢�ÕÝ÷�6h¯�lbËËH5�Í×Îà�ó]�

O��ÿ�Ç
{

x+ y = a
4x+ 2y = b

=⇒ 2x+ 2(a− x) = b

=⇒ 2x = b− 2a =⇒ x = (b− 2a)÷ 2�

ÍÞÎã@�hû�ÿ�Ç

Èó Öó �ó

0 a 2a

1 a− 1 2a+ 2

2 a− 2 2a+ 4

3 a− 3 2a+ 6
...

...
...

î«XD¡Ý4Q©Î×Í��Ý@»�¬Î&Æ�B�|:ÕËË�°ÝËÑ ½�

3Õ��Î�b[¿àºÕ����óJb�Ù2àºÕ���;��Ýó�n;��

�;Îá�á��.9Í ½-Iÿ?�z½×°��\ï�/�×ì�3�.`.

êÕ�°JºÕ�Î�Îb×Íý$�5�Õ�Àr��Õ�Àr�Q¡Õ�Àr�6

À��3Õ�°J��ÀrÎã�C²�@M�Àr¼�|�ÕÝ�9ËÕ°3Àr�

âbÎá�`�»A 4x + 2 · (15 − x) = 38�µ��;Ý��3�ó��&Æ�|à5
g�. 2 · (15− x) ;¶W (30− 2x)�9§�5MJ���J;	6
î�5�J;6Ýæ§Aì�3ÕP�ÝÎáó3$Î��ÍTb�Â�G�4Q

�áÍÂ9K�¬ù�Î×Íó�X|£ËEy�¢ó/ûÅWñÝºÕ�Îù��

àÝ�Í�tbæïÎ5g��¸¸ÿÕP�ÝÀr�������º.Ø×Àr

�âbÎá��5å 6�9ôµÎ������óóó]]]���PPPÝÝÝÃÃÃÍÍÍæææ§§§	9�ÎÕ���óË

ÑÝ5M	

�|9�1�3Õ�O��Î^.ºà5g�Ý5í `�6�ÕÝ�ó�J
M

Õ�àºÕ��©½Î5g��Ý5Y `�6�39��&Æ����×�5S
Î

áóÐr69ÍÜ'ÝËÑ?���L�

ãî�5������ó]�PÝÃÍæ§3y�Ù2àºÕ��.âbÎá�Ý

ÕP�|�;�5��S
ÐrA x, y, z �¼�¾Îá�Ý�°µÎ�.î�æ§Ì�
;��é;�ôÇÎáóµÎ£Ë3ºÕî��ºÕ�ÝÐr�9ø��µ¸ÿ&Æ3

E5Îá�6¸àºÕ�`5bÝwì6�ÎáóÐrÎ5Ý6�ºÕ�Î5ì6��

ºàR¼�Q?�ÿTTW��ï5�ó69Í(Þ�)(¤L�ÛÎ.9Ë|Ðr

��Îáó��°3�ó.�Â½ºà�ÿ(�Í@�9Ë�°ÝËÑ?�3y¸ÿE

y&Ë&øÌbó�;PÝ¯ÎAÎáó��ó����ó����ÈbÝwì2ºà
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ºÕ��ÿ|Ñ!;��Ù;�3�.�ó�X.Ý94PºÕµÎ9Í�°ÝÌ��

P�

)))aaaªªªÝÝÝÛÛÛBBB***�94PÝS
�R�yViete�1504–1603��3ó.ª�;ðÌ�Û
symbolic computation�Í@�¸Ý¤�qÙ3yî���ó]�æ§��ï�9Ë�
°3�-`�ÝF-��¼��M"¨ÍÐÓ�

1.3 999444PPP���õõõPPP���§§§���æææÂÂÂ222PPP

beyî×;XD¡Ý��ó]�Ýæ§�3y-IÕºÕ�ÎEy�¢ó/ûÅWñ

ï�X|3�ó]��������ÎÎÎááá���ô	QÊà	�v��ó]�ÝÃÍ¤�µÎb�Ù

2ºàºÕ�.Îá�X��Ý]�P�;���;5Îá65�á6�.9ËÃÍ

�°�Ù;�Ì�;ÝÚxµÎ&Æ;ð3�ó.�XÄ.Ý999444PPPºÕ�Í@�94

P� x, y, z �X�îïµÎÌbóóó���;;;PPP�ùÇºÕî��ºÕ��ÝÐr�Ì�Û���
���--- �indeterminants�ï���ï�394P���t��ï	QÎ���---999444PPP�
Í@¸ôÎt?à�bàÝ©»õRM�beyh�Í;Þ��D¡�-94P®

ãÕ�Õ�óÝRF�

1.3.1 ���---999444PPPÝÝÝÂÂÂ���qqq���õõõPPP���§§§CCCÍÍÍ...¡¡¡

' f(x)Î×Í��94P�Ç

f(x) = c0 + c1x+ · · · + cnx
n

(
=

n∑

i=0

cix
i

)
� cn 6= 0�

uÞ x| a�áîP�ÇÿÍ3 x = a�Â�Þ| f(a)B�Ç�

f(a) =
n∑

i=0

cia
i�

|�

f(x)− f(a) =
n∑

i=0

cix
i −

n∑

i=0

cia
i =

n∑

i=0

ci
(
xi − ai

)
�

�ï�bì���Ý2P�Ç

x2 − a2 = (x− a)(x+ a)�

x3 − a3 = (x− a)
(
x2 + ax+ a2

)
�

xi − ai = (x− a)
(
xi−1 + axi−2 + · · ·+ ai−1

)
����

X|µb

f(x)− f(a) = (x− a) · q(x)�

q(x) = c1 + c2(x− a) + · · ·+ cn(x
n−1 + · · ·+ an−1)�

9ôµÎ��¬ÎÃÍÝõP�§�
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���§§§ 1.1 õõõPPP���§§§

f(x)t| (x− a)ÝõP�y f(a)�Ç

f(x) = (x− a) · q(x) + f(a)�

...¡¡¡ 1 f(x)âb.P (x−a)Ý��f�Î f(a) = 0�;ðÌ¸ÿ f(a) = 0� a f(x)Ý
qqq��

...¡¡¡ 2 f(x)âb kÍ8²Ýq {ai, 1 ≤ i ≤ k}Ý��f�Î f(x)âb.P�

(x− a1) · (x− a2) · · · (x− ak)�

...¡¡¡ 3 ×Í ng94P�9©b nÍ8²�q�

...¡¡¡ 4 ×Í ng94P f(x)�Í3 (n+ 1)ÍF�ÂX°×X��ùÇubËÍ ng
94P f(x) õ g(x)�¸Æ3 (n + 1) ÍF {aj , 0 ≤ j ≤ n} ÝÂ8��ùÇ f(aj) =
g(aj)�0 ≤ j ≤ n�J f(x) ≡ g(x)�

