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Chapter 1
���PPP¿¿¿«««¿¿¿¢¢¢���PPP)))���EEEÌÌÌPPPÝÝÝ���RRR

...¡¡¡

��6Z�Î3µYÝ��C�OfÕZ�ÝÃ�î?î·��©½Î3¿¢.�FZ

.îWµÁó�beyFZ.îÝ�FEy��¿¢Á�ÞãÝ�O���6¿¢.�

Æ-IÕ�ñ�}Ý��¿¢Ã�¡ÝÄ�P��h~�Qÿ��P¿«¿¢Ã�¡�

��9ôµÎ3�6.¡¿¢Ý@
$ð�A Thales�X@Dï�|P)�EÌP

xÞ�&Æ3hÞ®×gÃ�Í�Ý¥"�¬��	O5´�øÕ6ÝËÍ¥��§�

1.1 ëëë������ÝÝÝ������fff���������TTTëëë���������¿¿¿«««ÝÝÝEEEÌÌÌPPP

�ë��ÝP)P�Congruence�¼:�S.A.S.õ A.S.A.9ËP)f�ÎàÌ���
v8!��Ý�¬Î S.S.S.µ&àÌ�Q��bÄ��|¡J��ï�ë��ÝP)f
�Í@ÛÎ¿«Ey��àaÝDDD   ���ùùùÇÇÇ������EEEÌÌÌPPPÝDÌõØËÌ��¨�¸Æ

3Í²îÎ�ì��Ý�bey3ë������Të��µÎ£ËÌb���EEEÌÌÌPPPÝ©

�ë����|1¸ÛÎ¿«EÌP5��Þ6µ��ãh���ì��Të�Ý"Ë

©ÇP²Ý�ì��P�ÛÎ¡J¿«EÌPÝ&Ë&ø.¡Ýx��Ì�Î�P¿«

¿¢ÝÃÍS§�Fundamental Lemma��

���TTTëëë������ÝÝÝ©©©ÇÇÇPPP²²²�A% 1.1�

C

BA M

Figure 1.1:

(i) AC = AB��T��L��

(ii) ∠A = ∠B�

(iii) ∠C�c��Ý¿5akà9\ AB�

(iv) �a CM kà9\�

(v) ka CM ¿5c��

���§§§ 1.1 ���S.S.S.���

u△ABC õ△A′B′C ′Ýë\ET���J△ABC ∼= △A′B′C ′�

7
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A B

C*

C

T                                

A B

C*

C

A B

C*

C

Figure 1.2:

JJJ���

A% 1.2 Xî�&Æ�|3 AB Ý¨×�® △ABC∗ ∼= △A′B′C ′�=� CC∗�ãX
®△ACC∗õ△BCC∗/
�T�
ãî� (i)⇒(ii)�Çÿ

∠ACC∗ = ∠AC ∗ C� ∠BCC∗ = ∠BC ∗ C�

=⇒ ∠ACB = ∠AC ∗B

=⇒ △ABC ∼= △ABC∗ ∼= △A′B′C ′�

)Û*�î��§ÛÎ�9ÃÍ�M®%Ý§¡qA�8F (i) ⇔(ii)
 ThalesXJÎ
.§¿¢�´J�����	OµÎ
Ý�J� S.S.S.�§��Õ�ÿJ� (i)⇒(ii)9
ÍÃÍS§�Fundamental Lemma��

���§§§ 1.2 ^b8²àa ℓ1, ℓ25½õÏëfàa ℓ8ø�u/ý�8��A% 1.3X
î�∠1 = ∠2��J ℓ1 ∩ ℓ2 = φ�

 

B

C

D

A

2

1

M

2

1

B

A

l2 

l1 

l 

C

A

B

Figure 1.3:
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JJJ���

� M 
øF A,B Ý=�að AB Ý�F�|�% 1.3 XîïEyM WTTTEEEÌÌÌ�X

| ℓ1 ∩ ℓ2 = φ��8ø���u ℓ1, ℓ2 8ø×F P�J ℓ1, ℓ2 ôÄQ8øy P EyM Ý
TEÌF P ′�⇒ ℓ1 = ℓ2 = PP ′õX' ℓ1 6= ℓ2ë;�

...¡¡¡ 1 ë��Ý²��yÍ�×/E��A% 1.4Xî�β �y ∠A�õ ∠C��

 

B

C

D

A

2

1

C

A

B

l1

l2

2  

Figure 1.4:

JJJ���

Ä BF® ℓ2¸ÿ

∠2 = ∠A�

J

ℓ2 ∩AC = φ�

X|

β > ∠2 = ∠A�

�u�Q�J ℓ2fQõ ℓ18ø�

...¡¡¡ 2 �\E�����E�\�

 
B

C

D

A

2

1

Figure 1.5:

JJJ���

�J�\E���

' AC > BC�3 AC îã DF�¸ÿ

DC = BC�

ãX®

∠ABC > ∠1 = ∠2 > ∠BAC�

���E�\ÝJ�º®êÞ�

...¡¡¡ 3 ë��ÝË\�õ�yÏë\�

...¡¡¡ 4 �àa ℓ�²×F P�Õaî&F�ûÒ|katy��à9ô�§�.¡
1�2Ý.¡��

���§§§ 1.3 ë��Ý/�õ��y π�Ç ≤ π��
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JJJ���

&ÆÞàDJ°�Ç'D3b×Í△ABC�

∠A+ ∠B + ∠C = π + ǫ� ǫ > 0�

Q¡GGàP)2§�=��5âÿë;�

' ∠AÎëÍ/��Ýt�ï�A% 1.6Xî�M ÎÍE\��F�=�AM�;
�×¹�ÿ A∗�ãX®�

△MBA∗ ∼= △MCA (S.A.S.)�

X|△ABA∗Ýë/�õô�y π + ǫ��vb

∠1 +∠A∗ = ∠A�

ãh�� ∠ABA∗ �Ýt�/��9©b ∠A���Ah@MxC�XÿÝë��/
�õ1¹
 π + ǫ��Ít�/�Ý��Ng�K3��X|©�®�È9gÿ×Íë
���Ít�/��y ǫ�ùÇÍ¨²ËÍ/��õ�y π�h¯�Qõ.¡ 1!8ë
;�

 

A*

BA

C

M

3

2

1

3

2

C D*

BA D

1 2

B’

C’

Figure 1.6:

���§§§ 1.4 uD3×Íë��Í/�õ�y π�J�¢ë��Ý/�õ/­�y π�

JJJ���

'b×Íë��△ABC Í/�õ�y π�JãÍ�� ∠C ÕÍE\ AB ®ka CD�
Çb

(
∠1 + ∠A+

π

2

)
+

(
∠2 + ∠B +

π

2

)
= ∠A+∠B + ∠C + π = 2π�

=⇒ ∠1 +∠A+
π

2
≤ π� ∠2 + ∠B +

π

2
≤ π��������§ 1.3�

X|à�ë�� △CDAõ △CDB Ý/�õôK�y π�àÍ��×Ç�ÿ×Í°/
�/
 π/2Ý5Î�6�A% 1.7XîÝÎ� CDBD∗�Þ9ÍÎ�×ÀAÇ�ÿ��
õ´K�|���ÝÎ��A% 1.8Xî�
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C D*

BA D

1 2

B’

C’

Figure 1.7:

¨3&Æ�à�§ 1.3 ¼J��¢à�ë��Ý/�õKÄQ�y π�
' △A1B1C1 Î×Í��à�ë���∠C1 = π/2�&Æ�|à% 1.9 X®Ý£Í�
È�ÝÎ�xC△A′