JJJ���

� h(x) = f(x) − g(x)�J h(x)Ýgó�9 n�¬ÎãX' h(aj) = f(aj) − g(aj) =
0�0 ≤ j ≤ n�X|ã.¡ 3�� h(x) = 0�ùÇ f(x) = g(x)�

1.3.2 888***FFFººº°°°õõõæææÂÂÂ222PPP

3 1.1�XèÕÝ58*Fº°6�ÛÎb�Ù2.õó®Þh�Õ×à�RÝ©��
��|à)�Î×Ë�à5g�Ý�Þ]°�¨3¯&Æ�¥á×ì58*Fº°6Ý

ÃÍ�°�

3O�yõ®Þ`�	õó��©b×ÍÎ 1�Í�/ 0 Ý©�����¬�
|����v�|à9×��©���.×���Ý����2àì�2P�¾��

' x1, x2, · · · , xk ÎEy��×à2.� 1�ôÇ!²�Ýtó {a1, a2, · · · , ak}�Íõ
óà5½Î (1, 0, · · · , 0)�(0, 1, 0, · · · , 0)�· · ·�(0, · · · , 0, 1)Ý©���J

x = r1x1 + r2x2 + · · ·+ rkxk (1.2)

Î×ÍõóàÎ (r1, r2, · · · , rk) Ý���v�¢ (r1, r2, · · · , rk) |õóàÝ�õî
� x 8-×Í a1a2 · · · ak ÝJó¹�î�2P (1.2) �X|ûÅWñÝ§ãµÎ5g
��ã5g��� rixi� aitÝõóÎ ri��v x− rixi =

∑
j 6=i rjxj � aitÝõóÎ

0�.N×Í rjxj (j 6= i)Kâb.� ai��ãh���î�Õ°ÝÃÍ¤�µÎ�à
5g��.yõ®ÞÝ×����à^Ý	2hy|�?ÕÝ©���¼�Ù���

3ó¡��9Î×Í�¥�ÝÃÍ�§�Ì®5�»yõ�§6�¨3¯&Æ�g

ºà9Ë�»ukÝÕ°¼@~94PÐóÝæÂ®Þ�
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æææÂÂÂ222PPP���interpolation formula���

�;D¡R��&Æ�Ê n = 3®Îl�µD¡��ãy�°�|®��Ý.Â
�µ	õó®Þ×ø��&Æ�|ºà!ø]°Oÿ3×��µìÝ���

' {a0, a1, a2, a3} °Í8²�H�{b0, b1, b2, b3} °Í����óÂ�8	y.
¡ 4Ý°×P��Q�®ì�D3P®Þ�ÇÎÍD3×Ígó�{y 3Ý94PÐ
ó y = f(x)�¸3 {a0, a1, a2, a3}îÝÂª?µÎ {b0, b1, b2, b3}�¨3&Æµà58*
Fº°6Ý�°¼¶ìî�XOÝ94P f(x)�à^Ý	21�ÍD3P�
¥�	 f(x) �t| (x − ai) `�ÍõóµÎ f(ai) = bi�o ≤ i ≤ 3��

��§ 1.1 ÝJ���.hî�æÂ®Þ©Î5õó®Þ6Ýà#.Â�Çã
Jót°.Â�94Pt°��¨3ÝtPµÎ {(x − ai); 0 ≤ i ≤ 3}�X
|�&ÆÝÞ�¼�>0&ÆT�D¡×°©�Ý�µ�Ç {b0, b1, b2, b3} 5½
 (1, 0, 0, 0)�(0, 1, 0, 0)�(0, 0, 1, 0)�(0, 0, 0, 1) 9°Ë�µ�� fi(x) (0 ≤ i ≤ 3) 5
½Ìbî�õó/Ý 3g94P�£� f0(x)Î (x−a1)(x−a2)(x−a3)Ý¹P�ôÇ

f0(x) = c(x− a1)(x− a2)(x− a3)� (1.3)

ã�' f0(a0) = 1ÿ

1 = f0(a0) = c(a0 − a1)(a0 − a2)(a0 − a3)� (1.4)

.h c = [(a0 − a1)(a0 − a2)(a0 − a3)]
−1�ôÇ

f0(x) =
(x− a1)(x− a2)(x− a3)

(a0 − a1)(a0 − a2)(a0 − a3)
� (1.5)

!§�ÿ

f1(x) =
(x− a0)(x− a2)(x− a3)

(a1 − a0)(a1 − a2)(a1 − a3)
�

f2(x) =
(x− a0)(x− a1)(x− a3)

(a2 − a0)(a2 − a1)(a2 − a3)
�

f3(x) =
(x− a0)(x− a1)(x− a2)

(a3 − a0)(a3 − a1)(a3 − a2)
�

Õh$ð�G�ÝæÂ®ÞÝ���Î5ñ�k�6�Ç

f(x) = b0f0(x) + b1f1(x) + b2f2(x) + b3f3(x)� (1.6)

µÎ&ÆX�OÝ94P�î��°�Q�|.Â��� (n + 1)Í8²�H {ai, 0 ≤
i ≤ n}Ý�µ�&ÆÞÍ�¡¶Wì��§�

���§§§ 1.2 ZZZ}}}kkk^̂̂æææÂÂÂ222PPP���Lagrange interpolation formula���

' {ai, 0 ≤ i ≤ 0}����Ý8²�H�{bi, 0 ≤ i ≤ n}����ÝóÂ��Ä
8²��JD3°×Ýgó�{y nÝ94P f(x)�¸ÿ f(ai) = bi�0 ≤ i ≤ n�
�ï�f(x)Ý�@�¾PµÎ�

f(x) = b0f0(x) + b1f1(x) + · · ·+ bnfn(x) =
n∑

i=0

bifi(x)� (1.7)
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Í�

f0(x) =
(x− a1)(x− a2) · · · (x− an)

(a0 − a1)(a0 − a2) · · · (a0 − an)

=

∏
i 6=j(x− ai)∏
i=1(a0 − ai)

�

· · · · · ·

fj(x) =

∏
i 6=j(x− ai)∏
i 6=j(aj − ai)

�

· · · · · ·

fn(x) =

∏n−1
i=0 (x− ai)∏n−1
i=0 (an − ai)

�

)))ÛÛÛ***

(i) .0î�2PÝ]°õD¡ n = 3`Ý]°Î��×øÝ��°×b½Ý2]µ
Î�;àõ��BrA

∑n
i=0�

∏
i 6=j�

(ii) {ai; 0 ≤ i ≤ n}8²Ýf�1JÝNÍ�¨32P5Ò�Ý¶�
∏

i 6=j(aj−ai)/

� 0�

(iii) {ai}�{bi}�{fi(x)}õ f(x)� Ýn;�|��2àì��î����¡ f(x) =

x a0 a1 · · · ai · · · an
f0(x) 1 0 · · · 0 · · · 0

f1(x) 0 1 · · · 0 · · · 0
...