1B
′
1C

′
1
∼= △A1B1C1�¸ÿÍà�\ A′

1C
′
1 õ B′

1C
′
1 K�â3�Î�

ÝËÍà�\�/�A% 1.9Xî� △C ′
1DF Ý/�õ = x

 

 

B’1

C’1 A’1

Figure 1.8:

 

E

D

F

B’1

C’1 A’1

X’X A

P’

P

Q

A B

P
C

 

Figure 1.9:

⇒ △ C ′

1A
′

1F Ý/�õ+△A′

1DF Ý/�õ = 2π

⇒ △ C ′

1A
′

1F Ý/�õ = π ��§ 1.3�

⇒ △A′

1B
′

1C
′

1Ý/�õ+△A′

1B
′

1F Ý/�õ = 2π

⇒ △A′

1B
′

1C
′

1Ý/�õ = π ��§ 1.3�

9øµJ�Ý�¢à�ë��Ý/�õ/�y π���¢ë��K�|	% 1.7£ø5
vWËÍà�ë���X|¸Ý/�õôÄQ�y π�

)))ÛÛÛ***��§ 1.3õ�§ 1.4J�Ý3�¢��=��5â�P)�EÌP�Ý¿¢�
��ë��Ý/�õ�Î­�y πµÎ­�y π�GïÎ�h¿¢��¡ïJÎ&�¿
¢�3¡ïÝ���&Æ��|J�ì��é�angle defect�

π −
(
∠A+ ∠B + ∠C

)

õ△ABC Ý«�Wf»�
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1.2 »»»ÞÞÞõõõêêêÞÞÞ

)))»»»***

(1) �ÝD ���Á�P��ÝD ��Î5á a�D aõ¿«3D FÝ°a
ëa�«��vËïõ°aÝô�8�6�

X’X A

P’

P

Q

l 

A B

P
C

 

Figure 1.10:

î���Ý¿¢�LÎ�ÝD H5Î3X

bì�;­

PX +XQ� X ∈ ℓ�

��ãÁ�Â�A% 1.10Xî

PA+AQ = P ′A+AQ = P ′Q

≤PX +XQ = P ′X +XQ�

(2) � � △ABC� A % 1.11(a) X î
� ℓ
 C F²�Ý�5a�' P Î ℓî×F�P 6= C�J­b

AP + PB > AC + CB�

 
A B

P
C

l 

(a)

 
A B

P
C

l 

O

A B

C

A

A’

A”

C

B

O

 

 

 
 

 

B

(b)

Figure 1.11:

A% 1.11(b)Xî�� B∗
 B 8Ey ℓÝD EÌF�X|Çb PB = PB∗�ã
h���

AP + PB =AP + PB∗

>AB∗ = AC + CB∗

=AC + CB�

(3) /6i®%�Ey×Í��Ý△ABC�°×D3×ÍõÍë\86Ýi�Ì�

△ABC Ý/6i�A% 1.12Xî��Í®%°Aì�
àÃÍ®% 1.13�5½® ∠Aõ ∠B Ý�¿5a�JËaøF OÛÎÌbõë\�

ûÝ°×�F�X|¸µÎXO®Ý/T�/6iiT��
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Figure 1.12:

 

A

A’

A”

C

B

O

 2

 1

 3

 2
 3

 1

Figure 1.13:

(4) '△ABC õ△A′BC Ìb8!Ý²#i�J

∠ABC + ∠ACB − ∠BAC = ∠A′BC +∠A′CB − ∠BA′C�

)))êêêÞÞÞ***

1. �J�3�§ 1.2�Ý5��E�\6I5�

2. �J�3ÃÍ®%Þ ??�ÝX1X2 ÎÄ ℓîM FÝka�

3. �J�3ÃÍ®%Þ ??�Ý PP ′ÛÎkày ℓÝàa�

4. 'àa ℓõi ΓGøy×F P��J OP ⊥ ℓ�

5. '°\� ABCDÝËE�a!8¿5��J�

(i) ÍE�a!8¿5�

(ii) ÍËEE�a5½8��

 

C

A B
M

D

P

P’

l 

Figure 1.14:
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6. '°\� ABCDÝËE�a!8¿5��J�

(a) ÍËEE\5½���

(b) ÍËEE�5½8��

7. ' △ABC Ý ∠C �5a�5E\ AB��J AC = BC��;� CM Õ CD =
2CM�A% 1.15Xî�J�ºàêÞ 6����

C

A B
M

D

Figure 1.15:

8. ��△ABC�A% 1.16Xî� ℓ′
 ∠C Ý�5a�P ′Î ℓ′î×F�P ′ 6= C��
J� AP ′ − P ′B < AC − CB�

           
A

C

B

P’

l’

Figure 1.16:
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������¿¿¿«««¿¿¿¢¢¢ÃÃÃ���������������������������

���¿¿¿«««¿¿¿¢¢¢ÝÝÝfff´́́555���ýýýRRR

×�¼1�&ÆEy¯ÎÝ@~���îK�®�PÝ"D�Q¡�®��Ý5��9

Î×Ëã�C��@M�á�ÞÇOÞÝ�Q
"�¿«¿¢.Ý@~	QôñÇ½9

ø×Ë�QÝ5¿WaÝH5�ãî×aÝD¡��|:Õ�3�P2"D¿¢�Ý

5�6�5��6`�&Æ�|���à¿�P�¬Î3��Ý¿«¿¢��&Æ�E

y���ÝËÍað��!��ÝËÍ� T�!��ÝËÍ ½�«|Ëï� ��

ÝfÂ����Measure�Ëï� Ý-½�39Í`Î�¿�P6�½×ÍÜ�D¥
Ý5��6�Í®àÎ���;Ý��¿¢ÝÃ�§¡õÃÍ2P�ð­�1�3��

¿¢��ë��/�õÎ­�y¿��Î­�y¿�9ËË¿¢��bÝ¥�Ý-½�

GïÝÃÍ2P�f¡ïÝÃÍ2P��ÿ9	3Gïb�R|àÝÃÍ�§AÎ�«

�2P�9ô�§õ8«ë���§��3¡ïX8Tï��ÎqÍ^b�µÎ��Ó

ÿ9�

3Ía��&ÆÞº��/�2D¡¿�PA¢DÌ3¿«¿¢ÝÃÍ�§�î�

�ï�&Æ�ºf´5�×ì���»õ��6Ey��¿«¿¢Ý».]°�

2.1 ¿¿¿���PPPõõõëëë������///���õõõ

3�¿¦Æ�Euclid�Ýæ½-¿¢æÍ.�Elements���¿«Ý¿�PÎàì�ÏÏÏ

"""222'''�fifth postulate��ôµÎ&Æ;ðÌ�
¿¿¿���222§§§�parallel axiom�ï�¼
�|ÑiÝ�

)))ÏÏÏ"""222'''***�' ℓ1, ℓ2 õ ℓ Î¿«îëf8²àa�u ℓ õ ℓ1, ℓ2 8øÝ!l/�
�A% 2.1Xî� ∠1õ ∠1′��õ�y¿��J ℓ1, ℓ2 Ä�3 ∠1õ ∠1′ Ý!�8ø�

Figure 2.1:

15
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Ç ∠1 + ∠1′ <¿�⇒ ℓ1, ℓ2 8øy ∠1,∠1′ �!��¨×]«�3î×a�&Æ©mà
Õ S.A.S.õ5ËF@�°×àa6µ�|J�ì��§ 2.1�

���§§§ 2.1 u ∠1 = ∠2�J ℓ1, ℓ2�8ø�

Figure 2.2: Wrong figure

ãh���î�ÝÏ"2'ôµÎ|52'6Ý]P�Ì ∠1 + ∠1′ = π Î ℓ1, ℓ2 �
8øÝ°×��P�ð­�1�3¿«îÄàa ℓ1²Ý×Í��F P��võ ℓ1�
8øÝàa ℓ2 ÝD3PÎ�JÝ�§ ??��Í°×PJµÎî�Ï"2'�ÇÎ

¸ÿ!l/��õ ∠1 + ∠1′ = πÝ£×f ℓ2 Î°×õ ℓ1 �8øï�à9Í°×�
'�µ�p.0¿àP�ë��/�õ­
×¿��ÍJ�º®êÞ��Í@�D

�ô�à¿àP¼J�î�Ï"2'�ÍJ°Aì�

Figure 2.3:

JJJ���

A% 2.3Xî�ℓ′Î¸ÿ!��∠2′ = ∠1Ýàa�ãX' δ = ∠2−∠2′ = ∠2−∠1 > 0�
� {P0, P1, · · · , Pn, · · · }Î3 ℓî AF���F����

P0P1 = BP0, P1P2 = BP1, · · · , PnPn+1 = bPn�

Ç

△BP0P1, △BP1P2, · · · , △BPnPn+1, · · ·

KÎ�Të���ã¿àPõ�Të��Ý9�8��Çb ℓ′ õ ℓ∗n = BPn � Ýô

�@g3��X|3 n�È�`�ÍÂ�y δ = ∠2− ∠1 > 0�Ç	

2n >
∠AP0B

δ
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`�ℓ∗n �Bô3 ℓ2 õ ℓ′ � �¬ÎãX® ℓ∗n õ ℓ1 8øy Pn�X| ℓ2 ÄQõ ℓ1 8
øyað APn �/�

�¥��î�J����ë��/�õ­�y×Í¿�6�½Ä��þÝ��	X

|î�¡J©ÎJ�ÝÏ"2'õ¿àPÝ�ì��P��

2.2 ¿¿¿���PPP���¿¿¿���°°°\\\���

3î×aEyEÌPÝD¡��ÿá�Të��µÎ£°Ìb�EÌPÝë����Ì

bËEE\5½��Ý°\�JÎ£°Ìb�TEÌÝ°\��¢:î×aêÞ��¸

ÝEÌ�TµÎÍËf!8¿5ÝE�aÝøF��v¸ÝËEE�ô5½8��J�

�F3yN×fE�a.�°\�6
ËÍ��ë���S.S.S.���ËfE�aJ.
¸6
ËE!8��Ýë���A.S.A.��

Figure 2.4:

î�Ý¡J©àÕP)f���m�¿�PÝQÃ��A&Æ.¿�P�àî�5

�î�°\�Ý¿¢�x�JãE�8�

∠A = ∠C, ∠B = ∠D

õ°/�õ�y�)R¼µÿ�

∠A+ ∠B = ∠A+ ∠D = ∠C + ∠B = ∠C + ∠D = π�

ÇÍE\!8¿��

AB//DC, AD//BC�

X|.9Ë°\�§�¿¿¿���°°°\\\����parallelogram��&Æ.¿�°\�Ý&Ë©ÇP
²À�Aì�B�
ÍaÝ�§ 2.2�¸Î@~¿�P3¿¢.�&Ë&øÝDÌÝx
��Ì��¸3¿�PÝ@~îX6�Ý��×A�Të��3EÌÝ@~îX6�Ý

��——KÎÕ�bàõ?àÝÃÍ�Ì�T�.¸:W
ÏÞÍÃÃÃÍÍÍSSS§§§��

���§§§ 2.2 ì�&©P/
¿�°\�Ý©ÇP²�

(i) ËEE\!8¿���L��

(ii) ËEE\&½���

(iii) ËEE�&½���
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(iv) ËfE�a!8¿5�

(v) b×EE\¿��v���

�î�"FÝ�ì��P�I5�BJÄ��vJ�Ý�Fô3î«1�Ý�X|

Í@×�JJº®êÞ��

)))���LLL***�°Í/�/8��ÇKÎà��Ý°\�§�ÎÎÎ����rectangle��ôÌ

���]]]����

2.3 ÎÎÎ���«««���222PPPõõõ���»»»���ÕÕÕ���ÝÝÝ???���222PPP

Î�Ý«��y�¶´�»A×Í�
 ℓ2M�´
 ω2MÝÎ���Q�|¿�5v
W ℓ × ω Í×2M�]Ý�]s�X|Í«�µÎ ℓ× ω ¿]2M�3�»�Õ�.h
¯®
eõH¶ÝÃF��à«��.0�×�?�2P�øFy�Ci¿��Ý'�

/õ�CV��eÝ��� ����y1�

�ÃG3;»`����¿¢áIÎ|×��R@àÝ?�2P3��õi¿��

/� øF�A2í�������O�A��AÞ ����µÎ�»�Z��¿¢

áIÝx�ïõµYï�3�»�Õ��×Íà�ë��ÝËÍà�\5½§�596

õ5ô6��E\J§�5<6�A% 2.5Xî�
�»��¿¢Ý}Õk�Î�à«��|Î�«��y�¶´
Ã��.0à�ë

��Ý«��y9¶{���Q¡�àì�%���¿a2J�Ý9ô<2P�TÌ®

9ô�§�õ8«à�ë��Ýf»P�

Figure 2.5: Figure 2.6:

A% 2.6Xî�×Í| a+ b
\�ÝÑ]��|bA@aõÌaXîÝËË5v�
Gï.¸5vW×Í| c
\�ÝÑ]�õ 4Í| a, b
à�\Ýà�ë����¡ï
J¸5vWËÍ| a, b
\�ÝÎ�õËÍ5½| a, b
\�ÝÑ]��à|î�ËË
5v°��ÕÍÀ«��Çÿì��P

c2 + v ·
1

2
ab = a2 + b2 + 2ab

=⇒ a2 + b2 = c2�
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Ç9]�ô]�y<]�

2.3.1 ���ááá888���æææ§§§

3�»Ý�Õ?����ÍXàÝÃÍ�ÌµÎî�9ô<2Põì��á8�æ§�

A% 2.7Xî�3×Í��ÝÎ�ÝE�aî�ã×F C ′��Ä C ′F®¿�yË\

Ýàað�3@j?��Ýi¿aõka��Jb�

△ABC ∼= △ADC, △AB′C ′ ∼= △AFC ′, △C ′GC ∼= △C ′EC�

X|% 2.7XîÝËÍÎ�«�8��Ç

Figure 2.7:

=⇒ b · h′ = SÎ� B′BGC = S△AB′C′ − S△C′GC

= S△ADC − S△AFC′ − S△C′EC = SÎ� FC′ED = b′ · h

=⇒
b

b′
=

h

h′
=⇒

b+ b′

b′
=

h+ h′

h′
�

Ç

AB : AB′ = BC : BC ′�

Ç8«à�ë��△ABC õ△AB′C ′ ÝETà�\\�f»P�ã¸��î9ô<2

P�µ�|.0 AC : AC ′ ô�yî�fÂ��ï�ËÍ×�Ý8«ë��À�|àk

a5vWËE8«Ýà�ë���X|×�Ý8«ë���§ê�|à^Ý	2hy8

«à�ë��ÝET\f»P�.0�

uà¨���¿«¿¢ÝáI¼5��î�Î�õà�ë��Ý«�2P�|C9

ô<õ�á8�f»PÍ@�BxW×à�nÝ��¿«¿¢Ã��¸�¬��/��

�và«�2Pà^Ý	2×|/��9Ë�§]P|.?à��*µQÎ��¿«¿

¢á�Ý$5�

�ï�î�D¡ô@î&Æ8«ë���§Í�T�ô�|à�»�°�|���

�Ý«��Õ¼�|J��

���§§§ 2.3 ���888«««ëëë���������§§§���

'△ABC õ△A′B′C ′ÝëÍET�8��JbÍëÍET\\�Wf»�Ç

AB

A′B′
=

BC

B′C ′
=

AC

A′C ′
(= k)�



20 Chapter 2. ��¿«¿¢Ã����������¿«¿¢Ýf´5�ýR

JJJ���×××

A% 2.8Xî�&Æ�÷' A′ = A�B′C ′//BC�[°�»�°�&ÆàËËï°��
ÕV� BCC ′B′Ý«��

SV� BCC′B = S△ABC − S△AB′C′ =
1

2
ah−

1

2
a′h′�

SV� BCC′B = S△BCC′ + S△BC′B′ =
1

2
(h− h′)(a+ a′)�

ãËP83�Çÿ

0 =
1

2
(ah′ − a′h) =⇒

a

a′
=

h

h′

=⇒
S△ABC

S△A′B′C′

=
1
2
ah

1
2
a′h′

=
( a

a′

)(
h

h′

)
=

( a

a′

)2

�

!§�ÿ S△ABC : S△A′B′C′ ô�y (b/b′)2 õ (c/c′)2�Ç

S△ABC

S△A′B′C′

=
( a

a′

)2

=

(
b

b′

)2

=
( c

c′

)2

�

�ËÍÑóÝ¿]8�`�ÍÍ�ô8��X|

a

a′
=

b

b′
=

c

c′
�

Figure 2.8: Figure 2.9:

JJJ���ÞÞÞ

A% 2.9 Xî�△BCB′ õ △CC ′B Î!9�{�X|¸ÆÝ«�8��.
h△BC ′Aõ△CAB′Ý«�ô8���ï△ABC õ△ABC ′Î!9Ý�X|

S△ABC : S△ABC′ = AC : AC ′�

!§ùb S△ABC : S△AB′C = AB : AB′�.
△ABC ′õ△AB′C �«��X|

AC : AC ′ = AB : AB′�

9ôµÎ&ÆX�JÝ8«f»P�

A*/)D¤�»��Ý��¿«¿)¢��àÎ�«�Ý@�P2P���2.

0�9ô<�§õà�ë��Ý8«f»P�¼�ÃÍî�n?à�
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2.4 ���666¿¿¿¢¢¢...ÝÝÝ������¿¿¿¢¢¢ÃÃÃ������¡¡¡

¿¢.Î��6Z�tÁóÝWµ�¸Î|��Cõ�OfÕZ�Ý¿¢áI
Ã��

/�6ÝÞz�aB?¿tSt�8Y�ÞÇOÞÝ@~xC�W�ÎßvZ��Ï×

Í�yW!ÝI.�X|».è5�¯�{�¥¥ÍÃÍÃFÝ�@Põ.§¡JîÝ

�}P�¸�¬ÎÍ��QI.ÝÃ�X3��vôÎJÍ�QI.3¤�î�]°

¡î».ÝÎP���6¿¢.Ý
�Î�@~�P¿«¿¢�Í@~xÞÎ���

õ¿�P�Q¡�
�@~��¿«¿¢��v×���Æµ-IÕàað��Ý�

��Measurement of length�Î��¿¢@~ÝRFõÃ�X3�;ðÝ�°Î�ã�
�TV��×Í����Unit of length��¸�|Î2M�½M�zM�T�3Ëè�
×JÝ��5�J6�ô�|Î5�O6�Q¡.×Í��àaðÝ���L
¸õ�

��� ÝfÂ�Ratio��ãh�������9ÍÃÍÃFÝn"3yî�fÂÝ
�@�L�

'��ða a ª?�|�5W m ðõ��� u ��Ýað´�8#�W�
J a õ u � ÝfÂ	QµÎ m��Ì9øÝàað a Ý��Î m ���D��
u��� uª?�|�5W nðõ a��Ýað´�8#�W�J aõ u� ÝfÂT
��y 1/n��ï�u aª?�|�5W mðõ 1

n
u��Ýað=#�W�J aõ u�

 ÝfÂT��L
5óm/n�Ì aÝ��Îm/n���| a = m
n
u�¾��

�V3S-�G"tSG¡���6Ý¿¢..&�»A±¾îZúCÍ�ß�n

y����è�ì�ÃFC¡\�

)))���222���PPP���Commensurability���***�EyËÍàað a, b uD3×Í2M�
�Common yardstick�cª�!`J� a, b�Ç a, bKÎ cÝJó¹`�a = m · c�b =
n · c�JÌ a, b
���222����Commensurable��� a, bÝ��fÂµ�L
5ó m/n�
¨²×Í��Ý1°µÎ�uD3Ê	ÝJó m,n�¸ÿ n · aõ m · bª?���J
Ì a, b
�2���9øÝ a, b��ÝfÂµ�L
m/n�

Q¡�ÆxÌ2¡\�5���¢¢¢ËËËÍÍÍàààaaaðððÀÀÀÎÎÎ���222���ÝÝÝ6�Ç�2�PÎûÅWñ

Ý�Universal validity of commensurability��¬v|h®
�Æ	OXlæx�Ý�
�¿¢Ã�¡Ý5�r2§6�Principle Axiom��Ç|5�2�PÝûÅWñ6
µ
A�
Ãí�Foundation�����¿¢�ÝÃÍ�§AÎ�«�2P�±h�§�8
«ë��§��ÍJ���lî�ì«X�µÎ�Æ	OEyÎ�«�2PÝJ��

'Î�Ý��õ´5½Î ℓõ ω�� uJÎã�Ý�����ã�2�PûÅWñ
Ý2'�Ç5½b {ℓ, u}õ {ω, u}Ý2M� c, c′�¸ÿ¸Æ5½Î c, c′ ÝJó¹�Ç

ℓ = m · c� u = n · c� ω = p · c′� u = q · c′�

A% 2.10Xî��(ℓ, ω)õ �(u, u)5½�|à¿�a5vWm · põ n · q Í (c, c′)� ã
h���

�(ℓ, ω) = (m · p)�(c, c′)�

�(u, u) = (n · q)�(c, c′)�

X|

�(ℓ, ω) : �(u, u) =
mp

nq
=

m

n
·
p

q

=(ℓ : u) · (ω : u)�

9ôµÎÎ�Ý«��y�¶´ÝËÑâL�
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Figure 2.10:

À���Æ	OÃy5�2�PûÅWñ69Í52'6�Ey��¿«¿¢Ý¥

�2PA±h�§�8«ë��\�f»P���K�|�}ÝJ���ñRõõ�Ì

Ý��¿«¿¢Ã�¡�Í�±h.�ÝQ¤�?�S|�8�

)))aaaªªªÝÝÝÛÛÛBBB***��A�¢ËÍàaðËÝÀÎ�2�Ý�Jî�J��B�JPþ2

J�ÝÎ�«�2P�¬Î3±hÍßyO�¡�ò�Í�4 HippasusQb×ÍíÓ
F�Ýs¨�£µÎ×ÍÑ"\�ÝE�a�õÍ\�Î������222���ÝÝÝ	.h	Oà¼�

ñ��¿¢Ã"¡Ý5�r2'6qÍÎý0Ý	Ç�2�P¬&û;Wñ��¡�ô

J�ÝÑ]�ÝE�a�õ\�ôÎ��2�Ý��ãh���î�J�©ÎJ�ÝÎ

�ÝÎ�ËÍ\� a, bKÎõ��� u�2�`9Ë©���ÝÎ�«�2P�3×�
��2�Ý���ÿ�|�J	

¨×FÂÿ3h×èÝÎî�J���n"2àÝ¿�5v�X|Î�«�2Põ

¿�PÎÄQ8nÝ�	Q3ë��/�õ­�y¿�Ý¿¢���¢°\�Ý°Í/

�õ­�y 2π�X|qÍ^b°Í/�í
à�Ý°\��¬ÎÎ�3£Ë¿¢�Í
@�Îb�QÝ.Â�£µÎËEE\5½���vÍËfE�aô��Ý£Ë°\

��¸Ý«�ÎÍËÍ\�ÝÐó��ÎÍ2P�f a · b�Óÿ9	�¢:ÏÚà�¥
"�E¿¢.�Absolute geometry of Bolyai���h�¦«�&�¿¢ÝÙ×§¡��

2.5 íííÓÓÓFFF���������666¿¿¿¢¢¢...ÝÝÝºººèèè���HippasusÝÝÝ������sss¨̈̈

�1	O�±hÝ�4HippasusEy	O��¿¢.Ý�r2'�Ç5àað� �2
�PûÅWñ6×à3$��92á@�3	O��K��-IÕì�ËÍ��Ý�2

�að a, bÝt�2M�Ý¿¢O°�

)))���»»»ííí���°°°***�' a < b�&Æà a
M�í� b�uª�J��Ç b = n1a�J�
Q aÍ�µÎ {a, b}Ýt�2M���Q�b = n1a+ r1, r1 < a�à r1 
Mí� a�u
ª�J��J r1Ç
 {a, b}Ýt�2M���Q�a = n2r1+ r2��à r2
Mí� r1�
Ah�»í��×àÕ rk ª�J� rk−1
c�J rk Ç
XOÝt�2M��

)))aaaªªªÝÝÝÛÛÛBBB***�3 {a, b}�2�Ý���Çb a = mc�b = nc�8Ty {a, b} Ý�
»í��Çb {m,n} Ý�»8tOt�2.óÝÕ°��3 rk = d · c P	��dµ
Î m,nÝt�2.ó�.
9Ë�»8tÕ°¶3�¿¦ÿÝElements��X|;ð

Ì�
�hÕ°�Euclidean Algorithm��¬Î3��6Á��Î�b�»í�Ot�
2M��.
9Î	O.ïÆá@Ý��¿¢ÃÍ®Þ�À�ãÍ×�Qôµ�à#E
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Figure 2.11:

T�bÍ¨×�X|�hÕ°�Q3�hÝElements�GÞyOÇ�
 HippasusXá
õXà�

�1	O�Hippasus3Q8îà¿dZiÝ×Í�lA% 2.11XîÝÑ"\��Q
¡��à	`�B!áÝ�Të���§õë��/�õ�§¼®ì�5��Ç (i)ë
��/�õ­�y π�¿���õ (ii)�Të��ÝË9�8��D��Ë9�8�Ý
ë��Ä
�T�

"\�Ý/�õ­�y 3π�X|î�Ñ"\� A1B1B2C2C1 ÝNÍ/�K�

y 3π/5�ãh���Të�� △B1B2C2 õ △B2C2C1 ÝË9/
 π/5��E�
a B1C2õ B2C1ÝøF
 A2�Jb△C1A2C2ÝË9�/
 2π/5��△A2B2C2ÝË

9�/
 π/5�X|¸ÆKÎ�TÝ�

î�:¼�R¿Ý¿¢5�Q¸ÿ Hippasus �
è�	
%�÷�u|î�
"\�Ý\� a �í�ÍE�a� b�JÍõð r1 µÎ�T △A2B2C2 Ý�\\

��uÞ C1C2 ;�×ð C2C3 = r1�B1B2 ;�×ð B2B3 = r1�J|J"\
� A2B2B3C3C2 êÎ×ÍÑ"\���¸Ý\�Î r1�E�a�JÎ a�

.h	&Æ�à r1 �í� a`�3Í²îêÎà×ÍÑ"\�Ý\��í�ÍE
�a��!§�XÿÝõð r2 êÎ×Í?�×rÝÑ"\�Ý\��ÍE�a�J

 r1 �Ah�»í��N×gX�ï3Í²îÀÎà×ÍÑ"\�Ý\��í�Í
E�a��©Î£ÍÑ"\�@g¹�ÏÝ�9øµ§¡îJ�Ý {a, b} Ý�»í�
ÄQÎÕPî�Ý	.h {a, b}ÄQÎ��2�Ý�Non-commensurable�	h¯��
§��*�	�9Í�ßÝs¨¯@{y.�2J�Ý	O��¿¢Ã�¡Ý�rÃ

í——5�2�PÝûÅWñ6Í@qÍÎ×Íý0Ý52'6	

Hippasus#½��ì�%�J�Ñ]�Ý\�õE�a� {a′, b′}� Ý�»í�ô
ÎÕPc�Ý�X|ôÎ��2�Ý�

ã% 2.12�|:� {a′, b′}Ý�»í�XÿÝ@MÕPÎ

b′ = a′ + r1�

a′ = 2r1 + r2�

r1 = 2r2 + r3�

?¡Ý�¾PÀÎ

rk−1 = 2rk + rk+1�

X|ÎÕPc�Ý�Þ;ÝJ�º®êÞ��
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Figure 2.12:

)))aaaªªªÝÝÝÛÛÛBBB***�HippasusÝ��s¨�Îßv§PZ�Ý¥�¦�*�bAs¨Ý
×Í§FîÝ±�X�¸��Ey��¿¢.bqÍÝ¥�P�Í@EyJÍ�QI.

Kb�GÝÅ(�¬Î	O��6¿¢.&�©½Î HippasusÍßX3Ý±h.�E
y9Í��s¨ÝDT�QÎ�QP§PÝ�AØ°¨3�����ÝBµ�Hippasus
D�.
9Í¥�s¨��ßy!��W�

2.6 »»»ÞÞÞõõõêêêÞÞÞ

)))»»»***

(1) �D,E 5½
△ABC Ë\ AB,AC Ý�F��JDE = 1
2
BC �v DE//BC�

Figure 2.13:

JJJ�������A% 2.13Xî�;�DE�DF�¸ÿ EF = DE�J EF¿5DF õ AC�
X|¿�°\ ADCF ÛÎ×Í¿�°\��ãh�ÿ FC � AD 
¿����
Ç FC � ô
¿����.h¿�°\� BCFD ùÎ×Í¿�°\��X
| DF � BC 
¿����ÇÿXOJ�

(2) △ABC Ýëf�aøy×F�Ì�
¥¥¥TTT��J��F.Nf�aí5W 2:1ÝË
ð�

JJJ���������aBF õCDÝøF
O�ãD′, F ′5½
OBõOCÝ�F�Jb��
»Þ (1)�

D′F ′ =
1

2
BC �v D′F ′//BC�

X| D′F ′�DF 
¿����Ç¿�°\�D′F ′FDÎ×Í¿�°\��X|

DO = OF ′� D′O = OF�

ÇÿXOJ�
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Figure 2.14:

(3) 888«««ëëë���������§§§333JJJóóófff`̀̀ÝÝÝ������666JJJ°°°

A% 2.15 Xî�B′C ′ Î5½�y AB õ AC Ý;�aî�F��� AB′ =
nAB�B′C ′//BC�n
ÑJó��J AC ′ = nAC� B′C ′ = nBC�

Figure 2.15:

hhhûûûJJJ�������	 n = 1 `��Î�QÝ�	 n = 2 `µÎ»Þ (1) �XJ�¨3E
y n ≥ 3`®hûJ�Aì�
| AB����5 AB′
 nð��Í�5F