...
...

. . .
...

. . .
...

fi(x) 0 0 · · · 1 · · · 0
...

...
...

. . .
...

. . .
...

fn(x) 0 0 · · · 0 · · · 1

f(x) b0 b1 · · · bi · · · bn

∑n
i=0 bifi(x)J�|ãì�2P

f(aj) =

n∑

i=0

bifi(aj) = bi

ÿ��. fj(aj) = 1��EyÍ�Xb i 6= j ���fi(aj) = 0�

(iv) î�ÝæÂ2P¯&Æ�|X×Í5$�@�6Ý94P�à¸3�!2]ÝÂ
à^Ý	2¶ì¼�9Í$�@�Ý94P??µÎ×°ÎáÝ§¡2PT@�

2P�X|æÂ2P�Ñ3§¡îT@jTàîKÎ�¥�Ý�3ì×;ÝD¡

��&ÆÞºTàæÂ°¼@~5Oõ2P6ÝP²õÍ�@�¾P�



Chapter 2
���---999444PPPÝÝÝÃÃÃÍÍÍPPP²²²���ÃÃÃÍÍÍ���§§§

�-94PÎ94P�t���?à�bàÝI	�ÍýÞÃ�ÍÃÍP²õÃÍ�

§�3Ã�ó.ÝJ�¼:��-94PÎ�'��5Ý����QÝH5�¢:Ïë

ý��Í@94PÍ��×ÌÐÐÐóóóõ���óóóPPP8B8WÝ9øËËÍ²�

2.1 ���---999444PPPÐÐÐóóóÝÝÝÃÃÃÍÍÍPPP²²²

Ey×Í��94P f(x)�.¸��- y 3 x FÝÐóÂÝ�¾P�Ç94PÐ
ó y = f(x)�¸Î&Ë&øÐó��t��Ý×Ë�Í5.�ó6�Â�|à�
P f(x) à^Ý	2�Õ�ÿ�3 1.3 �ÝõP�§��/�21�Ý5PÝÌF6
õÐóÂ� Ý��nÐ��.¡ 4 õæÂ2PJ�@Ý×Í n g94PÐó�¸
333 (n+ 1) ÍÍÍFFFÝÝÝÐÐÐóóóÂÂÂXXXXXX���Ý°°°×××PPPõà#�ÕÝDDD333PPP�9µÎ94PÐó©©©bbb
ÝÝÝ¥¥¥���ÃÃÃÍÍÍPPP²²²�¯&Æ3h�®
×·Ý@D�

2.1.1 æææÂÂÂ°°°ÝÝÝTTTààà���×××���OOOõõõ222PPP

��ó]�Î�ó.Ý@
X3�ÍXO�ïÛÎ��Ø°�ó]�õ5Îáó6

�unknown����ó.
×·gÝ®ÞJÎ5OOO222PPP6�ÍX"OïÛÎØ°®ÞX
�CÝ5Îá2P6�39]«ÝÃÍ]°µÎæææÂÂÂ°°°�method of interpolation��
¸b[2ºàî�94ÐóÝÃÍP²�ãX�OÝ5ÎáP63�ÈFTb�Â�D

OÍP�3@¸îÛÎà94PÝÐÐÐóóóÍÍÍ²²²/�¼O�Í5PPP6Ý�¨�3hv|Oõ

2P»��19ËæÂ°Ýà°�

¯&Æ�:¿Í��ÝOõ2PÝ»��

(i)

Sn = 0 + 1 + 2 + · · ·+ (n− 1) =
1

2
n(n− 1)�

î�ùóÝOõ2P�|àì�»úÝ]°¼s¨�Ç

Sn = 0 + 1 + · · · + (n − 1)

+) Sn = (n− 1) + (n− 2) + · · · + 0

2Sn = (n− 1) + (n− 1) + · · · + (n − 1)

= n · (n− 1)

15
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.h

Sn =
1

2
n(n− 1)�

(ii) ºà!ø]°ô�|0�ì��-ùóÝOõ2P�

S̃n = a+ (a+ d) + (a+ 2d) + · · ·+
[
a+ (n− 1)d

]
=

1

2
n
[
2a+ (n− 1)d

]
�

Ç|!Y]'8� S̃n + S̃n�ÿ�

2S̃n =
[
2a+ (n− 1)d

]
+
[
2a+ (n− 1)d

]
+ · · ·+

[
2a+ (n− 1)d

]

= n ·
[
2a+ (n− 1)d

]
�

Í@�&Æ��|Tà�á SnÝ2P¼ #2Oÿî�2P

(n−1)∑

i=0

(a+ id) (5g�)

= n · a+ d ·
1

2
n(n− 1)

=
1

2
n
[
2a+ (n− 1)d

]
�

(iii)
(n−1)∑

i=0

i2 =
1

6
n(n− 1)(2n − 1)�

AaªBµ����»õ��6Ýó.�Ká¼î�ùóÝOõ2P�¬Î�Æ

~bÎA¢Oÿh2PÝ�¨�P°�JÝ��Ä�©��Æ�È�Ø°H5T

�°ÿ�×ÍÑ@Ý5��2P6����J9Í��2PÝÑ@PÍ@¬�Î

×��æpÝ¯��|¨*Ý1°��J�®©m�J�ì��P�

1

6
n(n− 1)(2n − 1) + n2 ?