B = B1, B2, · · · , Bn−2, Bn−1, B
′ = B�

Ä Bn−2C Bn−1®Ëf¿�y BC Ýàa

Bn−2Cn−2//BC� Bn−1Cn−1//BC�

Í� Cn−2C Cn−1
 AC ′îËF��Ä Cn−2C C ′®Ëf¿�y ABÝàa

Cn−2D//AB� FC ′//AB�

Í� DC F 
 Bn−1Cn−1îËF�A% 2.15Xî�
ãX®|�¿�°\� Bn−2Bn−1DCn−2 õ¿�°\� Bn−1B

′C ′F KÎ¿�°\
��X|

Cn−2D � Bn−2Bn−1 
¿����

FC ′ � Bn−1B′ 
¿����

ãX®b Bn−2Bn−1 = Bn−1B′�X| Cn−2D � FC ′ ô
¿����Ç¿�°\

� Cn−2DC ′F ùÎ¿�°\��.
¿�°\�ÝËfE�a!8¿��X|

Cn−1C ′ = Cn−2Cn−1 õ Cn−1F = DCn−1�
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¨3hû�'�ÿ

ACn−2 = (n− 2)AC� Bn−2Cn−2 = (n− 2)BC�

ACn−1 = (n− 1)AC� Bn−1Cn−1 = (n− 1)BC�

X|

Cn−2Cn−1 =ACn−1 −ACn−2

=(n− 1)AC − (n− 2)AC = AC�

DCn−1 =Bn−1Cn−1 −Bn−1D

=Bn−1Cn−1 −Bn−2Cn−2

=(n− 1)BC − (n− 2)BC = BC�

Ç

AC ′ =ACn−1 + Cn−1C ′ = ACn−1 + Cn−2Cn−1

=(n− 1)AX +AC = nAC�

B′C ′ =Bn−1F = Bn−1Cn−1 + Cn−1F

=(n− 1)BC +DCn−1

=(n− 1)BC +BC = nAC�

�§J±�

(4) Menelous���§§§����'àa ℓ�△ABC ë\X3�àa AB�BC õ CA5½8ø
y P,Q,R�8²�ëF�Jì�b'��f¶�f�P­Wñ�

−→
AP
−−→
PB

·

−−→
BQ
−−→
QC

·

−→
CR
−→
RA

= −1�

�MenelousY�§ùWñ�J�º®êÞ��

Figure 2.16:

JJJ�������� d1, d2, d3 5½ÎcF A,B,C Õàa ℓ�kàûÒ�Jã8«ë���§�
ÿ

−→
AP
−−→
PB

= −
d1
d2
�

−−→
BQ
−−→
QC

=
d2
d3
�

−→
CR
−→
RA

=
d3
d1
�

X|
−→
AP
−−→
PB

·

−−→
BQ
−−→
QC

·

−→
CR
−→
RA

≡ −1�
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(5) Ceva���§§§����'O
△ABC/I×F�P,Q,R5½
 AB� CO�BC� AO�
CA� BO�øF�Jì�b'��f¶�f�P­Wñ�

−→
AP
−−→
PB

·

−−→
BQ
−−→
QC

·

−→
CR
−→
RA

= 1�

�CevaY�§ùWñ�J�º®êÞ��

Figure 2.17:

JJJ��������△OBC,△OCA,△OABÝ«�5½
△1,△2,△3�.
△CAP �△CPB
!{�X|Í«��f�yÍ9\\��f�Ç

S△CAP

S△CPB

=

−→
AP

oraPB
�

!§

S△OAP

S△OPB

=

−→
AP
−−→
PB
�

X|

△2

△1

=
S△OAC

S△OBC

=

−→
AP
−−→
PB
�

v«2�ÿ

△3

△2

=

−−→
BQ
−−→
QC
�

△1

△3

=

−→
CR
−→
RA
�

)))���LLL***�3àaî�°F�P,A, P ′, BÌ�
���õõõFFF����B| (PP ′;AB) = −1�
u��ì�b'��fÝf�P�

−→
PA
−−→
PB

= −

−−→
P ′A
−−→
P ′B

⇐⇒

−→
AP
−−→
PB

·

−−→
BP ′

−−→
P ′A

= −1�

Ç P,P ′ ËF|!�f»5vað AB�×3²�×3/�A% 2.18Xî��

Figure 2.18:
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Figure 2.19:

)®°*�à��að AB 
×\��óa²×F C x®ë��△ABC�Ä P F
®��Ýàa ℓ�¸ÿ ℓ� BC�CA5½øy Q,RËF�=� AQ,BR�'Ëï8ø
y OF�J CO� AB µºøyXO®� P ′F�

JJJ�������à#ºàMenelous�§õ Ceva�§	

Menelous�§�

−→
AP
−−→
PB

·

−−→
BQ
−−→
QC

·

−→
CR
−→
RA

= −1�

Ceva�§�

−−→
AP ′

−−→
P ′B

·

−−→
BQ
−−→
QC

·

−→
CR
−→
RA

= 1�

ËP8tÇÿXmÝb'��f»P�

)))ÛÛÛ***�î�®n°1�Ý�õFÕÛÎ3 Å�ì��ÝP²��õF�õ×�Ýø

Lf3 Å¿¢�6�½ÃÍ���Ý���

(5) SteinerFFF����'△ABC Ýë/�/�y 120◦�Ç�y 2π/3��J

AP +BP + CP

b×Í°×ÝÁ�Â�Í�F P0Î¸ÿ

∠AP0B = ∠BP0C = ∠CP0A = 120◦

ÝF�

Figure 2.20:

A% 2.20 Xî�® B∗ ¸ÿ △ACB∗ 
�\ë���' P Î¿«î��×F�
�△AP ′B∗
△APC � AFI» 60◦ �Xÿï�Jb△APP ′
�\ë����v

CP +AP +BP = B∗P ′ + P ′P + PB�
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ãh���î�À�3 P�P ∗ /�y BB∗ �î
Á��v«2�L A∗ õ C∗ F�

J P0T�µÎ AA∗, BB∗, CC∗Ý�øF��XOJïJ�Q�|�Ý�

)))êêêÞÞÞ***

1. |Î�«�2P
Ã���J�¿�°\�«�=9¶{�

2. �Jë��«�2P
 S(△) = 1
2
bh�

3. � J ¿ � a Ý ^ v 1 ¹ a ð � f � Ç A % 2.21 X î � O J �
	 AB//A′B′//A”B”�J

AA′

A′A”
=

BB′

B′B”
�

Figure 2.21:

4. A% ??Xî,ADÛÎ ∠AÝ�¿5a��J

BD

DC
=

AB

AC
�

Figure 2.22:

5. �Þ×Í��að AB �5
 nð,n
Ø×ÑJó�

6. �J�8«ë���§35ófÝ���
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7. � J Menelous Y � § � ' � 8 ² � ë F P,Q,R 5 ½ 3 △ABC ë

\ AB,BC,CA�î¬��ì�b'��fÝf�P�J P,Q,RëF�a�

−→
AP
−→
PA

·

−−→
BQ
−−→
QC

·

−→
CR
−→
RA

= −1�

8. �J CevaY�§�' P ′, Q,R5½
△ABC Ýë\ AB,BC,CAîÝëF¬�
�ì�b'��fÝf�P�J CP ′, AQ,BRëa�F�

−−→
AP ′

−−→
P ′B

·

−−→
BQ
−−→
QC

·

−→
CR
−→
RA

= 1�

9. �JiT�
iø��Ë¹�∠O = 2∠A�

Figure 2.23:

10. A% 2.24��PQR
×àa�PT �i86y T F��J�PQ · PR = PT
2
�

Figure 2.24:

11. ' P,Q,R, S 
iî°F�� PR� QS 8øyi/�Ti²�T F��J�PT ·
TR = QT · TS�

12. �J Miquel �§�3 △ABC Ýë\ AB,BC,CA î5½ãëF P,Q,R�
Ä P,B,Q C P,R,A 5½®i��ËiøF
 S�� P��J S,Q,C,R °F
�i�
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Figure 2.25: Figure 2.26:

13. u¿«�Ý×Í�ð τ ��f�

−−−−→
Pτ(P )õ

−−−→
QτQ ­
!'¿�v���

JÌ τ 
¿«î×Í¿¿¿ÉÉÉ�Translation���J¿ÉÝ�))Î¿É�Ç�J

u
−−→
PP ′ õ

−−→
QQ′ 
!'¿�v���

õ
−−−→
P ′P” õ

−−−→
Q′Q” 
!'¿�v���

JÄb
−−→
PP” õ

−−→
QQ” ù
!'¿�v���

Figure 2.27: Figure 2.28:

14. �JÂL9ô�§�' AB � CD
¿����J�

AC
2
+BD

2
= AB

2
+BC

2
+ CD

2
+DA

2
�
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ÝÝÝ¦¦¦������§§§PPPZZZ���ÏÏÏ×××ÍÍÍÁÁÁóóóÝÝÝ¦¦¦���

***

3.1 EudoxusÝÝÝ¿¿¿���°°°���¿¿¿���æææ§§§���¿¿¿¢¢¢ÃÃÃ���¡¡¡ÝÝÝèèè¡¡¡¥¥¥���

Hippasus Ý��s¨���2�aðÝD3�»A×ÍÑ"\��TÑ]��Ý\
�õÍE�a����Ey§PZ��bAs¨Ý=�t&9ÍF�P¿Ý±�X	

¬ÎEy	O��6�©½Î±h.��S|�8Ý5��¿¢Ã��¡6¼1�J

ÎF¬2�Ý¿¢.ºè�Geoquake��¸¯@{y.�2Í�ÝJÍ�¡Ý���rrr222
'''——5�2�PÝûÅWñ6�æ¼Ã��¡Î��3×ÍqÍ°0Ý2'�î�h
¯�ÿ�¯��6¿Í.ä�:�(�æ�p		�

Í@���2�PÝD3�¬�Î�«Í�Ý	O��6¿¢.3��¿¢Ã�¡

îÝWµ�¸©Î1æ¼|
�B�JPþÝJ�Í@©Î3�2�Ý��ÝJ���

3×���2�Ý���J$b��J	9Í'��JÝ��Ey	OJÍ��6¿¢

.äÎ×Í�&�v�6ÝÃ;��VBa�ÍtSÝÄæ��2¸ Eudoxus�xÝÅ
(Pf�GÂ-Ý¿�°õ¿�æ§�ÿ|�YW���|9�1�EudoxusÝ¤�õ
]°èºÝ@~õ§� HippasusXs¨Ý±�XÝÃ��

A*/)�8* Eudoxus	OÎ�8«ë���§ÝA¢�J�2¸�s�Í¿�
§¡Ý�´��	Oà¿�5v�hû¡J�ÿÝ8«ë���§�|;�Aì�

' △ABC õ △A′B′C ′ ÝëÍET�&½8���vb×EET\�

A AB õ A′B′ ���222����ùÇD3Jó¸ÿ AB : A′B′ = m : n �JÍ�ËEET
\ôÄQÎ�2���vb8��f�Çb

BC : B′C ′ = AC : A′C ′ = m : n�

A¢��.î��6¿¢.&S|�8Ý¥��§�Jÿ3ëEET\/
��2�

Ý��µQWñ÷�9ôµÎ	O�6¿¢.&s¤�ÿÍ�Ý®Þ�� Eudoxus3
9]«ÝMÓP�°R�yì�5ñ@6�	 {a, b} ��2�`�“a : b”�Î×Í5
ó�Í@�¸ÛÎ×Ëb�§�Ý±w¯Î��Ñ¯A¢ú(�DÑÎ×Ë	`$ÎÝ

�b�@~Ý5±�6�»A “a : b”õ “a′ : b′”ÎËE��2�Ýàað�Eudoxus
-IÕ “a : b”õ “a′ : b′”9ËÍ5±�6� Ý��T8�n;K�b��L	¬Î
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	 {a, b}��2�� {a′, b′}�2�Ý��ì�

a : b õ a′ : b′ =
m

n
�

¸Æ� Ý��n;QêÎ8	z½Ý�Ç�

a : b





>
m

n
�

<
m

n
�

⇐⇒





= af
m

n
�� · b

af
m

n
· by�

⇐⇒

{
n · a > m · b�
n · a < m · b�

9ôµÎ Eudoxus3@~9Ë5±�6`Ï×Í-IÕÝ�

Eudoxusfff´́́æææJJJ���

a : b





>
m

n
�

<
m

n

Ý��f�µÎ

{
n · a > m · b�
n · a < m · b�

Ç a : bõ m/nÝf´���|ã n · aõ m · b� f´�y�¾����¡ïÎÁ

���vÍ¿¢�LÎ×êÝQÝ�

3 {a : b}õ {a′ : b′}KÎ��2�Ý���ub5óm/n�¸ÿ

a : b >
m

n
> a′ : b′�Ç “ na > mb¬Î na′ < mb′”�

J�QT��LGï�y¡ï�D��ub5óm/n�¸ÿ a : b < m/n < a′ : b′�JT
��LGï�y¡ï�

�ï��A9Ë y a : b õ a′ : b′ � Ý5óÎ�D3Ý���ÇEy�¢5
ó m/n�a : b õ a′ : b′ � m/n � Ý��n;ÀÎ!M!øÝ�§	µ�|®

“a : b = a′ : b′”Ý�L�
9ôµÎ Eudoxus	OEyËÍ��2�ÝfÂ� Ý���C8�n;Ý�L�

Ç

)))���LLL***

a : b > a′ : b′ ⇐⇒ D35ó
m

n
� a : b >

m

n
> a′ : b′�

a : b < a′ : b′ ⇐⇒ D35ó
m

n
� a : b <

m

n
< a′ : b′�

a : b = a′ : b′ ⇐⇒ Ey�¢5ó
m

n
/b8!Ý��n;�Ç�

na

{
>
<

}
mb ⇐⇒ na′

{
>
<

}
mb′�


Ý¡Jî��LÝÄQP�Eudoxus�xÝÅ(Á
�GÝ¿¿¿���°°°�Method of
Approximation��´���è�ì�àÌîÁ
��Ý52'6®
Í¡JÝµA�
��ËÍàað a, b��¡Gïb9yT¡ïb9��Àb�È�ÝJó N�¸

ÿ N · af b��



3.1. EudoxusÝ¿�°�¿�æ§�¿¢Ã�¡Ýè¡¥� 35

���§§§ 3.1 ' {a, b}Î��2�ï�Ey��ÑJó n�­D3m�¸ÿ

m

n
< a : b <

m+ 1

n
�

JJJ���

ãî�2'�Äb�È�Ý N�¸ÿ 1
n
bÝ N ¹�f a��� m+ 1
9Ë N ��Ý

t�ï�Jb

m

(
1

n
b

)
< a < (m+ 1)

(
1

n
b

)
�

Ç

m

n
< a : b <

m+ 1

n
�

)Û*�.
 n Î�|���Ý�X|î�¼��ô¿ a : b ÝËÍ5ó� Ý-
Ü 1/n Î�|�Õ���Ý��à¨�Ý�+�ÇEy��Ñó ǫ > 0�/b�È�
Ý n�¸ÿ 1/n < ǫ��X| a : bõm/nT (m+ 1)/n� Ý-½	Qô�|�Õ��
��Ãyî��§�µ�|
×M1�G���2�Ý5fÂ6� ����8�n;