≡
1

6
(n+ 1) · n · (2n + 1)�

@jî�&Æ�||î��PÃ�àó.hû°¼J�î�Oõ2P�

(iv) Í@���»õ��6Ýó.�ôá¼¨×Ív«ÝOõ2P�

1

6
n(n− 1)(n − 2) +

1

2
n(n− 1) =

1

6
n(n− 1)(n − 2 + 3)

=
1

6
(n+ 1)n(n − 1)�

Ç�àhû°Jÿî�Oõ2PÝÑ@P�

ãh����u&Æ�È�Ø°H50�×ÍÑ@Ý��2P�JõìXmÝ�

J�®Í@Î8	��Ý5hûJ�6�.h�®ÞÝ�F3y§ø�s¨õ¶

�9Í5$�@�6ÝOõ2P�¨3�¯&ÆTàæÂ°¼0�×Í5b�Ù

Ý6Oõ2P"D�®æÂ°TàÝ×Í?»��

´��A58*Fº°6Xî�&Æ�÷�.®Þw3×ÍÊ	Â�ÝP�¼D

¡�
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)))®®®ÞÞÞ 1*** ����Ý94P f(x)�A 1, x, x2, x3�T 1
2x(x−1)�1

6x(x−1)(x−2)�
��§ø0�Oõ2P Sf (n)¼�Õì�ùó�Àõ

n−1∑

i=0

f(i) = f(0) + f(1) + f(2) + · · ·+ f(n− 1) = ? (2.1)

ôÇ�0�Ê	2P Sf (n)�¸ÿ

n−1∑

i=0

f(i) = Sf (n) (2.2)

EyXb n = 1, 2, 3, · · ·/Wñ�

)))555���***

(i) �÷��'î�Oõ2P Sf (n)Î nÝ94P�J Sf (n)��ì�©ÇP²�

Sf (n+ 1)− Sf (n) = f(n)�

Sf (0) = 0��ë4ÝÀõ	QT�Î 0�

(ii) D���ub×Í94P Sf (x)��f� Sf (0) = 0õ

Sf (x+ 1)− Sf (x) = f(x)�

Í�Ý Sf (x+ 1)�î. Sf (x)/XbÝ xKðW x+ 1�J

Sf (i+ 1)− Sf (i) = f(i)� i ≥ 0�

n−1∑

i=0

f(i) =

n−1∑

i=0

(
Sf (i+ 1)− Sf (i)

)
= Sf (n)− Sf (0) = Sf (n)�

���§§§ 2.1 ���)×Í kg94P f(x)�D3×Í°×Ý k + 1g94P Sf (x)�
¸��f� Sf (0) = 0õ

Sf (x+ 1)− Sf (x) = f(x)� (2.3)

ôÇ
n−1∑

i=0

f(i) = Sf (n) (2.4)

EyXb n = 1, 2, 3, · · ·/Wñ�

JJJ���

¯&Æ�E kàhû°¼J� Sf (x)ÝD3P�	 k = 0`�f(x)@²îÎ×Íðó�
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Ç f(x) ≡ c�|á9` Sf (x) = cx�ôÇ

Sf (x+ 1)− Sf (x) = c(x+ 1)− cx = c = f(x)� (2.5)

hû�'EXbgó�{y kÝ94P f(x)�Oõ2P Sf (x)/D3��vÍgó
�{y (k+1)�¨3
�J�E����Ý (k+1)g94P f(x)�ÍX8TÝ Sf (x)Ý
D3PAì��

f(x) = cxk+1 + g(x)� deg g(x) ≤ k�
c

k + 2

(
(x+ 1)k+2 − xk+2

)
= cxk+1 + h(x)� (2.6)

|�

(x+ 1)k+2 = xk+2 + (k + 2)xk+1 +�{y kgÝ94P� (2.7)

X|b deg h(x) ≤ k õ deg (g(x) − h(x)) ≤ k�ãhû�'ÿáD3×Ígó�{
y (k + 1)Ý94P G(x)�¸ÿ

G(0) = 0 õ G(x+ 1)−G(x) = g(x)− h(x)� (2.8)

�

Sf (x) =
c

k + 2
xk+2 +G(x)� (2.9)

J Sf (0) = 0õ

Sf (x+ 1)− Sf (x)

=
c

k + 2

(
(x+ 1)k+2 − xk+2

)
+
(
G(x+ 1)−G(x)

)

=cxk+1 + h(x) +
(
g(x)− h(x)

)

=cxk+1 + g(x) = f(x)� (2.10)

9ø-hû2J�Ý Sf (x)ÝD3P�

�y Sf (x)Ý°×PJ�|ã)�§ 1.1*Ý�¡õ Sf (x)Ý©ÇP²�

n−1∑

i=0

f(i) = Sf (n)� n = 1, 2, 3, · · ·� (2.11)

à#.¡�ÿ�

)))ÛÛÛ*** 	Oõ2PÝD3Põ°×PÿÕ�J¡�æÂ°-èºÝ×Ë&ðb[Ý]

°¼O� Sf (x)Ý�@2P�

×Í kg94P f(x)Î�|ãÍ (k + 1)ÍÂ {f(i); 0 ≤ i ≤ k}X°×@�Ý��8
TÝOõ2P Sf (x)�ãy¸Î (k + 1)g94P�Jm�ãÍ (k + 2)ÍÂXX��Ç

Sf (0) = 0�

Sf (1) = f(0)�

Sf (2) = f(0) + f(1)�

· · · · · ·

Sf (k + 1) = f(0) + f(1) + · · ·+ f(k)�

.h�&Æ��Q2-�Õ�|àæÂ°¼�î� (k+2)Í#=ÝõÂ¼O� Sf (x)Ý
�@2P�
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×××������©©©���ÝÝÝ999444PPP

�

g0(x) = 1�

g1(x) = x�

g2(x) =
1

2
x(x− 1)�

· · · · · ·

gk(x) =
1

k!
x(x− 1) · · · (x− k + 1)�

· · · · · ·

î� gk(x)ÝóãÎ¸ÿ gk(i) = 0�0 ≤ i ≤ (k − 1)�õ gk(k) = 1�X| gk(n)Ý
G kÍÀõ/ 0�ÇSgk(i) = 0�1 ≤ i ≤ k���Ï (k+1)ÍÀõÎ 1�ÇSgk(k+1) =
1��9â?�î gk(x)ÝOõ2PÍ@µÎ9Í��94PÝì×�Wõ�Ç

Sgk(x) = gk+1(x)�

î�Á��Ýn;P�Q�Q2W&Æà¼´0Oõ2PÝb[�Ì�µ	3õó

®Þ�Ý x1, · · · , xk ×ø������×Í ℓgÝ94P f(x)�ÍOõ2P Sf (x)�|
àì�]°¼b�Ù2@���

(i) ´��¥� f(x)Î�|°×2¶W {gk(x); 0 ≤ k ≤ ℓ}Ýðó¹�à)�ôÇD3
�ó/ {ck; 0 ≤ k ≤ ℓ}�¸ÿ

f(x) =c0g0(x) + c1g1(x) + · · ·+ ckgk(x) + · · ·+ cℓgℓ(x)