Ý�LÝÄQP�

' a : bõ a′ : b′ Ey��5ó­Ìb8!Ý��n;�JEy�� n�Kb8T
Ým�¸ÿ

m

n
< a : b, a′ : b′ <

m+ 1

n
�

.h a : bõ a′ : b′ � Ý-½�fXb 1/nK���¡î�-½Î£×Ë±��¸Î
×Íü�Ý��¸êfXb 1/nK��X|°×Ý��ïµÎë�Ç a : b = a′ : b′��
ï�3 a : bõ a′ : b′��Ý���Jb×Í5ó�¸õËïÝ��n;Î�!Ý�9ô
µÎG�f´��Ý�L�

bÝî�¤�õ¿�°��
�¥�	O�6Ý��¿¢.�ÛÎ5§Wa�¯�

Í�F3yæ�GGEy�2�Ý��ÌbJ�Ý&Ë&ø�§õ2P�®�Í3��

2�Ý��Ý5�J6�

3.1.1 888«««ëëë���������§§§ÝÝÝ���JJJ

' △ABC õ △A′B′C ′ ÝëEET�/8��&Æ�÷' ∠A õ ∠A′ 8P)�ù

ÇA% 3.1 Xî�BC//B′C ′ �v AB õ AB
′
��2��' m/n C p/q 5½Î�

��yC�y AB : AB
′
Ý5ó�&ÆX�J�ïµÎ�ÆôÄQ5½�yC�

y AC : AC
′
õ BC : B′C ′�A% 3.1 Xî�3 AB aîã B∗ õ B̂ ¸ÿ AB∗ =

m
n
AB

′
�AB̂ = p

q
AB′��ï�Ä B∗õ B̂ F5½® BC Ý¿�a�ø AC y C∗õ Ĉ�

ùÇ △AB∗C∗ õ △AB̂Ĉ 5½õ △AB′C ′ 8«�Ìb8!ET���ã¼�J�Ý�
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2����Çb

AC
∗
: AC

′
=

m

n
� AĈ : AC

′
=

p

q
�

B∗C∗ : B′C ′ =
m

n
� B̂Ĉ : B′C ′ =

p

q
�

=⇒
m

n
=

{
AC

∗
: AC

′

B∗C∗ : B′C ′

}
<

{
AC : AC

′

BC : B′C ′

}
<

{
AĈ : AC

′

B̂Ĉ : B′C ′

}
=

p

q
�

Figure 3.1:

�ï�»Aì�Î�2P

�(a, b) : �(u, u) = (a : u)(b : u)�

3 a : uõ b : uKÎ5ó`�BJ���3 a : uõ b : u�Kb×Í�Î5ó�Ç��
2��`�m��J�EudoxusEyî�Î�«�2PX®Ý�J��lAì�

Ey��ÑJó n��¡¸b9��/bmõm′�¸ÿ

m

n
< a : u <

m+ 1

n
�

m′

b
< b : u <

m′ + 1

n
�

Ç
m

n
u < a

m+ 1

n
u�

m′

n
u < b <

m′ + 1

n
u�

Figure 3.2:



3.2. ¿�P�=�PÝ-á���¿¢Ã�¡ 37

A% 3.2Xî��(a, b)�â �(m
n
u, m

′

n
u)��v¸ê�ây �(m+1

n
u, m

′+1
n

u)���
ãh�ÿ

mm′

n2
< �(a, b) : �(u, u) <

(m+ 1)(m′ + 1)

n2
�

�ï�ãG���PÝ8¶�ôb

mm′

n2
< (a : u)(b : u) <

(m+ 1)(m′ + 1)

n2
�

.h��(a, b) : �(u, u)õ (a : u)(b : u)� Ý-½��AbÝ��ÄQ�f!`¼��
ô¿ËïÝËÍ5ó� Ý-½�?��Ç�y

(m+ 1)(m′ + 1)

n2
−

mm′

n2
=

m+m′ + 1

n2
=

1

n

(
m

n
+

m′ + 1

n

)
�

3 nP§¦�`�¸Î�|�Õ���Ý�X|�(a, b) : �(u, u)õ (a : u)(b : u)� �
��b�¢-½�Ç
X��JÝÎ�«�2P

�(a, b) : �(u, u) = (a : u)(b : u)�

��y1�EudoxusXxÝ¿�°�¬.	OGG3�2�Ý©���ìÌbÍJ
�Ý&Ë&ø�§Ý2P��|�@��Ý5�J6�¸ÿ¸Æ�¡3�2�T��2

�Ý��/ûÅWñ���S9¥�Ý��¿¢Ã�¡��ï��bey�B2àý0

Ý52�6®
¿¢.Ý¡JµAÝ\l>I�XTì�GS9lã	�Ý¿¢.�¼

ÍXáX�.Í¡JÝµA�Þ�D¹Õ5�Þ��6�øF�*Ý-�h¿Í..

�Euclidean Geometry�Í���I5¼� EudoxusÝ½®�X|52§;6».ÝÎ
Põßv§PZ��ÝÏ×I.Ý�MW!Í@ÎEudoxus��¬& Euclid�Ý��Q
¤��GAh�EudoxusÝ¿�æ§õ]°¡�¬¥�Ý��¿¢Ã�¡��vôÎ5
�.�Analysis�ÝsÆ2õÃÍ]°��Íßµ.¸à¼J������yë5�×
9«�¶{9Íñ�¿¢ÃÍ2P��ÝJ°|C�¡ Archimedes.¸c"Õ¦««
�2Põ¦���2PÝ¡JÛÎ�5.ÝÕlõP»�

3.2 ¿¿¿���PPP���===���PPPÝÝÝ---ááá���������¿¿¿¢¢¢ÃÃÃ���¡¡¡

ÃÀ2¼1�=�õ5âÎè �T¿«�ÃÍ�xÝà��AËF�×àð�aî×

F.àa5â
ËÍ�a�¿«�T��àa.¿«5âWËÍ¿«����è ÝÃ

ÍP²J�|À�Wì�ëF�Ç

(i) EÌP�»A¿«Ey��àa�Cè Ey��¿«ÝD EÌP�

(ii) ¿�P�ùÇ��ë��Ý/�õ­�y¿��

(iii) =�P�×fàaÎ=��\Ý�¬Î×�µ\�ùÇ¯�Í�×F�µ.àa
5v5ËÍ�=;Ý�a�

À�G�ëýÝ@D�3Ï×ýÝ�P¿¢��&Æb�I2©àEÌP�ùÇ©

à S.A.S.��Të���S.S.S.�&Æf	O��6¿¢.9JÝ�§ 3õ 4�-IÕë
��Ý/�õ©b­­­���yyyC­­­���yyy¿¿¿���9øËËóóó444�3ÏÞý��
�@D��¿

«¿¢�Í�x�ÝÃÍ�§ÎÎ�õë��«�2P�9ô�§�ùÇ±h�§�õ

8«ë���§�Í@¸Æ3OfÕ��Cõ�»��K�BÎá�vàÝ@�P2

P�3�»�Õ��-IÕ¸ÆK�|ãÎ�«�2P�ùÇ�×´��"��2.0
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�ÿ�3��6Ý��¿¢Ã��¡���ÆæOÞã��Eyî�ÃÍ2P�|�}

Ý¡J�»AÍ�t
�RÝÎ�«�2P�	O°×�:���ÕÝÎ2à¿�5
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