=
ℓ∑

k=0

ckgk(x)�

î�à)×�Ì� {gk(x), 0 ≤ k ≤ ℓ}Ý5aPà)6�linear combination��

(ii) Q¡�ã5g��ÿ

n−1∑

i=0

f(i) =

n−1∑

i=0

(
c0g0(i) + c1g1(i) + · · ·+ ckgk(i) + · · · + cℓgℓ(i)

)

=c0

n−1∑

i=0

g0(i) + · · ·+ ck

n−1∑

i=0

gk(i) + · · ·+ cℓ

n−1∑

i=0

gℓ(i)

=c0g1(n) + c1g2(n) + · · ·+ ckgk+1(n) + · · ·+ cℓgℓ+1(n)�

Ç

Sf (x) =

ℓ∑

k=0

ckgk+1(x)�

ãh���u�¶ì9Í��Ý Sf (x) Ý�@�¾P�µ©m�Oÿ�ó
/ {ck; 0 ≤ k ≤ ℓ} �X|#½Ý�®µÎA¢b[2� {f(i); 0 ≤ i ≤
ℓ}9 (ℓ+ 1)ÍÂ¼@��ó/ {ck; 0 ≤ k ≤ ℓ}�
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(iii) ´Í�ó c0 �Q�y f(0)�. gk(0) = 0�k > 0�Ý]-à�ì«×�b�
ÙÝ]°¼� {f(i); 0 ≤ i ≤ ℓ}9 (ℓ+ 1)ÂOÿET�ó/ {ck; 0 ≤ k ≤ ℓ}�&Æ
S
ì�ºÕÐr�Ì�-5Õ��difference operator��

∆f(x) = f(x+ 1)− f(x)�

�pà#�J∆Õ�Ìì�|Õ?àÝP²�

∆
(
f(x) + h(x)

)
= ∆f(x) + ∆h(x)�

∆
(
cf(x)

)
= c∆

(
f(x)

)
�

¨×]«�. gk(x)Î gk−1(x)ÝOõ2P�|�

∆gk(x) = gk−1(x)�

ãh�ÿ

∆f(x) =∆
(
c0 + c1g1(x) + · · ·+ cℓgℓ(x)

)

=0 + c1g0(x) + c2g1(x) + · · ·+ cℓgℓ−1(x)�

Ç

c1 = ∆f(0) = f(1)− f(0)�

�gTà ∆Õ��&Æ-�|Õ�ì×Í�ó c2�

∆2f(x) = c2g0(x) + c3g1(x) + · · ·+ cℓgℓ−2(x)�

c2 = ∆2f(0) = ∆f(1)−∆f(0)

=
(
f(2)− f(1)

)
−
(
f(1)− f(0)

)

= f(2)− 2f(1) + f(0)�

Ahv.�&Æ�\¥�Tà∆Õ��Q¡��á x = 0�-�@M� {f(i); 0 ≤
i ≤ ℓ}Oÿ {ck; 0 ≤ k ≤ ℓ}�

(c0 =) f(0), f(1), f(2), f(3), · · · , f(ℓ− 1), f(ℓ)

(c1 =) ∆f(0),∆f(1),∆f(2), · · · ,∆f(ℓ− 1)

(c2 =) ∆2f(0),∆2f(1), · · · ,∆2f(ℓ− 2)

(c3 =) ∆3f(0), · · · ,∆3f(ℓ− 3)

...
...

(cℓ =) ∆ℓf(0)

�ì×·ÝóÂÎãî×·8ÏÝËÍóÂ�-Xÿ�Ý��



2.2. Þ4�§���2P 21

)))»»»***

(i) f(x) = x2

0 1 4
1 3
2

f(x) = g1(x) + 2g2(x)�

Sf (x) = g2(x) + 2g3(x) =
1

6
x(x− 1)(2x − 1)�

(ii) f(x) = x3

0 1 8 27
1 7 19
6 12

6

f(x) = g1(x) + 6g2(x) + 6g3(x)�

Sf (x) = g2(x) + 6g3(x) + 6g4(x) =
1

4
x2(x− 1)2�

(iii) f(x) = x4

0 14 24 34 44

1 15 65 175
14 50 110

36 60
24

f(x) = g1(x) + 14g2(x) + 36g3(x) + 24g4(x)�

Sf (x) = g2(x) + 14g3(x) + 36g4(x) + 24g5(x)�

2.2 ÞÞÞ444���§§§���������222PPP

394PÝºÕ��. (x + y)n "�W�4�õ�Ç
∑n

k=0 ckx
n−kyk�Ý2PÎb½

qÍÝ¥�P�»A3î×aD¡Oõ2PÝ`Î�&Æm�!`D¡ Sf (x) 3 x =
kõ x = k+1`Ý�¾P�X|´0 (x+1)nÝ"�PµÎ×Ín"ÝM»�Þ4P�
§µÎ.î� (x + y)n =

∑n
k=0 ckx

n−kyk �ÝNÍ�ó ck�0 ≤ k ≤ n��@2�¾�
¼�

��2P3Í²îÍ@µÎÞ4P�§Ý.Â�¸ôÎS
94PÝ�5.Ý×Í

¥�RF�

à#ºà5g�hû2¶ì (x+ y)nÝ"�P�
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n = 0 : (x+ y)0 = 1�

n = 1 : (x+ y)1 = x+ y�

n = 2 : (x+ y)2 = x2 + 2xy + y2�

n = 3 : (x+ y)3 = x3 + 3x2y + 3xy2 + y3�

n = 4 : (x+ y)4 = x4 + 4x3y + 6x2y2 + 4xy3 + y4�

n = 5 : (x+ y)5 = x5 + 5x4y + 10x3y2 + 10x2y3 + 5xy4 + y5�

�A.î�NÍ"�P�Ý xn−kyk Ý�ó5Ò�¼�&Æs¨¸Æ� �|�Q�Q
24�Wì�ë�pP�¬v��×Ë��ÝxC!��9Íë�pP&ÆÌ�5¤

¤ë�6T5ÄÁë�6��3�]JÌ�52ú�ë�6�Pascal triangle��

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

1 6 15 20 15 6 1

· · · · · ·

(2.12)

»A3 n = 3`�Í8TÝ�ó/µÎ {1, 3, 3, 1}�ôÇ

(x+ y)3 = 1x3 + 3x2y + 3xy2 + 1y3� (2.13)

uÞ (2.13)P¶î (x+ y)�Jà5g��ÿ

(x+ y)4 = x · (1x3 + 3x2y + 3xy2 + 1y3) + y · (1x3 + 3x2y + 3xy2 + 1y3) (2.14)

ôÇ

(x+ y)4 = 1x4 + 3x3y + 3x2y2 + 1xy3 + (0y4)

(0x4) + 1x3y + 3x2y2 + 3xy3 + 1y4

1x4 + 4x3y + 6x2y2 + 4xy3 + 1y4

ãh���Ï"� (n = 4)�ÝNÍ�óÍ@µÎî×� (n = 3)�Ý8Ï�ó�õ
�3´���îËÍë��×�2��

(x+ y)n =
n∑

k=0

Cn
k x

n−kyk� (2.15)

Jv«2�ÿ

(x+ y)n+1 =(x+ y)(x+ y)n = x · (x+ y)n + y · (x+ y)n

=

n∑

k=0

Cn
k x

n+1−kyk +

n∑

k=0

Cn
k x

n−kyk+1

=

n+1∑

k=0

(
Cn
k + Cn

k−1

)
xn+1−kyk ��îCn

n+1 = 0 = Cn
−1�� (2.16)
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¨×]«�ã Cn
k Ý�LP (2.15)ÿ

(x+ y)n+1 =

n+1∑

k=0

Cn+1
k xn+1−kyk� (2.17)

ãh�ÿ

Cn+1
k = Cn

k + Cn
k−1 (⇐⇒ Cn+1

k − Cn
k = Cn

k−1)�

à9ÍhûL.2P�inductive recurrence relation�¼�¾£°�ó��ó� Ý
n��ôÇ�|à (x+ y)n"�¡Ý�ó¼�¾ (x+ y)n+1"�¡Ý�ó�9ôµÎà

�î�ë�pPÝxC!��

¨3¯&Æ�¨×��¼::î�L.2PÝ�L��.Ø×Í k ≥ 0ü����
Q¡Þ Cn

k :W×ÍÐó fk(x)3 x = n`ÝãÂ�|�

f0(x) ≡ 1� f1(x) = x �. Cn
k = n�� (2.18)

JG�ÝL.2P�|¥±¶W

fk(n+ 1)− fk(n) = fk−1(n) �Ç Cn+1
k − Cn

k = Cn
k−1�� (2.19)

�Qî�ÝD¡1�Ý

∆fk(x) = fk−1(x) ⇐⇒ fk(x) = Sfk−1
(x)� (2.20)

ôÇî�X�LÝ×��Ðó {fk(x), k = 0, 1, 2, · · · }â?µÎ3G×a´0Oõ2P
`SáÝ©�Ðó/ {gk(x), k = 0, 1, 2, · · · }�

���§§§ 2.2 ÞÞÞ444���§§§���The Binomial Theorem���

(x+ y)n =

n∑

k=0

Cn
k x

n−kyk� (2.21)

Í��Þ4P�ó�binomial coefficients�Cn
k Ý�@�¾PÎ

Cn
k = gk(n) =

1

k!
n(n− 1) · · · (n− k + 1) =

n!

k!(n − k)!
(0! = 1)� (2.22)

...¡¡¡ 1 Cn
k = Cn

n−k�

...¡¡¡ 2
n∑

k=0

Cn
k = (1 + 1)n = 2n�

n∑

k=0

(−1)nCn
k = (1− 1)n = 0�
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2.3 ������222PPP���999444PPPÝÝÝ			III"""���PPP

' f(x)×Í��Ý94P�a×Í��F�u&Æ. x	§y aÝÏ½`�f(x)3
9ÍP�ÝP²-Ì� f(x)3 x = aÝÏ½Ý5	IP²6�local properties��	
&Æ@~ f(x)Ý	IP²`�!| x = a+t�áQ¡|Þ4P�§. f(x) = f(a+t)"
� tÝ>��¾P�Í� |t|Î�È�Ý�.�"�¡Ý&4Ý�EÂÛÎ�½Ýg
óÝ>{��»¹��.h¸ÆÝ	IÅ(æ�QÎ{g4�G�y±g4��|1Î

5$ð5��×êÝQ6�À��9Î×Ëðà�?àÝð°�»A�

(i) f(x) = x3�

f(a+ t) = a3 + 3a2t+ 3at2 + t3�

(ii) f(x) = x3 − 2x2 + 5x+ 1�

f(a+ t) = (a3 − 2a2 + 5a+ 1) + (3a2 − 4a+ 5)t+ (3a− 2)t2 + t3�

(iii) f(x) = cxn�

f(a+ t) = can + ncan−1t+
n(n− 1)

2
can−2t2 + · · ·+ ctn� (2.23)

ãî�5	I"�6�local expansion�Ý»����S
ì�Ey94PÝ�PºÕ
�formal operation�Þºb�?ÝàH�

)))���LLL*** ' (x)����Ý94P

f(x) = a0 + a1x+ · · ·+ anx
n =

n∑

i=0

aix
i�

�LÕ�D. f(x)�Wì�94PDf(x)Ý�PºÕ�

Df(x) = a1 + 2a2x+ · · ·+ nanx
n−1 =

n∑

i=1

iaix
i−1� (2.24)

�ï��LDk î��PºÕDÝ¥� kgï�»A�

D2f(x) = 2a2 + 6a3x+ · · ·+ n(n− 1)anx
n−2

=
n∑

i=2

i(i− 1)aix
i−2�

Dk(xn) = n(n− 1) · · · (n− k + 1)xn−k = k!Cn
k x

n−k�

|Jî�X�LÝÕ�D��ì���?àÝP²�Ç

D
(
c1f1(x) + c2f2(x)

)
= c1Df1(x) + c2Df2(x)� (2.25)

�¯@î�DÍ�µ�|àî�P²õÃÍ�LD(xn) = nxn−1X°×@�Ý��
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ºàÕ�ÐrD�&Æ�|. (2.23)P�Ý f(x) = cxn	I"�P¥±¶Wì�&
ð��Ý�P�Ç

f(a+ t) =f(a) +Df(a)t+
D2f(a)

2!
t2 + · · ·+

Dkf(a)

k!
tk + · · ·+

Dnf(a)

n!
tn

=

n∑

k=0

Dkf(a)

k!
tk�

3 f(x) = xn Ý©����î�2PÍ@µÎÞ4P�§Ý¨×¶°�ô&��º
®�9M&GÎ�f�±«Ý�°�¬Í@�Q	î�2PÞñr½&Æ�'×ÍG±

Ýr½�¸�@Ý
á�5.P�Ý�����Ïëa��

���§§§ 2.3 999444PPPÝÝÝ������222PPP���Taylor’s formula for polynomials���

' f(x)×Í ng94P�J

f(a+ t) =f(a) +Df(a)t+
D2f(a)

2!
t2 + · · ·+

Dkf(a)

k!
tk + · · ·+

Dnf(a)

n!
tn

=
n∑

k=0

Dkf(a)

k!
tk�

)))ÛÛÛ*** î�	I"�P3 k = n`º�Qâc�.EyXb k > n = deg f(x)¼
1�Dkf(x) ≡ 0�

JJJ���

&Æ2àhû°¶94Pgó n®hûJ��deg f(x) = 0`Ý�µÎ�Q|�Ý�¨
3hû�'��2PEXbgó�{y (n − 1) Ý94PûÅWñ�� f(x)��×
Í ngÝ94P�. f(x)¥±¶W�

f(x) = cxn + f2(x) = f1(x) + f2(x), deg f2(x) ≤ n− 1� (2.26)

Jãhû�'�ÿ

f2(a+ t) =

n∑

k=0

1

k!
Dkf2(a)t

k (Dnf2(a) = 0)� (2.27)

ãG� cxnÝ"�P»��Ç (2.23)P��êb

f1(a+ t) =
n∑

k=0

1

k!
Dkf1(a)t

k� (2.28)
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ãh�ÿ

f(a+ t) =f1(a+ t) + f2(a+ t)

=
n∑

k=0

1

k!
Dkf1(a)t

k +
n∑

k=0

1

k!
Dkf2(a)t

k

=
n∑

k=0

1

k!

(
Dkf1(a) +Dkf2(a)

)
tk

=
n∑

k=0

1

k!
Dkf(a)tk �Ç (2.25)P��

...¡¡¡ 1 	 f(x)�t| (x− a)k `�ÍõP�

f(a) +Df(a)(x− a) + · · · +
1

(k − 1)!
Dk−1f(a)(x− a)k−1�

JJJ���

f(x) =f
(
a+ (x− a)

)
=

n∑

j=0

1

j!
Djf(a)(x− a)j

=




n∑

j=k

1

j!
Djf(a)(x− a)(j−k)


 · (x− a)k +




k−1∑

j=0

1

j!
f(a)(x− a)j


�

...¡¡¡ 2 f(x) �� (x − a)2 JtÝ��f� f(a) = 0 v Df(a) = 0�
Ç x = a Î f(x) õ Df(x) Ý2�q�ôÇ (x − a) Î f(x) õ Df(x) Ý×Í2.
P�

...¡¡¡ 3 D(f(x) · g(x)) = (D(x)) · g(x) + f(x) ·Dg(x)�

JJJ���

©mJ�E�� ab

D(f · g)(a) = Df(a) · g(a) + f(a) ·Dg(a)� (2.29)

ã.¡ 1á

f(x) = q1(x) · (x− a)2 +
(
f(a) +Df(a)(x− a)

)
�

g(x) = q2(x) · (x− a)2 +
(
g(a) +Dg(a)(x − a)

)
�

f(x) · g(x) = q3 · (x− a)2 +
(
f(a) · g(a) +D(f · g)(a)(x − a)

)
�

.î�ÝÏ×PõÏÞP8¶¡�ÿ

f(x) · g(x) =
(
q1(x) · g(x) + q2(x) ·

(
f(a) +Df(a)(x− a)

)
+Df(a) ·Dg(a)

)
· (x− a)2

+
(
f(a) · g(a) +

(
Df(a) · g(a) + f(a) ·Dg(a)

)
(x− a)

)
�
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¨3�.î�ËË f(x) · g(x) Ý"�P� (x − a)Ý4®×f´�ÇÿXOJÝ�
P D(f · g)(a) = Df(a) · g(a) + f(a) ·Dg(a)�ôÇ

D(f · g) = Df · g + f ·Dg�
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Chapter 3
ããã���óóó���'''������555���999444PPPÝÝÝ������555

ÃÀ2¼1�×ÍÐó y = f(x)à�ÝÎ×Í��ÝÂA¢�½¨×Í��Ý;���
;Ý]P�ãh���ÐóÝ5�;>�6b½qÍÝ¥�P�¨×]«���ÌÝ�

�¼1�ÐóÝJ�[Tôb½qÍÝ¥�P�¸B�Ý9ÍÐó3Ø×ÍP�/X®

ÝÅ(Ý5Àõ6�

39×a��&ÆÞºEî�ËËÌbqÍ¥�PÝÐóP²——5�£6�5À
õ6�×g"Í~ÙÝ�®�394PÐóÝP���ËïJ5½ETyîËaXD¡

Ý��2PõOõ2P�

3.1 ���£££������555

´�¯&Æ::aPÐóÝ���' y = Ax + B�	 xã x1 ;�� x2 `�J8Tº
b y ã y1 = Ax1 + B ;�� y2 = Ax2 +B�.h yÝ;�Â� xÝ;�Â� Ýf£


y2 − y1
x2 − x1

=
A(x2 − x1)

x2 − x1
= A� (3.1)

X| y = Ax + B Ý5�£6µ�Q�Q2�Lî�ðó A�D��uØ×ÍÐ
ó y = f(x)3N×FÝ5�£6�yðó A�J|� y = Ax+ f(0)�

¬EyÍ�Ý94PÐó���Ç¸	 y = x2 9ø��ÝÐó��î«X�ÕÝ
5x, y ;�Â�f£6º�½ (x1, x2)Ý�H�!�;��X|9vÐóÝ5�£6Í
@�Î×Í5$��L6ÝÃF	P¡A¢�¨3¯&Æ�¼¥±ß�×ì5�£69

ÍÃFÝàÌ/â�

� y = f1(x)õ y = f2(x)ËÍÐó�¸Æ3x = aFÝÂ8!�Ç f1(a) = f2(a)�
'

	 a− δ < x < a� f1(x) < f2(x)�

	 a < x < a+ δ� f1(x) > f2(x)�

ôÇ3 x = aF` f1(x)5�¡@î6f2(x)�vø÷��39Í�µì�f1(x)3 x =
aÝ5�£6�QÎ����y f2(x)3 x = aÝ5�£6Ý��u�Q�J&ÆXD
¡Ý��õ5�£6ÝàÌ�L�Ð�ð�1�uXD¡ÝÃF¬���î�f´f

��J¸��ºÎ&Æ��@~Ý5�£6	

�\ï��ì�×Í@j»��'bä�ØËß3×f2î®�����5½

| f1(x)õ f2(x)�îä�Ø3 xJ¡�RFÝûÒ�'ä3 x = a`�¡@îØ�vø

29
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Figure 3.1:

÷��ôÇ3 x¯�y a`�ä3Ø�¡�¬Î3 x¯�y a`�Jä3Ø�G�Jä
3 x = a`Ý5>£6�Q���yØÝ5>£6���Q�JäÎ���3 x = a`
¾W¡¼&îÝ�

.î�àÌîè5��Ý¯@�;àÐóoÚB���Çì�Ñ��£ÝàÌ/

�Ýf´æJ�

���£££ÝÝÝfff´́́æææJJJ���Comparison principle of rate of change���

'bËÍÐó f1(x)õ f2(x)�� f1(a) = f2(a)��v3 x = aÝÏ½Ìbì���n
��ÇEy×Í�È�Ý δ > 0�

{
	 a− δ < x < a� f1(x) < f2(x)�

	 a < x < a+ δ� f1(x) > f2(x)�
(3.2)

J f1(x)3 x = aÝ�£��y f2(x)3 x = aÝ�£�

qAî�f´æJõ�áÝaPÐó�£�&ÆÞºJ�94PÐó y =
f(x)3 x = aÝ�£µÎ Df(a)�

)))»»» 1***

¯&Æ�| f(x) = cx3 »�àî�f´æJ�@D¸3 x = a FÝ�£T�Î
%��.×gÐóÝ�£�á�&Æ�|. f(x) õ g(x) = ca3 + m(x − a)�¥
��f(a) = g(a)�¼f´�� x = a+ δ�Jb

f(x) = c(a+ δ)3 = ca3 + 3ca2δ + 3caδ2 + cδ3�

g(x) = ca3 +mδ�

f(x)− g(x) = (3ca2 −m)δ + δ2(3ca+ cδ)�

ãh�p:Õ�	 (3ca2−m) 6= 0`�©�. |δ|ãÿ�È��J f(x)−g(x)� (3ca2−
m)δ!r�X|ãf´æJ (3.2)Çb

m > 3ca2 =⇒ f(x)3 x = aFÝ�£ ≤ m�

m < 3ca2 =⇒ f(x)3 x = aFÝ�£ ≥ m�

X|5f(x)3 x = aFÝ�£6Ä6�y�¢�y 3ca2 Ý m�êÄ6�y�¢�
y 3ca2 Ým�X|°b.¸�L 3ca2 �){î�f´æJ�
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���§§§ 3.1 ×Í94PÐó y = f(x)3 x = aÝ�£Ý°×)§�LÎDf(a)�

JJJ���

Í@�©�.)» 1*Ý]°Ýà#.Â�µ�|à¼J�)�§ 3.1*���×Í@
óm��

g(x) = f(a) +m(x− a)� (3.3)

¨×]«�ã f(x)Ý��"�P�ÿ

f(x) = f(a) +Df(a)(x− a) +
n∑

k=2

1

k!
Dkf(a)f(x− a)k� (3.4)

ãh���� δ = x− a�Jb

f(x)− g(x) =
(
Df(a)−m

)
δ + δ2

(
n∑

k=2

1

k!
Dkf(a)δk−2

)
� (3.5)

!§�	Df(a)−m 6= 0`�©�. |δ|ãÿ�È��J f(x)− g(x)� (Df(a)−m)δ!
r�X|ãf´æJ (3.2)Çb

m > Df(a) =⇒ f(x)3 x = aFÝ�£ ≤ m�

m < Df(a) =⇒ f(x)3 x = aFÝ�£ ≥ m�

X|5f(x)3 x = aFÝ�£6Ý°×)§�LµÎDf(a)�

)))ÛÛÛ*** 3î×a��ºÕÐrD©Î�PîÝºÕ�&ÆS
¸¼��2.Þ4�§
.ÂW��2P��î�)�§ 3.1*J1�Ý Df(x)35�.îÝ�L——¸â?µ
ÎB�½ f(x)3N×Fî�£�9Ë�£ÝÃFÍ@�|.ÂÕ?Â½ÝÐóv�B
�½×Í×�ÐóÝ�£�Ðó&ÆÌ�ÐóÝ000ÐÐÐóóó�derivative function���O
�0ÐóÝºÕÄ�Ì���555�differentiation��ãh���3î×a�P�óºÕÍ
@µÎ594PÝ�56��yA¢.��2P.ÂW�Tày?Â½ÝÐóvl�

9ÑÎJÍ�5.ÝÃÍz��

æææÂÂÂ®®®ÞÞÞ...ÂÂÂ

3Ï×a�XD¡ÝæÂ®Þ��O�O2PÄ63Ø°©�2]ãØ°©�Â�¬3

@jÝTà®Þî�b`Î�m�O�2PÝ%	3�Fb©��£�©�`£���

»A�'b×Í 4g94P f(x)�¸3 x = ± õ x = 2ëFÝÂ�����vÍ�£
3 x = ±1`ô���®�Í°×2@� f(x)�ð�1��Íãì�"Íf�°×2
@�×Í 4g94P f(x)�

f(−1), Df(−1), f(1), Df(1), f(2)�

ì«&Æ|î�óÂ5½ 9,−6, 1, 6, 27»1�Í�X�
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´��3 x = −1, 1, 25½ãÂ 9, 1, 27Ý 2g94P g(x)��|àæÂ2P°×@
��Ç

g(x) = 10x2 − 4x− 5�

º� f(x) − g(x) 3 x = −1, 1, 2 9ëF/ 0�ôÇ f(x) − g(x) Ä�Ìb.P (x +
1)(x− 1)(x − 2)�ãy f(x)− g(x)Î 4g94P�.h

f(x)− g(x) = (x+ 1)(x− 1)(x − 2)(ax + b)�

Í� a, bËÍ���ó�Ç

f(x) = (ax+ b)(x+ 1)(x − 1)(x− 2) + 10x2 − 4x− 5�

Eyî� f(x)O0�Çb

Df(x) = (ax+ b)(x− 1)(x− 2) + (ax+ b)(x+ 1)(x − 2) + 20x− 4 + · · ·

�áf�PDf(−1) = −6�Df(1) = 6�ÿ

−6 = Df(−1) = (−a+ b)(−2)(−3) + 0− 20− 4 + 0

⇒ −a+ b = 3�

6 = Df(x) = 0 + (a+ b)(2)(−1) + 20 + 4 + 0

⇒ a+ b = 5�

�ÿ a = 1, b = 4�X|

f(x) = (x+ 4)(x2 − 1)(x− 2) + g(x) = x4 + 2x3 + x2 − 6x+ 3�

)))êêêÞÞÞ***

(1) �O��y�5 rÝ¦�/ÝiÖ��t����

(2) �O��y�5 rÝ¦�/Ýi���t����

(3) �0�×Í�{y 5gÝ94P f(x)�¸��ì�f��

f(−1) = 1�
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Figure 3.2:
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Figure 3.3:
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Figure 3.4:
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